Littlewood’s conjecture on exponential sums

Let T denote R mod 27. We are interested in functions on T of the form
f(9> — eia19 + eiag@ 44 eianO (1>

where a; < as < -+ < a, are distinct integers (positive, negative, or zero).
We have f(0) = n, and the L? norm of f is v/n. A conjecture credited to
Littlewood [2], concerning the L' norm of a function f of the form (1), was
finally proved in 1981 [3].

Theorem 1 There exists an absolute positive constant C' such that iof f is
any function of the form (1), then

1 2

|f(6)]dd > C'logn.

2 Jo

We will follow the proofs appearing in [3] and in Section 9.6 of [1]. Before

proving Theorem 1, we give some definitions and facts about Fourier series.

We let L*(T) denote the set of all square-integrable functions on T (that
is, functions ¢ : T — C such that fOQW |6(6)|* df is finite). Technically, the
elements of L?(T) are equivalence classes of functions (two functions are
equivalent if they agree almost everywhere) but there are certain subtleties

we will not explore in detail.

For ¢ € L*(T), we define the Fourier coefficients

oy 1 o —iko
o(k) = o ), ¢(0)edb
where k € {...,—2,-1,0,1,2,...}. If we let £? denote the set of two-sided

o0

2
sequences {c¢;}>, of complex numbers such that > ™ |ci|” converges, we

then have a one-to-one correspondence between L*(T) and /.
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That is, given ¢ € L2(T), its Fourier coefficients satisfy S-°°_|o(k)[? < oo,

and given complex numbers {c;}*, satisfying 3°°°_|ci|> < oo, the series

S e converges in the L? norm to a function in L2(T).

—00

We define the usual inner product on L?*(T):

(9, 0) = % /0 ch(Q)WdQ.

The norm induced by this inner product is the usual L? norm:

VG = ot = (s [ ot w)

We have the Cauchy-Schwarz inequality,

{6, D) < [l 191,

and we can also express the inner product and norm in terms of the Fourier

coefficients:

(0,0) = ) cxdy, (2)

. 1/2
lelly = (Z\%\Q) : (3)

— 00

~

where ¢, = g/g(k‘) and dy = (k). Also useful to us is a fact about Fourier
coefficients of products of functions. Observe that
1 2w

) =52 | SOWO)db = (3(6), $(O)e™)

so, by Cauchy-Schwarz, we have

60 (k)| < 116(8) |2l (8)e™ |

or equivalently,

60 (k)] < 1l 11, - (4)
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In general, we say ¢ € L*(T) has “nonpositive support” if ngS(k:) = 0 for all
positive k (loosely, if ¢ is a combination of nonpositive powers of ¢). We
note that if ¢ and 1/ have nonpositive support, then ¢+, ¢, e, and e~®

all have nonpositive support. To see this, observe that if we have

o(0) = co+ cre” 4 cpe™0 4.
Y(0) = do + die™ + dye 0 4. ..

then we have

P(0) + V(0) = (co+do) + (c1+dy)e™™ + (cy+dy)e 2 4 - -
¢(0)1(0) = (codo) + (cody +Cld0)€7w + (coda+c1d; +C2d0)€7i20 4+

and we also have

¢ ¢ &

¢ __ s r I
e—1+1!+2!+3!+
2 3
6_q_ 0 ¢ ¢
S T TR T

both of which are sums of functions with nonpositive support. (To state these
results precisely involves convergence questions which we do not discuss in
detail.) We now state and prove some lemmas. One fact we will use is that

Re(z) > 0 implies [e7?| < 1 (because |[e™*~%| = |e™%e™¥| = |e™%| = 7¥).

Lemma 2 Suppose g € L*(T) is real-valued and nonnegative. Then there
exists h € L*(T) such that:

* Re(h) =y,
e h has nonpositive support,

e ¢ " has nonpositive support,

<1,

1211, < V2gll,-



Proof. Let g(0) = . cre™®. Since g is real-valued, it follows that ¢ = c_y.
We have

g(0) =+ coe 4 cre™ g+ ere? + e 4

= cg + 2c1 cos @ + 2¢o cos 20 + - - -
= ¢y + 2¢1 cos(—0) + 2co cos(—20) + - - - .

If we choose
h(0) = co + 2c1e™ + 2c5e 70 ...

then Re(h) = g, and h has nonpositive support. It then follows from an
earlier remark that e~ has nonpositive support, and it follows from another

earlier remark that |e‘h| < 1. Finally, we note that

I1B]ls = lcol* + 4 ]er [ + 4] + - -
< 2(’CO|2 +2 101‘2 +2 ’@‘2 +oer) =2 ngg

This completes the proof of Lemma 2.
Lemma 3 If w is a complex number with Re(w) > 0, then [e™" — 1| < |w].

Proof. Consider the integral

A ez (5)

where v is the line segment from z = 0 to 2 = w. We can parametrize v by
z = wt where 0 <t < 1. Then dz = wdt, and we have

1 t=1
/—e_zdz = / —e Yy dt = [e_“’t] =e ¥ -1
o 0 t=0

w

So the absolute value of the integral (5) is |e=" — 1|. But also, the integrand
satisfies |—e~%| < 1 since Re(z) > 0, and we are integrating over a line

segment of length |w|. This completes the proof of Lemma 3.



Corollary. If h € L*(T) satisfies Re(h) > 0, then |le™" — 1||2 < ||h]],.

Proof.

*h—12—i 7 *h<9>—12d9<i 2ﬂh92d9— h|?
e ||2—27T ; e | <o ), |h(0)|"dO = ||A]]; .

Proof of Theorem 1. As in the statement of the theorem, let

f(e) — eia10 4ot emne

with integers a; < --- < a,. Choose m so that
4m+1— 4m+2_1
o S LA AT S < LA A T =

which implies m = |log(3n + 1)/log4| — 1. Then define

So = {a}
Sl = {a27‘ .- ,CL5}, S0 |Sl| =4
Sg = {CL@,. .. ,agl}, SO ’SQ| =16

and in general, if S;_1 = {ak,...,ar}, we define S; = {ap1,...,ap4:} for
Jj < m (so |S;| =4%). Also, let T ={ai,...,a,}\ (SoU---US,). Define

qo(e) — eia19
1/ . .
@) = L—l(e’“29+---+em59>

1 ) ,
QQ(Q) — E(aag@ et 610219)
and in general, ¢;(0) = 5 D aes, ¢! for all j < m. We note that |¢;(0)] < 1,

and it is routine to verify that ||g;||, = 1/27.

Here is a sketch of the proof. We will construct a function ¢ that satisfies

|p(0)| < 1 and whose Fourier coefficients satisfy the following. If a € T', we
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will have ¢(a) = 0, and if a € Sy U+ U S,,, then ¢(a) will be “close” to
gZ(a), where

1

= (00) + 61(0) +0:(6) + -+ + () (6)

ORE

Using (2), we would then have

o [ o0@a = 6.0 =Y 3 s -3 Y ) 0

j=0 a€S; acS;
but also
1 2 - 1 2m
3 | owT@m) < o [Tooi@a< - [

implying

1 2w m R

or |, ©1d8 = > o). (8)

Jj=0 a€S;

Note that we have not yet used the assumption that qg(a) is “close” to 1 (a).
So we have shown that (8) holds for any ¢ that satisfies |¢| < 1 and satisfies
d(a) =0 foracT.

If we furthermore have g(a) “close” to @(a), then in (8), we would have
Em g (;5 Eml i: m+ 1) ~ Clogn.
, 5 47
Jj=0 a€S; j=0 ~ a€S;

What remains, of course, is to actually construct ¢, as well as to quantify

how “close” we can make gg(a) to i(a).

To this end, for each j € {1,...,m}, we let h;(#) be the function obtained

from g(#) = 1 |g;(#)| as in Lemma 2. That is, we have

o Re(h;) = 7 lgjl,



h; has nonpositive support,

e ¢~ " has nonpositive support,

et <1,

thHQ < \/§ Zi ”%’H2 = \/§ 21%

We then define ¢g = %qo, and for j € {1,...,m}, we define

o1
Gj=dj1-e M+ =0 9)

We can prove by induction that [¢;] < 1 for each j. Notice |¢o| = % |qo| = 1.
Assuming |¢;_1| < 1, then (9) implies

|61 < ¢yl Je ™| + % 1451
< ||+ 2 o
= e 4 g
= ol 4 2gy)

This is bounded above by 1 because the inequality e~*/* + %x < 1 holds for
all z € [0, 1]. Now, from (9), we have

1
¢o = EQO
1 7h1
o1 = g(%e + (J1>

1, _
Py = g(%e m=ha 4 greh? +Q2)

1
Pm = 5(%6‘“""‘“ Faqe T g e qm)



[y

Note that each function of the form e~ ~hm has nonpositive support.

It follows that g¢;_je~"="~"m is the product of ¢;_; and a combination of
nonpositive powers of e. But all powers e’ appearing in the Fourier series
for g;_, satisfy a € S;_;. This implies that all powers e appearing in the

Fourier series for qj_le*hj*'"*hm satisfy a ¢ S;U---US,, UT.

We now take ¢ = ¢,,. Note that if a € T, then a(a) = 0. We now consider
a € S; for some j € {0,...,m} and try to show that (E(a) is “close” to J(a),
where 1 is as defined in (6).

For a € S, our earlier remarks imply that the coefficient of €@ in ¢ = ¢,,, is

the same as the coefficient of €' in

1 P g _
b= 5(‘11'6%“ " e T g ge T qm)'

We want to show that this is “close” to the same as the coefficient of ¢’ in

2q;, or equivalently, the coefficient of € in

1
p2 = 5(%‘ RaFRS B o RS +qm>~
Observe that we have

pP1—pP2 = g<qj(e—hg+1 hm_1)+qj+1(€ hjt2 hm_1)+_ . "H]m—l(@ hm_1)>

and we also have

—

(@)~ 7alo) = pale) = g ({7 =)} @)

+{gjaa (e — 1)1 (a)
+ e

+ {gmoa(e™ = 1)} (@)



and therefore
[p1(a) — p2(a

< = (Hgle = = 1)) (a)|

+ {ggaa (e — 1)} (a)]

+ {amaa(e ™ =D} ()] ).

We now observe that if £ € {j,...,m — 1}, then (4) implies

{ae(e 77" — 1)} (a)| < ||C.Ié||2 e e — 1,

U!I»—

HhHl + - +hm||2

where we have used the corollary to Lemma 3. Continuing, we have

- 1
[{ae(e™ = = Y (@)] < o5 (Whesally + -+ Al )
1/V2 V2
<y(gmt+om)
1/vV2y V2 1
<zlgm) =T 7

It follows that we have

. N 1
ila) ~ faa)| < =

TR TS g1
21 41
20 \47 ' 47+ am=1) =20 3 4

That is, we have |p1(a) — p2(a)| < (v/2/15) - (1/47). We also have py(a) =
(1/5) - (1/47). Tt follows that pi(a) is a complex number of the form

pia) = 1 !

c— 40,
5 4 +
where d, is a complex number satisfying |6, < (v/2/15) - (1/47). That is, we
have shown that for a € 5;, we have
1

1
-,
5w

¢(a) =
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where 9, is as described above. Applying this to (8), we note that we have
1
> (@) Z(g 5+5)_g+z5a
acs; a€S; a€S;

and we note that ¢; = Zaesj d, is a complex number whose modulus is

bounded above by 47 - (v/2/15) - (1/47) = /2/15. We then have

>3 d(a) Z( +sj):1(m+1)+zsj=%(m+1)+zsj
j=0 a€S; j=0 j=0 j=0

and we note that Z;n:o €; is a complex number satisfying

m
D

=0

V2
< 1—5(m +1).

It follows that » 7" ("¢ s; gg(a) is a complex number satisfying

31\/_ ZZ¢ ‘f‘\/_( 1)

j=0 a€S;

From (8), it then follows that 5= 02” | f(0)] df is bounded below by a constant
multiple of logn.
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