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Abstract

In this thesis, we examine the Gibbs phenomenon in Fourier and wavelet expansions
of functions with jump discontinuities. In short, the Gibbs phenomenon refers to
the persistent overshoot or undershoot of the values of a partial sum expansion of a
function near a jump discontinuity as compared to the values of the original function.
First we introduce those elements of Fourier analysis needed and give an introduction
to this thesis. Then we give a historical account of this phenomenon. Next, we
examine the Gibbs phenomenon in the context of Fourier series. We calculate the
size of the overshoot/undershoot for a simple function with a jump discontinuity at
the origin and then prove the occurrence of the phenomenon at a general point of
discontinuity for a class of functions. After that we give a method of removing the
Gibbs phenomenon in the context of good kernels. Finally, we show the existence of

the Gibbs phenomenon for certain class of wavelets.
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Chapter 1

Introduction

This thesis is a study of the so called Gibbs phenomenon in Fourier and wavelet
approximations to functions. When we approximate a function with a jump disconti-
nuity using its Fourier series an anomaly appears near the discontinuity. The values
of the partial sums near the discontinuity overshoot or undershoot the function value.
As we incorporate more and more terms in the partial sums, away from the discon-
tinuity, their graphs begin to resemble that of the original function more. However,
the blips near the discontinuity persist, and although they decrease in width they
appear to remain at the same height. This lack of improvement in the approxima-
tions near the discontinuity manifested in the continual presence of the overshoot or

undershoot is the Gibbs phenomenon.

To better understand this phenomenon, we introduce in the second chapter those
mathematical tools necessary from Fourier analysis. We begin with the definitions
of Fourier series, coefficients, and partial sums. Since the issue here is the lack of
uniform convergence of partial Fourier sums at the points of discontinuity, we state a
few well-known theorems concerning the convergence of Fourier series. Convolutions

and their relation to summation methods involving some well-known kernels are



Chapter 1. Introduction

introduced next. And finally we define the so called positive kernels and hint at

their relevance to the Gibbs phenomenon.

In the first section of chapter three, we go back to the time when the existence
of this phenomenon was first brought to the attention of the scientific community.
We introduce the main players in the history of this phenomenon and discuss their
contributions. Section two of chapter three is devoted to a careful analysis of the
phenomenon for a simple function with a jump discontinuity at the origin. We start
with a precise definition of the Gibbs phenomenon. Next, we prove that the size of
the overshoot near the discontinuity is independent of the number of terms used in
the Fourier partial sum and the size of the overshoot stays a fixed percentage of the

size of the jump. Several graphs are included to illustrate the points.

In chapter four, we employ a different approach to show the existence of the
Gibbs phenomenon for another simple function with a jump discontinuity at the
origin. We, then use this result together with two lemmas and two theorems to show
the existence of the phenomenon for a ”general” function with a jump discontinuity
at the origin. In the next section, we discuss jump discontinuities at a general point
and the case of a finite number of discontinuities. In the last section, we use a
theorem to explain the behavior of summation methods involving positive kernels

observed in chapter two.

In chapter five, we give a brief introduction to wavelets and multiresolution anal-
ysis. Then, we define the Gibbs phenomenon for the wavelet approximations and
prove a theorem which gives a condition for the existence of the phenomenon for a
certain class of wavelets. This condition involves the integral of a kernel associated
to the scaling function. Using this result, we show next that restrictions on the
scaling function can be somewhat relaxed, hence proving the existence of the Gibbs
phenomenon for a larger class of wavelets. In the next section, we show that the

Shannon wavelets exhibit the Gibbs phenomenon. After that, we introduce the so
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called positive delta sequences and show that similar to positive kernels they result
in the elimination of the Gibbs effect. We use this result to show the absence of the
Gibbs phenomenon in the Haar wavelets. Finally, in chapter six we give a summary

of our conclusions.



Chapter 2

Preliminaries

In this chapter we review some elements of Fourier analysis that are used in the
subsequent chapters. The definitions and the theorems presented in this chapter can
be found in [9], [15], [18], and [22]. The reader can also consult these references for

the proofs of the theorems and a more in depth treatment of the ideas.

2.1 Fourier Coeflicients, Series, and Partial Sums

Definition 2.1. Let T := {2z = ¢?| — 7 < § < 7}. Suppose f : T — C is integrable
and 27 periodic. Then we define the nth Fourier coefficient of f by

fo =5 | " F@)e b,

Definition 2.2. Let f and f(n) be as in definition 2.1. Then the Fourier series of f
is defined by

Z f(n)e? = Z[an sin(né) + b, cos(nb)],
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where a,, and b, are given by
ay, = l/ f(0) cos(nb)do, (2.1.1)
™ —T

by — % / " F(0) sin(nd)do. (2.12)

In general, if f : [a,b) — Cis L-periodic where L. = b—a then we define the L-Fourier

coefficients of f and its Fourier series by
. 1 .
frm) = [ @),

F6) ~ S0 e

Definition 2.3. Let f be as in definition 2.1. Then the Nth partial Fourier sum of
f is defined by

N

Snf0) = > fn)em.

n=—N

The next two definitions tell us how to find the Fourier transform and the inverse

Fourier transform on LI(R).

Definition 2.4. Let f € L'(R) and ¢ € R. Then we define the Fourier transform of
f by

for= [ e

Definition 2.5. Let g € L}(R) and = € R. Then the inverse Fourier transform of g

is given by

1 [ ,
4 —_ zx{d .
o) = 5 [ ate)eas
Remark 2.6. If f € L?(R) N L'(R) then one can verify that its Fourier transform
is in L2(R). Furthermore, one can extend by continuity f to an isometry in L2(R).

Then we can use the formulae in Definitions 2.4, and 2.5.
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2.2 'Trigonometric Series and Polynomials

Definition 2.7. By a trigonometric series of period L we mean a series of the form

oo
§ ' Cn€27r'm9/L.

n=-—o00
So the Fourier series are part of the class of trigonometric series.

Definition 2.8. A trigonometric polynomial is a trigonometric series of period L
with finitely many terms. In other words,

N

§ : cne27rm9/L.

n=—N

2.3 Some Convergence Results

There are some natural questions regarding the Fourier series of a function f as
with any infinite series. For example, does the series converge, and if it does is the
convergence pointwise or uniform? If the series converges at x = 6 does it converge
to f(0) or some other value? Under what conditions does the Fourier series converge

uniformly to f? The following theorems will provide answers to these questions.

Theorem 2.9. Let f € C(T). Suppose that the series of Fourier coefficients of f

converges absolutely. In other words, >.°° __|f(n)| < oo. Then,

A}im Svf— f uniformly on T

The following theorem shows how the smoothness of f is related to the rate of
decay of f (n). The right rate of decay can result in the absolute convergence of the
series of Fourier coefficients and by the previous theorem the uniform convergence of

the Fourier series.
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Theorem 2.10. Let f € C*(T). Then,

f(n) = O(NLP) as n — oo,

C

in other words, there exists a constant C > 0 such that f(n) < W
n

In fact, the smoother f is the faster the Fourier coefficients decay. More precisely, if

f € CK(T) then

fn) = 0(—

W) as n — o0,

in other words, there exists a constant C' > 0 such that f (n) < W
n

The following result is a consequence of theorems 2.9, and 2.10.

Corollary 2.11. Let f € C*(T). Then,

A}im Snf— f wuniformly as N — oo.

Actually, the smoothness condition can be relaxed to just one continuous deriva-

tive as the next theorem states.

Theorem 2.12. Let f € CY(T), and § € T. Then,

lim Sy f(0) = f(6).

N—oo

Moreover, the convergence is uniform on T.

The next lemma, known as the Riemann-Lebesgue Lemma, shows that for the
Fourier coefficients of f to decay to zero we do not necessarily need any number of

continuous derivatives.

Lemma 2.13. If f € C(T), then

f(n) =0 as|n| — .
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In fact, using the density of continuous functions in the space of Lebesgue in-
tegrable functions on the circle, L*(T), one can prove the following version of the

Riemann-Lebesgue Lemma.
Lemma 2.14. If f € L(T), then
f(n) =0 as|n| — .
The following result of Du Bois-Reymond shows that continuity of f does not
guarantee pointwise convergence of the Fourier series everywhere.

Theorem 2.15. There exists a continuous function f : T — C such that

limsup | Sy f(0)| = oo.

N—oo

Actually, the problem of pointwise convergence is not limited only to continuous

functions. In 1926, Kolmogorov showed the following
Theorem 2.16. There exist a Lebesque-integrable function f : T — C such that

limsup [Syf(0)] =00  forall§ € T.
N—o0

It was believed that sooner or later a continuous function with a similar property

would be constructed. However, in 1966 Carleson proved the following:

Theorem 2.17. If f : T — C, f € L*(T) then Sy f(0) converges to f(0) except

possibly on a set of measure zero.

As a corollary, we obtain the same result if f is continuous, or simply Riemann-

integrable on T.
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2.4 Convolutions and their Properties

Definition 2.18. Let f,g : T — C be 27 periodic and integrable functions. Then
their convolution f % g on T is defined by

Fra0) =5 [ 1t

The following theorem shows some of the important properties of convolutions.

Theorem 2.19. Let f, g, h : T — C be 27 periodic and integrable functions. Then

i)

i1)

frg=gxf

(f = ) «h=fx*(gxh)
frlg+h)=(f*g)+(f=h)

iv) (cf)xg=c(fxg)=fx(cg) forallceC
v)  Frgn) = Ff(n)j(n)

vi) fxg s a continuous function

i1)

(
(
(
(
(
(

In property (v), we can take the Fourier transform of fx*g since by Young’s inequality

we have

1f* gllerery < Nflleremyllgllor ey,

which implies that f * g is integrable.

2.5 The Dirichlet Kernel and its Properties

The Dirichlet kernel is a trigonometric polynomial of degree N defined by
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which can also be written as

Dy(0) =1+ Qicos(né), (2.5.1)

n=1

using the formula 2 cos(nf) = e 4 =%,

The Dirichlet kernel can be expressed with a closed form formula as

sin((2N +1)6/2)
sin(60/2)

Dy(6) = (2.5.2)

Some properties of the Dirichlet kernel are summarized in the following theorem.

Theorem 2.20. Let f: T — C be integrable and let 6 € T. Then

(i) Snf(0) = (f + Dn)(0)

(17) is an even function.

(i) / Dy(6)d6 = 1.

The graphs of the Dirichlet kernels for several values of N are depicted in figure
2.5.1 below.

2.6 The Fejér Kernel and the Cesaro Sum

The Fejér kernel is defined in terms of the Dirichlet kernels as

Fy £(0) = D0(0)+D1(0);...+DN_1(9)_ (2.6.1)

The Fejér kernel is a positive kernel as seen in figure 2.6.1 below.
We can rewrite the Fejér kernel as the trigonometric polynomial

N

Pese)= Y0 (e

n=—N

10
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18

D,®
16} . - - -D,®
Dg(®
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= =
N B
T T
I I
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o
T
1

Dirichlet kernels DN(G)

Figure 2.5.1: Graphs of the Dirichlet kernels

There is also the following closed form formula for the Fejér kernel

1 sin*(N6/2)
Fnf0) =5 sin(0/2)

The Cesaro sums, or Cesaro means, are defined by

_ 50f(6) + 51 £(8) + ...+ Sn_1f(8)

The Cesaro means can also be written as trigonometric polynomials by
N
UNf(e) = k_z:N( N )ak‘e )

where ay, is the kth Fourier coefficient of f. Now, Using Sy f(0) = (f * Dn)(0) we

obtain

on f(0) = (f * Fn)(0).

11
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Fejer kernels FN(9)
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Figure 2.6.1: Graphs of the Fejér kernels

2.7 The Abel Means and the Poisson Kernel

The rth Abel mean of the function f(#) with Fourier series 2

by

The Poisson kernel P,(0) is defined by

P.(0) = Z rinleind —

n=—oo

oo

1—17r2

1 —2rcosf +r?’

= g riMla,,e™.

n=—oo

re(0,1)

Using convolution, the rth Abel mean can be written as

A f(0) = (f * B)(0).

12

oo

a,e™ is defined
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Figure 2.7.1 shows the graphs of the Poisson kernels for several values of r.

20

P1®

18 b - = —Py® A

Paro(®

= = = =

o N i o
T T T T

I I I I

o]
T
1

Poisson kernels Pr(e)

Figure 2.7.1: Graphs of the Poisson kernels

2.8 Good Kernels

Definition 2.21. Let {K,(6)}22, be a sequence of functions such that K, : T — R.
Then we call this sequence, a sequence, or family, of good kernels if the following
properties are satisfied:
(i) For all n € N,

L koo 1. (2.8.1)

2 J_,

13
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(ii) There exists M > 0 such that for all n € N,

/ﬂ | K (0)]d0 < M. (2.8.2)

—T

(iii) For every 6 > 0,

/ Ko (0)]d6 — 0 as n— oo, (2.8.3)
s<|o|<m

The Dirichlet kernel D,, fails to satisfy the second property. In fact,

/ |D,(0)|d0 > clog N, ¢ > 0.

Thus, D, is not a good kernel. On the other hand, the Fejér kernel F,, and the

Poisson kernel P, are good kernels.

A family of good kernels is also called an approximation to the identity due to

the following theorem.

Theorem 2.22. If {K,}2, is a family of good kernels, K,, : T — R, and f : T — C

18 1ntegrable then

lim (f * K,)(0) = f(0)

n—oo

whenever fis continuous at 8. Moreover, if fis continuous everywhere then f* K, —

f uniformly.

As a consequence of Theorem 2.22 we have the following theorem of Fejér about
the Cesaro summability of a function f.
Theorem 2.23. Let f: T — C be an integrable function. Then,

]\}LH;O onf(0) = f(0)

at all points of continuity of f. Furthermore, the convergence is uniform if f is

continuous on T.

14
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A similar result holds if we replace the Cesaro means with the Abel means.

Definition 2.24. We call a family of good kernels {K,,}2°, positive kernels if we
replace the conditions (ii), and (iii) in Definition 2.21 by the following:
(ii’) For all n € N,

K.(0) > 0. (2.8.4)
(iii") For every 6 > 0,

max |K,(6)] — 0. (2.8.5)

0<|0|<m

As implied in the definition, positive kernels are good kernels since conditions (i)
and (ii’) imply condition (ii) and condition (iii’) implies condition (iii). The Fejér

kernel F),, and the Poisson kernel P, are examples of positive kernels.

2.9 Retrieving a Discontinuous Function Using
Cesaro Means
In this section we examine a function f with a jump discontinuity at 0, comparing

the behavior of its partial Fourier sums with that of its partial Cesaro sums near the

origin.

Define the step function f by

-1, —m<6<0;
f0) = (2.9.1)
1, 0<6<m.

Figure 2.9.1 shows the behavior of Sy f(z) and oy f(x) on the interval [—1,1].

Notice the oscillations of Sy f(z) near the discontinuity at = 0. These oscillations,

15



Chapter 2. Preliminaries

T
)
———8,,f®
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Figure 2.9.1: Graphs of the step function and its 40th partial Fourier and Cesaro
sums

which persist no matter how large N is, are the manifestation of the Gibbs phe-
nomenon. We will see an analysis of this phenomenon in Chapter 2. Also, notice the

absence of these oscillations near 0 on the graph of oy f(z). In fact, near the origin

we see that

min f(z) < on f(x) < max ().
As we will see in Chapter 4, this is no mere coincidence.

Remark 2.25. We can see from figure 2.5.1 that
fOT) + £(07)

Jim Sy f(z) = 5 =0, (2.9.2)
Jim on f(z) = f(0+);f(0) =0. (2.9.3)

16
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The limit in (2.9.2) is a consequence of the following theorem of Dirichlet.

Theorem 2.26. Let f : T — C be continuous except at finitely many points with a
continuous bounded derivative. Then

f07) + f(07)
2

A}im Snf(0) = for all 0 € T,

where,

F(6%) =lim f(O+h) and f(67) = lim £(6 — )
h>0 h>0

If f is continuous at 6 then Syf(0) — f(6) as N — cc.

The following theorem of Jordan shows that the same results follow if f is of

bounded variation.

Theorem 2.27. Suppose f is a function on T with bounded variation. Then

fO7) + f(07)
2

A}im Snf(0) = forall@ €T,

where f(0%) and f(07) are as in Theorem 2.26. At all points of continuity Sy f(0) —

f(0), and on closed intervals of continuity the convergence is uniform.

Results similar to Theorem 2.26 hold for the Abel and Cesaro means of f, thus

explaining (2.9.3).

17



Chapter 3

A Historical Account

In this chapter we give a brief historical background to the Gibbs phenomenon
introducing the main contributors. We also do a careful analysis of the calculation
of the overshoot/undershoot of the Fourier partial sums near a discontinuity for a

particular function.

3.1 Wilbraham, Michelson, and Gibbs

In 1898 American scientists Albert Michelson and Samuel Stratton built a me-
chanical machine, called a harmonic analyzer that was capable of computing partial

Fourier sums up to 80 terms. See figure 3.1.1.

In the same year they published a description of their machine together with
some graphs produced by the harmonic analyzer [13]. One of their graphs was that

of the partial Fourier sum of the function, known as the sawtooth function, given by

f(x):%x, —T<z<m, flz+2m) = f(x).

18
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Figure 3.1.1: The harmonic analyzer built by Michelson and Stratton

Figures 3.1.2 and 3.1.3 show the graphs of this function and its partial Fourier

SuIns.

Noticing the oscillations near the jump discontinuities, Michelson tried to fine
tune his machine as he associated the appearance of these blips to mechanical de-
fect. However, his efforts were fruitless and the oscillations persisted. Eventually,
hand calculations confirmed the existence of them. Michelson’s conclusion, which he

asserted in a 1898 letter to Nature [12], was that the series
: L. 1.
81nx+581n2x+...+—81nnx+... (3.1.1)
n

did not converge to y = %m on the interval —m < x < 7, contrary to what he believed
the textbooks were claiming. A. E. H. Love, a British mathematician, responded to
Michelson’s letter by pointing out Michelson’s lack of knowledge on the concept

of uniform convergence [10]. However, he did not address Michelson’s problem of

19
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Partial Fourier sums SNf( x) for the sawtooth function
o
T
I
=
I
1

Figure 3.1.2: Graphs of the sawtooth function and its partial Fourier sums

retrieving a discontinuous function from its Fourier coefficients. He just suggested
a book for reading to Michelson, and any other physicist troubled by nonuniform
convergence [6]. Eventually, in two letters to Nature [4], [5] J. W. Gibbs explained
that the limit of graphs is not necessarily the same as the graph of the limit. In
other words, the series (3.1.1) converges pointwise to the function f(z) = sz, but
this does not imply that the graphs of the partial sums Sy f(z) need to start looking
like the graph of f as N — oo [9]. Furthermore, Gibbs gave the correct size of the
overshoot and the undershoot of Sy f(z) near the point of discontinuity. However,
Gibbs did not provide any proofs or calculations and it was not until 1906 when
Maxime Bocher gave a rigorous analysis of this phenomenon [1]. He also named
this phenomenon after Gibbs as he believed Gibbs to be the first person noticing
it. However, 50 years before Gibbs’ letter appeared in Nature Henry Wilbraham,

20
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Sgof

- ——f

2.2 24 2.6 2.8 3 3.2 3.4 3.6 3.8 4

Figure 3.1.3: Graphs of the sawtooth function and its 80th partial Fourier sum

an English mathematician, had observed this phenomenon, but his paper [21] went
unnoticed by Gibbs and Bocher. He did not get recognition for his work until 1925
[2]. Wilbraham’s paper is in response to F. Newman’s claim [14] that the values of
the partial Fourier sums of the function

1 df |z < 3,

flo)=9

Tt § <z <,

depicted in figure 3.1.4, are “contained between the limits j:%ﬂ'”.

21
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Figure 3.1.4: Graph of the square wave function

3.2 A Careful Analysis of the Square Wave Func-

tion

Here we do an analysis similar to that of Wilbraham’s for a variation of the square

wave function[7]. Let us first define the Gibbs phenomenon in a more precise way.

Definition 3.1. Suppose a function f(x) has a jump discontinuity at x = a, i.e,
fla™) = lim, .+ f(x) < o0, f(a™) = lim, ..~ f(z) < oo, and f(a™) # f(a™). We
say that the Fourier partial sum approximation of f exhibits the Gibbs phenomenon
at the right hand side of x = a if there is sequence x,, > a converging to a such
that lim, .o S, f(x,) > f(ah) if f(at) > f(a7), or lim, oo S, f(x,) < f(a™) if

f(a™) < f(a™). Similarly, we say that the Fourier partial sum approximation of f
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Chapter 3. A Historical Account

exhibits the Gibbs phenomenon at the left hand side of x = a if there is sequence
x, < a converging to a such that lim, ... S,f(z,) < f(a™) if f(a™) > f(a™), or
limy, oo Snf(n) > f(a™) if f(a™) < f(a™).

As we see from this definition, it is not the mere existence of the overshoot /undershoot
of the partial Fourier sums that constitutes the Gibbs phenomenon, but rather the
persistence of this overshoot /undershoot, i.e the lack of improvement in the approx-

imations S, f(z).

Recall that the step function f is defined by

fay={ TSl (3.2.1)

1, 0<z<m.

Then the nth Fourier coefficient of f can be calculated as follows:
£ 1 " —inx
fmy =5 [ e dr
™ —Tr

I : I :
= —/ f(x)e_mxdxjt—/ flz)e "™ dx
2 —r 2w 0
1 0

) 1 —
=5 e " dr + o e ""dx
T J 7 ™ Jo
—inz |0 —inx |T
1le 1le
2r —in | _ 27 —in |,

B 1 1 enm n 1 [e i 1
21\ —in —in 2T\ —in —in

1

= —(1—-(=1)"
2
—— if n odd,
— J nmi
0 otherwise.
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Chapter 3. A Historical Account

So, the Fourier series of f is:

inT

1n:z:_ €
Zf 77rzin

nodd nodd
2 Z cos(nx) + isin(nz)

m

T nodd
2 Z sin(nx) — i cos(nx)

n

nodd

2 i sin(nx) — i cos(nx) N sin(—nzx) — i cos(—nx)

n —n
n=1
nodd
00 .
4 sin(nx)
m n
n=1
nodd

B Zsm ((2n —1)x)
B 2n—1

So the (2N — 1)th partial Fourier sum of f is given by

Son-1f(w) = %Z sin((;zn_—ll)x)‘ (3.2.2)

n=1
We can rewrite expression (3.2.2), using the fact that

/Ox cos((2n — 1)t)dt = sin((22nn_—11)x)

as follows

Son_1f(x) = %Z /0 " cos((2n — 1))t

"/i <Zcos ((2n — 1)t )dt. (3.2.3)
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Chapter 3. A Historical Account

Now, using the trigonometric identity sinu cosv = $[sin(u+v) + sin(u — v)] we have:

2sinticos((2n —1)t) = Z 2sint cos((2n — 1)t)

n=1

3
—_

(sin(t + (2n — 1)t) + sin(t — (2n — 1)t))

WE

i
I

(sin(2nt) 4 sin((2 — 2n)t))

WE

i
I

WE

(sin(2nt) — sin((2n — 2)t))

3
Il
_

= (sin(2t) — sin(0)) + (sin(4t) — sin(2t)) + ...

—

+ (sin(2Nt) — sin((2N — 2)t))
= sin(2N't).

Therefore,

2Nt
Zcos n—l 75111( )
2sint

Plugging this into (3.2.3) we obtain:
4 [*sin(2Nt
Son—1f(z) = —/ #dt
0

s 2sint
2 [*sin(2Nt
== / SIn@NT) (3.2.4)
T Jo sint
Now, we find the first extremum of this function to the right of x = 0.
d 2sin((2Nx
d—szN—1f($) = —M = 0.
x m  sinz
Therefore,

k
sin(2Nz) =0 = 1= 2—;\; ke

Fork;zl,x:%,and

d2
d2

T ) B 2N <0
2N/ sin(%) '

Sav-rf (330
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Chapter 3. A Historical Account

So, Son_1f(z) has its first maximum to the right of z =0 at z = T and

2N
T 2 (2N sin(2Nt
Son_1f (W) = —/ gdt.
0

T sint

For N large, 0 <t < % is small, hence sint ~ t, therefore we obtain:

2 [N sin(2Nt
St () ~ 2 [N,
0

7 t
2 [7si 2

- —/ sn) g~ 26i0m),
T Jo u T

where Si(7) = g(1.17898). This value can be found using the Taylor expansion of

sin z as follows:

We can write sinz as

.Z'g I5 1‘7
Slnﬂj:x—y—i—g—ﬁ—i—
Then
Sinx_1 2 2t x6+
x 31 51 7!
Therefore
2 [Tsinz 2 [T 2?2 at af
Z der = 2 1— 2 4
7T/0 z W/O( 3'+5' 7‘)Jr
_2 7r3+7r5 Y n
“a\" T 18600 35280/ "
_2 7T2+7T4 7T6 +
N 9 300 17640
=2-1114+033—0.04+...
~1.18 (3.2.5)
Thus
s f(”) 2T (1.17898) = 1.17898
N-U\oN) T poY - '
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Chapter 3. A Historical Account

The magnitude of the jump at z = 0 is [f(0") — f(07)] = 2. The overshoot at
T
T 2N

jump.

x , for N large, is 0.17898 which is approximately 9% of the magnitude of the

Because of Wilbraham’s contributions, which predate those of Gibbs’, some au-

thors prefer to use the term Gibbs-Wilbraham phenomenon [2].

In the next chapter, we will see that the Gibbs phenomenon occurs not just for
the step function but for a class of functions with jump discontinuities at general

points.
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Chapter 4

The Gibbs Phenomenon in Fourier

Series

In this chapter we show the existence of the Gibbs phenomenon at x = 0 for
another simple function [20]. Then we generalize this result for a certain class of
functions with jump discontinuities at the origin [19], [20]. We then illustrate the
case of a jump discontinuity at a general point. In the last section, we discuss some

summation methods used in removing the Gibbs effect [20], [22].

4.1 A Simple Function with a Jump Discontinuity
at 0

Consider the ramp function

fz) = gsgn(:c) - g, —1 <x <, (4.1.1)
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Chapter 4. The Gibbs Phenomenon in Fourier Series

where

-1 if x<0;
sgn(z) = ' ‘o<
i < 7.

As seen in the figure 4.1.1, f has a jump discontinuity at z = 0. We will examine

pil2 -

f(x)
o

—pil2 -

|
-pi -pi/2 pi/2 pi

Figure 4.1.1: Graph of the ramp function

Sy f(x) when z — 0F. First, we calculate the nth Fourier coefficient of f for n # 0

as fOHOWS
fn) = 1 /W f(x)e ™d
n 5 . xr)e xZ.
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We break this integral into two parts to obtain

2 1
—ma;d . —znzd
fn) = 5 f< e + / F@)e e d
1 0 s xr T x .
- — —’mId _ Z _ Demz g
21 71‘( 2 2) + 27 <2 2) *
1 0 . 1 0 ) 1 s A 1 T A
= —— / e~ T ze—mxdl, + _/ L P — Ee_mxdl’
4/ . or | . 2 4 J or Jo 2

=L+ L+ 13+ 1,

From the first and the third integrals, using a change of variables on the first integral,

we obtain

3

. 1 4 .
L+ 13 =— e dr + —/ e "™ dx
0

4

T inr e—inx

e
21

A~ =

dx

3

N = DN =,

~
Q
o
2]

—

— .

sin(nx)dx

nz)|"

2n

From the second and the fourth integrals, using a change of variables on the second

integral, we obtain

™

1 ZE T .
I ]’ _ _ 7’LTL$d
2+ i = 2m Jo 2 S or 26 v

—Z xidm
2m Jo 2

S x sin(nz)dz.
2 Jo

30
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yield
cos(nx)
n

cos(nm)

+/ cos(nx)dm)
o Jo n

sin(nx)

n

cos(n)

n

Integration by parts will
L+1,= !

2+ 1y = o ( -
ol

- L ( .
1

- L < .

i cos(nm)

2n

Thus,

A~

f(n)211+12+]3+[4

i cos(nm)
T
i
—
5, for

When n = 0 we have

f(0) = 5 / " fa)dz = 0.

n2

)
0
+

)

i icos(nm)
2n 2n
n # 0.

So the Fourier series of f is given by:

e} e}

Z f(n)e = Z —QL(cos(nm) + isin(nz))

n

n—=——oo n=—oo

sin(nz) — i cos(nz)

2n

31
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Now, we look at the sums over positive and negative integers n separately as follows

Z Fln)eine — Z sm2(zx) N Z sm2(;m:) B Z i co;(;m) B Z i co;(lnx)

n=-—00 n>0 n<0 n>0 n<0
sin(nx) sin(—mux) icos(nzx) i cos(—mx)
Ly )yl g el g fond
n>0 —-m n>0 -m
m>0 m>0
B sin(nx) sin(nx) i cos(nz) i cos(nz)
B Z 2n N Z 2n Z 2n N Z 2n
n>0 n>0 n>0 n>0

_Zsmnl‘
:Z/ Cosnt

where D, is the Dirichlet kernel given by (2.5.1). Using the closed form formula for
D,, given in (2.5.2), and the identity sin(u + v) = sinucosv + cosusinv, we can

rewrite the integral in (2.8.3) as follows:

3 [ Doyt [ (P ol
:/0 Smim)dwr/ox sin(nt) (%(é))—%)dtju/j Cosént)dt.

Thus, we can write S, f(z) as

S f(2) :/0 Slnim>dt+/ﬂx sin(nt)( CO_S(%) _ 1) dt+/0$ cos(nt) ., _ T

:h+5+g—§
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We Define the sequence {x,}32, by z,, = T and examine Snf(z,) as n — oco. With
n

this choice I(x,) becomes

= /07T gn(t) sin(nt)dt,

where the sequence of functions {g, } is given by,

gn(t) = ( coslg) %)x[o,m-

2sin(%)

Now, g,(t) is continuous on the interval [—7, 7] except the singularities at zero, and
at x,. However, near zero lim; .o g,(t) = 0 by twice applying L’Hospital’s Rule.

Thus, we define the continuous extension at 0 of g, by

gn(t) if —7m<t<m t#0;
0 if t=0.

Gy (t) =

Notice that G, (t) is still discontinuous at z,,. But when n = 1 G is continuous on

[—7, ], hence it attains its maximum. Therefore, we have

max G,(t) < max Gy(t) =: M.
tel0,m/2] te[0,m]

So we obtain

L) < [ [Guolsinp)as

—T

< max Gl(t)/ "t
0

T telo,n]

=Mz,
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Thus I(z,) converges to zero as n — oo since x,, — 0. Similarly,

() = / " cos(nt)
0 2

™1
:/ §X[0,zn](t) cos(nt)dt

—Tr

= /Tr hn(t) cos(nt)dt,

—Tr

where h,(t) = 1x..(t). Now, as n — oo I3(z,) — 0 since cos(nt) is bounded and

the support of h,(t) shrinks to zero. Therefore, near the origin we have

sin(nt)

lim S, f () = < lim /0 St gy ﬁ) o)

_ < lim / Slnimdt) +O(1).
n—oo Jq

By the change of variable u = nt, we obtain

nw/n ; T
lim S, f(x,) = lim &(u)du/n = / Mdu = Si(m), (4.1.3)
0

n—00 n—oo J u/n u
where, as calculated in (3.2.5),

Tsinu 7

Si(r) = /0 = 5(1.17898).

u

However, for fixed x > 0, we have

" ginu - > sinu s
du n— oo du = —.
0 u 0 u 2

As seen in (4.1.3), the value of S, f(z,) is independent of n near 0 and it will always

be greater than that of f(z) no matter how many terms we use in the Fourier partial
T

sum. Taking x,, = —— and a similar argument will show the undershoot of the values
n

of the Fourier partial sums on the left hand side of x = 0.
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4.2 Generalization to other Functions with

a Jump Discontinuity at 0

In this section, we use the result of the previous section to show the existence of
the Gibbs phenomenon for a general function with a discontinuity at the origin. We

will use the following definitions and theorems [19], [20].

Definition 4.1. Let f(z) be a 27 periodic function whose restriction to (—m, ) is in
L'(—m, 7). Then f satisfies a Lipschitz condition of order a > 0 at w, if there exists
a constant C' such that |f(z) — f(x,)| < Clx — x,|* in a neighborhood of x,. If the
condition holds V z, with the same constant C' then f is said to satisfy a uniform

Lipschitz condition.

In case @ > 1 the condition will imply that f’(z) = 0 which means that f is

constant. Therefore, we assume that o < 1.

Definition 4.2. We define f(zF) and f(z7) as follows

f@g) = lim_f(=),

T—xS

f(a3) = lim ().

T—To

Definition 4.3. If f(x}) (respectively f(z.)) exists, and the condition in defini-
tion 4.1 holds for = > x,, (respectively x < x,), then f is said to satisfy a right

(respectively left) hand Lipschitz condition.

First, we need the following version of the Riemann-Lebesgue lemma. For a proof,

see [20], page 74.

Lemma 4.4. If f € L'(—n, ) then |a,| + |b,| — 0 as n — oo, where a, and b, are

the Fourier coefficients of f as defined in (2.1.1) and (2.1.2).
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We also need the following uniform version of the Riemann-Lebesgue lemma.

Lemma 4.5. Suppose f € L'[—x, 7] is a periodic function and h € C'[a, 8] such that
la, 8] € [—m,7]. Then

B
/ f(z —w)h(u)sin(Au)du — 0 as A — o0

uniformly in .

Proof. By the density of C'[—m, 7| in L'[—m, 7] we can find g € C'[—m, 7| that is

close to f in the L'-norm. In other words,

1F = glls = / (@) — g(a)ldx < e.

Now, we define I to be the following integral

B
I :/ g(x — u)h(u) sin(Au)du.
Using integration by parts we obtain

cos(Au)
A

p p cos(A\u
+/ %(g(m—u)h(u))%du

I'=—g(x —u)h(u)

now, I — 0 uniformly as A\ — oo since g(z — u)h(u) and @(g(a: — u)h(u)) are

uniformly bounded. Then,

‘ / ’ (@ — w)h(w) sin(hu)du

B
<| [ =) = gt - wpitay s + 1

E
< max !h(U)I/ |(f(z = u) = g(z = u))|du+ |1]

 a<u<p

< max |h(u)le + |I].
asu<p

Since ¢ is arbitrary and I goes to 0 as A — oo the desired result follows. O]
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Now, using the following theorem we show the existence of the Gibbs phenomenon

for a "general” function with a jump discontinuity at 0.

Theorem 4.6. Let f be a function satisfying a left and right hand Lipschitz condition
at .. Then

f@d) + (=)

Snf(xo) - 2

as n — o0o. Moreover, if f satisfies a uniform two sided Lipschitz condition in a

neighborhood of x,, then S,f — f uniformly in a neighborhood of x, as n — oo.

Proof. First we assume that x, # £m. From parts (i) and (ii) of Theorem 2.20 we
know that,

Suf(2) = 5- / " f(e - u)Dy(u)du,

and

1 s
— D,(u)=1

2 J_,

Using these facts we have

Su0) = @) = [ (@) = @] Da(wu (42,1

Let

Flao) = flz3) + f(x;) (4.2.2)

Then by (4.2.1) we have

™

Suf(ee) = Flw) = [ (Flaw =) = Fle) Dafu)d.

—T
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Now, using (4.2.2) we obtain

$uf(e) = flaa = [ (e =0 = 152 - LD

2 2
_ /07r F@o — w)Do(w)du— | 1@ b ()

0 2

(o —u)Dp(u)du

Dutwda+ [ 150D

(2o —u) = f(23)) Dn(u)

e ]
/

f
" MDn
(f

du +
/ flz w)du +
u)du —

/
[

Now, using the change of variables y = —u and the fact that the Dirichlet kernel

:]1+]2+13+]4+]5+

D,,(u) is an even function we rewrite the fifth and the sixth integrals as follows

k+k:/%@w - [ 1500, Copay
/f /f
/ fx

/ f(x
—(Iy + 1Is).

Therefore, Is + I3+ I5 + Is = 0. Thus,

Snf(xs) = flxe) =L+ 14
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Multiplying and dividing by u, we obtain

B / (f(:r:o Dk f<xo+>)an(u) "

—u) —

L

)_

f@j))an@odu

u

o (e

(=

=Ji+ o+ 5+ Jy.

u

We can write J; as

) 2,
g (00
COS(%) Sln nu
Sm(%)

-5
4 / (F(ze —u) = f(a) cos(nu)du

— A+ B,

/:(f(xo—u)—

[ (= 0) = () costrna)du

f(ag)

sin(

™

—T

%X -~ (w)

NI (o)

)

39

COS

) + cos(nu) sin(g))du

) sinnud
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Since f € L'(—m, m) and sin(%) is bounded away from zero in [—m, —¢] both g and h
are in L'(—, 7). Also, notice that the integrals A and B are the Fourier coefficients
for g and h. Therefore, by Lemma 4.4, A — 0 and B — 0 as n — oco. Thus, J; — 0
as n — 00. A similar argument shows that J; — 0 as n — oo. As for the other two

integrals, we argue as follows

il =| [ (L) i o e
§/6(< ) Exe TR

u sin(y)
By the Lipschitz condition on f(z) we have

du.

[f(2) = f@o)| < Chlw — x|, if [ — 20| <0
Therefore,
[f (@6 —u) = f(z:)] < Chfwo —u — o] = Ci|ul™.

((n+ %)u)‘ <1, and

u
lim —2

2
u—0 sin(%) ’
So if |u| < 6 then

u
sin()

Therefore,

< Cj

0 0
|J2| S 03/ C’1|u|a_1du S O/ |u|o‘_1du.
—0 =

Similarly,

] = ‘/ < f(%)) i sin ((n + 5 )u)d

<Cg/ Colul*™ 1du<0/ lu|* " du,
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where C' = max{C3C4, C3Cy}. Thus,

0 1)
]+ 1] < c/ |u|a_1du+C’/ fu|o~ du
—0 0

0 5
< %/ |u|0‘_1du+%/ lu|* ' du
-5 0
C é
= —/ lu|*du
2 Js
5
:2g/ lu|* du
2 Jo

5
:C'/ lu|*du
0

Jul|?

a
= G

«

0

Now, given € > 0, we choose § and N such that £6% < £ and |J;| + |J4| < £ for all
n > N. Then, these choices imply that |S, f(z.) — f(z.)| < e.

For the case x, = £, a translation by 7 and a similar argument shows that S, (x —
7) — f(z —7) at z = 0.

The case of the two sided Lipschitz condition is proved by replacing f(x}) and f(z;)
by f(x,) in the integrals J; and Jy. O]

Lemma 4.5 and the following theorem will give us uniform convergence.

Theorem 4.7. Suppose that f satisfies a uniform Lipschitz condition of order
0 <a<1in(ab). Then S,f — [ uniformly in any interior subinterval [c,d] C
(a,b).

Proof. Let 6 < min(c¢ — a,b — d). By the proof of Theorem 4.6 we have

C
| Jo| + | J5] < —6.
(8]
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Now, we write J; as

1
J1 = / f(z sm(u/Z) sin((n + é)u)du

+;sin n 1u u
—/_W F0) gy Sl +

1
Since ——— € C'[—m, —4] we can apply Lemma 4.5 with o« = —7, 8 = —§, and
sin(u/2)

A=n+ % to the first integral to obtain

/ fx sm( /2) sin(Au)du — 0 uniformly as A — oc.

The second integral also converges to 0 uniformly. Thus, J; — 0 uniformly as

n — oo. A similar argument works for J; and the required result follows. [

Now, using the above convergence results, to show that a ”general” function
g exhibits the Gibbs phenomenon at 0 it is enough to show the existence of the
phenomenon for the function defined in (4.1.1), which we have already done. To

elaborate, suppose g(x) is piecewise smooth with a jump at 0 such that

g(0") = lim g(z) # oo and ¢(07) = lim g(x) # +oo.

r—0t z—0~

Then to remove the discontinuity at 0 we define a new function h(z) as follows

o) = g(a) — (L2200 ) 5o

where f is the ramp function defined by (4.1.1). Now, as z — 07 we obtain

lim A(z) = lim g(z) — <M) lim f(x)

z—0t z—0t r—0t
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and as + — 0~ we obtain

lim A(z) = lim g(x) — (M) lim f(x)

z—0~ rz—0~ z—0~

o (2020
_ 9(07) +4(07)
5 :
Now, define h(0) as

Then h(z) is continuous at 0 and it satisfies the hypothesis of Theorem 4.6. Therefore,
S,h converges at 0. In fact, it converges uniformly in a neighborhood of 0 thus, if
either of the functions f or g shows the Gibbs phenomenon at 0 then so does the

other. Since we already showed that f exhibits the Gibbs phenomenon near 0, so

does g.

4.3 Jump Discontinuity at a General Point

Suppose that the function g has a jump discontinuity at x = z, and is piecewise

smooth everywhere else. Define h(x) by

mw—(“@”_g“”)ﬂx—%>ﬁ v 4.,

h(I) - 4 - T
o) + (a7 R
2
Then,
Jr —
lim h(z) = lim h(z) = h(z.) = 2 (z7) ;9(% ),
Thus, h is continuous at = x, and therefore by Theorem 4.6, S,h converges

uniformly in a neighborhood of z,. Hence the function g(x) displays the Gibbs

phenomenon at x = z, since f(z — z,) does so.
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If g(z) has a finite number of jump discontinuities at 1, o, ..., x; and is piecewise

smooth elsewhere we define h(z) by

o) = =5, (o) — 9lay)) fla— ) it w1,

Mr) =90 g@t) + g(x;)
2

it z=ux;.

Then by the same argument as above g(x) exhibits the Gibbs phenomenon near

L1, L2y, Ty.

4.4 Removing the Gibbs Effect Using Positive Ker-
nels

Recall a family of positive kernels introduced in Definition 2.24. The following

theorem shows that convolution with positive kernels eliminates the Gibbs effect [19],

22].

Theorem 4.8. Let {K,}32, be a a family of positive kernels and m < f(x) < M
b

for x € (a,b). Then for any e > 0 and 0 < § < Ta there is an N such that

onf(x) = (K, * f)(z) satisfies m —e < o,f(x) < M +¢€ forx € (a+0,b—9) and

n > N.

Proof. Using the definition of convolutions we have

onf(x) = (Kn* [)(2)

1 s
— 5 | fa-oK. 0
L Yy / Fla — 0)K,,(6)d6
2T -5 " 2T 5<|0|<m "
Gy + G
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Now, we show that GG, converges to 0.

1
Gl = | [ s 0K.0)
T Js<|g|<n
1
<o | U@ -0K. Ol
T Js<|o|<n
1
< — max |K,(0 x —0)|do.
<5 KWSWI (0)] K‘algﬂlf( )|

Since K, is a positive kernel by property (iii’) of positive kernels, expression (2.8.5),

we have

max |K,(0)] -0 asn— oo.
5</6]<n

Therefore, for fixed § > 0 given € > 0 there exists N; > 0 such that |G| < ¢ for
n > Ni. Now, x € (a+ ,b — ) implies that = — 6 € (a,b) for |#| < §. Therefore,
flz —0) < M for |0] <. Thus, G becomes

1 )
@zg/jmwmww
1 )

<M— | K,(0)do
27T -5
1 s

<M— | K,(0)d0
2 J_,

< M Dby (2.8.1), property (i) of good kernels.

So |Gy + Go| < |Gy|+|Ge| < M + €. Hence, 0, f(x) < M + €. On the other hand,

1 [0 1
Gi+ Gy = o /5 flx—0)K,(0)d0 + — f(z—0)K,(0)do

21 Js<j0)<n

1 0
> m— _ . _
> m- [ K08 = max [K,0)]- 17 = 0)]
>m—¢ forn > N,.
Let n = max{Ny, No}. Then for n > N we have

m—e<o,f(r) <M+e
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Chapter 4. The Gibbs Phenomenon in Fourier Series

Now, it is clear why the Gibbs phenomenon is absent in Figure 2.9.1 where the

Cesaro means are used to approximate the function defined by (2.9.1).

46



Chapter 5

The Gibbs Phenomenon in
Wavelets

In this chapter we give a brief introduction to wavelets and multiresolution anal-
ysis [3]. We give a condition under which the wavelet expansion of a function shows
the Gibbs phenomenon near a jump discontinuity [8], [17]. This condition involves
what is called a reproducing kernel. Next, we show that the Haar wavelets do not
exhibit the Gibbs phenomenon whereas the Shannon wavelets do [7]. We revisit the
concept of a family of good kernels reincarnated as what are called positive delta
sequences and prove that wavelet approximations of functions using kernels that are
positive delta sequences eliminates the Gibbs phenomenon [19]. We also revisit that
the case of the Haar wavelets and show that the corresponding reproducing kernel
is a positive delta sequence hence the absence of the the Gibbs phenomenon in the

Haar wavelet expansion of a function with a jump discontinuity [20].
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Chapter 5. The Gibbs Phenomenon in Wavelets

5.1 Wavelets and Multiresolution Analysis

Definition 5.1. Let ¢ € L*(R). Define the functions 1;;, by 1, x(x) = 29/%)(27x—k).
Then by a wavelet system we mean a complete orthonormal set in L?(R) of the form
{;r}jrez. In other words, {¢;s};rez is a an orthonormal basis for L*(R). The

functions 1;; are called wavelets and the function 1) is called the mother wavelet.

Remark 5.2. If {¢;;};rez is a wavelet system then every function f in L?(R) can

be written as
F=Y0 (i)t
JEZ keZ

Definition 5.3. A multiresolution analysis, or MRA for short, is a sequence {V}};ez

of closed subspaces of L?(R) such that

(i) V; C Vjyq for all j € Z,
(i) (Vi = {0},

jez
(iii) | JV; is dense in L*(R),
jez
(iv) For each j € Z, f(z) € Vy if and only if f(2/x) € V},
(v) For each k € Z, f(x) € Vp if and only if f(z — k) € V4,

(vi) There exists a function ¢ € Vj, called a scaling function, or father

wavelet, such that {¢(x — k)}rez is an orthonormal basis for Vj.

Remark 5.4. For each j € Z, {¢;x}rez is an orthonormal basis for V;, where ¢;

is defined by
pik(r) = 20Dz — k).

However, the functions ¢;; are not necessarily orthogonal at different levels j.
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As a consequence of Remark 5.4, for f € L*(R) the orthogonal projection of f

onto Vj is

Pif =) {f.0im) @i (5.1.1)
kEZ

Moreover, the function P;f is the best approximation to f in the subspace V. The

approximations P;f improve as j increases. In fact,
P f = flle2y — 0 as j — oo.
We call the subspaces {V}},ez approximation subspaces.

Remark 5.5. Since ¢ € V C Vi, by Remark 5.4 we have
px) = uppri(e) = Y wV2p(2x — k), (5.1.2)
keZ keZ
where the sequence {ug}rez is in [?(Z). This sequence is called the scaling sequence
and equation (5.1.2) is called the scaling equation. A property of the scaling sequence

is that its even integer translates, {7opt}rez, form an orthonormal set in *(Z).

The following theorem of Stéphane Mallat shows how to obtain a wavelet system

once we have a MRA. You can find a proof of this theorem in [3] page 391.

Theorem 5.6. Let {V;};ecz be a MRA with scaling function ¢ and scaling sequence
{uptrez € IM(Z). Define v € IN(Z) by v, = (—1)* ¢ for all k € Z. Also, define 1
by the following equation

U(x) = ka@l,k(l') = ka\@g@(% — k).

keZ kEZ

Then {1; 1 }jkez is a wavelet system in L*(R).

Remark 5.7. If we define the space Wy by

Wo = { > aton: {zn}ken € ZQ(Z)}

keZ
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then V; = V) @ Wy. In other words, Wy is the orthogonal complement of V4 in V;.
This means that Vo C Vi, Wy C Vi, Vo L Wy, and for all f € V; there exist unique
g € Vo,h € Wy such that f = g+ h. Similarly, we define W; by

W; = {sz%,k {zk}rez € lQ(Z)}

kEZ

Then V1, =V; @ W for all j € Z.

It turns out that the subspaces {W;},cz have the same dilation property as the
the subspaces {V;};ez. In other words, f(z) € Wy if and only if f(2/z) € W; for
all j € Z. Moreover, {¢)(z — k) }rez is an orthomormal basis for Wy, and in general,
the functions {t;;}rez form an orthonormal basis for W;. This implies that the

orthogonal projection Q; of f € L*(R) onto the space W; can be obtained by

Qif = {fr i) vin-

kEZ

5.2 Construction of a Multiresolution Analysis

Theorem 5.6 of Mallat tells us how to construct the father wavelet ¢ using a MRA
and to obtain from it a wavelet system. However, it does not give a recipe to construct
a MRA in the first place. The following two theorems show this construction. The
proofs can be found in [3] pages 420, and 421.

Theorem 5.8. Let m, : R — C be a 2mw-periodic function satisfying the following
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Chapter 5. The Gibbs Phenomenon in Wavelets

conditions:

(1) [mo() + [mo(§ + m)[* =1 for all € € R,
(ii) mo(0) =1,
(1ii) mo satisfies a Lipschitz condition of order 6 > 0 at 0, i.e, there exist
§ >0 and C > 0 such that |m.(€) — m.(0)| < C|£]° for all £ € R,
(iv) inf , |mo(&)| > 0.

[l<m/
Let {uy}rez be such that

1 —i
mo(€) = EZW ’,

kEZ

or alternatively, define uy by
2 [T ,
= —j; / mo (€)™ dE = V/2mio(—k),

and suppose that {uy} ez € I'(Z). Then the infinite product []72, mo(§/27) converges
uniformly on bounded sets to a function ¢ € L*(R). Let ¢ = (¢). Then ¢ satisfies

the scaling equation

o(z) = Z upp1 k() = Z V2022 — k),
kez keZ
and {po  trez is an orthonormal set in L*(R). For j € Z define the spaces V; by
‘/j = {ZZkSDj,k : {Zk}keZ S ZQ(Z)}
keZ

Then {V;}jez is a MRA with scaling function ¢ and scaling sequence {u;}jez.

Remark 5.9. Conditions (i), (ii), and (iii) ensure the convergence of the infinite
product, and that ¢ satisfies the scaling equation. Condition (iv) is needed to show

the orthonormality of {¢ox}kez.

The next theorem details the construction in terms of the scaling sequence {u;};ez.
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Theorem 5.10. Let {u;};ecz be a sequence satisfying the following condtions

(i) Z k| |ug| < oo for some e > 0,
keZ

(i) Y up =2,

keZ

(7i1) {Toru}rez is an orthonormal set in I*(7Z),

(tv) inf |mo(&)| >0, for ms(§) = % Zuke_ikg.

<r/2
jgl<n/ —

Then the infinite product H;; mo(£/27) converges uniformly on bounded subsets of
R to a function $ € L*(R). Let ¢ = (¢). For every j € Z define V; by

Vi = {sz%‘,k {zr}rez € ZQ(Z)}.

kEZ

Then {V;}jez is a MRA with scaling function ¢ and scaling sequence {u;}jez.

So once we have a sequence {u;};ez satisfying the conditions of Theorem 5.10

then by Theorem 5.6 of Mallat we are guaranteed to have a wavelet system.

5.3 Existence of the Gibbs Phenomenon for some

Wavelets

In this section, we introduce the Schwartz space S(R) and give conditions under
which wavelet expansions of functions with a jump discontinuity show the Gibbs
phenomenon near the jump if the scaling function ¢ satisfies a certain decay condition

8], [17].

Definition 5.11. The Schwartz space S(R), or the space of rapidly decreasing C'*°

functions, is defined by

SR) = {f € C™ : |f'(2)| < Cra(1 + |z|)7* for all integers k, 1 > O}.
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Definition 5.12. We define the space of rapidly decreasing C" functions S,.(R) by

S, (R) = {f € C": |fY )| < Crp(1+ |z])~" for integers 0 <1 <7, k > 0}.

We define the Gibbs phenomenon for the wavelet approximation to the function
f:R— R, f e L*R) which is bounded and has a jump discontinuity at the origin

similar to Definition 3.1 as follows:

Definition 5.13. Suppose a function f(x) has a jump discontinuity at x = 0, i.e,
F(01) =lim,_o+ f(x) < 00, f(07) =lim,_o- f(x) < 0o, and f(0F) # f(07). We say
that the wavelet expansion of f exhibits the Gibbs phenomenon at the right hand side
of x = 0 if there is sequence x; > 0 converging to 0 such that lim; ., P; f(z;) > f(07)
if f(0%) > f(07), or lim; o Pjf(x;) < f(0F) if f(0F) < f(07). Similarly, we say
that the wavelet expansion of f exhibits the Gibbs phenomenon at the left hand side
of x = 0 if there is sequence x; < 0 converging to 0 such that lim; .., P; f(z;) < f(07)
if (07) > £(07), or limoe Pyf(25) > (07) if £(0%) < £(0°).

Let ¢ € S, (R) and define the function f € L?(R) as

—1—z, —-1<z<0;
flr)=4 1—2, 0<z<1; (5.3.1)

0, otherwise.
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Recall the orthogonal projection of f onto V; given by (5.1.1).

Pif(z) = kz;f, Pk ik (T)
—ICEZZ(/_ FW)@5xy dy)sogk( )
—%ZZ(/ FW)einly dy)%zc( )
/ (;%k )ejk( )dy
/ F) K (2, y)dy, (5.3.2)

where Kj(x,y) = > oz 0ik(2)@;x(y). We call K;(x,y) the reproducing kernel of V;.

We can express K; in terms of Ky, the reproducing kernel of Vj as follows

Z‘P]k @jk

kEZ

= 29Pp(Dx — k)2 P2y — k)
keZ

=2 o2z — k)p(2y — k)

keZ

=21 " os(2z)p0s(2y)
kEZ

= 2 Ko(27z,27y), (5.3.3)

where Ko(7,y) = > 1z p(z — K)oy — k).

We need the following result given in [17].

Lemma 5.14. Let Ky be defined as above and ¢ € S,(R). Then

Cs
(@) 1Koa)] € ey AEN
1 / Ko(z,y 1, forallz € R
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Proof. (i) Since Ko(x,y) = Ko(y,z) = Ko(x + 1,y + 1) we can assume without loss

of generality that |z + y| < 1 and = > y. Now, if k£ > 0 then

r+y T—Y
— k| = —k
okl = |32+ T
T —y r+y
= k)= =
(") - (7))
> x—y_k__x+y
2 2
xr—y 1
> — k|- <
- 2 ‘ 2’
and
rt+y T—vy
— k| = — —k
ly — Kl ) i ’
() ()
2
> T —y k__x+y
2 2
T —y 1
> k— -
- 2 * 2
Sr=y 1
- 2 2

Now, by (5.3.4) and (5.3.5) we obtain

T —y I\N/(fz—y 1
1 — 1 — > [ |—= — - -
R N (R P (G
1
:Z(|x—y—2k|+1)(x—y+1).
Similarly, if & < 0 we obtain

(|Jz —y+2k|+1)(z —y+1).

1 =

I+ ]z kDA + ]y — k) =

(5.3.4)

(5.3.5)

(5.3.6)

(5.3.7)

The assumption ¢ € S,(R) implies that there exist a constant K and 5 > 1 such

that
K

lp(z)| < m
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This in turn implies that

K
|<P($_k)|§m;
K
k ——5
oy — k)| < (ot ly— )
Thus

Ko(z,9)| <Y (e = k)llely = k)|

keZ

K K
< 16} 15}
vz (L lz— k)" (14 |y— k)

:K2(Z 1 : 1

oo L+l —k)" (1 +y— k|)ﬁ

1 1
5 )
B B
im0 (1+ |z = K[)” (14 |y — K1)
Now, by inequalities (5.3.6), and (5.3.7) we obtain

B
Fole)| < 5% 3 !

B
oo (L4 ]z —y—2k)) (z —y+1)°

+ 4ﬂ5 )

oo (1+ |z —y+2k]) (fc—y+1)ﬁ

- K W teR
(r—y+1)7" & 1+|t—2k|)
1 1
Now, (1+ |t—2k;])6 > |t —2k|°. So < . For fixed t € R, we

(14|t —2k])" ~ [t —2k)°
1 1
can find N € N such that |t — 2k| > k for £ > N. Therefore, ————— < —. Now,

|t —2k|% — kP
by the comparison test we have
S <Y S Y <o e 8> 1
—_— — < 00 since )
B — — B — B
k>0 (1 + [t - 2k|) k>0 [t — 2K] k>0 &
Thus,
C
Ko(flf,y) < 2
(1+ ]z —y|)
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(ii) Let d = %
know that V_; = span{¢_;jx}rez. This implies that p_;o(z) = 277/2p(27z) € V_;.
Therefore, h(z) := p(277z) € V_;. Thus, h(z) € V; since V_; C V. Therefore,

m € Z,n € N, be a dyadic number, and j € Z such that j > n. We

0277z + d) € Vy since (277 + d) = (277 (x + 227"m)). Now, by the definition of

the projection onto Vy we have

Pog(z) = / Ko(z,y)g(y)dy for all g € L*(R).
So, in particular, for g(z) = p(277z + d) € V,, we have g(z) = Pyg(z), so

o2+ d) = g(x) = / " Kol y)p(27y + d)dy.

By part (ii), Ko(z,y) is integrable, and ¢(z) is bounded. Thus by the Lebesgue

Dominated Convergence Theorem as j — oo we have

p(d) = /OO Ko(x,y)p(d)dy = ¢(d) /OO Ko(z,y).

Now we show that there exists a dyadic number d such that ¢(d) # 0. Assume that
o(d) = 0 for all dyadic numbers d. Let a be a real number such that ¢(a) # 0.
Because of the density of the dyadic numbers in the reals we can find a sequence of
dyadic numbers {d,, }>°, such that d,, — a as n — oco. Now, by the continuity of ¢

it follows that ¢(d,) converges to ¢(a) which is a contradiction. Therefore we have

/ Ko(z,y)dy = 1.

Now, we can prove Kelly’s main theorem given in [8].

Theorem 5.15. Let [ be defined as in (5.3.1), and a be a real number. Then

lim P;f(277a) = 2/ Ko(a,u)du — 1.
0

J—00
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Proof. Using (5.3.2), we can write P; f(x) as
Pt = [ @K )y
0 |
— [ Cr-pEEady+ [ 1=Ky
-1 0
Now, with the change of variables ¢t = —y on the first integral, we obtain
0 1
Pif(x) = —/ (—1+t)K;(z, —t)dt +/ (1—t)K;(x,t)dt
1 ' 10
= / (—1+t)Kj(z, —t)dt + / (1—-t)K;(x,t)dt
’ 1 ’ 1
= —/ (1—t)K;(z, —t)dt + / (1—t)K;(z,t)dt
0 0

_ /01(1 — )[K;(x,t) — Kj(z, —t)]dt

1
= 23'/ (1 —t)[Ko(2/2,27t) — Ko(272,—27t)]dt, by (5.3.3).
0
Now, let u = 27t. Then du = 2/dt and the integral becomes

Pif(z) = /0 (1 —279u)[Ko(22,u) — Ko(27z, —u)]du

= [ o @)1 = 290 ol 1) = Ka(2z, ~u)ldu
Letting © = 277a, where a € R, we obtain
Pa) = [ xpun 1 = 20 Kaas) — Koo, —)du
Now, let hj(u) = X000 (u)(1 — 279u)[Ko(a,u) — Ko(a, —u)], and g(u) = [Ko(a,u)| +

|Ko(a,—u)|. The functions h;(u) are bounded by g(u), i.e. |h;(u)| < g(u), and
g € L'(R) since ¢ € S,(R). Thus, by the Lebesgue Dominated Convergence Theorem
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we have
lim P;f(277a) = lim h;(u)du
j—o00 j—oo Jy
:/ lim h;(u)du
0 Jooo
= [ Jim v ()1~ 2 0) Koo, ) — Ko, ~u)ldu
0 J—=
= | X [Fola 0 = Fofa, ~ldu
/Koaudu—/ Ko(a, —u)d
The change variable t = —u in the second integral will yield

hmPfQJ /Koaudu—i-/ Ko(a,t)d
j—00
:/ Ko(a,u)du—/ Ko(a,t)dt
0 —00
0 0
:/ Ko(a,u)du—/ Ko(a,u)du (5.3.8)
0 —00

:/ Ko(a,u)du—i—/ Kg(a,u)du—/ Ko(a,u)du
0 0 —o0o
:2/ Ko(a,u)du—/ Ko(a,u)du

0 —o00

= 2/ Ky(a,u)du —1, by Lemma 5.14. (5.3.9)
0

Now, the following corollary gives a criterion for the existence of the Gibbs phe-

nomenon.

Corollary 5.16. Let f be defined as in (5.3.1), and let ¢ € S,(R). Then the wavelet

expansion of f exhibits the Gibbs phenomenon near x = 0 if there exists a real number
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a > 0 such that

/ Ko(a,u)du > 1,
0

and/or if there exists a real number a < 0 such that

/ Koy(a,u)du < 0.
0

Proof. Let x; =277a, a € R. Then

lim f(z;) =1ifa>0

j—00
lim f(z;) =—1ifa <O0.

J—00

Thus by Theorem 5.15,
lim P;f(z;) > hm f(azj) if / Ko(a,u)du > 1 for some a > 0, or
0

Jj—00

lim P f(z;) < lim f(z;) if / Ko(a,u)du < 0 for some a < 0.
j—00 j—00 0

The next theorem of Shim and Volkmer relaxes the condition that the scaling

function ¢ be in S,.(R). To prove it we need the following remarks and lemmas.

Remark 5.17. Let the function h(z) be defined by

1, if x>0;
h(z) =
-1, if z<0.

Then by (5.3.8) we have

lim P;f(277z) = / Ko(z,y)h(y)dy.

J—0o0
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This limit is sometimes called the Gibbs function. Let us also define the function

r(z) as
— /_OO Ko(z,y)h(y)dy. (5.3.10)
Using (5.3.9) we can write the Gibbs function as
/ Ko(z,y)h dy:2/ooK0(x,y)dy—1.
0
Thus we can rewrite 7(

( / Kola, u)du — 1> (5.3.11)

2—2f0 Ko(z,y)dy x>0
-1 -2 [ Ko(z,y)dy+1 x <0.

= h(x
{22(] © Kolasy)dy — [ Koxy)dy> >0

—2 [77 Ko(z, y)dy x < 0.

2 Ko(z,y)d x> 0;
_ f—oooo oz y)dy w2 (5.3.12)
-2 [;7 Ko(x,y)dy = <0.
Notice that if ¢(z) is continuous then r(z) — h(z) = =2 [;° Ko(a, u)du + 1 is also

continuous. In the next lemma we will make use of the representation of r(x) given

n (5.3.12).

Lemma 5.18. Suppose that p(z) is a continuous scaling function satisfying

¢
(1 + [a])?

Then there exists M > 0 such that

lo(x)] < forx e R, C >0, and > 1. (5.3.13)

M
(1 + fa])7=

where r(z) is the function defined in (5.3.12). Moreover, if 3 > 3 then r € L*(R)

Ir(z)| < for all x € R,

and it is orthogonal to Vj.
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Proof. By Lemma 5.14 we know that

Oﬁ
K, x, < —F7—— .

Therefore we can bound r(z) as follows:

Case 1: >0

=l ) Kale)i

0
< 2/ | Ko(z,y)|dy

0
1
< 2C - d
= ﬁ/oo<1+|a:—y|>ﬁ Y

Using the substitution v = z — y we obtain

/(;mdy:—/zmd“
-/ 1+|u|

/ since u > 0.
1+u

Now, let w =1+ u to obtain

> 1 > 1
— du= —d
/x (1 +up™ / (w)? "

1m
c—00 —ﬁ +1

[

1+x

1 . 1 1
= ——| lim -
1=\ emocfl (14 2)8-1

1 1
= since x > 0 and ( > 1.

B=1(1+[z])"

Thus
1 1
<20
TS 2 T ey
< —M f >0
~ (1—|—‘:L")ﬁ*1 or r -~ U.
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Case 2: £ <0

o = [ =2 [ Kaway

<9 / Kol y)|dy
0

o 1
<20; [ s
o THTe—yl)?

Let u = x — y. Then we obtain

[ ot /_mﬁd
/ 1+!U\

/ since u < 0.
0o 1—u

Now, let w =1 — u to obtain

lim
c—00 —ﬁ +1

[

1—x

1 I 1 1
= — 1m —
1= \emoocf~t (1 —x)bt
1 1 :
:ﬁ 0T 2 since x < 0 and 8 > 1.
— x

Thus
1 1
<2
r(z)| < Cﬂﬁ —1(L+ [z)F !
M
< — )
S AT orx <0

Therefore, we have the required bound for all z.
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To show that r € L*(R) we use the bound we just found as follows

[orerss< [ () o

') M2
_/;<Lumwwww

< oo since 2(3—1)>1as (> 3/2.

Hence r(z) € L*(R). Now, suppose that f € V} is integrable. Multiplying both sides
of (5.3.10) by f(z) and integrating with respect to x will yield

/_ dx—/ flo d:c—/:; (/_ZKO(x,y)f(x)h(y)dy)dx.

Since f € V4 we have

f@w=%f@w3/mxanwfqu (5.3.14)

Using Fubini’s theorem and (5.3.14) we obtain

/_ d:z:—/ f(z dx—/ </ Ko(z,y)f da:)h( )dy
— [t [~ s

Hence r(x) is orthogonal to Vj. O

Lemma 5.19. Suppose that p(x) is a continuous and bounded scaling function such
that it is differentiable at a dyadic number d with ©'(d) # 0. Let g € L*(R) be
orthogonal to Vy, and xg(z) be in L*(R). Then [ xg(x)dx = 0.

Proof. First we prove that g € L*(R).

Ammm=ﬁmmmm+éﬂmmm

= Il +12
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Now, we show that both I; and I, are bounded.

Azzgmmmzaqu

< ||g(@)||2]|Xzi<1(x)]]2 by Holder’s inequality

< oQ.

As for I, we rewrite the integral

hz/ o7 ||eg()|dz
|z|>1

1
< max — |zg(z)|dzx
2>1 2] Jya>1

<1 / |zg(z)|dz
|z|>1

< oo by the assumption that xg(z) € L'(R).

So we conclude that [, [g(z)|dz < co. Now, let ¢ = g,m € Z,n € N, be a dyadic
number. Then p(277x + ¢) € V; for all j > n as proved in Lemma 5.14. Therefore,
by the assumption that gV, we have

/OO 0277z +c)g(z)dr =0 for all j > n. (5.3.15)
Now, as 7 — oo by the Lebesgue Dominated Convergence Theorem we obtain

¢ [ alada =
Since ¢(c) is continuous there exists a dyadic number ¢ such that ¢(c) # 0. Hence

/_OO g(x)dx = 0.

o0

This implies that
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Now, using (5.3.15) with ¢ = d we obtain

/_OO 0277z +d)g(x)dr — /00 o(d)g(z)dx =0

/_00 P27 ;i); —eld) zg(z)dx = 0.

Letting 7 — oo and applying the Lebesgue Dominated Convergence Theorem one
more time we obtain

/_OO ¢ (d)zg(x)dz = 0.

o0

Since by assumption ¢’(d) # 0 we conclude that

/Oo vg(x)dz = 0.

o0

]

Remark 5.20. First, notice that if ¢(x) satisfies the condition (5.3.13) then ¢ €
S, (R) and we can use Corollary 5.16. Now, if there is a > 0 such that r(z) <
0 then (5.3.11) implies that 2 [° Ko(a,u)du — 1 > 1 which in turn implies that
fooo Ko(a,u)du > 1. Now, by Corollary 5.16 there is a Gibbs phenomenon at the
right of x = 0. Similarly, if there is @ < 0 such that r(x) > 0 then (5.3.11) implies
that 2 [;° Ko(a,u)du — 1 < —1. This implies that [~ Ko(a,u)du < 0, and again by
Corollary 5.16 we conclude that there is a Gibbs phenomenon at the left of x = 0.

Now, we are ready to prove Shim and Volkmer’s theorem [17].

Theorem 5.21. Suppose ¢ is a continuous scaling function such that ©'(d) # 0 for
some dyadic rational number d and that

C
(1+ [z[)?
Then the corresponding wavelet expansion shows Gibbs phenomenon on the right or

the left at 0.

lp(x)| < forzeR, C >0, and 3 > 3.
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Proof. Our assumptions satisfy those of Lemma 5.18. Therefore, there exists an

M > 0 such that

M
|7“($)| < W for all z € R.

Recall that r(z) is the function defined in (5.3.12). Also, since § > 3 the second
part of Lemma 5.18 implies that r(z) € L*(R) and it is orthogonal to V. Now,
xr(z) € L'(R) because

/Rm(a;)\dxg/mi%dx

< oo since 3 > 3.

Thus, the assumptions of Lemma 5.19 are satisfied with g(z) = r(z). Therefore, we
have

/00 xr(z)dx = 0. (5.3.16)

o0

Now, suppose that r(x) > 0 for all z > 0 and r(x) < 0 for all z < 0. Then
(5.3.16) implies that r(z) = 0 almost everywhere. But this is a contradiction since
by Remark 5.17, r(x) — h(x) is continuous whereas h(z) has a jump discontinuity
at © = 0. Therefore, there exists an # > 0 such that r(z) < 0, or there exists an
x < 0 such that r(x) > 0. Now, Remark 5.20 implies the existence of the Gibbs
phenomenon at the right or left hand side of the origin. O]

5.4 A Wavelet with no Gibbs Effect

In [7], [8], and [16], Corollary 5.16 is used to show that the Haar system does not
exhibit the Gibbs phenomenon. They proceed as follows:
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The scaling function for the Haar MRA is given by ¢(z) = xp(2). Then

/0°° Kola, u)du = /OOO > ola—k)p(u— k)du

keZ
= / Z Xo (@ = k)Xo (u — k)du
0 ez
= Z Xo. (@ — k)/ Xo (1 — k)du.
keZ 0
By the change of variables t = u — k we obtain
/ Ko(a,u)du = Z X (a — k:)/ X0 (t)dt
0 kEZ —k
= / X () dt
—[a]
1, a>0;
0, a<0,

which implies the absence of the Gibbs phenomenon. However, in proving Corollary
5.16 it was assumed that the scaling function ¢(z) belongs to the class S,(R) and in
case of the Haar system ¢(z) = xj0.,(z) is clearly not in S,(R). In Section 5.6, we

see how one can get around this problem.

5.5 The Shannon Wavelet and its Gibbs Phenomenon

In this section, we define the Shannon system and show the existence of the Gibbs
phenomenon for an approximation using the Shannon wavelet to a function with a
jump discontinuity at z = 0, see [7]. We will use the following theorem known as the

Shannon Sampling Theorem. For a proof of this theorem see [11] page 44.

Theorem 5.22. Suppose that the support of f is in [—7/T,w/T]. Then

fty= Y f*Dh(t —kT),

k=—o0

68



Chapter 5. The Gibbs Phenomenon in Wavelets

where

_ sin(wt/T')

hr(t) it/ T

Definition 5.23. We define the scaling function for the Shannon wavelets on the

Fourier side by

17 _7T§€<7T;

0, otherwise.

Then, taking the inverse Fourier transform we obtain

o) =5 [ " pe)ede

— % N
1 OO €x
= 5= | Xewm(§)eHdE

2
1 T

- 1£xd
o /_ ik

1 ei{x ™

2r x|
1 eiTrx . efifrx
T 21
sin(mx)

= . (5.5.1)

T

Let the function f be defined as follows:

-1, —-1<z<0;
fla)=41, 0<z<1; (5.5.2)

0, otherwise.

Recall that by (5.3.2) P; f, the orthogonal projection of f onto V;, can be written as

Pt = [ " F WK (@ )y,
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where K;(z,y) = > ez @ik(2)@;j(y). If we have a closed form formula for Ko(xz,y) =
Y rez (@ — k)p(y — k) then using (5.3.3) we can find an expression for K. If we
take T' =1 in Theorem 5.22 we obtain
sin(m(t — k))
t) = k) ——F—"—+. 5.5.3
0 =3 G (553)

sin(mx)

By (5.5.1) the scaling function for the Shannon wavelet is given by ¢(x) =
e
and the support of ¢ is in [—7, 7] as defined in (5.5.1). So we can apply (5.5.3) to

g(x) = p(z — y) to obtain

plz—y) = Z@(k—y)w—_k)
)

B sin(m(x — k)) sin(mw(y — k))
_Z m(x — k) (y — k)

kEZ

= oz —k)py—k)

keZ
= Ko(z,y).
Then by (5.3.3) we obtain
Kj(z,y) = 2 Ko(2z, 2y)

jsinm(2/z — 27y)

m(2ix — 27y)
_ sin(2/w(xz — y))
mz—y)

Therefore we can write P, f(z) as

P = [ T sin@ne — ) g

00 7T(£IZ’ - y)
[ sin(@r(z —y))
- [ T
[P sin@n(z —y)) Vsin(27(x — y))
[ | e
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We want to examine the behavior of these projections as j — oo near the origin. So

we let © = 277a where a is a positive real number. Then we have

ij(Q*ja) _ /_1 Sin(jé;r_(?czj_ay—)y))dy /0 Sin(jZ;T_(?;J_aZ;y))dy

L O sin(m(a — 2y)) Vsin(m(a — 27y))
== S | Sy

Now, let u = a — 27y. Then y = 277 (a — u), du = —27dy, and dy = —277du. With

this change of variables we obtain

@ sin(7u)

Pif(27a) = - /a+2j m(277a — 279 (a — u))

o= sin(7mu) e
+/a T a2y 2 W

a : a—27 _-
:/ MZ_jdu—/ MQ_jdu

4o 279mu 2-iTu

_ _/“+2j sin(ﬂu)du+/“ sin(ﬁu)du
a T w_2i TU

¢ sin(mu) ¥ gin(ru)
= du — d
/a_m mu / T

Adding and subtracting [* sin(mu) 7, we obtain

a+2) Tu

(=277 du)

a : a+27 -
Pf(27a) :/ sin(mu) du _/ sm(wu)du
a—27 U a U

_/“ sin(ﬂu)du+/“ Sm(ﬂu)du.
—at2i TU —a+2i TU

Combining the second and the third integral we have

Pf(2Ta) = /a sin(mu) du+/a sin(mu) du /a+2j sin(ﬂu)du
a—27 —

U at2i  TU —at2i TU

=A+B+C.
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Now, if a — 2/ < —a we can break A into two integrals as follows

ij(Q_ja):/a Mdujt/;a Mdu—l—/a Mdu

—a U 2j U _a+2j T™U
i
a2 sin(ru)
— ——du

—a+27 ™

=L+ L+ 13+ 14

. sin(7u) . . . a
Since (ru) is and even function we can write I3 as — [ %du.

U
I, + I3 = 0 and we obtain

Pif(27a) = / "sin(ra) g, /_ " sin(ry)

Similarly, if —a < a — 27 we can break B into two integrals as
Pif(277a) = /a sin(mu) du /a sin(mu) du + /a sin(ﬂu)du
a—29 u —at27 TU —a U
a+27 _:
B / sin(mu) du
—a42i TU

=L+ L+ 13+ 1,

With a similar argument as before I; + I, = 0 and we obtain again

Pif(277a) = /a Mdu — /_a+2j Mdu.

U at2i U

—a

Now, [ o Sm(;m) du — 0 as j — oo. Thus we have

—a+27 7

. _ @ sin(mu)
lim P;f(277a) = ——du
j—00 e U

Therefore,

“sin(mu
=2 / ( )du since the integrand is an even function.
0

U

The change of variables § = wu will yield

lim P;f(277a) = z/ Md@
0

j—00 ™ 0

2.
= ;Sl(wa).
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If we take ¢ = 1 then

, 2 [Tsin(6)
. 7y — — N
tim ) == [ =y
2.
—;SI(W)

2
- —g(1.17898)

™

=1.17898 > lim f(x)

z—0t

Figures 5.5.1, and 5.5.2 show the overshoot and the undershoot near 0.

15

Pf(x)

)

5
-0.2 -0.15 -0.1 —-0.05 0 0.05 0.1 0.15 0.2

Figure 5.5.1: Graph of f(x) and its Shannon approximation for j=5
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15

P7‘f(x)

)

5
-0.2 -0.15 -0.1 —-0.05 0 0.05 0.1 0.15 0.2

Figure 5.5.2: Graph of f(x) and its Shannon approximation for j=7

5.6 Quasi-positive and Positive Delta Sequences

In this section we introduce Quasi-positive and positive delta sequences and show
that similar to the good kernels of Chapter 3 approximations using positive delta

sequences do not show the Gibbs phenomenon [20], [19].

Definition 5.24. We call the sequence {,,(z,y)} of functions in L!(R) with param-
eter x € R a quasi-positive delta sequence if the following conditions are satisfied:

(i) There exists a C' > 0 such that

/ |0m(z,y)|dy < C, for all z € R, m € N. (5.6.1)

o0
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(ii) There exists a ¢ > 0 such that

T+c
/ Om(x,y)dy — 1 as m — oo (5.6.2)

—C
uniformly on compact sets of R.

(iii) For each v > 0,
/ . |0m(x,y)|dy — 0 as m — oo. (5.6.3)
z—y|>7

Definition 5.25. Let {6,,(z,y)} be as in Definition 5.24. If we replace condition (i)
with
(") For all z,y € R

O (z,y) >0, (5.6.4)
then {0,,(z,y)} is called a positive delta sequence.

Remark 5.26. Every positive delta sequence is also a quasi-positive delta sequence

since conditions (i) and (iii) imply condition (i).

Theorem 5.27. Suppose {6,,(x,y)} is a positive delta sequence. Let f be a piecewise
continuous function with compact support on the real line. Let I = [a,b] be a finite

interval with 0 < p < b—a/2, and let € > 0. Then

m— < fu@) = [ Bue ) @)y < M+ fora € ot ub—ul,

where m = inf e f, M =sup,¢; f.

Proof. First, notice that properties (i) and (ii) in Definition 5.24 imply that
/(5m(x, y)dy — 1 uniformly for x € I. (5.6.5)
R

Now, suppose that suppf(x) C I. Then we have

inf f(¢ /5 J;ydy</5 x,y)f(y)dy,

tel

/5 x,y)f dy<supf /5 x,y)d
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Therefore, using (5.6.5) we obtain

it £(6) [ Gl )y — m.

tel

sup f(t) 5 (x,y)dy — M,
tel

and the required result follows. Now, suppose that suppf(z) € I. Let fi(z) =
f(z)xr(z). Thus

A%wwﬂww—é%mwmm—mmw+é%uwﬁ@@

=A+B.

Now, we can write A as

A= [ dua)f)dy = [ dnta) o)y
:/Ram(x,y)f(y)dy—/Rém(%y)f(y)m(y)dy

= [sute.) s~ [ sutr )iy

= [ sutes@ds+ [ uen s (5.6.6)

Now, for x € [a + p,b — p] we have b — 2z > p and x — a > p. Thus, by property (ii)
of positive delta sequences (5.6.6) converges to zero uniformly in I. Now, we choose

N € N so that (5.6.6) is less then €/2 and that

S, y)dy — 1| < —
/ (2, y)dy ’<2M
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Then we obtain

A+ B< 5/2+45m(x,y)fz(y)dy

o / S, 9) F (01 () dy
_ o / 5 (,9) f () dy

b
<e/2+ sup f(t)/ Om (7, y)dy

te(a,b]

< 5/2+M(ﬁ+ 1)

=M +e.

The other inequality can be proved in a similar way.

5.7 Revisiting the Haar MRA

To prove the absence of the Gibbs phenomenon in the Haar wavelet we can show

that K;(z,y), the reproducing kernel associated to the Haar scaling function, is a

positive delta sequence [16], and then apply Theorem 5.27. The Haar scaling function

is given by ¢(x) = Xj0.1)(z). Then Ky(z,y), the reproducing kernel of V} is

Ko(w,y) =) ole —k)ely — k)

= o(r — [y])
= KU(y> LC)
= o(y — [2]),

where [z] is the largest integer less than or equal to z. Then by (5.3.3) we have

Kj(z,y) = 27 Ko(2z,27y)
= 2 p(2y — [2x]).
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It is clear that K;(x,y) > 0. Now, we need to show (5.6.2) and (5.6.3). For property

(ii), observe that
| Kitwy= [ 2oty - @iy

By the change of variables u = 2y — [272] we obtain
| Ky = [ o

9]
1

o(u)du

Il
T~

As for property (iii), for v > 0 we have

Ki(x,y)| = 2y — [272])dy.
/HEJ () Amﬂ y — [2a])dy

Now, by the change of variable © = 2y we obtain

Iy — [22])dy = u — [277])du
[ ey-paa= [ ()

|u/20 —z|>v

= / o(u — [2/2])du.
lu—27z|>27

This last integral converges to zero as j — oo since for 27 sufficiently large we can

make 27+ > 1 which results in p(u — [272]) = 0.

Therefore, K;(z,y) is a positive delta sequence. Hence, by Theorem 5.27 the

Haar system does not exhibit the Gibbs phenomenon.
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Conclusion

In this thesis, we showed the existence of the Gibbs phenomenon for two simple
functions both having a jump discontinuity at zero. We also calculated the size of the
overshoot near the jump for both functions using two different approaches. Using a
convergence result and one of these functions, we showed that any piecewise smooth
function with a jump discontinuity at zero exhibits the Gibbs phenomenon. After
that, we did the generalization to a jump discontinuity at a general point x = z,,
and to a finite number of jump discontinuities. In other words, we showed that
any piecewise smooth function with a finite number of jump discontinuities exhibits
the Gibbs phenomenon at each of those discontinuities. Next, we showed that if in
approximating a discontinuous function f, where the discontinuity is a jump one, we
use a summation method which is the convolution of f with a positive kernel then we
will not see the Gibbs phenomenon. Then, we gave a criterion for the existence of the
Gibbs phenomenon in wavelet approximations to a function with a jump discontinuity
at 0. This criterion can be used for those scaling functions that are C" and rapidly
decreasing and involves the reproducing kernel K;(z,y). After that, we showed the
existence of the Gibbs phenomenon near zero for a certain class of wavelets. More

precisely, we showed that if the scaling function ¢(x) corresponding to our wavelet
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system is continuous, has a non-vanishing derivative at a dyadic number, and

C

m fOI'ZUGR,C>0,aHd6>3,
X

o(z)] <

then the corresponding wavelet approximation to f shows the Gibbs phenomenon on
the right and/or left of 0. Next, we examined the Shannon wavelets and showed, by
direct calculation, that they exhibit the Gibbs phenomenon, as seen on the graphs
provided. Finally, we proved a theorem which shows that those wavelet approxima-
tions involving positive delta sequences do not show the Gibbs phenomenon, and

used this result to show the absence of the phenomenon in Haar wavelets.
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