
Kef�laio 6

Teqnikèc Olokl rwshc

Om�da A'

1. UpologÐste ta akìlouja oloklhr¸mata:∫
2x

x2 + 2x + 2
dx ,

∫
2x2 + x + 1

(x + 3)(x− 1)2
dx ,

∫
3x2 + 3x + 1

x3 + 2x2 + 2x + 1
dx.

Upìdeixh. (a) Gr�foume∫
2x

x2 + 2x + 2
dx =

∫
2x

(x + 1)2 + 1
dx

kai qrhsimopoioÔme thn antikat�stash y = x + 1.
(b) An�lush se apl� kl�smata. Zht�me a, b, c ∈ R ¸ste

2x2 + x + 1
(x + 3)(x− 1)2

=
a

x + 3
+

b

x− 1
+

c

(x− 1)2
.

Elègxte ìti a = 1, b = 1 kai c = 1.
(g) ParathroÔme ìti x3 + 2x2 + 2x + 1 = (x + 1)(x2 + x + 1) kai k�noume an�lush
se apl� kl�smata.

2. UpologÐste ta akìlouja oloklhr¸mata:∫
dx

x4 + 1
,

∫
dx√

x + 3
√

x
,

∫
dx

x
√

x2 − 1
,

∫
dx√

1 + ex
.

Upìdeixh. (a) ParathroÔme ìti x4+1 = (x2+1)2−2x2 = (x2+
√

2x+1)(x2−
√

2x+1)
kai k�noume an�lush se apl� kl�smata.

(b) Me thn antikat�stash u = 6
√

x prokÔptei to olokl rwma∫
6u5

u3 + u2
du =

∫
6u3

u + 1
du

to opoÐo upologÐzetai eÔkola (mporeÐte na k�nete th nèa antikat�stash y = u + 1).



68 · Teqnikès Olokl rwshs

(g) Me thn antikat�stash u =
√

x2 − 1 èqoume dx
x = u du

u2+1 , opìte prokÔptei to
olokl rwma ∫

du

u2 + 1
= arctan(

√
x2 − 1) + c.

(d) Me thn antikat�stash u =
√

1 + ex èqoume du = ex

2
√

1+ex dx = u2−1
2u dx, opìte

prokÔptei to olokl rwma
∫

2du
u2−1 , to opoÐo upologÐzetai eÔkola me an�lush se apl�

kl�smata.

3. UpologÐste ta akìlouja oloklhr¸mata:∫
cos3 x dx ,

∫
cos2 x sin3 x dx ,

∫
tan2 x dx ,

∫
dx

cos4 x
,

∫ √
tanx dx .

Upìdeixh. (a) Gr�foume∫
cos3 x dx =

∫
cos2 x cos x dx =

∫
(1− sin2 x)(sinx)′dx

kai jètoume u = sinx.

(b) Gr�foume ∫
cos2 x sin3 x dx =

∫
cos2 x(1− cos2 x)(−1)(cos x)′dx

kai jètoume u = cos x.

(g) Gr�foume ∫
tan2 x dx =

∫ (
1

cos2 x
− 1
)

dx = tan x− x + c.

(d) Gr�foume∫
1

cos4 x
dx =

∫
(tanx)′

1
cos2 x

dx =
tanx

cos2 x
−
∫

tanx

(
1

cos2 x

)′
dx

=
tanx

cos2 x
−
∫

tanx
2 sinx

cos3 x
dx =

tanx

cos2 x
−
∫

2(1− cos2 x)
cos4 x

dx

=
tanx

cos2 x
− 2

∫
1

cos4 x
dx + 2

∫
1

cos2 x
dx.

'Epetai ìti

3
∫

1
cos4 x

dx =
tanx

cos2 x
+ 2

∫
1

cos2 x
dx =

tanx

cos2 x
+ tanx + c.

(e) Me thn antikat�stash u =
√

tanx paÐrnoume

du =
1

2
√

tanx

1
cos2 x

dx =
1

2
√

tanx
(tan2 x + 1) dx =

u4 + 1
2u

dx,

opìte jewroÔme to ∫
2u2

u4 + 1
du,
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to opoÐo upologÐzetai me an�lush se apl� kl�smata.

4. Qrhsimopoi¸ntac olokl rwsh kat� mèrh, deÐxte ìti: gia k�je n ∈ N,∫
dx

(x2 + 1)n+1
=

1
2n

x

(x2 + 1)n
+

2n− 1
2n

∫
dx

(x2 + 1)n
.

Upìdeixh. Gr�foume

In =
∫

dx

(x2 + 1)n
=

∫
(x)′

1
(x2 + 1)n

dx =
x

(x2 + 1)n
+ 2n

∫
x2

(x2 + 1)n+1
dx

=
x

(x2 + 1)n
+ 2n

∫
x2 + 1− 1
(x2 + 1)n+1

dx

=
x

(x2 + 1)n
+ 2n

∫
1

(x2 + 1)n
dx− 2n

∫
1

(x2 + 1)n+1
dx

=
x

(x2 + 1)n
+ 2nIn − 2nIn+1.

'Epetai ìti

In+1 =
1
2n

x

(x2 + 1)n
+

2n− 1
2n

In.

5. UpologÐste ta akìlouja oloklhr¸mata:∫
x2

(x2 − 4)(x2 − 1)
dx ,

∫
1

(1 + x)(1 + x2)
dx ,

∫
x log x dx∫

x cos x dx ,

∫
ex sinx dx ,

∫
x sin2 x dx∫

log(x +
√

x) dx ,

∫
1

x
√

1− x2
dx ,

∫
x + 4

(x2 + 1)(x− 1)
dx∫

x

1 + sin x
dx ,

∫
cos3 x

sin2 x
dx ,

∫
dx

(x2 + 2x + 2)2
.

Upìdeixh. (a) An�lush se apl� kl�smata.

(b) An�lush se apl� kl�smata.

(g) Olokl rwsh kat� mèrh:∫
x log x dx =

1
2

∫
(x2)′ log x dx =

x2 log x

2
− 1

2

∫
x dx =

x2 log x

2
− x2

4
+ c.

(d) Olokl rwsh kat� mèrh:∫
x cos x dx =

∫
x(sinx)′ dx = x sinx−

∫
sinx dx = x sinx + cos x + c.

(e) Olokl rwsh kat� mèrh:

I =
∫

ex sinx dx =
∫

(ex)′ sinx dx = ex sinx−
∫

ex cos x dx

= ex sinx−
∫

(ex)′ cos x dx = ex sinx− ex cos x +
∫

ex(cos x)′dx

= ex(sinx− cos x)−
∫

ex sinx dx = ex(sinx− cos x)− I.
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'Epetai ìti ∫
ex sinx dx =

ex(sinx− cos x)
2

+ c.

(st) Qrhsimopoi¸ntac thn tautìthta sin2 x = 1−cos(2x)
2 paÐrnoume∫

x sin2 x dx =
∫

x

2
dx−

∫
x

cos(2x)
2

dx.

Gia to deÔtero olokl rwma, qrhsimopoi ste thn antikat�stash u = 2x kai olok-
l rwsh kat� mèrh ìpwc sto (d).

(z) Me olokl rwsh kat� mèrh paÐrnoume∫
log(x+

√
x) dx =

∫
(x)′ log(x+

√
x) dx = x log(x+

√
x)−

∫
x

x +
√

x

(
1 +

1
2
√

x

)
dx.

Katìpin, efarmìste thn antikat�stash u =
√

x.

(h) Me thn antikat�stash u =
√

1− x2 blèpoume ìti dx
x = udu

u2−1 , opìte katal goume
sto ∫

1
u2 − 1

du

to opoÐo upologÐzetai me an�lush se apl� kl�smata.

(j) An�lush se apl� kl�smata.

(i) Jètoume y = tan x
2 . Elègxte ìti dx = 2

1+y2 dy kai sinx = 2y
1+y2 . Anagìmaste

ètsi sto olokl rwma∫
2 arctan y

1
1 + 2y

1+y2

2
1 + y2

dy = 4
∫

arctan y
1

(1 + y)2
dy

= 4
∫

arctan y

(
− 1

1 + y

)′
dy

= −4
arctan y

1 + y
+ 4

∫
1

(1 + y2)(1 + y)
dy.

To teleutaÐo olokl rwma upologÐzetai me an�lush se apl� kl�smata.

(k) Gr�foume ∫
cos3 x

sin2 x
dx =

∫
1− sin2 x

sin2 x
(sinx)′dx

kai k�noume thn antikat�stash u = sinx.

(l) Antikat�stash y = x + 1.

6. UpologÐste ta oloklhr¸mata∫
sin(log x) dx ,

∫
1

x
√

x
log(1− x) dx.

Upìdeixh. (a) An jèsoume u = log x, tìte dx = eudu kai katal goume sto olok-
l rwma ∫

eu sinu du,
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to opoÐo upologÐzetai me olokl rwsh kat� mèrh.

(b) Gr�foume∫
1

x
√

x
log(1− x) dx = −2

∫ (
1√
x

)′
log(1− x) dx

= −2 log(1− x)√
x

− 2
∫

1√
x

1
1− x

dx.

To teleutaÐo olokl rwma upologÐzetai me thn antikat�stash u =
√

x.

7. UpologÐste ta oloklhr¸mata∫
x arctanx

(1 + x2)2
dx ,

∫
xex

(1 + x)2
dx.

Upìdeixh. (a) Gr�foume∫
x arctanx

(1 + x2)2
dx = −1

2

∫ (
1

1 + x2

)′
arctanx dx

= −1
2

arctanx

1 + x2
+

1
2

∫
1

(1 + x2)2
dx.

Gia to teleutaÐo olokl rwma qrhsimopoioÔme ton anagwgikì tÔpo thc 'Askhshc 4.

(b) Gr�foume ∫
xex

(1 + x)2
dx = −

∫ (
1

1 + x

)′
xex dx

= − xex

1 + x
+
∫

1
1 + x

(xex)′dx

= − xex

1 + x
+
∫

1
1 + x

(1 + x)ex dx

= − xex

1 + x
+ ex + c.

8. UpologÐste ta oloklhr¸mata∫
ex

1 + e2x
dx ,

∫
log(tan x)

cos2 x
dx.

Upìdeixh. (a) Me thn antikat�stash u = ex anagìmaste ston upologismì tou
oloklhr¸matoc rht c sun�rthshc.

(b) Me thn antikat�stash u = tan x anagìmaste ston upologismì tou∫
log u du = u log u− u + c.

9. UpologÐste ta oloklhr¸mata∫ π
4

0

x

cos2 x
dx ,

∫ π
4

−π
4

tan3 x

cos3 x
dx∫ 5

0

x log
(√

1 + x2
)

dx ,

∫ π
4

0

x tan2 x dx.
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Upìdeixh. UpologÐste pr¸ta ta aìrista oloklhr¸mata:

(a) Gr�foume∫
x

cos2 x
dx = x tanx−

∫
tanx dx = x tanx + log(cos x) + c.

(b) Gr�foume ∫
tan3 x

cos3 x
dx =

∫
(1− cos2 x) sinx

cos6 x
dx

kai k�noume thn antikat�stash u = cos x.

(g) Me thn antikat�stash u =
√

1 + x2 anagìmaste ston upologismì tou∫
u log u du,

to opoÐo upologÐzetai me olokl rwsh kat� mèrh.

(d) Gr�foume ∫
x tan2 x dx =

∫
x

1
cos2 x

dx−
∫

x dx.

To pr¸to olokl rwma upologÐsthke sto (a).

10. UpologÐste ta akìlouja embad�:

(a) Tou qwrÐou pou brÐsketai sto pr¸to tetarthmìrio kai fr�ssetai apì tic grafikèc
parast�seic twn sunart sewn f(x) =

√
x, g(x) = x− 2 kai apì ton x-�xona.

(b) Tou qwrÐou pou fr�ssetai apì tic grafikèc parast�seic twn sunart sewn f(x) =
cos x kai g(x) = sin x sto di�sthma [π

4 , 5π
4 ].

Upìdeixh. (a) To embadìn eÐnai Ðso me∫ 2

0

√
x dx +

∫ 4

2

(
√

x− x + 2) dx.

Exhg ste giatÐ kai upologÐste to.

(b) To embadìn eÐnai Ðso me ∫ 5π/4

π/4

(sinx− cos x) dx.

Exhg ste giatÐ kai upologÐste to.

Om�da B'

11. UpologÐste ta oloklhr¸mata∫
1 + sin x

1− cos x
dx ,

∫
1

sinx
dx ,

∫
x

(1 + x2)2
dx ,

∫
1

x
√

1− x2
dx

∫
1

(1 + x2)2
dx ,

∫
x arctanx dx ,

∫
x√

x2 + 1
dx ,

∫ √
x2 − 1 dx.
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Upìdeixh. (a) Jètoume y = tan x
2 . Elègxte ìti dx = 2

1+y2 dy, cos x = 1−y2

1+y2 kai

sinx = 2y
1+y2 . Anagìmaste ètsi sto olokl rwma∫

(1 + y)2

y2(1 + y2)
dy,

to opoÐo upologÐzetai me an�lush se apl� kl�smata.

(b) Gr�foume ∫
1

sinx
dx =

∫
sinx

1− cos2 x
dx

kai k�nontac thn antikat�stash u = cos x anagìmaste sto
∫

1
u2−1 du, to opoÐo

upologÐzetai me an�lush se apl� kl�smata.

(g) Me thn antikat�stash u = x2 + 1 anagìmaste ston upologismì tou

1
2

∫
du

u2
= − 1

2u
+ c.

(d) Me thn antikat�stash x = sinu anagìmaste ston upologismì tou∫
1

sinu
du,

to opoÐo upologÐsthke sto (b).

(e) QrhsimopoioÔme ton anagwgikì tÔpo thc 'Askhshc 4.

(st) Me olokl rwsh kat� mèrh paÐrnoume∫
x arctanx dx =

x2

2
arctanx− 1

2

∫
x2

x2 + 1
dx =

x2

2
arctanx− x

2
+

1
2

arctanx + c.

Gia thn teleutaÐa isìthta parathr ste ìti∫
x2

x2 + 1
dx =

∫
x2 + 1− 1

x2 + 1
dx =

∫
dx−

∫
1

x2 + 1
dx.

(z) Me thn antikat�stash u = x2 + 1 anagìmaste ston upologismì tou∫
du

2
√

u
=
√

u + c.

(h) Jètoume x2 − 1 = (x − t)2. IsodÔnama, x = t2+1
2t . Tìte, dx = t2−1

2t2 dt kai

x− t = 1−t2

2t , opìte anagìmaste ston upologismì tou∫
−(t2 − 1)2

4t3
dt.

12. UpologÐste to olokl rwma ∫ π

0

x sinx

1 + cos2 x
dx.
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Upìdeixh. Me thn antikat�stash y = π − x paÐrnoume

I =
∫ π

0

x sinx

1 + cos2 x
dx =

∫ π

0

(π − y) sin y

1 + cos2 y
dy = π

∫ π

0

sin y

1 + cos2 y
dy − I,

dhlad  ∫ π

0

x sinx

1 + cos2 x
dx =

π

2

∫ π

0

sin y

1 + cos2 y
dy.

To teleutaÐo olokl rwma upologÐzetai me thn antikat�stash u = cos y.

13. UpologÐste to olokl rwma∫ π
2

0

sinx

sinx + cos x
dx.

Upìdeixh. H antikat�stash y = π
2 − x dÐnei (exhg ste giatÐ)∫ π

2

0

sinx

sinx + cos x
dx = −

∫ 0

π/2

cos y

cos y + sin y
dy =

∫ π/2

0

cos x

sinx + cos x
dx.

AfoÔ∫ π
2

0

sinx

sinx + cos x
dx +

∫ π
2

0

cos x

sinx + cos x
dx =

∫ π
2

0

sinx + cos x

sinx + cos x
dx =

π

2
,

sumperaÐnoume ìti ∫ π
2

0

sinx

sinx + cos x
dx =

π

4
.

14. UpologÐste to olokl rwma∫ π
4

0

log(1 + tanx) dx.

Upìdeixh. H antikat�stash y = π
4 − x dÐnei

I =
∫ π/4

0

log(1 + tanx) dx =
∫ π/4

0

log(1 + tan(π/4− y)) dy.

Parathr ste ìti

tan
(π

4
− y
)

=
1− tan y

1 + tan y
,

�ra,

1 + tan
(π

4
− y
)

=
2

1 + tan y
.

Sunep¸c,

I =
∫ π/4

0

log(1 + tanx) dx =
∫ π/4

0

log
(

2
1 + tan y

)
dy

=
∫ π/4

0

(log 2− log(1 + tan y)) dy

=
π(log 2)

4
− I.
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'Epetai ìti

I =
π(log 2)

8
.

15. DeÐxte ìti to genikeumèno olokl rwma∫ ∞

0

xpdx

den eÐnai peperasmèno gia kanèna p ∈ R.

Upìdeixh. DiakrÐnoume treÐc peript¸seic: an p > −1 tìte∫ ∞

1

xpdx = lim
M→+∞

∫ M

1

xpdx = lim
M→+∞

Mp+1 − 1
p + 1

= +∞.

An p < −1 tìte∫ 1

0

xpdx = lim
δ→0+

∫ 1

δ

xpdx = lim
δ→0+

1− δp+1

p + 1
= +∞.

Tèloc, an p = −1 tìte∫ ∞

1

xpdx = lim
M→+∞

∫ M

1

1
x

dx = lim
M→+∞

log M = +∞.

Se k�je perÐptwsh, èpetai ìti to genikeumèno olokl rwma
∫∞
0

xpdx apeirÐzetai.

16. UpologÐste ta akìlouja genikeumèna oloklhr¸mata:∫ ∞

0

xe−x2
dx ,

∫ 1

−1

dx√
1− x2

,

∫ 1

0

log x dx .

Upìdeixh. (a) Gia k�je M > 0 èqoume∫ M

0

xe−x2
dx = −1

2
e−x2

∣∣∣∣M
0

=
1− e−M2

2
.

'Epetai ìti ∫ ∞

0

xe−x2
dx = lim

M→∞

∫ M

0

xe−x2
dx = lim

M→∞

1− e−M2

2
=

1
2
.

(b) Gia k�je s ∈ (0, 1) èqoume∫ s

0

dx√
1− x2

= arcsinx

∣∣∣∣s
0

= arcsin s− arcsin 0 = arcsin s.

'Epetai ìti∫ 1

0

dx√
1− x2

= lim
s→1−

∫ s

0

dx√
1− x2

= lim
s→1−

arcsin s = arcsin 1 =
π

2
.

Lìgw summetrÐac, ∫ 1

−1

dx√
1− x2

= π.
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(g) Gia k�je δ ∈ (0, 1) èqoume∫ 1

δ

log x dx = x log x− x

∣∣∣∣1
δ

= −1− δ log δ + δ.

'Epetai ìti∫ 1

0

log x dx = lim
δ→0+

∫ 1

δ

log x dx = lim
δ→0+

(−δ log δ + δ − 1) = −1.

17. DeÐxte ìti, gia k�je n ∈ N, ∫ ∞

0

e−xxndx = n!

Upìdeixh. Me epagwg : gia n = 0 èqoume∫ ∞

0

e−xdx = −e−x

∣∣∣∣∞
0

= 1.

An n ∈ N, tìte, gia k�je M > 0 èqoume∫ M

0

e−xxndx =
∫ M

0

(−e−x)′xndx = −e−xxn

∣∣∣∣M
0

+ n

∫ M

0

e−xxn−1dx.

Af nontac to M →∞ blèpoume ìti

In =
∫ ∞

0

e−xxndx = n

∫ ∞

0

e−xxn−1dx = nIn−1.

An loipìn upojèsoume ìti In−1 = (n− 1)!, tìte In = n · (n− 1)! = n!.

18. BreÐte ta ìria

lim
x→+∞

x3e−x6
∫ x3

0

et2dt , lim
x→0+

1
x4

∫ x2

0

et sin t dt.

Upìdeixh. (a) Me thn antikat�stash y = x3 blèpoume ìti arkeÐ na upologÐsoume to

lim
y→+∞

ye−y2
∫ y

0

et2dt.

Efarmìzoume ton kanìna tou L’ Hospital:(∫ y

0
et2dt

)′
(ey2/y)′

=
ey2

2ey2 − ey2/y2
=

1
2− y−2

→ 1
2

ìtan y → +∞. 'Ara,

lim
x→+∞

x3e−x6
∫ x3

0

et2dt =
1
2
.
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(a) Me thn antikat�stash y = x2 blèpoume ìti arkeÐ na upologÐsoume to

lim
y→0+

1
y2

∫ y

0

et sin t dt.

Efarmìzoume ton kanìna tou L’ Hospital:(∫ y

0
et sin t dt

)′
(y2)′

=
ey sin y

2y
→ 1

2

ìtan y → 0+. 'Ara,

lim
x→0+

1
x4

∫ x2

0

et sin t dt =
1
2
.


