
Pragmatik  An�lush (2010�11)

SuneqeÐc sunart seic � Ask seic

Om�da A'

1. 'Estw f, g : (X, ρ) → (Y, σ) dÔo suneqeÐc sunart seic kai D puknì uposÔnolo tou (X, ρ).
DeÐxte ìti:

(a) To sÔnolo E = {x ∈ X : f(x) = g(x)} eÐnai kleistì.

(b) An f(x) = g(x) gia k�je x ∈ D, tìte f ≡ g.

2. 'Estw f : (X, ρ) → (Y, σ) kai x0 ∈ X. DeÐxte ìti h f eÐnai suneq c sto x0 an kai mìno an gia
k�je ε > 0 up�rqei δ > 0 ¸ste an x, y ∈ X kai ρ(x, x0) < δ, ρ(y, x0) < δ tìte σ(f(x), f(y)) < ε.

3. 'Estw (X, ρ) metrikìc q¸roc kai G ⊆ X. DeÐxte ìti to G eÐnai anoiktì an kai mìno an up�rqoun
suneq c sun�rthsh f : (X, ρ) → R kai V ⊆ R anoiktì, ¸ste G = f−1(V ).

4. (a) 'Estw f : (X, d) → R sun�rthsh kai Z(f) to sÔnolo mhdenismoÔ thc f , dhlad 

Z(f) = {x ∈ X : f(x) = 0}.

DeÐxte ìti: an h f eÐnai suneq c tìte to Z(f) eÐnai kleistì ston X.

(b) 'Estw F ⊆ X. DeÐxte ìti to F eÐnai kleistì an kai mìno an up�rqei suneq c sun�rthsh
f : (X, ρ) → R ¸ste Z(f) = F .

5. 'Estw (X, ρ) metrikìc q¸roc kai A ⊆ X. SumbolÐzoume me χA thn qarakthristik  sun�rthsh
tou A, ìpou χA : X → R orÐzetai wc

χA(t) =
{

1, t ∈ A
0, t /∈ A

.

ApodeÐxte ìti to sÔnolo twn shmeÐwn sunèqeiac thc χA einai to A◦ ∪ (X \ A)◦, to sÔnolo twn
shmeÐwn asunèqei�c thc eÐnai to bd(A) kai ìti h χA eÐnai suneq c an kai mìno an to A eÐnai anoiktì
kai kleistì (clopen).

6. 'Estw f : (X, ρ) → (Y, σ). To gr�fhma thc f eÐnai to sÔnolo

Gr(f) =
{
(x, f(x)) : x ∈ X

}
⊆ X × Y.

DeÐxte ìti, an h f eÐnai suneq c sun�rthsh, tìte to gr�fhma Gr(f) thc f eÐnai kleistì ston
X × Y wc proc k�je metrik  ginìmeno. D¸ste par�deigma to opoÐo na deÐqnei ìti to antÐstrofo
den isqÔei.

7. 'Estw f : (X, ρ) → (Y, σ) suneq c sun�rthsh kai èstw A diaqwrÐsimo uposÔnolo tou X
(dhlad , o (A, ρA) eÐnai diaqwrÐsimoc). DeÐxte ìti to f(A) eÐnai diaqwrÐsimo uposÔnolo tou Y .

8. D¸ste par�deigma fragmènhc, suneqoÔc sun�rthshc f : R → R h opoÐa den eÐnai omoiìmorfa
suneq c. MporeÐ mia mh fragmènh sun�rthsh na eÐnai omoiìmorfa suneq c?

9. D¸ste èna par�deigma dÔo xènwn uposunìlwn enìc metrikoÔ q¸rou ta opoÐa diaqwrÐzontai,
all� de diaqwrÐzontai pl rwc.

10. 'Estw f : (X, ρ) → (Y, σ) omoiomorfismìc. DeÐxte ìti o (X, ρ) eÐnai diaqwrÐsimoc an kai mìno
an o (Y, σ) eÐnai diaqwrÐsimoc.



Om�da B'

11. 'Estw f : (X, ρ) → (Y, σ). DeÐxte ìti, an gia k�je A ⊆ X isqÔei f(A′) ⊆ (f(A))′, tìte h f
eÐnai suneq c. IsqÔei to antÐstrofo?

12. DÐnetai mia sun�rthsh f : R → (Y, δ), ìpou δ h diakrit  metrik  ston Y . DeÐxte ìti h f eÐnai
suneq c an kai mìno an eÐnai stajer .

13. Mia sun�rthsh f : (X, ρ) → (Y, σ) lègetai topik� fragmènh (locally bounded) an gia k�je
x ∈ X up�rqei perioq  Ux tou x ¸ste h f |Ux na eÐnai fragmènh.

(a) 'Estw f : (X, ρ) → (Y, σ) suneq c sun�rthsh. Tìte h f eÐnai topik� fragmènh. IsqÔei to
antÐstrofo?

(b) 'Estw f : R → R. DeÐxte ìti ta akìlouja eÐnai isodÔnama:
(i) H f eÐnai suneq c.
(ii) H f eÐnai topik� fragmènh kai èqei kleistì gr�fhma.

14. 'Estw f : (X, ρ) → (Y, σ) suneq c sun�rthsh kai D puknì uposÔnolo tou X. Exet�ste an
oi parak�tw isqurismoÐ eÐnai alhjeÐc.

(a) An h f |D eÐnai fragmènh, tìte h f eÐnai fragmènh.

(b) An h f |D eÐnai omoiìmorfa suneq c, tìte h f eÐnai omoiìmorfa suneq c.

(g) An h f |D eÐnai 1-1, tìte h f eÐnai 1-1.

15. 'Estw (X, ρ), (Y, σ) metrikoÐ q¸roi kai f : X → Y . DeÐxte ìti ta akìlouja eÐnai isodÔnama:

(a) H f eÐnai omoiìmorfa suneq c.

(b) Gia k�je ε > 0 up�rqei δ = δ(ε) > 0 ¸ste: an A,B ⊆ X me dist(A,B) < δ, tìte
dist(f(A), f(B)) < ε.

16. 'Estw (X, ρ) metrikìc q¸roc kai A,B ⊆ X kleist� kai xèna. An f : X → [0, 1] eÐnai h
sun�rthsh tou Urysohn, dhlad  f(x) = dist(x,A)

dist(x,A)+dist(x,B) , apodeÐxte ìti:

(a) An dist(A,B) = 0, tìte h f den eÐnai omoiìmorfa suneq c.

(b) An dist(A,B) = δ > 0, tìte h f eÐnai δ−1�Lipschitz.

17. 'Estw (X, ρ) metrikìc q¸roc kai A,B ⊆ X me dist(A,B) > 0 kai f1 : A → R, f2 : B → R
(omoiìmorfa) suneqeÐc sunart seic. ApodeÐxte ìti h sun�rthsh f : A ∪B → R me

f(x) =
{

f1(x), x ∈ A
f2(x), x ∈ B

eÐnai (omoiìmorfa) suneq c.

18. 'Estw (X, ρ) metrikìc q¸roc kai A ⊆ X. An f : A → R eÐnai omoiìmorfa suneq c sun�rthsh,
apodeÐxte ìti h f epekteÐnetai se mia omoiìmorfa suneq  sun�rthsh F : A → R.

19. Exet�ste an isqÔoun ta parak�tw.

(a) To R eÐnai omoiomorfikì me to Z.
(b) To R eÐnai omoiomorfikì me to Q.

(g) To Q eÐnai omoiomorfikì me to Z.
(d) To Z eÐnai omoiomorfikì me to N.

20. DÐnontai oi metrikoÐ q¸roi (X1, d1), . . . , (Xk, dk) kai o q¸roc ginìmeno
∏k

i=1 Xi me metrik 

ginìmeno thn d∞ = max{di : 1 ≤ i ≤ k}. 'Estw (X, d) ènac metrikìc q¸roc kai f : X →
∏k

i=1 Xi

me f = (f1, . . . , fk), ìpou fi : X → Xi gia i = 1, . . . , k. DeÐxte ta ex c:

(a) H f eÐnai suneq c an kai mìno an oi fi, i = 1, . . . , k eÐnai suneqeÐc.

(b) H f eÐnai Lipschitz an kai mìno an k�je fi eÐnai Lipschitz.



(g) H f eÐnai omoiomìrfa suneq c an kai mìno an oi fi, i = 1, . . . , k eÐnai omoiìmorfa suneqeÐc.

(d) EÐnai swstì ìti h f eÐnai isometrÐa an kai mìno an oi fi eÐnai isometrÐec?

(e) EÐnai swstì ìti h f eÐnai omoiomorfismìc an kai mìno an oi fi eÐnai omoiomorfismoÐ?

Om�da G'

21. 'Estw F mh kenì kleistì uposÔnolo tou R kai f : F → R suneq c sun�rthsh. DeÐxte ìti
up�rqei suneq c sun�rthsh g : R → R me thn idiìthta g(x) = f(x) gia k�je x ∈ F .

22. 'Estw (X, ρ), (Y, σ) metrikoÐ q¸roi kai f : X → Y . Gia k�je δ ≥ 0 orÐzoume to mètro
sunèqeiac (modulus of continuity) thc f wc ex c:

ωf (δ) = sup{σ(f(x), f(y)) : d(x, y) ≤ δ, x, y ∈ X}.

(a) DeÐxte ìti h sun�rthsh ωf : [0,∞) → [0,∞] eÐnai aÔxousa, dhlad  an 0 ≤ δ1 < δ2 tìte
ωf (δ1) ≤ ωf (δ2).
(b) DeÐxte ìti h sun�rthsh f : X → Y eÐnai omoiìmorfa suneq c an kai mìno an isqÔei ωf (δ) → 0
kaj¸c δ → 0+. [Upìdeixh. DeÐxte ìti σ(f(x), f(y)) ≤ ωf (d(x, y)) gia k�je x, y ∈ X].

23. 'Estw f : (X, ρ) → (Y, σ). H f lègetai anoikt  an gia k�je anoiktì G ⊆ X to f(G) eÐnai
anoiktì uposÔnolo tou Y . An�loga, h f lègetai kleist  an gia k�je kleistì F ⊆ X to f(F )
eÐnai kleistì uposÔnolo tou Y .

(a) D¸ste par�deigma: suneqoÔc sun�rthshc h opoÐa den eÐnai anoikt , anoikt c sun�rthshc h
opoÐa den eÐnai suneq c, suneqoÔc sun�rthshc h opoÐa den eÐnai kleist , kleist c sun�rthshc h
opoÐa den eÐnai suneq c.

(b) An h f : (X, ρ) → (Y, σ) eÐnai 1-1 kai epÐ, deÐxte ìti ta ex c eÐnai isodÔnama: (i) h f eÐnai
anoikt , (ii) h f eÐnai kleist , (iii) h f−1 eÐnai suneq c.

Sunep¸c, an h f eÐnai suneq c kai anoikt  (  kleist ) tìte eÐnai omoiomorfismìc.

24. 'Estw (Xi, di) , i = 1, . . . ,m metrikoÐ q¸roi kai X =
∏m

i=1 Xi o q¸roc ginìmeno me th metrik 
d =

∑m
i=1 di. H sun�rthsh i−probol  eÐnai h πi : X → Xi pou orÐzetai wc ex c:

πi(x1, . . . , xi, . . . , xm) = xi.

ApodeÐxte ìti h πi eÐnai suneq c, epÐ kai anoikt .

25. 'Estw f : (X, ρ) → (Y, σ). DeÐxte ìti h f eÐnai anoikt  an kai mìno an f(A◦) ⊆ (f(A))◦ gia
k�je A ⊆ X. D¸ste par�deigma miac suneqoÔc, anoikt c sun�rthshc f : X → Y kai k�poiou
A ⊆ X ¸ste to f(A◦) na perièqetai gn sia sto (f(A))◦.

26. 'Estw (X, ρ) metrikìc q¸roc. ApodeÐxte ìti ta akìlouja eÐnai isodÔnama:

(a) H ρ eÐnai isodÔnamh me th diakrit  metrik  ston X.

(b) K�je sugklÐnousa akoloujÐa ston X eÐnai telik� stajer .

(g) O X den èqei shmeÐa suss¸reushc.

(d) Gia k�je metrikì q¸ro Y , k�je f : X → Y eÐnai suneq c.

(e) H kleist  j kh k�je anoiktoÔ sunìlou G ⊆ X eÐnai anoiktì sÔnolo.

27. (a) Mia sun�rthsh f : (X, ρ) → R lègetai k�tw hmisuneq c an gia k�je t ∈ R to sÔnolo
{x ∈ X : f(x) ≤ t} eÐnai kleistì uposÔnolo tou X. DeÐxte ìti h f eÐnai k�tw hmisuneq c an kai
mìno an, gia k�je akoloujÐa (xn) ston X me xn → x ∈ X, isqÔei

f(x) ≤ lim inf
n→∞

f(xn).

D¸ste par�deigma k�tw hmisuneqoÔc sun�rthshc h opoÐa den eÐnai suneq c.

(b) Mia sun�rthsh f : (X, ρ) → R lègetai �nw hmisuneq c an h −f eÐnai k�tw hmisuneq c.
Diatup¸ste kai apodeÐxte qarakthrismoÔc thc �nw hmisuneqoÔc sun�rthshc, antÐstoiqouc me
touc qarakthrismoÔc thc k�tw hmisuneqoÔc sun�rthshc pou perigr�fthkan sto (a).

28. ApodeÐxte ìti up�rqoun dÔo metrikoÐ q¸roi (X, ρ), (Y, σ) oi opoÐoi den eÐnai omoiomorfikoÐ
all� ikanopoioÔn to ex c: up�rqoun sunart seic f : X → Y, g : Y → X oi opoÐec eÐnai suneqeÐc,
1-1 kai epÐ.


