IHapdptnua A’

Aptunociua xou
LTEEACLIUNCIUA GUVOAX

A’.1l  IToonmAnYuxd cOvoio

Opiopoéc A’ 1.1 (wominduétnia). ‘Eotw A, B 800 pn xevd obvoha. Ta A, B Myovtau
womAndikd av undpyel wo ouvdptnon f : A — B, n omolo ebvon 1-1 xou enil. Tére,

yedpoupe A=, B W |A| = |B| i xu A ~ B.

HMapadeiypata A’.1.2. (o) Ta oOvora (0, 1) xou (0,2) eivon toomhndhixd, péow e avi-
otoyioc f:(0,1) = (0,2) pe f(x) = 2z. Tevindrepa, xdde avoxtéd ddotnua (a,b), a,b €
R, a < b, eivon womhnhxd pe o (0,1) péow e avtiotoyioc f : (0,1) — (a,b) pe
ft)=(1—t)a+tb.

(B) To olvoro twv puoxay apiudy N = {1,2,...} elvou ioomhndixd pe 10 clvoho twv
optiwv A = {2n : n € N} péow e avtiotoyiog No— A pye n— 2n.

(v) To oOvoho twv guoxdy aptdumy N eivar woonhndnd pe 10 chvoro twv axepoiwy Z.
Ipdrypati: Yewpolye ) ouvdptnon f: N — Z pe

f(n) = k, avn=2k—1, keN
TV 1k avn=2k keN

H ouvdptnon f avtiotolyel otoug meplttols Quotxols Toug YeTixols axepafoug xou GToug
GeTioug puoolg Toug pn YeTixole axepaioug.

(8) Tot cOvora [0,1] xau [0,1) efvon 1womhndud. Tlpdypat: Yewpoiue 10 olvoro A = {1 :
n=1,2,...}, 1o onofo eivar unocivolo tou [0, 1] xou opiloupe N cuvdptnon f : [0,1] —

1 , , , , , , P , ,
Mo tétoia cuvdptnon ovopdletan avticToula. Aéue téte bt €xovpe wa avtio ot lo and to A oto B
xou ypdgpouvue A — B.



162 - APIOMHSIMA KAI YIIEPAPIOMHSIMA STNOAA

[0,1) pe

vz € Axnx =<

fo)={ B "

x, OLALPOPETLNS

EOxoho ehéyyouue étL 1 f elvan avtiotorylo.

H endpevn npdtoon pac Aéet tL 1 wwomAnhxdnto petalld cuvolwy elvar oyéot) 1oodu-
voiag.

ITeétaom A’.1.3. Eoww A, B,C un kevd ovvola. Téte wyvovy ta axdovia:
(@) A~ A,

(B) av A~ B, téte B ~ A ka1

(Y) av A~ B ka1 B~ C, téte A ~ C.

Anédeén. Aueon. O

SuvppBorowde.  XuuPorillouye pe T;, 10 GUVOAO TV TEOTWY N QUOLXWY, dnhady 1), =
{1,2,...n}.

Optopde A’.1.4 (rnemepoopéva xou dnetpa oOvoha). (o) ‘Eotw A un xevé ohvoro®. To
A Nevetan memepaopévo av undpyouv n € N xou cuvdptnon f : A = T;, n omola etvan 1-1 xon
eni. Tote, Aépe 6Tt o mAnOdpiduog tou A etvor n 1) 6t 0 A €yel n otouyelor xou yYpdpouue
card(A) =n H #A =n A xou |[A| = n.

(B) Eva clvoho A Aéyeton dmeipo av Bev elval TETEPACUEVO.

IlpéTaocm A’.1.5. Eva olvodo A elvar dreipo av kar povo av vrdpyer 1-1 ovvdptnon
f:N— A, énkadrj vrdpyet B C A dhote B ~ N.

Anédein. Yrodétouue mpidta 6Tt t0 A eivon dnepo. Ewbixdtepa, to A eivon pn xevod. ‘Apa,
undpyet a1 € A. Téte, to obvoro A\ {a1} ebvan un xevd. Apga, undpyet as € A\ {a1}.
Oupoiwe, A\{a1, a2} # 0 xou unopodye vaemhéEoupe ag € A\{a1,as}. Enaywyxd, oplleta
axohoudia (ay,) otoyelwy tou A. Ipdypati: av urheye n € N dote A\{a1,az,...,a,} =0
t6te Yo eiyope A = {a1,az,...,a,} xou 10 A Yo oy TETEPOOUEVO.

Optloupe t6te f: N — A pe f(n) = an. H f e 1-1 816 o @y, elvan Sragpopetind
avd 80o. Av Yécouye B = f(N) t61e B C Axoun f: N —= B ebvan 1-1 xou enl. Anhodi,
B ~N.

AvtioTpoga, vtodétouye 6t undpyet 1-1 cuvdptnon f : N — A. Av 1o A elvou nenepo-
ouévo, t6te undpyouy m € N xou g : A — T}, 1 onola eivon 1-1 xou ent. Téte, n ouvdptnon
go f:N—= T, eiva 1-1, drono (e&nyfote yatl). O

2T t0 xevb oOVOho dexdpoacTte 6Tt elvon memepacuévo pe mAndderduo 0.
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JuvppBoiowds. ‘Eotww A, B 80o cbdvoha. Av umdpyet 1-1 ouvdptnon f : A — B,
yvedpouye A <. B 4 A <X B xou Mpe 6t 10 A éyer mAnddprdpo 1o oA (00 e autdv
wou B. O ocupfohoudc xar 1 opohoyio Sixaworoyolvtor and to yeyovoe 6t to A elvon
wwomAndué pe to f(A) 1o onolo eivar umosvoro tou B.

HMapadeiypata A’.1.6. () To clvoro Z twv axepaiov elvar drelpo, dé6tt N C Z.
(B) To clvoho Twv pnty eivan dneo ddtt N C Q.

(v) Kdde un tetpypévo didotnua elvan dnetpo ahvoho.

Sxoiw A’.1.7. Kdde dnewpo olvoro A elvon .oomAndind pe xdmolo yvhoto utochVord
tou. Ilpdypott, otnv npdtaon A”1.6. delape 6T av o A eivon dnewpo tote undpyel 1-1
owvdptnon f : N — A. Tpdgpoupe by, = f(n) yian = 1,2,... xou 9¢toupe B = f(N) =
{b1,ba,...} € A. Ocwpolpe 10 chvoro C = A\ {b1}, o onolo elvar yvholo uroclvoro
tou A xou optlouye pa cuvdptnon g : A = C wc e&€ng:

| bpg1, ava = b, v xdmowo n
g(m)—{ x, ave € A\ B

ElOxoha ehéyyouue 6t 1 g ebvon 1-1 xou enl (doxnon).

A’2  Apuduroipa xou LRERPXLLIUOLUA CUVOA

Optopdc A'.2.1 (aprduroa xou urepaptiufioa chvora). ‘Eotw A éva dneipo oivoro.
To A Va Aéyeton drepo apriurjouo av undpyet 1-1 o ent cuvdptnon f : N — A, dnhody
av A ~ N. 'Eva cOvoho A Myeton aprdurjouo av elvar nencpacyévo 1 dnelpo apltduropo.
Av 10 A Bev elvan oprduriowo, o Aéyetan vrnepapiiunotpo.

YuuBoiiowods. Tov minddpripo twv uowmny apiudy tov cupgfolilovue pe w f Vo
(&hep 0). Etot, av to oivoho A elvon apipriowo ypdpoupe A = No.

IMapadeiypata A’.2.2. (o) To cOvoro Z twv axepainv elvan dnelpo aptiurotuo.

(B) To Nx N = {(m,n) : m,n € N} eivau dneipo aptduriowo: n ocuvdptnon f: Nx N — N
we f(m,n) = 2™ 1(2n — 1) etvor 1-1 xou enl. To yeyovéc 6T ebvor enl éneton amd o
Yepehndee Jedpnua tne aprduntndc (Setlte étu efvan 1-1).

(v) Av A, B eivou dretpa aprduioa odvoha, téte 10 A X B = {(a,b) : a € A,b € B} eivan
enione dmeo oprdpiowo. Ipdypat, av ta A, B eivou drepo apriuioipo TOTe Undpy oLy
f:A—=Nxug: B — Nouvaptriceic 1-1 o enl. Oewpolye 1 cuvdptnon h: A x B —
N x N é6nov h(a,b) = (f(a),g(b)). Xenowonowbdvtoc to yeyovoc ot ov f xou g elvon 1-1
xon entl unopodyue edxoha vo ehéyEoupe 6t 1 b ebvon 1-1 xon enl. Apa, A X B ~ NxN. Ané
10 mpornyoLpevo mapdderyua €xovde N x N ~ N, onéte and v npdtaon A'.1.3. énetan 6TL
Ax B~N.

H enduevn mpodtaoy divel ypouloug yopoxtneiopolc o ta apriurolus cOvord.
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Ilpétaocm A’.2.3. Eoww A dreipo odvoro. Ta e€ng eivar iodvaua:
() To A eivar apruriorio.

(B) YTndpyer ovvdptnon f: N — A, n onola elvar end.

(Y) Yrdpxer ovvdptnon g: A — N, n onota eivar 1-1.

INo v anddeln e npdtaons Yo yeelaoTolue €val Afuua To omolo Topouctdlel ove-
EdoTtnTo EVOLOPEROV.

AAupa A'.2.4. Eotw A drepo vroovroro tou N. Tdte, to A efvar apidurjoipo.

Arnédeaén. To A elvan dnepo, emouévng elvan un xevé. And v apyr) e xokng didtadng
(apy” Tou ehayiotov) undpyel to a1 = min A. To clvoro A\ {a1} elvon enlone pn xevéd
(ahide to A Yo fToy MEMEPAOUEVO) OTOTE, WM amd TNV oY TNe xahAc didtadng, undpyEt
10 ag = min A\ {a1}. H dodixaocia avth cuveyiletou en’ drepov, yiatl av otopatovoe
ot xémowo Prua ng Yo elyope A\ {a1,...,an,} = 0, dnhadh to A Yo Aoy Temepaouévo.
‘Etot, opileton emorywyxd pio axohouvdia (a,) Sopopetindy avd Vo otoyelwy tou A.
Tapoatneriote 6Tl N (ay) ebvar yvnoiws ad&ouca axohoudia Puotxwy, dpo an, > n yio xdde
n € N.

Ioxvpiopds. A ={ai,as,...,an,...}.

Ebvar npogavée 6t {a1,ag,...,an...} € A. Av unodécoupe 6Tl 0 eyxhelopdc elvon
yviolog, tote undpyel a € A wote a # an v xdde n € N. Ilpogavade, elvar a > ar xou
enionec utdpyet n € N dote a, > a (8161 a, > n). Apa, undpyel péyloTog 1 e Ty Wbt
a > an. Toéte, an < a < apy1. Auté ebvar dromo, ddw éxoupe a € A\ {a1,...,an} xou
a<minA\{ay,...,a,}.

Ané Tov woyuptopd énetan dueca 6Tl To A elvon apriuriolpo. O

Tépea elpoote oe Yéon vo anodeiloupe Ty npdtaon A’.2.3.

Anddaén tng mpéraons A’2.3. H cuvenaywyy (o) = (B) elvon dueon and tov oplopd tou
aprdunolou cuvérou.

Trodétouye 6T 1oyVel to (B), dnhadn undpyer ouvdptnon f : N — A, n onolo eivon
ent. Téte, v xdde a € A wyver f~1({a}) # 0. ©éroupe n, = min f~1({a}), a € A (0
min undpyel and v apyh ™ xakfic ddtaing). H ouvdptnon g : A — N, pe g(a) = n,
elvow xoh& oplopévn xou 1-1. Ilpdypoti: mapatneodue 6t av a,b € A pye a # b, 61
7 {ab) N DY) = 0 xou Sipot g # .

‘Eotw 6t toybel 1o () dnhadt, undpyet 1-1 ouvdptnon g : A — N. Térte, 1o B = g(A)
elvo dmelpo uToGUVOAO TwY PuaKY. And to Muua elvon aprdurolo, dnhady undpyet h :
B — N, n onola etvon 1-1 xou enfl. Oewpolpe ) ouvdptnon ¢ : A — N pe ¢(a) = h(g(a)).
EOxoho ehéyyoupe ot etvon 1-1 xou eni, dpa to A elvon apriurioo. O

ITopadeiypata A’.2.5. To civoro Q twv pntev aprduoy eivon aprdurowo. Agol To
Q ebvou dmerpo, apxel va Sei€oupe 6t undpyetl 1-1 ouvdptnon ¢ : Q — N. Ao N ~ Z x N,
opxel va del€oupe 6Tt umdpyet 1-1 ouvdptnon f : Q — Z x N. Oewpolye 0 cuvdptnon
[:Q—=ZxNupe f(%) = (m,n), 6nou m € Z, n € N xau ged (m,n) = 1.
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To emduevo Yewpnua ogeihetow otov Cantor xou delyver 6t apriurowes o mAHdog
npdieic petoly apriufowy cuvolwy Tapdyouy apwufioa obvola. To emyelpnua mou
yenowonoteltar yior Ty anddelln evon yvwotod we mpdto diaydrio enyeipnua tov Cantor.

Oevpnua A’.2.6 (Cantor, 1899). Eotw (A;)icr a oikoyévaa apidunioiuwy vroouv-

vwr evés ouvvdlov X. Av to I elvar apiunoipo, tite kar to | J;c; A; etvar apidurjojo.

Anddeaén. To I elvon aprdunoo, pnopolue Aolmdv va vnodécouue ywpelc teploploud g
veviotnrag 6t eivan to N. "Etot, éyoupe tnv ouxoyévela A, Ag, ..., A,,. ... Enlong, xdde
A; elvon oprduriolpo, enopévwe Unopolie Vo omoptdUcOVUE Tol G TOLYEl TOU WG

g i i .
A; ={aj,ay,...,a;,...}, i=1,2,...

(ov xdmoto amd o A; eivan TETEPAGUEVO, «ETAVaAUUBAVOUUEY Xdmolo oTotyelo Tou dnelpec
popéc). Aprdumvtag pe autdy ToV TEOTO To o ToLYEld TOL EXAG TOTE GUVOAOL TlPVOUPE Evay
dmelpo hvona, OTwe aiveTon o To oxxohoudo Gy

S RS B | 1
A ey a3 as ... ag
.2 2 2 2
Ay ¢ af a3 a3 ... ai
. 3 .3 3 3
As : ay a3y a3 ... aj
. n n n n
A, : adf ay af ... aj

Térte, elvan mpogavéc 6L o mivaxac autdc teptéyel 6ha Ta otoiyelo tou A = [Jio A;
(evdeyouévwe pe emavarfiders). Amoprduodue tor ototyeior auTo) Tou Tvaxa xaTé Prxog
v Sorywvinv pe xatedduvor and o aploTtepd Tpog to 0edLd, we eEnc:

1 2 1 3 2 1
a17a17a27a17a27a37-'~

Ané v mapandve Swodixasia apidunone tpoxdntel aneévion m: N — A enl (oplote v

7). To cuunépaopa éneton omd to (B) tne npdtoone A’.2.3. O
H enduevn npdtoon anodewviel 6Tl undpyouv cUVOAa To onola dev elvon optduroLya.

Avtéd pdhoto loylel yia o pn teTpypéva dlaothgota oto R.

IMeétacy A’.2.7. To ovrodo [0,1] = {z € R: 0 <z < 1} eivar vrepapiOunopo.

Anédeaén. To cOvolo [0,1] ebvan dnepo. Eotw 6t ebvon aprdufowo. Téte, unopolue vo
yedpouue

0,1 ={zn,:n=1,2,...}.
Awnpolpe 1o [0,1] oe tpla dadoyid woudurn Swothuata we e&he: [0,1] = [0,1/3] U
[1/3,2/3] U [2/3,1]. Téte, touldyotov éva and autd o Tplo dtac Thuata dev neptéyel to
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x1. OvoudCoupe autd 0 didotnuo I xou To Slonpolue o Tpla Loounxn dladoyixd xAeloTd
drao Thpata wixoug 1/9. Touldyiotov éva and autd dev meptéyet 10 x2. Ovopdloupe autd
0 Budotnua I, Xuveyiloupe pe Tov (Blo tpémo, ondte moalpvoupe wa gpdivouso axohoudio

AEO TGOV BlooTnudtwy I, = [an,by] pe z, & I, o by, —a, = 37" — 0. And v apyf
xaPotiopol woyvel (o, I, = {z}. Agol z € [0,1], undpyet ng € N wote x = z,,. "Atomo,
St « € I, o xde n € N eved @y, & In,- O

Ynueiwon: Hopatnehote 6Tl 1 TANEOTNTA TwV Tparypatixedv aptdudy nailer ovolao tixd
pOA0 TNV amGdEEN: YENOWOTOWoUUE TNV apy Tou XPwTiopod. e avTidlao TolY, To
olvoro QN [0, 1] elvon apriprowyo.

ITépiopa A’.2.8. To ovoro twr mpayuatikdy apifudy R kar to ovvodo twv appiitwy
R\ Q etvar vrepapriurioia.

Télog, delyvouue 6Tl T0 GOVOAO TV BuAdIXWY oxOAoLTLOY elvon uTEPUELIUAGIUO.

Oevpnpa A’.2.9 (Cantor). To odrodo twr dvadikdy akodovtdy
N = 10,1} = {z = (z(n)) : 2(n) € {0,1}, n=1,2,...}
elvar vrepapiiunioio.

Arnédaén. To emyeionua e anddelne elval YvwoTtod we 0eltepo daydvio emtyeipniia Tov
Cantor. Apywd mopatnpolue 61t t0 chvoho 2N eivan dnepo. Eotw 611 sivon apriuroto.
Téte, undpyet wo apidunon twv ototyeiov tou: 28 = {z, : n = 1,2,...}, 6mou xdde
Tpn ebvon duader axohovdio. Mnopolue ToTe Vo TapacTACOLUE Ta oTOLYElL Ty XOU TIC
CUVTETAYUEVES TOUG OE Hop® dnelpou mivao:

rr = (x1(1)7x1(2),x1(3),...,xl(k),...)
o = (.1'2(1>,$2(2),.’172(3),...,J}g(k‘),...)
xr3 = (x3(1)7$5(2)7xd(3)7a‘TS(k)a)
Tn = (2,(1),2,(2),2,(3),...,20(k),...)

Koutdye 1o mpthto otoiyelo oy mpwtrn cuvtetayuévr, to deltepo oTolyelo ot deltepn
CUVTETAYHEV, TO TplTo oToLyElD O TNV TplTN cuVTETAYUEVT %.0.%. ANAadY|, XVOUUACTE GTNY
«xOplar Blarydvioy tou Thvaxa xou Bdoet avtic opilouye to e€hc ototyelo Tou oN.

y=01-2z1(1),1 —22(2),...,1 —ax(k),...)

Téte, v xée n € N ebvor @, # y d6tt 2,(n) # 1 — z,(n) = y(n). Me &\ Aoy,
10 y Swpépel and To Ty oTNY TeKOTN ¥éon, and To 2 o1n devtepn Véon x.o.x. ‘Etol
odnyoluacte oe avtigaon. O



