
Kef�laio 8

Kurtèc kai koÐlec

sunart seic

Om�da A'

1. 'Estw f, fn : I → R. Upojètoume ìti k�je fn eÐnai kurt  sun�rthsh kai ìti
fn(x) → f(x) gia k�je x ∈ I. DeÐxte ìti h f eÐnai kurt .

Upìdeixh. 'Estw x, y ∈ I kai èstw t ∈ [0, 1]. Apì thn upìjesh èqoume fn(x) → f(x),
fn(y) → f(y) kai fn((1 − t)x + ty) → f((1 − t)x + ty) ìtan to n → ∞. Apì thn
kurtìthta twn fn èqoume

fn((1− t)x + ty) ≤ (1− t)fn(x) + tfn(y)

gia k�je n ∈ N. 'Ara,

f((1− t)x + ty) = lim
n→∞

fn((1− t)x + ty) ≤ lim
n→∞

((1− t)fn(x) + tfn(y))

= (1− t) lim
n→∞

fn(x) + t lim
n→∞

fn(y) = (1− t)f(x) + tf(y).

AfoÔ ta x, y ∈ I kai t ∈ [0, 1]  tan tuqìnta, h f eÐnai kurt .

2. 'Estw {fn : n ∈ N} akoloujÐa kurt¸n sunart sewn fn : I → R. OrÐzoume
f : I → R me f(x) = sup{fn(x) : n ∈ N}. An h f eÐnai peperasmènh pantoÔ sto I,
tìte h f eÐnai kurt .

Upìdeixh. 'Estw x, y ∈ I kai èstw t ∈ [0, 1]. Apì ton orismì thc f kai thn kurtìthta
twn fn, gia k�je n ∈ N èqoume

fn((1− t)x + ty) ≤ (1− t)fn(x) + tfn(y) ≤ (1− t)f(x) + tf(y).

O arijmìc (1 − t)f(x) + tf(y) eÐnai �nw fr�gma tou sunìlou {fn((1 − t)x + ty) :
n ∈ N}, �ra

f((1− t)x + ty) ≤ (1− t)f(x) + tf(y).

AfoÔ ta x, y ∈ I kai t ∈ [0, 1]  tan tuqìnta, h f eÐnai kurt .

3. 'Estw f, g : R → R kurtèc sunart seic. Upojètoume akìma ìti h g eÐnai aÔxousa.
DeÐxte ìti h g ◦ f eÐnai kurt .
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Upìdeixh. 'Estw x, y ∈ R kai èstw t ∈ [0, 1]. AfoÔ h f eÐnai kurt , èqoume

f((1− t)x + ty) ≤ (1− t)f(x) + tf(y).

H g eÐnai aÔxousa, �ra

(g ◦ f)((1− t)x + ty) = g(f((1− t)x + ty)) ≤ g((1− t)f(x) + tf(y)).

AfoÔ h g eÐnai kurt , èqoume

g((1− t)f(x) + tf(y)) ≤ (1− t)g(f(x)) + tg(f(y)) = (1− t)(g ◦ f)(x) + t(g ◦ f)(y).

Sundu�zontac tic dÔo teleutaÐec anisìthtec paÐrnoume

(g ◦ f)((1− t)x + ty) ≤ (1− t)(g ◦ f)(x) + t(g ◦ f)(y).

AfoÔ ta x, y ∈ R kai t ∈ [0, 1]  tan tuqìnta, h g ◦ f eÐnai kurt .

4. 'Estw f : I → R kurt  sun�rthsh. DeÐxte ìti

f(x1 + δ)− f(x1) ≤ f(x2 + δ)− f(x2)

gia k�je x1 < x2 ∈ I kai δ > 0 gia to opoÐo x1 + δ, x2 + δ ∈ I.

Upìdeixh. DiakrÐnoume treic peript¸seic:

(a) x1 + δ < x2: Efarmìzontac to l mma twn tri¸n qord¸n gia ta x1 < x1 + δ < x2

kai x1 + δ < x2 < x2 + δ, paÐrnoume

f(x1 + δ)− f(x1)
δ

≤ f(x2)− f(x1 + δ)
x2 − x1 − δ

≤ f(x2 + δ)− f(x2)
δ

.

Sunep¸c, f(x1 + δ)− f(x1) ≤ f(x2 + δ)− f(x2).

(b) x2 < x1 + δ: Efarmìzontac to l mma twn tri¸n qord¸n gia ta x1 < x2 < x1 + δ
kai x2 < x1 + δ < x2 + δ, paÐrnoume

f(x1 + δ)− f(x1)
δ

≤ f(x1 + δ)− f(x2)
x1 + δ − x2

≤ f(x2 + δ)− f(x2)
δ

.

Sunep¸c, f(x1 + δ)− f(x1) ≤ f(x2 + δ)− f(x2).

(g) x2 = x1 + δ: To zhtoÔmeno èpetai �mesa apì to l mma twn tri¸n qord¸n gia ta
x1 < x2 = x1 + δ < x2 + δ.

5. 'Estw f : [a, b] → R kurt  sun�rthsh. DeÐxte me èna par�deigma ìti h f den eÐnai
anagkastik� sun�rthsh Lipschitz se olìklhro to [a, b], akìma kai an upojèsoume
ìti h f eÐnai fragmènh. EpÐshc, deÐxte ìti h f den eÐnai anagkastik� suneq c sto
[a, b].

Upìdeixh. (a) H f : [0, 1] → R me f(x) = 1−
√

x eÐnai kurt  kai fragmènh sun�rthsh.
Den eÐnai ìmwc Lipschitz suneq c sto [0, 1]. Parathr ste ìti

|f(x)− f(0)|
|x− 0|

=
1√
x
→ +∞ kaj¸c to x → 0+.
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(b) Elègxte ìti h f : [−1, 1] → R me f(x) = x2 ìtan −1 < x < 1 kai f(−1) =
f(1) = 2 eÐnai kurt  sun�rthsh. 'Omwc, den eÐnai suneq c sta �kra tou [−1, 1].

6. 'Estw f : (a, b) → R kurt  sun�rthsh kai ξ ∈ (a, b). DeÐxte ìti:
(a) an h f èqei olikì mègisto sto ξ tìte h f eÐnai stajer .
(b) an h f èqei olikì el�qisto sto ξ tìte h f eÐnai fjÐnousa sto (a, ξ) kai aÔxousa

sto (ξ, b).
(g) an h f èqei topikì el�qisto sto ξ tìte èqei olikì el�qisto sto ξ.
(d) an h f eÐnai gnhsÐwc kurt , tìte èqei to polÔ èna shmeÐo olikoÔ elaqÐstou.

Upìdeixh. (a) Upojètoume ìti h f èqei olikì mègisto sto ξ. Tìte, f(x) ≤ f(ξ)
gia k�je x ∈ (a, b). Epilègoume tuqìnta x1, x2 ∈ (a, b) me x1 < ξ < x2. Yp�rqei
t ∈ (0, 1) ¸ste ξ = (1− t)x1 + tx2. H f eÐnai kurt , �ra

f(ξ) ≤ (1− t)f(x1) + tf(x2) ≤ (1− t)f(ξ) + tf(ξ) = f(ξ).

Anagkastik�, f(x1) = f(x2) = f(ξ) (exhg ste giatÐ). 'Epetai ìti f(x) = f(ξ) gia
k�je x ∈ (a, b) (dhlad , h f eÐnai stajer ).

(b) Upojètoume ìti h f èqei olikì el�qisto sto ξ. 'Estw a < x < y < ξ. Up�rqei
t ∈ (0, 1) ¸ste y = (1− t)x + tξ. H f eÐnai kurt  kai f(ξ) ≤ f(y), �ra

f(y) ≤ (1− t)f(x) + tf(ξ) ≤ (1− t)f(x) + tf(y),

�ra (1− t)f(y) ≤ (1− t)f(x). AfoÔ 0 < 1− t < 1, sumperaÐnoume ìti f(y) ≤ f(x).
Autì deÐqnei ìti h f eÐnai fjÐnousa sto (a, ξ). Me ton Ðdio trìpo elègqoume ìti h f
eÐnai aÔxousa sto (ξ, b).
(g) Upojètoume ìti h f èqei topikì el�qisto sto ξ. Up�rqei δ > 0 ¸ste (ξ−2δ, ξ +
2δ) ⊂ (a, b) kai f(x) ≥ f(ξ) gia k�je x ∈ (ξ − 2δ, ξ + 2δ).

Ac upojèsoume ìti gia k�poio y ∈ (ξ, b) isqÔei f(y) < f(ξ). Anagkastik�,
èqoume y ≥ ξ +2δ. Up�rqei t ∈ (0, 1) ¸ste ξ + δ = (1− t)ξ + ty. Apì thn kurtìthta
thc f paÐrnoume

f(ξ) ≤ f(ξ + δ) ≤ (1− t)f(ξ) + tf(y) < f(ξ)

to opoÐo eÐnai �topo.
An upojèsoume ìti gia k�poio y ∈ (a, ξ) isqÔei f(y) < f(ξ), katal goume se

�topo me ton Ðdio trìpo. 'Ara, h f èqei olikì el�qisto sto ξ.

(d) Upojètoume ìti h f eÐnai gnhsÐwc kurt . 'Estw ìti h f èqei olikì el�qisto m
sta x < y. Tìte,

f

(
x + y

2

)
<

f(x) + f(y)
2

=
m + m

2
= m

apì thn gn sia kurtìthta thc f . Katal xame se �topo, �ra h f èqei to polÔ èna
shmeÐo olikoÔ elaqÐstou.

7. 'Estw f : R → R kurt  sun�rthsh. An h f eÐnai �nw fragmènh, tìte eÐnai
stajer .

Upìdeixh. 'Estw ìti h f den eÐnai stajer . Up�rqoun x 6= y sto R me f(x) < f(y).
DiakrÐnoume dÔo peript¸seic:
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(a) x < y: 'Estw z > y. Tìte,

f(y)− f(x)
y − x

≤ f(z)− f(y)
z − y

,

dhlad 

f(z) ≥ A(z) := f(y) +
f(y)− f(x)

y − x
(z − y).

Parathr ste ìti f(y)−f(x)
y−x > 0, �ra lim

z→+∞
A(z) = +∞. 'Epetai ìti h f den eÐnai

�nw fragmènh.

(b) y < x: 'Estw z < y. Tìte,

f(y)− f(z)
y − z

≤ f(x)− f(y)
x− y

,

dhlad 

f(z) ≥ B(z) := f(y)− f(x)− f(y)
x− y

(y − z).

Parathr ste ìti f(x)−f(y)
x−y < 0, �ra lim

z→−∞
B(z) = +∞. 'Epetai ìti h f den eÐnai

�nw fragmènh.

8. DeÐxte ìti k�je kurt  sun�rthsh orismènh se fragmèno di�sthma eÐnai k�tw
fragmènh.

Upìdeixh. 'Estw I èna fragmèno di�sthma kai èstw f : I → R kurt  sun�rthsh.
JewroÔme tuqìnta a < b sto eswterikì tou I. OrÐzoume g : I → R me

g(x) = f(a) +
f(b)− f(a)

b− a
(x− a).

H g eÐnai grammik  kai sumpÐptei me thn f sta a kai b. DeÐxte diadoqik� ta ex c:

(i) H g eÐnai k�tw fragmènh sto I: up�rqei m ∈ R ¸ste g(x) ≥ m gia k�je
x ∈ I.

(ii) An x ∈ I kai x < a   x > b, tìte f(x) ≥ g(x) ≥ m.

(iii) H f paÐrnei el�qisth tim  m′ sto [a, b].

(iv) H f eÐnai k�tw fragmènh sto I: gia k�je x ∈ I isqÔei h f(x) ≥ min{m,m′}.

9. 'Estw f : (0,+∞) → R koÐlh, aÔxousa, �nw fragmènh kai paragwgÐsimh
sun�rthsh. DeÐxte ìti

lim
x→+∞

xf ′(x) = 0.

Upìdeixh. H f eÐnai aÔxousa kai �nw fragmènh, �ra up�rqei to lim
x→+∞

f(x) = ` ∈ R.
'Epetai ìti

lim
x→+∞

(
f(x)− f

(x

2

))
= 0.

Gia k�je x > 0 efarmìzoume to je¸rhma mèshc tim c sto [x/2, x]: up�rqei ξx ∈
(x/2, x) ¸ste

f(x)− f
(x

2

)
= f ′(ξx)

x

2
.
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AfoÔ h f eÐnai koÐlh, h f ′ eÐnai fjÐnousa (kai mh arnhtik , giatÐ h f eÐnai aÔxousa).
'Ara,

f ′(ξx) ≥ f ′(x) ≥ 0.

Apì tic prohgoÔmenec sqèseic blèpoume ìti

0 ≤ xf ′(x) ≤ 2
(
f(x)− f

(x

2

))
→ 0.

'Ara, lim
x→+∞

xf ′(x) = 0.

Om�da B'

10. DeÐxte ìti an h f : (0,+∞) → R eÐnai kurt  kai x1, . . . , xm, y1, . . . , ym > 0,
tìte

(x1 + · · ·+ xm)f
(

y1 + · · ·+ ym

x1 + · · ·+ xm

)
≤

m∑
i=1

xif

(
yi

xi

)
.

DeÐxte ìti h f(x) = (1+xp)1/p eÐnai kurt  sto (0,+∞) ìtan p ≥ 1, kai sumper�nate
ìti

((x1 + · · ·+ xm)p + (y1 + · · ·+ ym)p)1/p ≤
m∑

i=1

(xp
i + yp

i )1/p.

Upìdeixh. Jètoume S = x1 + · · · + xm kai efarmìzoume thn anisìthta tou Jensen
wc ex c: afoÔ h f eÐnai kurt  kai

y1 + · · ·+ ym

S
=

x1

S

y1

x1
+ · · ·+ xm

S

ym

xm
,

paÐrnoume

f

(
y1 + · · ·+ ym

x1 + · · ·+ xm

)
= f

(
y1 + · · ·+ ym

S

)
≤

m∑
i=1

xi

S
f

(
yi

xi

)
.

Pollaplasi�zontac ta dÔo mèlh aut c thc anisìthtac epÐ S paÐrnoume to zhtoÔmeno.

'Estw p ≥ 1. Tìte, h f(x) = (1+xp)1/p eÐnai kurt  sto (0,+∞): autì prokÔptei
an paragwgÐsoume dÔo forèc. 'Eqoume f ′(x) = xp−1(1 + xp)

1
p−1 kai

f ′′(x) = (p−1)xp−2(1+xp)
1
p−1−(p−1)x2p−2(1+xp)

1
p−2 = (p−1)xp−2(1+xp)

1
p−2 ≥ 0.

ParathroÔme ìti

((x1 + · · ·+ xm)p + (y1 + · · ·+ ym)p)1/p = (x1 + · · ·+ xm)f
(

y1 + · · ·+ ym

x1 + · · ·+ xm

)
.

Efarmìzontac thn anisìthta tou pr¸tou erwt matoc blèpoume ìti h teleutaÐa posìth-
ta fr�ssetai apì

m∑
i=1

xif

(
yi

xi

)
=

m∑
i=1

xi

(
1 +

yp
i

xp
i

)1/p

=
m∑

i=1

(xp
i + yp

i )1/p.
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11. DeÐxte ìti h sun�rthsh − sinx eÐnai kurt  sto [0, π]. Qrhsimopoi¸ntac to
deÐxte ìti h mègisth perÐmetroc n-g¸nou pou eggr�fetai sto monadiaÐo kÔklo eÐnai
2n sin(π/n).

Upìdeixh. 'Eqoume (− sinx)′′ = sinx ≥ 0 sto [0, π], �ra h f(x) = − sinx eÐnai kurt 
sto [0, π].

'Estw T èna n-gwno pou eggr�fetai sto monadiaÐo kÔklo. An φ1, . . . , φn eÐnai
oi epÐkentrec gwnÐec pou antistoiqoÔn stic pleurèc tou kai `1, . . . , `n eÐnai ta m kh
twn pleur¸n tou, tìte

`i = 2 sin
φi

2
gia k�je i = 1, . . . , n.

'Ara, h perÐmetroc P tou T isoÔtai me

P = 2
n∑

i=1

sin
φi

2
.

'Omwc,
∑n

i=1 φi = 2π, �ra
∑n

i=1
φi

2 = π. H g(x) = − sinx eÐnai kurt  sto [0, π] kai
φi/2 ∈ [0, π] gia k�je i = 1, . . . , n. Apì thn anisìthta tou Jensen,

− sin
(

1
n

φ1

2
+ · · ·+ 1

n

φn

2

)
≤ −

n∑
i=1

1
n

sin
φi

2
,

dhlad ,

1
n

n∑
i=1

sin
φi

2
≤ sin

(
2π

2n

)
.

'Ara,

P = 2
n∑

i=1

sin
φi

2
≤ 2n sin

π

n
.

12. 'Estw α1, α2, . . . , αn jetikoÐ arijmoÐ. DeÐxte ìti

(1 + α1)(1 + α2) · · · (1 + αn) ≥
(
1 + (α1α2 · · ·αn)1/n

)n

.

Upìdeixh. Jètoume xi = ln αi (i = 1, . . . , n). Gia na deÐxoume thn

(1 + α1)(1 + α2) · · · (1 + αn) ≥
(
1 + (α1α2 · · ·αn)1/n

)n

arkeÐ na deÐxoume ìti(
1 + e

x1+···+xn
n

)n

≤ (1 + ex1)(1 + ex2) · · · (1 + exn),

 , isodÔnama,

ln
(
1 + e

x1+···+xn
n

)
≤ 1

n

n∑
i=1

ln(1 + exi).
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H teleutaÐa anisìthta prokÔptei apì thn anisìthta tou Jensen, an deÐxoume ìti
h sun�rthsh g(x) = ln(1 + ex) eÐnai kurt . Parathr ste ìti g′(x) = ex

1+ex kai

g′′(x) = ex

(1+ex)2 ≥ 0. 'Epetai to zhtoÔmeno.

Om�da G'

13. 'Estw f : I → R jetik  koÐlh sun�rthsh. DeÐxte ìti h 1/f eÐnai kurt .

Upìdeixh. 'Estw x, y ∈ I kai èstw t ∈ (0, 1). Jèloume na deÐxoume ìti

1− t

f(x)
+

t

f(y)
− 1

f((1− t)x + ty)
=

(1− t)f(y) + tf(x)
f(x)f(y)

− 1
f((1− t)x + ty)

≥ 0,

h opoÐa isqÔei an kai mìno an

A := f((1− t)x + ty) · ((1− t)f(y) + tf(x)) ≥ f(x)f(y).

AfoÔ h f eÐnai koÐlh, èqoume

A ≥ ((1− t)f(x) + tf(y))((1− t)f(y) + tf(x))
= [(1− t)2 + t2]f(x)f(y) + t(1− t)[f2(y) + f2(x)]
≥ [(1− t)2 + t2]f(x)f(y) + t(1− t) · 2f(x)f(y)
= f(x)f(y),

ìpou, sto proteleutaÐo b ma, qrhsimopoi same thn a2 + b2 ≥ 2ab.

'Alloc trìpoc: 'Eqoume 1
f = exp

(
ln 1

f

)
. AfoÔ h exp eÐnai kurt  kai aÔxousa, arkeÐ

na deÐxoume ìti h ln 1
f eÐnai kurt  ('Askhsh 4). 'Omwc, ln 1

f = − ln f , opìte arkeÐ na
deÐxoume ìti h ln f eÐnai koÐlh. AfoÔ h f eÐnai koÐlh kai h ln eÐnai koÐlh kai aÔxousa,
epiqeÐrhma ìmoio me autì thc 'Askhshc 4 deÐqnei ìti h ln f eÐnai koÐlh.

14. 'Estw f : [0, 2π] → R kurt  sun�rthsh. DeÐxte ìti gia k�je k ≥ 1,

1
π

∫ 2π

0

f(x) cos kxdx ≥ 0.

Upìdeixh. 'Eqoume

1
π

∫ 2π

0

f(x) cos kx dx =
1
k

∫ 2kπ

0

f
(y

k

)
cos y dy

=
1
k

k−1∑
m=0

∫ 2mπ+2π

2mπ

f
(y

k

)
cos y dy

=
1
k

k−1∑
m=0

∫ 2π

0

f

(
y + 2mπ

k

)
cos y dy.

Gia k�je m = 0, . . . , k − 1, h sun�rthsh gm(y) = f
(

y+2mπ
k

)
eÐnai kurt  sto [0, 2π]

(exhg ste giatÐ). ArkeÐ loipìn na deÐxoume ìti an g : [0, 2π] → R eÐnai mia kurt 

sun�rthsh tìte
∫ 2π

0
g(x) cos x dx ≥ 0 (to zhtoÔmeno, gia k = 1). Gr�foume∫ 2π

0

g(x) cos x dx =
∫ π/2

0

g(x) cos x dx +
∫ π

π/2

g(x) cos x dx

+
∫ 3π/2

π

g(x) cos x dx +
∫ 2π

3π/2

g(x) cos x dx.
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K�nontac tic allagèc metablht c y = π − x, z = x− π, w = 2π − x blèpoume ìti∫ π

π/2

g(x) cos x dx = −
∫ π/2

0

g(π − y) cos y dy∫ 3π/2

π

g(x) cos x dx = −
∫ π/2

0

g(z + π) cos z dz∫ 2π

3π/2

g(x) cos x dx =
∫ π/2

0

g(2π − w) cos w dw,

�ra ∫ 2π

0

g(x) cos x dx =
∫ π/2

0

[g(x)− g(π − x)− g(π + x) + g(2π − x)] cos x dx.

An 0 ≤ x ≤ π/2 tìte x ≤ π − x ≤ π + x ≤ 2π − x. H g eÐnai kurt , �ra

g(π − x)− g(x)
(π − x)− x

≤ g(2π − x)− g(π + x)
(2π − x)− (π + x)

.

'Omwc, (π − x)− x = π − 2x = (2π − x)− (π + x). 'Ara,

g(x)− g(π − x)− g(π + x) + g(2π − x) ≥ 0.

AfoÔ cos x ≥ 0 sto [0, π/2], èpetai ìti
∫ 2π

0
g(x) cos x dx ≥ 0.

15. 'Estw f : (a, b) → R suneq c sun�rthsh. DeÐxte ìti h f eÐnai kurt  an kai
mìno an

f(x) ≤ 1
2h

∫ h

−h

f(x + t)dt

gia k�je di�sthma [x− h, x + h] ⊂ (a, b).

Upìdeixh. Upojètoume pr¸ta ìti h f eÐnai kurt . 'Estw x ∈ (a, b) kai h > 0 gia to
opoÐo [x− h, x + h] ⊂ (a, b). Gia k�je t ∈ [0, h] èqoume

f(x) ≤ f(x + t) + f(x− t)
2

apì thn kurtìthta thc f . Parathr ste ìti∫ h

−h

f(x + t)dt =
∫ h

0

f(x + t) dt +
∫ h

0

f(x− t) dt

=
∫ h

0

(f(x + t) + f(x− t)) dt

≥
∫ h

0

2f(x) dt

= 2hf(x).

Dhlad ,

(∗) f(x) ≤ 1
2h

∫ h

−h

f(x + t) dt.
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AntÐstrofa, ac upojèsoume ìti h suneq c sun�rthsh f : (a, b) → R ikanopoieÐ thn
(∗) gia k�je di�sthma [x − h, x + h] ⊂ (a, b). 'Estw [x, y] ⊂ (a, b). H f paÐrnei
mègisth tim  sto [x, y] (lìgw sunèqeiac). Ac upojèsoume ìti aut  h mègisth tim 
den pi�netai se k�poio apì ta x   y. Dhlad , up�rqei c ∈ (x, y) ¸ste f(z) ≤ f(c)
gia k�je z ∈ [x, y] kai max{f(x), f(y)} < f(c). QwrÐc periorismì thc genikìthtac
upojètoume ìti h = c − x ≤ y − c. Tìte, h mègisth tim  thc f sto [c − h, c + h]
paÐrnetai sto shmeÐo c kai f(c − h) = f(x) < f(c). AfoÔ h f eÐnai suneq c sto
[c− h, c + h], sumperaÐnoume ìti∫ h

−h

f(c + t) dt < 2h · f(c).

Tìte, h upìjesh (∗) odhgeÐ se �topo: èqoume

f(c) ≤ 1
2h

∫ h

−h

f(c + t) dt < f(c).

'Eqoume loipìn deÐxei to ex c:

Isqurismìc. An h suneq c sun�rthsh f : (a, b) → R ikanopoieÐ thn
(∗) gia k�je di�sthma [x − h, x + h] ⊂ (a, b), tìte gia k�je di�sthma
[x, y] ⊂ (a, b) h mègisth tim  thc f sto [x, y] paÐrnetai se k�poio apì ta
�kra tou [x, y].

Qrhsimopoi¸ntac to parap�nw ja deÐxoume ìti h f eÐnai kurt . 'Estw x < y sto
(a, b). JewroÔme th grammik  sun�rthsh ` : (a, b) → R pou sumpÐptei me thn f sta
x kai y. Dhlad ,

`(z) = f(x) +
f(y)− f(x)

y − x
(z − x).

Parathr ste ìti

`(z) =
1
2h

∫ h

−h

`(z + t) dt

gia k�je z ∈ (a, b) kai [z−h, z +h] ⊂ (a, b). 'Ara, h sun�rthsh g := f − ` ikanopoieÐ
thn

g(z) ≤ 1
2h

∫ h

−h

g(z + t) dt

gia k�je z ∈ (a, b) kai [z − h, z + h] ⊂ (a, b). Apì ton isqurismì, h g paÐrnei th
mègisth tim  thc sto [x, y] se k�poio apì ta x, y. 'Omwc, g(x) = f(x) − `(x) = 0
kai, ìmoia, g(y) = 0. 'Ara, f(z) ≤ `(z) gia k�je z ∈ [x, y]. IsodÔnama, gia k�je
t ∈ [0, 1] èqoume

f((1− t)x + ty) ≤ f(x) +
f(y)− f(x)

y − x
[t(y − x)] = (1− t)f(x) + tf(y).

AfoÔ ta x, y ∈ (a, b) kai t ∈ [0, 1]  tan tuqìnta, h f eÐnai kurt .

16. 'Estw f : (a, b) → R kurt  sun�rthsh kai c ∈ (a, b). DeÐxte ìti h f eÐnai
paragwgÐsimh sto c an kai mìno an

lim
h→0+

f(c + h) + f(c− h)− 2f(c)
h

= 0.
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Upìdeixh. An h f eÐnai paragwgÐsimh sto c, tìte

f ′(c) = lim
h→0+

f(c + h)− f(c)
h

= lim
h→0+

f(c− h)− f(c)
−h

= − lim
h→0+

f(c− h)− f(c)
h

,

�ra

lim
h→0+

f(c + h) + f(c− h)− 2f(c)
h

= lim
h→0+

f(c + h)− f(c)
h

+ lim
h→0+

f(c− h)− f(c)
h

= 0.

AntÐstrofa, upojètoume ìti

(∗) lim
h→0+

f(c + h) + f(c− h)− 2f(c)
h

= 0.

AfoÔ h f eÐnai kurt , up�rqoun oi pleurikèc par�gwgoi

f ′+(c) = lim
h→0+

f(c + h)− f(c)
h

kai f ′−(c) = lim
h→0+

f(c− h)− f(c)
−h

.

Afair¸ntac kat� mèlh paÐrnoume

f ′+(c)− f ′−(c) = lim
h→0+

f(c + h) + f(c− h)− 2f(c)
h

.

Apì thn (∗), to teleutaÐo ìrio eÐnai Ðso me 0. 'Ara, f ′+(c) = f ′−(c). Sunep¸c, h f
eÐnai paragwgÐsimh sto c.

17. 'Estw f : [0,+∞) kurt , mh arnhtik  sun�rthsh me f(0) = 0. OrÐzoume
F : [0,+∞) → R me F (0) = 0 kai

F (x) =
1
x

∫ x

0

f(t)dt.

DeÐxte ìti h F eÐnai kurt .

Upìdeixh. 'Estw x > 0. K�nontac thn allag  metablht c t = xs blèpoume ìti

F (x) =
1
x

∫ x

0

f(t) dt =
∫ 1

0

f(xs) ds.

'Estw x, y > 0 kai t ∈ [0, 1]. Apì thn kurtìthta thc f èqoume

f([(1− t)x + ty]s) ≤ (1− t)f(xs) + tf(ys)

gia k�je s ∈ [0, 1]. 'Ara,

F ((1− t)x + ty) =
∫ 1

0

f([(1− t)x + ty]s) ds

≤ (1− t)
∫ 1

0

f(xs) ds + t

∫ 1

0

f(ys) ds

= (1− t)F (x) + tF (y).
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EpÐshc, qrhsimopoi¸ntac tic f(0) = 0 kai F (0) = 0 blèpoume ìti: gia k�je x > 0
kai gia k�je t ∈ [0, 1],

F ((1− t)0 + tx) =
∫ 1

0

f([(1− t)0 + tx]s) ds

≤ (1− t)
∫ 1

0

f(0) ds + t

∫ 1

0

f(xs) ds

= tF (x) = (1− t)F (0) + tF (x).

Apì ta parap�nw èpetai ìti h F eÐnai kurt .


