CONVERGENCE OF RANDOM FOURIER SERIES

MITCH HILL

ABSTRACT. This paper will study Fourier Series with random coefficients. We begin with an
introduction to Fourier series on the torus and give some of the most important results. We
then give some important results from probability theory, and build on these to prove a variety
of theorems that deal with the convergence or divergence of general random series. In the final
section, the focus is placed on random Fourier series, and we combine results from the previous
sections to prove our main theorem. The main result of this paper gives a simple condition for the
almost-everywhere convergence or divergence of a random trigonometric series, and proves that
divergence implies that the coefficients cannot be the Fourier series of any function.
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1. INTRODUCTION

The goal of this paper will be to study the behavior of the random trigonometric series

oo
(1.1) > Vet

where the Y;,’s are independent (but not necessarily identically distributed) complex-valued random
variables for ¢ € [0, 27). The partial sums of this series represent random functions on the torus T,
and we are interested in exploring when these partial sums converge for some, almost all, or all .
In particular, if these partial sums converge almost-everywhere, then (1.1) represents a function on
T whose Fourier coefficients are given by the Y,,.

To simplify the problem, we will focus on the series

(1.2) an cos(nt + @,,)

n=0

where X,, and ®,, are real-valued and X,e’® are independent, and the results obtained for this
case can be translated to the general case with a few minor modifications.

Date: August 26, 2012.
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The main result of this paper comes in the form of the Paley-Zygmund Theorem, which gives a
simple condition for the almost-sure convergence or divergence of (1.2). It is stated below.

Theorem 1.3. (Paley-Zygmund)

If > VE(X2) < oo, (1.2) converges almost-surely almost-everywhere to a function f(t) such that
feLP(T) for1 <p< oo.

If > E[X2] = oo, (1.2) diverges almost-surely almost-everywhere, and the sequence {X,}
almost-surely does not represent the Fourier coefficients of a function in LP(T) for 1 < p < oco.

This theorem divides random Fourier series into two different convergence classes. If the X,’s
satisfy the conditions of the Paley-Zygmund Theorem, (1.2) converges to a function which is in LP
for arbitrarily large p, but not necessarily to a bounded function. Once boundedness is satisfied,
however, the continuity of the function immediately follows, although we will not prove that result
in this paper.

2. FOURIER SERIES
We start with some fundamental results about Fourier series.

Throughout this paper we will restrict ourselves to complex-valued functions on T, the one-
dimensional torus. Recognizing that T can be thought of as the group R/27Z under addition, we
define the Lebesgue measure on T in the natural way.

Definition 2.1. The integral of a function f : T — C is defined as
1 27

[rwdi= 5 [ty
T

2T 0

so that the Lebesgue measure dt is the restriction of the Lebesgue measure dz on R to the interval
[0, 27). (The factor 1/27 is present so that [, dt = 1)

The most important property of the measure dt is translation invariance, which means for any
to € T, we have

(2.2) /Tf(t—to)dt:/ﬂf(t)dt

This can easily be seen by recognizing that a function on T can be thought of as a 2w-periodic
function on R.

We now define some important Banach spaces on T.

Definition 2.3. The following are Banach spaces:

e LP(T)={f:T—C | [;|f(t)|Pdt < oo} for 1 < p < oo with norm

1 » 1/p
I51er = (5= [ 1500 ar)
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e O(T)={f:T — C | f is continuous } with norm
1flloc = sup |£(2)]
Note that, for p < ¢, we have C(T) c LY(T) c L?(T).

The above Banach spaces are important because they satisfy the following properties, which are
not necessarily true in the case of a general Banach space.

Lemma 2.4. Consider f € B, where B is one of the Banach spaces above, and 7,79 € T. Let
f-(@t) = f(t — 7). The following properties are satisfied:

(2.5) -l =Ifllz Translation Invariance in Norm
(2.6) lim ||f; — fr |l =0  Continuity of Translation in Norm
T—T0
Proof. (2.5) is a consequence of the translation invariance of the measure dt. (2.6) is obvious if f is
a continuous function. Now consider f € LP(T) for 1 < p < co. Recalling that continuous functions
are dense in LP(T), take some ¢ > 0 and continuous function g such that ||f — g||p < €¢/2. Then
Ifr = frollz < lfr = 9-llB + 97 = 9rollB + llgr — frollB
1(f = 9)-llB+1l9r = 9rllB + 119 — nlle < e+ llgr — grllB
Since ||gr — g-, || 5 vanishes as 7 — 79, and € is arbitrary, (2.6) is proven. O

In this paper we will also refer to B(T), the space of bounded functions with norm
| fllo = sup, |f(t)|. However, it is important to note that this space is not a Banach space because
it is not complete.

Next, we define an important family of functions on T that are closely related to Fourier series.

Definition 2.7. A trigonometric polynomial on T is a function P of the form
N
(2.8) P(t)= > ane™
n=—N
The degree of P is the largest integer m such that |a,,| + |a—n| # 0.

Definition 2.9. A trigonometric series on T is an expression of the form

(2.10) S~ Y ane™

n—=—oo

Note that this definition makes no assumptions about the convergence of the series for any .

Remark 2.11. Recall the random trigonometric series > >~ Y, e’ introduced at the beginning
of the paper. Using the well-known identity e = cost + isint and writing Y,, = Z,e'©" with Z,
and O, real, we have

i Y, et = i Z,, ¢ (Ontnt) 4 i 7. i(®-n—nt)
n=0 n=1

n=—oo

Z Zyn cos(nt+ Oy) + i Z Zy, sin(nt + ©,,)

n=0 n=0

+ Z Z_pcos(—nt +0O_,) +1 Z Z_psin(—nt + O _,)

n=1 n=1
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So we see that determining the convergence of (1.1) depends on the convergence of four different
cases of (1.2), where ®,, = ©,, for the first term, ®,, = ©,, — 5 for the second, ®, = —©,, for the
third, and ®,, = —©,, + 7 for the fourth.

The Fourier series of a function is a trigonometric series with the a,, chosen in such a way that
they “represent” the function in a certain sense. To motivate the correct choice of these coefficients,
observe that for a trigonometric polynomial P(t), we have

1 27 )
ap = — P(t)e " dt
271— 0
because for j € Z,
1 1 ifj=0
2.12 — Utdt = e
( ) 2 Jo ¢ { 0 ifj#0

Therefore, we define the n’th Fourier coefficient of a function f € L'(T) by

(2.13) F(n) = % /T F(t)e-mtdt

Definition 2.14. The Fourier series S[f] of a function f € L!(T) is given by the trigonometric
series

(2.15) S[f] ~ Z F(n)eint

n=—oo

Again, no assumptions about convergence for any ¢t are made.
We write Sy (f, t) for the partial sums of (2.11) up to degree N. Formally,

(2.16) Salfit) =D fk)e™

k=—n

This function is well defined for all ¢t € T.

Earlier we claimed that the translation invariance of the measure dt was important, and to show
why we define the convolution operation on T.

Definition 2.17. For two functions f and g in L!(T), their convolution is given by

(218) (F+o)t) = 3= [ f¢=)g(r)ar

It can be shown that f+g € L*(T), and that the convolution operation is commutative, associative,
and distributive with respect to addition of functions. The true importance of the convolution
operation, however, comes from its relation to the Fourier coefficients of functions.

Theorem 2.19. Consider f, g € L'(T). Then for h(t) = (f * g)(t), we have
(2.20) 1Pl < (1l llglor

and

(2.21) h(t) = f(t)g(t)
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Proof. Let F(t,7) = f(t — 7)g(7). Then we have

1
o [ (5= [irenar) ar= oo [ 1oz ar = 17l lols

By Fubini’s Theorem, {1 [ [ F(t,7)dtdr = ;& [ [ F(t,7)drdt, and using a well-known integral

inequality we get
1 1
1] :72/ /F(t,T)dT dt < —2//|F(t,7)|dtdrz Il llgll
4.71' T T 47T TJT

which establishes (2.15). To prove (2.16), using Fubini’s Theorem once more, we get

B(n) i h() —int gy — 47.‘.2//f t—T —in(t—T) ( ) —inT 1 dr

(% / e ar) (5= [atrrear) = i

3. SUMMABILITY KERNELS AND THE CONVERGENCE OF FOURIER SERIES

With the Fourier series of a function and the important convolution operation defined, the next
topic to consider is the convergence of Fourier series. Although we might hope that the Fourier
series of a function in L!(T) will converge to the function, either in the L' norm or pointwise, this
is not the case in general. Below we define two important kernels, the Fejer kernel and the Dirichlet
kernel. These kernels are functions that, after convolution with some function f, give some insight
into the convergence of the Fourier series of f.

Definition 3.1. The n’th Dirichlet kernel D, (t) is given by

n

(3.2) Dy(t)= > €

k=—n
The n’th Fejer kernel K, (t) is given by
(3.3) Ku(t) = ! ka(t) = i TL I D
n+1 n+1
k=0 k=—n
Observe that, because of (2.12),

1 1
(3.4) X [ powya =L / Ko (t) dt =

2 T 2 T

Both of these kernels can be written in closed form, as the following lemma shows.
Lemma 3.5.
sin(n + 3)t

sin %t

7 o ()

S 1
sin Et

(3.6) Da(t) =

2
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Proof. Recall the formula for finite sums of geometric sequences:

1— pntl

Zar i —

Therefore, we can write

n 2n -1 —p—1 1
A . X —nl _ ,r2n+1 r =31 — T2n+1 PR ,rn+2
E T =T E T =T = =
& k=0 1—r 7‘*% 1—r 'r*%—f/‘%
=—n =

Here r = e, Recalling that sint = 3 (e — '), we get

. 1 . 1 .
z”: int e—ilnt3z)t _ gilnt3)t sin(n + %)t
€ = T 1, =
—5it _ 51t in 1
he—n e 2 e2 S1n 2t

which proves (3.6). To prove (3.7), we write

n

n . 1
Z SIH(FJ; )t _ 1 i Z (ei(lﬁ»%)t _ eﬂ'(m%)t)

sin =t 21 sin 5t

k=0 2 k=0

— 1 (eta Z ekt _ o—git zn: e—ikt)
- 1

2isin 5t P Py

1 %it 1— ez(nJrl)t 7%it 1— 72(n+1

= 2isinit | 1—et ) °© Tl
B 1 1— ei(k—i—l)t 1— e—i(k+1)t 1 9 Z(k-‘rl)t 4 e—i(k+1)t>
- 27 sin %t g9t _ e%it e%it e~ it 27, sin lt e‘%it — e%it
_ 1 2 —2cos(n+ 1)t _ 1(1 = cos(n+1)t)

2isin 1t —2isin 1t (sin 1¢)2

Since cos 2t = 1 — 2sin? ¢, this proves the lemma.
|

Since both kernels are functions on T (in particular, trigonometric polynomials), we can find their
Fourier coefficients, which have a simple form. They are

. 1 if|m| <n - — Al i < n
= - = n+1 -
Dn(m) { 0 otherwise Kn(m) { 0 otherwise
The importance of the Dirichlet kernel can be seen as follows. By Theorem 2.15,
5 T m) = Do () ) = 4 Fm) i lml <n
Dr s f(m) = Da(m) f(m) = { 0 otherwise

Moreover,

1/ ~ in(k-1)
— e Tf’TdT—
- Tk;n (1)

/ J(' —ZTLT dT)
= (2%

which means

(3-8) (Dn * f)(t) = Sn(fa t)

Therefore, the limit as n — oo of the convolution of the Dirichlet kernel and a function f is the

Fourier series of the function. Recalling that the convolution operation is distributive with respect
to addition, and writing o, (f, t) = (K, * f)(t), we also have

(3.9) on(f, t) = %H > Sulfi )
k=0
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The convolution of a function and the Fejer kernel gives the mean of the partial sums of its Fourier
series up to order n.

Now we are in a position to prove some important results about the convergence of Fourier series.
Theorem 3.10. Let B be a Banach space from Definition (2.3), and consider some f € B. Then
(3.11) lim K,*xf=f

n—oo
in the norm of B.

Proof. Choose € > 0. It is easy to show that
1
K,*f= g/Kn(T)f(t—T)dT

in the norm of B. Now, for 0 < § < 7, using (3.4), we have

2m—0
3 | Kt =ryar— 1 %(/ - ) Nt —7) ~ fD)dr

o
3 | Kl =) = f0)dr

IN

0
3 | K IF =) = F0)] e

< sup, 1t =7) = fFOl B KnllLs

B

By Lemma 2.4, we have lim,_o ||f(t —7) — f(¢)||z = 0, so we can find § > 0 such that
sup|-j<s [ f(t = 7) = fO)l B[ KullLr < e. Using this same §, we write

1 2w —4
<supllf(t =)~ F(Olln 5- / K, (7)) dr

§
3 | K= - fe)ar o

B

sin ntl 2
y (3.7), for t € (0, 2m), limy, o0 | Ky (t)] = limy 00— (M) =0, so

n+1 sin %t

1 27 —6
lim —/ |K,(7)|dr =0
2 5

n—oo 27

which means we can bound sup,.cr || f(t —7) — f(t)|| B 5= ;W ° | K, (7)|d7 by € as well, finishing the

proof. O
Corollary 3.12. (Uniqueness of Fourier Series)

If f(n) = §(n) for alln €N, then f = g.
Proof. Again writing (K, * f)(t) = 0,(f, t), we have

onlfog )= 3 (1— il )<f<> G(k))e™ = 0

= n+1

for all n. Since o,,(f —g) — f — g, we have f —g =0, 0or f =g. |

The Fejer sums of a function in a Banach space with certain important properties converge to
the function in the norm of the Banach space, and this is an important foundation for many of the
results that follow. Convergence of Dirichlet sums, however, is more problematic. We start with a
lemma that gives a condition for the convergence of Dirichlet sums.
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Definition 3.13. A Banach space B in definition (2.3) admits convergence in norm if
lim [[S,(f) = fllz =0
n—oo

for all f € B.

Lemma 3.14. A Banach space B admits convergence in norm if there exists some K > 0 such that

(3.15) 19n(Nlls < Kl fll5
forall f € B andn € N.
Proof. Choose € > 0. Theorem (3.10) implies that trigonometric polynomials are dense in B, since

K,  f is a trigonometric polynomial for all n. So choose a trigonometric polynomial P(t) such that
IIf — Pllg < €¢/2K. For n greater than the degree of P, S, (P) = P. Then we have

15n(f) = fllz = [15u(f) = Su(P)+ P = fli5

< < —
< 18alf = Pl +IP = flls < Ky + 50

Recalling that S,,(f) = D,, * f, we obtain the inequality
1D * flls < [|1Dnlle £ 118

which means
15 (H)llB

1/l

The numbers ||D,||;r = L, are called the Lebesgue constants. If they were bounded, then any
Banach space from Definition (2.3) would admit convergence in norm, but as the next lemma shows,
this is not the case.

(3.16) <Dyl

Lemma 3.17. L,, — o0 as n — 0o

Proof.

I 1 [ sin(n + 3)t

sin(n + )t 1 /"
(. - 2) dt _ 7/ —
2 sin 5¢ T Jo sin 5t

Let f(x) =  —sinz. f(0) = 0 and f'(x) = 1 —cosz > 0 for x € [0,7/2] which means that
sint/2 <t¢/2 on [0,7]. So we have

T | o lt
l/ sin(n + 3) ‘dt22/
T Jo 0

e

n—1

sm(n+ ‘dt> Z/Hz |smn—|— )|dt

sin %t T
Now,
(k+1) . .
n 1 sin(n + (G+1)m 1 1 1 G+)m 2 1
/ Tz Mdt:/ |smu|d >-— |sinu|duy = ———
e t j U mj+1 mj+1
n+§
Therefore,
=
nZ 3 Z
k=1
which can be made arbitrarily large as n — oo. (|

We now prove that in the case of L'(T) and C(T), (3.16) becomes an equality, which means that
these spaces do not admit convergence in norm.

Theorem 3.18. L!(T) and C(T) do not admit convergence in norm.
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Proof. First consider L'(T). Recalling that |Ky|z: = 1,
[1Sn ()l o 190 (B )|z

= :”KN*Dn”Ll
reriry N flle [ K | 1
Since limy_oo Ky * D,, = D,
Sn f 1 Sn f 1
o ISl ISl
feri(ry  Iflle feriry  fllz

By the previous lemma, ||D,||;1 = L, can be made as large as we like, so by Lemma (3.14), L' (T)
does not admit convergence in norm. Now consider C(T). Consider a set of functions ¢,, € C(T)
such that [|1,] < 1 and 9, (t) = sgn(D,(t)) except near points of discontinuity of sgn(D,(t)). If
the sum of the lengths of the intervals where 1), (t) # £1 is less than €/2n, then

150 (F) _’ | ‘
T nen Sn mny . Dn n d Ln_€
i AT 2 15,0, 0) = |5 / () (t) dt| >

O

While these two important spaces do not admit convergence in norm, it can be shown that LP(T)
does admit convergence in norm for 1 < p < co. We will not prove this result, but the proof has to
do with the a properties of a function’s conjugate Fourier series in C.

4. PROBABILITY THEORY

After establishing some fundamental properties of Fourier series, we now change gears and give
some basic results from probability theory that will be important later. We will use the usual
definition of probability space, random variables mapping outcomes from the probability space to
the real numbers, and the expected value of a random variable. We will use €2 to denote the set
of outcomes and w to denote an element in . For an event A C 2, we write 14 for the random

variable defined so that
1 fweAd

ILA(“’):{ 0 ifwg A
Note that E(14) = P(A). We say an event that occurs with probability 1 occurs almost-surely.

Definition 4.1. A Rademacher sequence is a sequence of independent random variables {e, } such
that

N — N —

Ple, =-1) =
Sometimes we will also use {e,} to refer to a sequence of constants with value 1 or —1.

Definition 4.2. A symmetric random vector X is a vector such that X and —X have the same
distribution. If {X,} is a sequence of independent symmetric random vectors, then it has the same
distribution as {e, X, }.

The next three lemmas that we will prove deal with events that depend on an infinite number of
outcomes. These lemmas are very useful since we are trying to study the convergence or divergence
of a random series where each term in the series is determined by a random outcome. In particular,
these lemmas show that under certain conditions, an event that depends on an infinite number of
outcomes occurs either with probability 0 or with probability 1.

Lemma 4.3. Suppose {X,,} is a sequence of random variables with X,, > 0 and Y~ | E(X,) < cc.
Then Y>> | X,, < 0o almost-surely.
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Proof. Since the random variables are positive, by Lebesgue’s Monotone Convergence Theorem the
sum of expected values is the expected value of the sum, so we have

E (ix,) = iE(Xn) <M

for some M > 0. Let Y = 2211 Xn, 80 Y > 0. Choose € > 0 and take N > 1 large enough so that
M/N <.

B(Y) = /O”yw(dy) <M = /Nooyuywy) <M

Then - s u
PY € (Voo = [ i) < [l < <

N N
Therefore 1 — e < P(Y € [0, N]) < 1. Since € is arbitary, this proves the lemma. O
Definition 4.4. Consider an infinite sequence of events Ay, Ao, ..., A,, ... Then
(4.5) mA, =[] | 4n

k=1n>k

Informally, lim A,, holds when infinitely many A,, occur.
Lemma 4.6. (Borel-Cantelli) Consider an infinite sequence Ay, As, ..., Ay, ... of independent

events.

o If >0 P(A,) < oo, then P(lim A,,) = 0

o If>°1° P(A,) = oo, then P(lim A,) =1
Proof. Recall E(14,) = P(A,). If Y07, P(4,) = >.0°E(1a,) < oo, then by Lemma 4.3,
>0 1a, < oo almost-surely. Therefore, it is almost sure that only finitely many A,, hold, so
P(lim 4,,) = 0.

Now suppose Y 1" P(4,) = cc.

1-P(limA,) =P | J[) 4] = Jim P () (1-A4,)
k=1n>k n>k
Since the A,, are independent, we have
P m(l_An) = H(l_P(An))
n>k n=~k

IN

[T exp(—P(A,)
n==k

= exp ( Z P(An)> =0
n=~k
which means P(lim 4,,) = 1. O

Lemma 4.7. (Zero-One Law) Let X = 14 be a random variable defined on Q = [[2, Q, such
that

X (w1, way ooey Whyeon) = X (W, Why ooy Wiy
whatever the particular values of w might be. (In other words, X is a tail event that does not depend
on any finite number of outcomes.) Then either P(A) =1 or P(A) = 0.
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/n /92 QIX Py (dw) - - - Py, (dw)

Then for each n, E,(X)E,(1 — X) = 0 for each n, so E(X)E(1 — X) =P(4)(1 —P(4)) =0. O

Proof. Write

We now give two inequalities which will be important later.

Lemma 4.8. Fora>1 and X >0,

P(X > aE(X)) < é

Proof.

=
s
I

E(X1xcagx) + X1x>er(x))
0+ E(aE(X)]lXZaE(X))
— GB(X)P(X > aE(X))

Y

O
Lemma 4.9. For0 < A< 1,
E(X)?
(X > AE(X)) > (1 - /\)QEEXQ)
Proof. First we define
v {52
The Cauchy-Schwartz inequality gives
E(X')? < B(X"”)P(X #0)
< E(X?)P(X > AE(X))
We also have E(X) < E(X’) + AE(X), so
(1-)N)2E(X)? <E(XHP(X > \E(X))
O

5. SERIES OF RANDOM VECTORS

We now prove some results about general series of random vectors that will be needed to prove
results about random trigonometric series.

Definition 5.1. A summation matrix is an infinite scalar matrix S = (an.,) with n, m € N such
that

lim ap,, =1 forallmeN
n—oo

An important summation matrix is a,,, = sup(0, 1 — 7). Note that this matrix is closely related
to the Fejer kernel defined earlier.

A series Z(fo vy, is S-summable if the sequence w1, wa, ..., wy, ... converges, where
o0
= E AnmUm
m=1
A series is S-bounded if w,, converges for all n and the sequence wy, wa, ..., Wy, ... is bounded.

We define sup,, ||wy]| as its S-bound.
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Just as the Fejer kernel allowed us to study the Fourier series of a function even if the Fourier
series itself did not converge, summation matrices allow us to prove results about properties of ran-
dom series even when the series themselves are difficult to study.

We will soon prove that for a random sequence, S-summability implies almost-sure convergence
and S-boundedness implies almost-sure boundedness, but first we will prove some important lemmas.

Lemma 5.2. Let Xy, ... ,Xo, ..., X,, ... be a sequence of symmetric random vectors. Let
Yin(w) =Y Xn(w) and M(w) = sup ||V ()]
1 m
and let Y(w) = 7" X, (w) if the series is convergent. Suppose Y 1~ X, converges almost surely.
Then for each r > 0, we have
(5.3) P(M(w) >r) <2P(|]Y(w)| > )

Proof. Let Qg be the set of w such that Y (w) is defined, and denote by A and B the subsets of
where M (w) > r and ||Y (w)|| > r respectively. A can be divided as follows

A1 : ||Y1H >r
Ay | <r Y2 >

(5.4) A o Il < v Yl < [[Ys]l > 7

so that Ufno:l A, = A and A,, are disjoint. If w € A,,, then at least one of the vectors

Z = Ymu(w) + (ol 1 Xn(w))
Z' = Ym(w) - (Z’?Lozm—&-l X”(w))

lies outside the ball ||z|| < 7. Since the X,, are symmetric, Y and Y’ have the same probability of
being outside the ball. The union of these two events is A,,, which means that each has a probability
of at least 2P(A,,) of occurring. Therefore, P(B N A,,) > 1P(A,,). Adding the probabilities over
all disjoint A,,, proves the lemma.

(5.5)

O
For the next lemma, we write A for an infinite set of integers and define
My (w) = sup [[Yo(w)]|
meA
Lemma 5.6. For each r > 0 and each set A, we have
P(M >r) <2P(My > )

Proof. Very similar to the proof above. Let A and B be the events M > r and My > r. Let the
events A,, be defined as in (5.4). For w € A,,, consider

Mpm = sup [ Z]
vEAN,vV>mMm

My ., = sup [|Z]
veEA, v>m

where Z, =Y, + ZvGA,v>m Xy and Z) =Y, — ZveA’v>m X,. Again, the subevents of A,, defined
by My, m and M ,, have the same probability, and their union is A,,. Again, w € BN A4,, =
Mp m > 1,50 P(BNA,) > %P(Am), and addition of probability of disjoint events proves the
lemma. O
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Theorem 5.7. Let X1, Xo, ..., X,,... be random vectors in a Banach space B, and S be a sum-
mation matriz. If the series > 7 X, is almost-surely S-summable, it converges almost-surely. If it
is almost-surely S-bounded, then it is almost-surely bounded.

Proof. Let S = (anm). By assumption, we have Y °_ | apm Xy, = Z,, almost surely for some Z,, € B,
and limy .o 2y, = Z. Since lim,, o0 Gnm = 1, there exists N, > 0 such that

P Z(l—anm)Xm >27P | <27

m<p
for n > N,. We may also suppose N1 < Ny < .... By assumption, Zﬁzl AnmXm converges almost
surely, so there exists @), such that
P ( 2(1 —an,m)Xm| > 2—1”) <277
m>q
for ¢ > Qp. Now write
1 ifm<p
bpm =< an,m ifp<m<Q,
0 ifm>Q,
This defines a new summation matrix, which we will call T. The finite sums
oo
(5.8) Zy =" bpmXm
m=1
satisfy || Z, — Zn, || <2(27P) for p =v, v+1, .... Therefore, X,, is almost-surely T-summable. Now

write py = 1, pjy1 = @, for j € N. Assuming X,,, = 0 when p; <m < p;j;1 gives

Pj+1

2
(5.9) Zy =3 Xm=> Xn
m=1 m=1

Therefore, if X,,, = 0 for when p; < m < p,;; for an infinite set J of values j, (5.9) tends almost
surely to a limit when j — oo in J.

Now we split >~ X,, into two parts, > 7~ X/, and > ° X7/, where

X;I =X, and XT/L/ =0 ifpyj_1 <n < py
X, =0 and X/=X, if P2j <N < poji

Note that 2X! — X,, = +X,, and 2X/ — X,, = £X,,, both have the same distribution as X, since the
X, are symmetric, so Y | (2X, — X,,) and >_7(2X/ — X,,) have the same almost-sure properties as
X, Therefore >-7° X/ and Y {° X, are almost-surely T-summable. For these series, (5.9) implies
the p; partial sums are convergent, so for Y |° X,,, the p; partial sums are also convergent almost
surely.

Now we use Lemma (5.2). Since the p; partials sums are convergent in probability, for each n > 0
there exists a j such that

P ZXm>n <n

pj <m<pp
for k > j. According to lemma 1, for each j and k,

(5.10) P| sup > X[ >0 <29
pj<lgpk pj<m§l
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Writing (5.10) for n = g = 27%, 5 = j(n) = jr, and k = j(Nxr1) = Jus1, & =, p+ 1, ..., and
adding, we obtain

Pl DY X <m|>1-4n
pj<m§l

when p; <1 < pj_ ... Since the p;_ partial sums converge almost surely, the series > 7~ X, con-
verges with probabiliy as near to 1 as we please.

The case for boundedness is similar, and uses lemma 5.6 instead of lemma 5.2. We omit the

proof. |
As a consequence of this proof, if > 7% X,, is not almost surely convergent, then there exists an

1 > 0 and sequences of integers my, ma, ... and mj, mb, ... with m; < mj <mg <mh < ... such

that

(5.11) P > Xul|>n|>n forkeN

my<n<mj

We now go on to prove a variety of theorems that deal with the conditions under which the
random series converge or diverge almost surely. These theorems are the backbone upon which our
study of random Fourier series is built, and many of the results given for random Fourier series are
just special cases of these more general theorems.

Theorem 5.12. If || X,,|| € L?(Q) and E(X,) =0 for each n, then

1
P< sup ||X1+X2+"'+Xn”>7’> <ﬁ(V(X1)+V(X2)+"'+ V(XN))
n=1,2,---, N

Proof. Let Y, = " _, X,,, and again consider the disjoint events

A1 : ||Y1H >r
Ay o Nl <y [Yel >

(5.13) Ay = Il <ry | Yal <7y || Y| >

with A = Uiv Ay,. Our goal is to estimate P(A) = Zf’ P(A,,). By the definition of A,,, we have
r?P(An) < E(La, [|X1 4 + Xa]?)

Now, we write X = 14 (X1 + -+ X,) and Y = (X541 + -+ Xun). The events X and Y are
independent, since they depend on the sum of sets of events independent from each other. Recall
that Cov(X,Y) = E(X -Y) — E(X)E(Y). Therefore, Cov(X, Y) = 0. Since X = 0 lies outside of
Ay, we also have Cov(X, Y) = Cov(X,14,Y) = 0. Therefore,

B(IX + 14,Y[*) = E(IX[*) + E([14,Y]]*) = E(IX|?)

so that

r*P(An) SE(|X +14,Y[]*) = B(La, [ X1 + - + Xn[*)
Adding over n = 1, ..., N gives the desired inequality, since V(X,,) = E(||X,||?) by the assumption
E(X,) = 0. O

Theorem 5.14. Suppose X, € L*(Q) and E(X,) = 0 for all n and moreover Y_7° V(X,,) < oo.
Then the series Y., X, converges almost-surely. In particular, if 37" ||un||* < oo, then > 1° €nun
converges almost surely.
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Proof. By the previous theorem, for each r > 0,

oo

1
P (Sl]l_p”Xm + o+ Xl > 7’) < 2 Z V(X,)

n=m

Since Y 7° V(X,,) < oo, we have
P < lim sup || Xpm + - + Xy j|| > r> =0

Since r > 0 can be made arbitrarily small, this proves the theorem. O

Theorem 5.15. (Paley-Zygmund Inequality) Suppose || X, || € L*(Q), E(X,) =0, and E(|| X,||*) <
CV(X,)? for each n. Let 0 < A < 1. Then

(5.16) P( X1+ 4 Xy | > AV(X0) + -+ VX)) >

where n = min(%, 1/C)((1 — X?)? and v is an arbitrary integer. In particular, if {u,} is a sequence

of vectors and {€,} is a Rademacher sequence,

1
(5.17) P(llevur + -+ eyt | > Aflual* + -+ + uy|*)1/?) > 3(1=A%)?

Proof. Consider the random variable X = || X + --- 4+ X, ||?. Using lemma (4.9), we have
2 B(X)?
E(X?)
Since the X, are independent, we have E(X) = V(X;) 4+ -+ + V(X,). Manipulating the properties
of the inner products gives

EX?) = Y El((Xn, Xuo))(Xngs Xna))]

ni, n2, N3, N4

If ny # na or ng # nyg then E[((X,,, Xn,))({Xns, Xn,))] =0 by independence. So we can write

E(X?) = Y E(XIH+2 Y [(ReE((Xn, Xun)?)
n=1

1<n<m<wv

P(X > NE(X)) > (1 - \?)

HE((Xn, X)) + E(1Xn ) E( Xm1*)]

YV 46 Y V(XX
n=1

1<n<m<wv

y 2
sup(3, ¢) (Z V(Xn)>
n=1

which proves the result. O

Theorem 5.18. Suppose | X, || € L*(Q), E(X,,) =0, and E(|X,,||*) < CV(X,,)? for each n. Given
a summation matriz S, suppose that > ° X,, is S-bounded. Then Y {° V(X,) < co. In particular,
if Yo7 €nun, is almost-surely S-bounded, then Y% |[un||* < co.

Proof. Write S = (anm). Also write

IN

IN

v v 1/2
B, = Z anme > A (Z aimv(Xm)>
m=1 m=1
E, = mEnV = ﬁ U E..
v p=1lv>p
E = limE,

n—oo
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By the previous theorem, P(E,,) > 7, so P(E,) > n and P(E) > 7. Since by assumption > .~ X,,
is S-bounded, there is some w € E and b > 0 such that

oo
Z A Xm(w) converges and <b
m=1

i A X (W)
m=1

for n € N. For each n with w € F,,, we also have w € E,, for infinitely many v, so
oo
N al, V(Xm) < b
m=1

which holds for infinitely many n. By the definition of a summation matrix, lim,,_, Gnm, = 1, which
completes the proof. O

Theorem 5.19. Suppose that U,, € L*(Q) and sup,, E(U?)/E(U,)* < co. Then > 7° U, converges
or diverges almost-surely according to whether > " E(U,) converges or diverges.

Proof. When Y " E(U,) < oo we already know the result by lemma (4.3). If >°° U,, = 0o, we use

lemma (4.9) and write

2 BUL+---+ U
E((Ui+---+U,)?)

P(U1_|_...+UV>)\E(U1+"'+Uu))>(1_)‘)

Since E(U,U,,) = E(U,)E(Uy,) and by assumption, E(U2) < CE(U,,)? for some C, %ﬁi%

is bounded below as v — oco. Therefore P(}.{° U, = o0) > 0, so it is true almost surely by the
Zero-One law. O

6. THE PALEY-ZYGMUND THEOREM

We are finally in a position to prove the first of the two main results of this paper, the Paley-
Zygmund Theorem. Suppose you have a random sequence of independent random vectors {X,,e®" },
with X,, > 0 and ®,, € [0, 27). Consider the random trigonometric series

(6.1) an cos(nt + @,,)

n=0

and the Fejer sums of this series, given by

N
(6.2) on(t) =" (1 - %) X, cos(nt + ®,,)

n=0

By Theorem (3.10), if (6.1) represents a function in LP(T) then (6.2) converges to (6.1) in LP(T).
Since the sums oy represent a summation matrix for each N, by Theorem 5.7 the convergence or
boundedness of (6.2) implies the convergence or boundedness of (6.1) almost surely. We state this
in the following proposition.

Proposition 6.3.

e (6.1) € LP(T) almost-surely < limy_,oc on converges in LP(T) for 1 < p < co almost-surely
e (6.1) € LP(T) almost-surely < supnl|lon||Lr < oo for 1 < p < oo almost-surely

Lemma 6.4. If{z,} and {¢,} are two real sequences and > ° x2 = oo, then Y {° x2 cos?(nt+¢,) =
oo for almost every t.
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Proof. If the lemma is false, then there exists a set E of positive measure |F| where the series is
bounded, so we can can write

e}
in cos*(nt + ¢,) <b forteE
1

Integrating gives
o0
in/ cos?(nt + ¢,) dt < b|E]|
1 E

Now, cos?(nt + ¢p) = 1(2 4 e2i(nt+on) 4 o=2i(nt+6n)) 5o

1 1 ) )
/ COSQ(nt + ¢n) dt = / —dt 4+ = (/ e2l(nt+¢n) dt +/ ef2z(nt+¢n) dt)

For any set E, lim,, . [, €™ dt =0, s0 lim,, .o [, cos?(nt + ¢,,) dt = 1| E|. Therefore, there exists
an N such that, for n > N,

1
/ cos?(nt + ¢y,) dt > - |E|
E 3

which means Y7\ x, < 3b, contradicting our assumption and proving the lemma.
|

The results of the following three lemmas will be based on the assumption that either Y o7 X2 = oo
almost surely or  o° X2 < co almost surely. We already know conditions under which the X2 con-
verge or diverge by Theorem 5.19 of the previous section, and we will use these conditions in the
final proof of this section.

Lemma 6.5. If Y " X2 = oo almost surely, (6.1) ¢ LP(T) almost surely for 1 < p < co. Moreover,
the sequence {X,} almost-surely does not represent a Fourier series of a function in LP(T) for
1<p<oo.
Proof. Consider the Fejer sums

N

on(t) = Z (1 - %) en X, cos(nt + ¢,)

n=0
Writing
pn(t) = (i (1 - ﬁ)2X2COS2(nt+ ¢ ))1/2
n=0 N ! !
and choosing 0 < A < 1, n = %(1 — A?)2, the Paley-Zygmund inequality gives
Plon(t) = dpn(t) =1

By the previous lemma, there exists a sequence py — oo and a subset T' of the circle such that
fT dt = m and pn(t) > pn for each ¢t € T. Consider some probability space Q. Let E = En be
the set of (w, t) € Q x T such that |on(t)] > Apy. For fixed w, let E,, by the set of ¢ such that
(w, t) € E, and for fixed ¢ let E; be the set of w such that (w, t) € E. Let F = Fx be the event
|Ey| > 1. Then we have

|E| = / P(E,)dt > wn
T

B| = ( [+ \F> || P(dw)
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Then we can write

(r—1)n

m™m > 7P(F)+n(1-P(F) = P(FN)> T—n

Also,
/|aN<t>|dtz/ o (0)] dt > Apw ||
T E,

Since P(Fx) > ¢ for some ¢ > 0 for all N, we have Y_° P(Fy) = oo, so by Borel-Cantelli, lim Fy
happens almost surely. Therefore, we can write

HN_,OO/ |O'N(t)| dt = oo
T

Therefore by Proposition 6.3, we have (6.1) ¢ L*(T) almost surely, so (6.1) ¢ LP(T) almost surely
for 1 <p < o0.

To prove the second part of the lemma, assume that {X,} represents the Fourier series of a
function f € LP(T). Then by Theorem 3.10, limy_, o = f in the LP norm, but we have already
seen that |[limy_.ocon|z1 = oo, which means that it cannot converge to f in LP(T), since by
definition || f||r» is finite.

O

Next we will show that Y ;° X2 = oo almost surely implies divergence for almost every ¢.

Lemma 6.6. If ZSC X2 = oo almost surely, (6.1) diverges almost surely almost everywhere.

Proof. By lemma 6.4, we have almost surely that
Z X2 cos?(nt + ¢p,) = 00
1

Let apy = 77 for 0 < 7, < 1, and lim, o7, = 1. Then S = (anm,) is a summation matrix.
Since Y 77 22 cos?(nt + ¢,) = oo, by Theorem 5.18 we have > >°_ +rX,, cos(mt + ¢,) = 00
almost-surely for each ry. Taking the limit as N — oo proves the result. (]

Lemma 6.7. If > ° X2 < oo almost surely, then (6.1) converges almost surely almost everywhere
to a function in LP(T) for 1 <p < co.

Proof. By Theorem 5.14, (6.1) converges almost surely for any given ¢, and therefore converges
almost-surely almost-everywhere.

Let F(t) be the function that (6.1) converges to. Then for A > 0, we have

E(e)‘F(t) = E <6Xp (Z AXpen COS(TLt + ¢")>>
1

H E(exp(AX, €, cos(nt + ¢y,)))

— H cosh(AX,, cos(nt + ¢,))
1

. 2
Since cosh u < €% /2, we have

E(e,\F(t)) < 6)\27’/2
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where r = >0° X2. By symmetry, we have E(FC"*D(#)) =0 forn=0, 1,2, ..., so

e )\277,

z (2n)!

n=0

E(F(Zn) (t)) < e/\27"/2

Choosing A\? = 2n/r gives

E(FC™(1)) < (2n)! (QT”) en < Cnny

for some constant C'. Therefore
o

E(e AF( t) 22)\7“
0

whenever A < 1/2r. Since this holds for almost every ¢, we have

2m 2m
E </ @) dt> = / E(e)‘F2(t)) dt < oo
0 0

which means [, e}’ * dt < oo almost surely whenever A < 1 /2r. This implies that F' € LP(T)
almost surely for 1 < p < oo, since the exponential function grows faster than any power of F'(¢). O

It is not possible to go further and claim that F(¢) is bounded, which is shown as follows.

Construction 6.8. There exists a trigonometric series g(t) = Y~ phcos(nt + ¢,,) such that
g € LP(T) for 1 < p < oo, but g is unbounded.

Let nq, ng, ns, ... be an increasing sequence of integers such that, n;y; > 6n; for some ¢ > 0,
and let ¢1, ¢2, ... be a sequence of real numbers.

3
Any

Claim: For k € N, there exists a connected interval I, C T such that meas [, = and

cos(nit + ¢r) > « for t € I, for some small o > 0.

Proof. We will use a proof by induction. Clearly this is true for £k = 1. Assume the claim is true for
some j € N. Consider gj41(t) = cos(njt1t + drt1).

2 s 1

Period(gj11) = — < — < = |I;

riod(g;+1) ni o 3n; 2 |15

Therefore, g;j41 completes two entire periods on I, and the conclusion follows from the properties

of cosine. 0

Taking the limit as k — oo shows that there is some t( such that cos(ngto+ ¢r) > a for all k € N.
Letting pr = 1/k, it follows that Y7 py cos(ngto + @x) = oo even though > 1° p7 < oo, which shows
that Y7 pi cos(nyt + ¢i) is not bounded even though it is almost surely in LP(T) for 1 < p < oo
by Lemma 6.7.

Now we combine all the results from this section into our main result, the Paley-Zygmund Theo-
rem.

Theorem 6.9. Suppose that sup,, E(X2})/E(X2) < co. Then,

o If> 0 E(X?) < oo, (6.1) converges almost surely almost everywhere to a function F(t) such
that F(t) € LP(T) for 1 <p < 0.
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o If Y7 E(X2) = oo, (6.1) diverges almost surely almost everywhere and {X,,} almost surely
does not represent the Fourier series of a function in LP(T) for 1 < p < oo.

Proof. 1t >~ E(X2) < oo, then by Theorem 5.19 > ° X2 < oo almost surely, and the conclusion
follows from Lemma 6.7.

If >°0°E(X2) = oo, then by Theorem 5.19 > 0° X2 = oo almost surely, and the conclusion follows
from Lemma 6.5 and Lemma 6.6. ]

Acknowledgments. I would like to thank my mentor Bobby Wilson for his time, knowledge and
guidance, and Peter May for organizing the REU program that gave me the opportunity to write
this paper.

REFERENCES

[1] Kahane, Jean-Pierre. Some Random Series of Functions, Second Edition. Cambridge University Press, 1985.
[2] Katznelson, Yitzhak. An Introduction to Harmonic Analysis, Third Edition. Cambridge University Press, 2004.
[3] Wade, William R. An Introduction to Analysis, Fourth Edition. Prentice Hall, 2009



