
Pragmatik  An�lush (2010�11)

AkoloujÐec kai seirèc sunart sewn � Ask seic

Om�da A'

1. 'Estw fn(t) = 1
1+nt , t ∈ [0, 1]. DeÐxte ìti h (fn) sugklÐnei kat� shmeÐo, all� ìqi omoiìmorfa,

se k�poia sun�rthsh f sto [0, 1]. Poi� eÐnai h f ?

2. 'Estw fn(t) = t2n

1+t2n , t ∈ R. DeÐxte ìti h (fn) sugklÐnei kat� shmeÐo, all� ìqi omoiìmorfa,
se k�poia sun�rthsh f sto R. Poi� eÐnai h f ?

3. 'Estw fn : R → R me fn(t) =
{

0, t < 1
n+1   1

n < t

sin2
(

π
t

)
, 1

n+1 ≤ t ≤ 1
n

. DeÐxte ìti h (fn) sugklÐnei

kat� shmeÐo se k�poia f suneq  sto R. IsqÔei ìti fn → f omoiìmorfa sto R?

4. 'Estw fn(t) = npt(1 − t2)n, t ∈ [0, 1], me p > 0 par�metro sto R. DeÐxte ìti gia k�je
p > 0 h (fn) sugklÐnei kat� shmeÐo se k�poia f sto [0, 1]. Gia poièc timèc tou p eÐnai h sÔgklish

omoiìmorfh? Gia poièc timèc tou p isqÔei ìti
∫ 1

0
fn →

∫ 1

0
f ?

5. 'Estw f : R → R omoiìmorfa suneq c sun�rthsh. DeÐxte ìti h akoloujÐa sunart sewn

fn(x) = f

(
x +

1
n

)
, n ∈ N

sugklÐnei omoiìmorfa sthn f .

6. Upojètoume ìti h seir�
∑∞

k=1 ak sugklÐnei apolÔtwc. DeÐxte ìti oi seirèc sunart sewn∑∞
k=1 ak sin(kt) kai

∑∞
k=1 ak cos(kt) sugklÐnoun omoiìmorfa sto R.

7. DeÐxte ìti h seir�
∑∞

k=1
1

1+k2x2 sugklÐnei gia k�je x 6= 0 kai apoklÐnei gia x = 0. DeÐxte ìti
h seir� sugklÐnei omoiìmorfa se k�je di�sthma thc morf c [A,∞)   (−∞,−A], ìpou A > 0.

8. 'Estw α > 1/2. DeÐxte ìti h seir� sunart sewn

∞∑
k=1

x

kα(1 + kx2)

sugklÐnei omoiìmorfa sto R.

9. (a) D¸ste par�deigma akoloujÐac asuneq¸n sunart sewn pou sugklÐnei omoiìmorfa se mia
suneq  sun�rthsh.

(b) D¸ste par�deigma akoloujÐac oloklhr¸simwn sunart sewn fn : [a, b] → R pou sugklÐnei
kat� shmeÐo se mia mh oloklhr¸simh sun�rthsh f : [a, b] → R.

10. (a) 'Estw X sÔnolo, fn : X → R gia n = 1, 2, . . . kai f : X → R ¸ste fn → f omoiìmorfa
sto X. ApodeÐxte ìti |fn| → |f | omoiìmorfa sto X.

(b) 'Estw fn : [0, 1] → R me fn(x) = (−1)n
(
1 + x

n

)
gia n = 1, 2, . . . ApodeÐxte ìti h (|fn|)

sugklÐnei omoiìmorfa sto [0, 1] en¸ h (fn) den sugklÐnei.

11. 'Estw X sÔnolo, fn, gn, f, g : X → R gia n = 1, 2, . . . ¸ste fn → f kai gn → g omoiìmorfa
sto X. ApodeÐxte ìti an oi f, g eÐnai fragmènec tìte fngn → fg omoiìmorfa sto X.

12. BreÐte akoloujÐec (fn), (gn) orismènec sto R, oi opoÐec sugklÐnoun omoiìmorfa, all� h (fngn)
den sugklÐnei omoiìmorfa.

13. 'Estw (X, d), (Y, ρ) metrikoÐ q¸roi kai fn, f : X → Y ¸ste fn → f omoiìmorfa sto X. An
k�je fn eÐnai omoiìmorfa suneq c sun�rthsh, apodeÐxte ìti h f eÐnai omoiìmorfa suneq c.



14. 'Estw fn : X → R, n ∈ N. DeÐxte ìti: an fn → f omoiìmorfa sto X kai k�je fn eÐnai
fragmènh sto X, tìte h (fn) eÐnai omoiìmorfa fragmènh sto X.

15. 'Estw f, fn : (X, ρ) → [a, b] gia k�je n ∈ N kai fn → f omoiìmorfa sto X. 'Estw
g : [a, b] → R suneq c. DeÐxte ìti g ◦ fn → g ◦ f omoiìmorfa sto X.

16. 'Estw δ > 0 kai f, fn : X → R ¸ste |fn(x)| ≥ δ gia k�je x ∈ X kai n = 1, 2, . . .. An fn → f
omoiìmorfa sto X, deÐxte ìti:

(a) f(x) 6= 0 gia k�je x ∈ X.

(b) 1
fn
→ 1

f omoiìmorfa sto X.

Om�da B'

17. 'Estw fn(t) = t
1+nt2 , t ∈ R. DeÐxte ìti up�rqei f ¸ste fn → f omoiìmorfa sto R. DeÐxte

ìti f ′n(t) → f ′(t) an t 6= 0, all� f ′n(0) 6→ f ′(0). Gia poi� diast mata [a, b] isqÔei ìti f ′n → f ′

omoiìmorfa sto [a, b]?

18. 'Estw fn(t) = 1
ne−n2t2 , t ∈ R. DeÐxte ìti fn → 0 omoiìmorfa sto R kai f ′n → 0 kat� shmeÐo

sto R. ApodeÐxte ìti se k�je di�sthma to opoÐo perièqei to 0 h f ′n den sugklÐnei omoiìmorfa
sth mhdenik  sun�rthsh, en¸ se k�je kleistì di�sthma to opoÐo den perièqei to 0 h f ′n sugklÐnei
omoiìmorfa sth mhdenik  sun�rthsh.

19. DeÐxte ìti h akoloujÐa sunart sewn fn : [0,∞) → R me

f1(x) =
√

x, fn+1(x) =
√

x + fn(x)

sugklÐnei kat� shmeÐo, kai breÐte thn oriak  sun�rthsh.

20. 'Estw fn : [a, b] → R akoloujÐa auxous¸n sunart sewn. Upojètoume ìti h (fn) sugklÐnei
kat� shmeÐo se mia suneq  sun�rthsh f . DeÐxte ìti h f eÐnai aÔxousa kai ìti h sÔgklish eÐnai
omoiìmorfh.

21. 'Estw fn : [0, 1] → R akoloujÐa suneq¸n sunart sewn pou sugklÐnei omoiìmorfa se mia
sun�rthsh f : [0, 1] → R. DeÐxte ìti∫ 1− 1

n

0

fn(t) dt →
∫ 1

0

f(t) dt.

IsqÔei p�nta to Ðdio an h sÔgklish eÐnai kat� shmeÐo?

22. OrÐzoume akoloujÐa sunart sewn fn : [0, 1] → R me

fn(x) = n2x(1− x)nx.

DeÐxte ìti h (fn) sugklÐnei kat� shmeÐo kai breÐte thn oriak  sun�rthsh f . BreÐte to ìrio twn
oloklhrwm�twn

In =
∫ 1

0

fn(t) dt.

EÐnai h sÔgklish thc (fn) sthn f omoiìmorfh?

23. OrÐzoume fn : [0, π/2] → R jètontac f1(x) = sin x kai

fn+1(x) = sin(fn(x)). n ∈ N.

Exet�ste thn (fn) wc proc thn kat� shmeÐo kai thn omoiìmorfh sÔgklish.

24. DeÐxte ìti h
∑∞

k=0(1−x)xk sugklÐnei kat� shmeÐo, all� ìqi omoiìmorfa, sto [0, 1]. Antijètwc,
deÐxte ìti h

∑∞
k=0(−1)kxk(1− x) sugklinei omoiìmorfa sto [0, 1].



25. DeÐxte ìti h seir� sunart sewn

∞∑
k=1

(−1)k

√
k

sin
(
1 +

x

k

)
sugklÐnei omoiìmorfa se k�je di�sthma thc morf c [−A,A], A > 0.

26. DeÐxte ìti h seir�
∑∞

k=1(−1)k x2+k
k2 sugklÐnei omoiìmorfa se opoiod pote di�sthma thc morf c

[−A,A], A > 0, all� den sugklÐnei apolÔtwc gia kami� tim  tou x.

27. DeÐxte ìti h seir� sunart sewn

∞∑
k=0

(
x2k+1

2k + 1
− xk+1

2k + 2

)
sugklÐnei kat� shmeÐo, all� ìqi omoiìmorfa, sto [0, 1].

28. OrÐzoume I(x) = 0 an x ≤ 0 kai I(x) = 1 an x > 0. 'Estw (xk) akoloujÐa diaforetik¸n an�
dÔo shmeÐwn se k�poio di�sthma (a, b) kai èstw

∑∞
k=1 ck apolÔtwc sugklÐnousa seir�. DeÐxte ìti

h
∞∑

k=1

ckI(x− xk)

sugklÐnei omoiìmorfa sto (a, b) kai ìti h sun�rthsh pou orÐzetai apì aut  th seir� eÐnai suneq c
se k�je x0 ∈ (a, b) \ {xk : k ∈ N}.

29. 'Estw (X, ρ) metrikìc q¸roc, A ⊆ X, f, fn : A → R gia k�je n ∈ N kai fn → f omoiìmorfa
sto A. 'Estw t0 shmeÐo suss¸reushc tou A kai limt→t0 fn(t) = xn ∈ R. DeÐxte ìti:

a. H (xn) sugklÐnei sto R kai

b. limt→t0 f(t) = limn→∞ xn. Dhlad ,

lim
t→t0

lim
n→∞

fn(t) = lim
n→∞

lim
t→t0

fn(t).

30. 'Estw fn(t) = tn sto [0, 1] kai g : [0, 1] → R suneq c sto [0, 1] me g(1) = 0. DeÐxte ìti h
(gfn) sugklÐnei omoiìmorfa sto [0, 1].

31. 'Estw (X, ρ) diaqwrÐsimoc metrikìc q¸roc kai D = {xn : n ∈ N} puknì uposÔnolo tou X.
OrÐzoume thn akoloujÐa pragmatik¸n sunart sewn fn : X → R, n = 1, 2, . . . me

fn(x) = dist(x, {x1, x2, . . . , xn}), x ∈ X.

DeÐxte ìti:

(a) H (fn) eÐnai fjÐnousa kai fn → 0 kat� shmeÐo.

(b) fn → 0 omoiìmorfa ston X an kai mìnon an o X eÐnai olik� fragmènoc.

32. (a) 'Estw (X, d), (Y, ρ) metrikoÐ q¸roi me ton X sumpag . An fn : X → Y gia n = 1, 2, . . .
kai f : X → Y suneq c ¸ste gia k�je x ∈ X kai gia k�je (xn) akoloujÐa ston X me xn → x
isqÔei fn(xn) → f(x), apodeÐxte ìti fn → f omoiìmorfa.

(b) ApodeÐxte ìti h sump�geia eÐnai aparaÐthth, jewr¸ntac thn akoloujÐa fn : (0, 1] → R me

fn(t) =
{

n, 0 < x ≤ 1
n

1
x , 1

n < x ≤ 1

kai thn f : (0, 1] → R me f(x) = 1
x . Diapist¸ste ìti ikanopoieÐtai h upìjesh, all� fn 6→ f

omoiìmorfa.


