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Kef�laio 1

UpakoloujÐec kai

akoloujÐec Cauchy

Om�da A'. Erwt seic katanìhshc

Exet�ste an oi parak�tw prot�seic eÐnai alhjeÐc   yeudeÐc (aitiolog ste pl rwc
thn ap�nths  sac).

1. an → +∞ an kai mìno an gia k�je M > 0 up�rqoun �peiroi ìroi thc (an) pou
eÐnai megalÔteroi apì M .

L�joc. Jewr ste thn akoloujÐa (an) me a2k = k kai a2k−1 = 1 gia k�je k ∈ N.
Tìte, gia k�je M > 0 up�rqoun �peiroi ìroi thc (an) pou eÐnai megalÔteroi apì
M . Pr�gmati, up�rqei k0 ∈ N ¸ste k0 > M , kai tìte, gia k�je k ≥ k0 isqÔei
a2k = k ≥ k0 > M . 'Omwc, an 6→ +∞: an autì Ðsque, ja èprepe ìloi telik� oi ìroi
thc (an) na eÐnai megalÔteroi apì 2, to opoÐo den isqÔei afoÔ ìloi oi perittoÐ ìroi
thc (an) eÐnai Ðsoi me 1.

H �llh kateÔjunsh eÐnai swst : an an → +∞ tìte (apì ton orismì) gia k�je
M > 0 ìloi telik� oi ìroi thc (an) eÐnai megalÔteroi apì M . 'Ara, gia k�je M > 0
up�rqoun �peiroi ìroi thc (an) pou eÐnai megalÔteroi apì M .

2. H (an) den eÐnai �nw fragmènh an kai mìno an up�rqei upakoloujÐa (akn
) thc

(an) ¸ste akn
→ +∞.

Swstì. Upojètoume pr¸ta ìti up�rqei upakoloujÐa (akn
) thc (an) ¸ste akn

→
+∞. 'Estw M > 0. AfoÔ akn → +∞, ìloi telik� oi ìroi akn eÐnai megalÔteroi
apì M . Opìte, up�rqoun �peiroi ìroi thc (an) pou eÐnai megalÔteroi apì M . AfoÔ
o M > 0  tan tuq¸n, h (an) den eÐnai �nw fragmènh.

'Alloc trìpoc: an h (an)  tan �nw fragmènh, tìte kai k�je upakoloujÐa thc
(an) ja  tan �nw fragmènh. Tìte ìmwc, h (an) den ja mporoÔse na èqei upakoloujÐa
h opoÐa na teÐnei sto +∞.

AntÐstrofa, ac upojèsoume ìti h (an) den eÐnai �nw fragmènh. Ja broÔme
epagwgik� k1 < · · · < kn < kn+1 < · · · ¸ste akn

> n. Tìte, gia thn upakoloujÐa
(akn

) thc (an) ja èqoume akn
→ +∞:

AfoÔ h (an) den eÐnai �nw fragmènh, mporoÔme na broÔme k1 ∈ N ¸ste ak1 > 1.
Ac upojèsoume ìti èqoume breÐ k1 < · · · < km ¸ste akj

> j gia k�je j = 1, . . . ,m.
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Jètoume M = max{a1, a2, . . . , akm ,m + 1}. AfoÔ h (an) den eÐnai �nw fragmènh,
mporoÔme na broÔme km+1 ∈ N ¸ste akm+1 > M . Apì ton orismì tou M èqoume
akm+1 > m + 1 kai akm+1 > an gia k�je n = 1, 2, . . . , km. Sunep¸c, km+1 > km.
Autì oloklhr¸nei to epagwgikì b ma.

3. K�je upakoloujÐa miac sugklÐnousac akoloujÐac sugklÐnei.

Swstì. Upojètoume ìti an → a. 'Estw (bn) = (akn
) mia upakoloujÐa thc (an) kai

èstw ε > 0. Up�rqei n0 ∈ N ¸ste: gia k�je n ≥ n0 isqÔei |an − a| < ε. Tìte, gia
k�je n ≥ n0 èqoume kn ≥ n ≥ n0, �ra |bn − a| = |akn

− a| < ε. 'Epetai ìti bn → a.

4. An mia akoloujÐa den èqei fjÐnousa upakoloujÐa tìte èqei mia gnhsÐwc aÔxousa
upakoloujÐa.

Swstì. JumhjeÐte ton orismì tou shmeÐou koruf c miac akoloujÐac (an): h (an)
èqei shmeÐo koruf c ton ìro ak an ak ≥ am gia k�je m ≥ k.

AfoÔ h (an) den èqei fjÐnousa upakoloujÐa, den mporeÐ na èqei �peira shmeÐa
koruf c: pr�gmati, ac upojèsoume ìti up�rqoun k1 < k2 < · · · < kn < · · · ¸ste oi
ìroi ak1 , . . . , akn , . . . na eÐnai shmeÐa koruf c thc (an). Tìte,

ak1 ≥ ak2 ≥ · · · ≥ akn
≥ · · · ,

dhlad  h upakoloujÐa (akn
) eÐnai fjÐnousa.

'Ara, h (an) èqei peperasmèna to pl joc shmeÐa koruf c: Up�rqei dhlad  k1 ∈ N
(to teleutaÐo shmeÐo koruf c   o k1 = 1 an den up�rqoun shmeÐa koruf c) me thn
idiìthta: an n ≥ k1, up�rqei n′ > n ¸ste an′ > an.

BrÐskoume k2 > k1 ¸ste ak1 < ak2 , katìpin brÐskoume k3 > k2 ¸ste ak2 < ak3

kai oÔtw kajex c. Up�rqoun dhlad  k1 < k2 < · · · < kn < · · · ¸ste

ak1 < ak2 < · · · < akn
< · · · .

'Ara, h (an) èqei toul�qiston mÐa gnhsÐwc aÔxousa upakoloujÐa.

5. An h (an) eÐnai fragmènh kai an 6→ a tìte up�rqoun b 6= a kai upakoloujÐa (akn)
thc (an) ¸ste akn

→ b.

Swstì. Sthn 'Askhsh 15 parak�tw apodeiknÔetai ìti an h akoloujÐa (an) den
sugklÐnei ston a tìte up�rqoun ε > 0 kai upakoloujÐa (akn) thc (an) ¸ste: gia
k�je n ∈ N isqÔei |akn − a| ≥ ε. AfoÔ h (an) eÐnai fragmènh, h (akn) eÐnai epÐshc
fragmènh. Apì to je¸rhma Bolzano–Weierstrass h (akn

) èqei upakoloujÐa (akln
)

h opoÐa sugklÐnei se k�poion b ∈ R. 'Omwc, |akln
− a| ≥ ε gia k�je n ∈ N, �ra

|b− a| = limn→∞ |akln
− a| ≥ ε. Dhlad , b 6= a.

6. Up�rqei fragmènh akoloujÐa pou den èqei sugklÐnousa upakoloujÐa.

L�joc. Apì to je¸rhma Bolzano–Weierstrass, k�je fragmènh akoloujÐa èqei sug-
klÐnousa upakoloujÐa.

7. An h (an) den eÐnai fragmènh, tìte den èqei fragmènh upakoloujÐa.

L�joc. Jewr ste thn akoloujÐa (an) me a2k = k kai a2k−1 = 1 gia k�je k ∈ N. H
(an) den eÐnai fragmènh, ìmwc h upakoloujÐa (a2k−1) eÐnai stajer  (�ra, fragmènh).



· 3

8. 'Estw (an) aÔxousa akoloujÐa. K�je upakoloujÐa thc (an) eÐnai aÔxousa.

Swstì. Jewr ste mia upakoloujÐa (akn
) thc (an). An n ∈ N tìte kn < kn+1.

H (an) eÐnai aÔxousa, �ra: an s, t ∈ N kai s < t tìte as ≤ at (exhg ste giatÐ).
PaÐrnontac s = kn kai t = kn+1 sumperaÐnoume ìti akn

≤ akn+1 .

9. An h (an) eÐnai aÔxousa kai gia k�poia upakoloujÐa (akn
) thc (an) èqoume

akn
→ a, tìte an → a.

Swstì. Upojètoume ìti h (an) eÐnai aÔxousa kai ìti up�rqei upakoloujÐa (akn) thc
(an) h opoÐa sugklÐnei ston a ∈ R.

AfoÔ akn
→ a, h (akn

) eÐnai fragmènh. Sunep¸c, up�rqei M ∈ R tètoioc ¸ste:
gia k�je n ∈ N isqÔei akn

≤ M . Ja deÐxoume ìti: gia k�je n ∈ N isqÔei an ≤ M .
Tìte, h (an) eÐnai aÔxousa kai �nw fragmènh, �ra sugklÐnei.

Jewr ste tuqìnta n ∈ N. AfoÔ n ≤ kn kai h (an) eÐnai aÔxousa, èqoume
an ≤ akn ≤ M .

10. An an → 0 tìte up�rqei upakoloujÐa (akn
) thc (an) ¸ste n2akn

→ 0.

Swstì. Ja broÔme epagwgik� k1 < · · · < kn < kn+1 < · · · ¸ste |akn | < 1
n3 . Tìte,

gia thn upakoloujÐa (akn
) thc (an) ja èqoume n2akn

→ 0 (exhg ste giatÐ).
AfoÔ an → 0, mporoÔme na broÔme k1 ∈ N ¸ste |ak1 | < 1. Ac upojèsoume

ìti èqoume breÐ k1 < · · · < km ¸ste |akj
| < 1

j3 gia k�je j = 1, . . . ,m. Jètoume

ε = 1
(m+1)3 > 0. AfoÔ an → 0, mporoÔme na broÔme n0 ∈ N ¸ste |an| < 1

(m+1)3

gia k�je n ≥ n0. Eidikìtera, up�rqei km+1 > km ¸ste |akm+1 | < 1
(m+1)3 . Autì

oloklhr¸nei to epagwgikì b ma.

Om�da B'

11. 'Estw (an) mia akoloujÐa. DeÐxte ìti an → a an kai mìno an oi upakoloujÐec
(a2k) kai (a2k−1) sugklÐnoun sto a.

Upìdeixh. Upojètoume ìti oi upakoloujÐec (a2k) kai (a2k−1) sugklÐnoun ston a.
'Estw ε > 0. Up�rqei n1 ∈ N me thn idiìthta: gia k�je k ≥ n1 isqÔei |a2k−a| <

ε. EpÐshc, up�rqei n2 ∈ N me thn idiìthta: gia k�je k ≥ n2 isqÔei |a2k−1 − a| < ε.
An jèsoume n0 = max{2n1, 2n2 − 1} tìte gia k�je n ≥ n0 isqÔei |an − a| < ε.

[Pr�gmati, parathr ste ìti an o n eÐnai �rtioc tìte n = 2k gia k�poion k ≥ n1 en¸
an o n eÐnai perittìc tìte n = 2k − 1 gia k�poion k ≥ n2.]

AfoÔ to ε > 0  tan tuqìn, èpetai ìti an → a.
To antÐstrofo eÐnai aplì: èqoume dei ìti an mia akoloujÐa (an) sugklÐnei ston

a ∈ R tìte k�je upakoloujÐa (akn
) thc (an) sugklÐnei ston a.

12. 'Estw (an) mia akoloujÐa. Upojètoume ìti oi upakoloujÐec (a2k), (a2k−1) kai
(a3k) sugklÐnoun. DeÐxte ìti:

(a) lim
k→∞

a2k = lim
k→∞

a2k−1 = lim
k→∞

a3k.

(b) H (an) sugklÐnei.

Upìdeixh. Ac upojèsoume ìti a2k → x, a2k−1 → y kai a3k → z. Parathr ste ìti:

(i) H (a6k) eÐnai tautìqrona upakoloujÐa thc (a2k) kai upakoloujÐa thc (a3k). 'Ara,
h (a6k) sugklÐnei kai x = lim

k→∞
a2k = lim

k→∞
a6k = lim

k→∞
a3k = z.
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(ii) H (a6k−3) eÐnai tautìqrona upakoloujÐa thc (a2k−1) kai upakoloujÐa thc (a3k).
'Ara, h (a6k−3) sugklÐnei kai y = lim

k→∞
a2k−1 = lim

k→∞
a6k−3 = lim

k→∞
a3k = z.

'Epetai ìti x = y = z. AfoÔ oi (a2k) kai (a2k−1) èqoun to Ðdio ìrio, h 'Askhsh 11
deÐqnei ìti h (an) sugklÐnei.

13. 'Estw (an) mia akoloujÐa. Upojètoume ìti a2n ≤ a2n+2 ≤ a2n+1 ≤ a2n−1

gia k�je n ∈ N kai ìti lim
n→∞

(a2n−1 − a2n) = 0. Tìte h (an) sugklÐnei se k�poion

pragmatikì arijmì a pou ikanopoieÐ thn a2n ≤ a ≤ a2n−1 gia k�je n ∈ N.

Upìdeixh. DeÐqnoume diadoqik� ta ex c:

(a) H (a2n) eÐnai aÔxousa kai �nw fragmènh apì ton a1 en¸ h (a2n−1) eÐnai fjÐnousa
kai k�tw fragmènh apì ton a2. Pr�gmati, apì thn upìjesh èqoume ìti h (a2n) eÐnai
aÔxousa kai h (a2n−1) eÐnai fjÐnousa. Eidikìtera,

a2 ≤ a2n ≤ a2n−1 ≤ a1

gia k�je n ∈ N.
(b) Up�rqoun a, b ∈ R tètoioi ¸ste a2n → a kai a2n−1 → b. Autì eÐnai �meso apì
to gegonìc ìti h (a2n) eÐnai aÔxousa kai h (a2n−1) eÐnai fjÐnousa (gnwrÐzoume ìti
k�je monìtonh kai fragmènh akoloujÐa sugklÐnei).

(g) a = b: autì prokÔptei apì thn upìjesh ìti a2n−1 − a2n → 0. AfoÔ a2n → a
kai a2n−1 → b, èqoume

b− a = lim
n→∞

a2n−1 − lim
n→∞

a2n = lim
n→∞

(a2n−1 − a2n) = 0.

(d) an → a = b: sto (g) eÐdame ìti

a = lim
n→∞

a2n = lim
n→∞

a2n−1 = b.

Apì thn 'Askhsh 11 èpetai ìti h (an) sugklÐnei kai

lim
n→∞

an = a = b.

(e) a2n ≤ a ≤ a2n−1 gia k�je n ∈ N. Autì eÐnai fanerì afoÔ h (a2n) eÐnai aÔxousa,
h (a2n−1) eÐnai fjÐnousa kai o a eÐnai to koinì touc ìrio. GnwrÐzoume ìti

a = sup{a2n : n ∈ N} = inf{a2n−1 : n ∈ N}.

14. 'Estw (an) mia akoloujÐa kai èstw (xk) akoloujÐa oriak¸n shmeÐwn thc (an).
Upojètoume oti xk → x. DeÐxte oti o x eÐnai oriakì shmeÐo thc (an).

Upìdeixh. SÔmfwna me ton qarakthrismì tou oriakoÔ shmeÐou akoloujÐac, arkeÐ na
deÐxoume ìti gia k�je ε > 0 up�rqoun �peiroi ìroi thc (an) pou ikanopoioÔn thn
|an − x| < ε.

'Estw ε > 0. AfoÔ xk → x, up�rqei k ∈ N ¸ste |xk − x| < ε
2 (gia thn akrÐbeia,

ìloi telik� oi ìroi thc (xk) èqoun aut  thn idiìthta). StajeropoioÔme ton xk kai
qrhsimopoioÔme to gegonìc ìti o xk eÐnai oriakì shmeÐo thc (an): up�rqoun �peiroi
ìroi thc (an) pou ikanopoioÔn thn |an − xk| < ε

2 . Gia ìlouc autoÔc touc ìrouc
blèpoume ìti

|an − x| ≤ |an − xk|+ |xk − x| < ε

2
+

ε

2
= ε.
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15. DeÐxte ìti h akoloujÐa (an) den sugklÐnei ston pragmatikì arijmì a, an kai
mìno an up�rqoun ε > 0 kai upakoloujÐa (akn) thc (an) ¸ste |akn −a| ≥ ε gia k�je
n ∈ N.

Upìdeixh. DeÐxte tic isodunamÐec (1) ⇐⇒ (2) ⇐⇒ (3) ⇐⇒ (4):

(1) H akoloujÐa (an) den sugklÐnei ston a.

(2) Up�rqei ε > 0 ¸ste �peiroi ìroi am thc (an) na ikanopoioÔn thn |am−a| ≥ ε.

(3) Up�rqoun ε > 0 kai fusikoÐ arijmoÐ k1 < k2 < · · · < kn < · · · ¸ste: gia k�je
n ∈ N isqÔei |akn − a| ≥ ε.

(4) Up�rqoun ε > 0 kai upakoloujÐa (akn) thc (an) ¸ste: gia k�je n ∈ N isqÔei
|akn

− a| ≥ ε.

16. 'Estw (an) akoloujÐa pragmatik¸n arijm¸n kai èstw a ∈ R. DeÐxte ìti an → a
an kai mìno an k�je upakoloujÐa thc (an) èqei upakoloujÐa pou sugklÐnei sto a.

Upìdeixh. (=⇒) Upojèste pr¸ta ìti an → a. An (akn
) eÐnai mia upakoloujÐa thc

(an) tìte akn
→ a. 'Ara, ìlec oi upakoloujÐec thc (akn

) sugklÐnoun ki autèc ston
a.

(⇐=) Me apagwg  se �topo: upojèste ìti h (an) den sugklÐnei ston a. Apì thn
'Askhsh 15, up�rqoun ε > 0 kai upakoloujÐa (akn) thc (an) ¸ste: gia k�je n ∈ N
isqÔei |akn

− a| ≥ ε. Tìte, an p�roume opoiad pote upakoloujÐa thc (akn
), ìloi oi

ìroi thc ja eÐnai ε-makri� apì ton a. Dhlad , h (akn
) den èqei upakoloujÐa pou na

sugklÐnei ston a.

17. OrÐzoume mia akoloujÐa (an) me a1 > 0 kai

an+1 = 1 +
2

1 + an
.

DeÐxte ìti oi upakoloujÐec (a2k) kai (a2k−1) eÐnai monìtonec kai fragmènec. BreÐte,
an up�rqei, to lim

n→∞
an.

Upìdeixh. DeÐxte pr¸ta ìti h (an) orÐzetai kal� kai an > 0 gia k�je n ∈ N. EpÐshc,
deÐxte ìti an an → x tìte x =

√
3.

(i) Upojèste ìti 0 < a1 <
√

3. DeÐxte diadoqik� ta ex c:

(a) a2 >
√

3.

(b) Gia k�je n ∈ N isqÔei h an+2 = 3+2an

2+an
.

(g) Gia k�je k ∈ N isqÔoun oi a2k−1 <
√

3 kai a2k−1 < a2k+1.

(d) Gia k�je k ∈ N isqÔoun oi a2k >
√

3 kai a2k+2 < a2k.

Qrhsimopoi¸ntac thn 'Askhsh 13 deÐxte ìti oi (a2k−1) kai (a2k) sugklÐnoun. Qrhsi-
mopoi¸ntac thn anadromik  sqèsh an�mesa ston an+2 kai ton an deÐxte ìti lim

k→∞
a2k =

lim
k→∞

a2k−1 =
√

3. Apì thn 'Askhsh 11 èpetai ìti an →
√

3.

(ii) Exet�ste me ton Ðdio trìpo thn perÐptwsh a1 >
√

3.
(iii) Tèloc, deÐxte ìti an a1 =

√
3 tìte èqoume an =

√
3 gia k�je n ∈ N.
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18. BreÐte to an¸tero kai to kat¸tero ìrio twn akolouji¸n

an = (−1)n+1

(
1 +

1
n

)
,

bn = cos
(πn

3

)
+

1
n + 1

,

γn =
n2((−1)n + 1) + 2n + 1

n + 1
.

Upìdeixh. (a) Parathr ste ìti −1 − 1
n ≤ an ≤ 1 + 1

n gia k�je n ∈ N. An
loipìn jewr soume opoiad pote sugklÐnousa upakoloujÐa (akn) thc (an), tìte to
krit rio parembol c deÐqnei ìti −1 ≤ lim akn

≤ 1. 'Epetai ìti lim inf an ≥ −1 kai
lim sup an ≤ 1.

Apì thn �llh pleur�, a2n = −1 − 1
2n → −1 kai a2n−1 = 1 + 1

2n−1 → 1.
Dhlad , o 1 kai o −1 eÐnai oriak� shmeÐa thc (an). 'Epetai ìti lim sup an = 1 kai
lim inf an = −1 (exhg ste giatÐ).

'Alloc trìpoc: Dokim�ste na deÐxete ìti 1 = lim sup an me ton qarakthrismì tou
lim sup: p�rte tuqìn ε > 0 kai deÐxte ìti to {n : an > 1 − ε} eÐnai �peiro (oi
perittoÐ ìroi eÐnai megalÔteroi apì 1) en¸ to {n : an > 1 + ε} eÐnai peperasmèno
(gia na isqÔei an > 1 + ε ja prèpei na èqoume n = 2k − 1 kai 1

2k−1 > ε, dhlad 

k < 1
2

(
1 + 1

ε

)
).

(b) Parathr ste ìti, an υ ∈ {0, 1, . . . , 5} tìte

cos
(

(6k + υ)π
3

)
= cos

(
2kπ +

υπ

3

)
= cos

(υπ

3

)
.

'Epetai ìti

b6k = 1 +
1

6k + 1
→ 1

b6k+1 =
1
2

+
1

6k + 2
→ 1

2

b6k+2 = −1
2

+
1

6k + 3
→ −1

2

b6k+3 = −1 +
1

6k + 4
→ −1

b6k+4 = −1
2

+
1

6k + 5
→ −1

2

b6k+5 =
1
2

+
1

6k + 6
→ 1

2
.

Apì ta parap�nw prokÔptei ìti lim sup bn ≥ 1 (diìti b6k → 1) kai lim inf bn ≤ −1
(diìti b6k+3 → −1). 'Estw t¸ra (bkn) tuqoÔsa sugklÐnousa upakoloujÐa thc (bn).
Aut  ja èqei �peirouc koinoÔc ìrouc me toul�qiston mÐa apì tic èxi upakoloujÐec
pou perigr�yame (exhg ste giatÐ). Dhlad , ja èqei koin  upakoloujÐa (bkλn

) me
k�poia apì tic èxi upakoloujÐec parap�nw. Anagkastik�,

lim bkn = lim bkλn
∈
{
−1,−1

2
,
1
2
, 1
}

.
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Dhlad , to sÔnolo twn oriak¸n shmeÐwn thc (bn) eÐnai to K =
{
−1,− 1

2 , 1
2 , 1
}
.

'Epetai ìti lim sup bn = 1 kai lim inf bn = −1.

(g) Parathr ste ìti γ2n = 2n2+2n+1
n+1 → +∞ kai γ2n−1 = 2n+1

n+1 → 2. Me to
epiqeÐrhma pou qrhsimopoi same gia to er¸thma (b) �   me opoiond pote �llo trìpo
� deÐxte ìti lim sup γn = +∞ kai lim inf γn = 2.

19. 'Estw (an), (bn) fragmènec akoloujÐec. DeÐxte oti

lim inf an + lim inf bn ≤ lim inf(an + bn)
≤ lim sup(an + bn) ≤ lim sup an + lim sup bn.

Upìdeixh. H mesaÐa anisìthta isqÔei profan¸c. DeÐqnoume th dexi� anisìthta (h
arister  apodeiknÔetai me an�logo trìpo).

'Estw (akn
+ bkn

) upakoloujÐa thc (an + bn) me akn
+ bkn

→ lim sup(an + bn).
H (akn

) eÐnai fragmènh, �ra èqei peraitèrw upakoloujÐa (akλn
) h opoÐa sugklÐnei:

akλn
→ x ∈ R. O x eÐnai oriakì shmeÐo thc (an), �ra

x = lim akλn
≤ lim sup an.

Tìte,
bkλn

= (akλn
+ bkλn

)− akλn
→ lim sup(an + bn)− x.

O lim sup(an + bn)− x eÐnai oriakì shmeÐo thc (bn), �ra

lim sup(an + bn)− x lim sup bn.

'Epetai ìti

lim sup(an + bn) ≤ x + lim sup bn ≤ lim sup an + lim sup bn.

20. 'Estw an > 0, n ∈ N.
(a) DeÐxte oti

lim inf
an+1

an
≤ lim inf n

√
an ≤ lim sup n

√
an ≤ lim sup

an+1

an
.

(b) An lim an+1
an

= x, tìte n
√

an → x.

Upìdeixh. H mesaÐa anisìthta isqÔei profan¸c. DeÐqnoume thn dexi� anisìthta (h
arister  apodeiknÔetai me an�logo trìpo).

Gia thn apìdeixh thc anisìthtac lim sup n
√

an ≤ lim sup an+1
an

mporoÔme na upo-

jèsoume ìti lim sup an+1
an

= x < +∞ (alli¸c, den èqoume tÐpota na deÐxoume). 'Estw
ε > 0. Apì ton qarakthrismì tou lim sup, up�rqei k ∈ N ¸ste gia k�je n ≥ k na
isqÔei an+1

an
< x + ε. 'Epetai ìti: gia k�je n > k isqÔei

an < an−1(x + ε) < an−2(x + ε)2 < · · · < ak(x + ε)n−k =
ak

(x + ε)k
(x + ε)n.

Jètontac M = ak/(x + ε)k, èqoume

an ≤ M(x + ε)n gia k�je n > k.
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QrhsimopoioÔme aut  thn anisìthta wc ex c: jewroÔme upakoloujÐa ( sn
√

asn) thc
( n
√

an) gia thn opoÐa
sn
√

asn
→ lim sup n

√
an.

Lìgw thc sn ≥ n, gia k�je n > k èqoume sn > k. 'Ara,

sn
√

asn ≤
sn
√

M (x + ε).

'Omwc, sn
√

M → 1. 'Ara,

lim sup n
√

an = lim sn
√

asn
≤ x + ε.

To ε > 0  tan tuqìn, �ra

lim sup n
√

an ≤ x = lim sup
an+1

an
.

21. 'Estw (an) fragmènh akoloujÐa. DeÐxte oti

lim sup(−an) = − lim inf an kai lim inf(−an) = − lim sup an.

Upìdeixh. DeÐqnoume thn pr¸th isìthta. H deÔterh apodeiknÔetai me ton Ðdio trìpo
  an jèsoume sthn pr¸th ìpou an thn −an.

Jètoume x = lim sup(−an) kai y = lim inf an. Up�rqei upakoloujÐa (−akn
) thc

(−an) me −akn
→ x. Tìte, −x = lim akn

, �ra

−x ≥ y = lim inf an.

OmoÐwc, up�rqei upakoloujÐa (aλn
) thc (an) me aλn

→ y. Tìte, −y = lim(−aλn
),

�ra
−y ≤ x = lim sup(−an),

dhlad  y ≥ −x.
'Epetai ìti y = −x.

22. 'Estw (an) fragmènh akoloujÐa. An

X = {x ∈ R : x ≤ an gia �peirouc n ∈ N},

deÐxte ìti supX = lim sup an.

Upìdeixh. Jètoume s = sup X. Ja qrhsimopoi soume ton qarakthrismì tou lim sup an:

(a) 'Estw ε > 0. AfoÔ s = supX, up�rqei x ∈ X ¸ste s− ε < x. Apì ton orismì
tou sunìlou X, isqÔei h anisìthta x ≤ an gia �peirouc n ∈ N. Dhlad , isqÔei h
anisìthta s− ε < an gia �peirouc n ∈ N. 'Eqoume loipìn deÐxei ìti: gia k�je ε > 0
to sÔnolo {n ∈ N : an > s− ε} eÐnai �peiro.
(b) 'Estw ε > 0. An h anisìthta s + ε < an Ðsque gia �peirouc n ∈ N, tìte apì
ton orismì tou sunìlou X ja eÐqame s + ε ∈ X. Autì den mporeÐ na sumbaÐnei,
diìti s + ε > s = sup X. 'Eqoume loipìn deÐxei ìti: gia k�je ε > 0 to sÔnolo
{n ∈ N : an > s + ε} eÐnai peperasmèno.

Apì ta (a) kai (b) sumperaÐnoume ìti supX = s = lim sup an.
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23. Qrhsimopoi¸ntac thn anisìthta

1
n + 1

+
1

n + 2
+ · · ·+ 1

2n
≥ 1

2
,

deÐxte ìti h akoloujÐa an = 1+ 1
2 + · · ·+ 1

n den eÐnai akoloujÐa Cauchy. Sumper�nate
ìti an → +∞.

Upìdeixh. Parathr ste ìti: gia k�je n ∈ N,

1
n + 1

+
1

n + 2
+ · · ·+ 1

2n
≥ 1

2n
+ · · ·+ 1

2n
=

n

2n
=

1
2
.

Ac upojèsoume ìti h akoloujÐa an = 1 + 1
2 + · · · + 1

n eÐnai akoloujÐa Cauchy.
Tìte, paÐrnontac ε = 1

4 > 0, mporoÔme na broÔme n0 ∈ N me thn idiìthta: gia k�je
m,n ≥ n0 isqÔei |am − an| < 1

4 .
P�rte n ≥ n0 kai m = 2n > n ≥ n0. Tìte, |a2n − an| < 1

4 . Autì den mporeÐ na
isqÔei, diìti

|a2n − an| =
(

1 +
1
2

+ · · ·+ 1
n

+
1

n + 1
+ · · ·+ 1

2n

)
−
(

1 +
1
2

+ · · ·+ 1
n

)
=

1
n + 1

+
1

n + 2
+ · · ·+ 1

2n
≥ 1

2
.

Exhg ste t¸ra ta ex c:

(a) AfoÔ h (an) den eÐnai akoloujÐa Cauchy, h (an) den sugklÐnei se pragmatikì
arijmì.

(b) AfoÔ h (an) eÐnai aÔxousa kai den sugklÐnei, h (an) den eÐnai �nw fragmènh.

(g) AfoÔ h (an) eÐnai aÔxousa kai den eÐnai �nw fragmènh, anagkastik� an →
+∞.

24. 'Estw 0 < µ < 1 kai akoloujÐa (an) gia thn opoÐa isqÔei

|an+1 − an| ≤ µ|an − an−1|, n ≥ 2.

DeÐxte ìti h (an) eÐnai akoloujÐa Cauchy.

Upìdeixh. 'Estw a = a1 kai b = a2. Apì thn |an+1 − an| ≤ µ|an − an−1| èpetai
(exhg ste giatÐ) ìti: gia k�je n ≥ 2 isqÔei

|an+1 − an| ≤ µn−1|a2 − a1| = |b− a| · µn−1.

An loipìn m,n ∈ N kai m > n, tìte

|am − an| ≤ |am − am−1|+ · · ·+ |an+1 − an|
≤ |b− a|

(
µn−1 + · · ·+ µm−2

)
= |b− a| · µn−1 · 1− µm−n

1− µ

≤ |b− a|µn−1

1− µ

=
|b− a|

µ(1− µ)
· µn.
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Jewr ste ε > 0 kai breÐte n0 ∈ N pou ikanopoieÐ thn |b−a|
µ(1−µ)µ

n0 < ε. Tètoioc n0

up�rqei giatÐ µn → 0 ìtan n →∞. Tìte, an m > n ≥ n0,

|am − an| ≤
|b− a|

µ(1− µ)
· µn ≤ |b− a|

µ(1− µ)
· µn0 < ε.

Dhlad , h (an) eÐnai akoloujÐa Cauchy.

25. OrÐzoume a1 = a, a2 = b kai an+1 = an+an−1
2 , n ≥ 2. Exet�ste an h (an) eÐnai

akoloujÐa Cauchy.

Upìdeixh. Parathr ste ìti: gia k�je n ≥ 2 isqÔei

an+1 − an =
an + an−1

2
− an = −an − an−1

2
,

dhlad 

|an+1 − an| ≤
1
2
|an − an−1|.

Apì thn 'Askhsh 24, h (an) eÐnai akoloujÐa Cauchy.

Om�da G'

26. 'Estw m ∈ N. BreÐte mia akoloujÐa (an) h opoÐa na èqei akrib¸c m diaforetikèc
upakoloujÐec.

Upìdeixh. An m = 1, jewroÔme th stajer  akoloujÐa an = 1. Parathr ste ìti
k�je upakoloujÐa thc (an) eÐnai stajer  akoloujÐa me ìlouc touc ìrouc thc Ðsouc
me 1, dhlad  sumpÐptei me thn (an).

'Estw m > 1. JewroÔme thn akoloujÐa (an) pou orÐzetai wc ex c: an = 0
an n < m kai an = 1 an n ≥ m. Parathr ste ìti k�je upakoloujÐa thc (an)
eÐnai telik� stajer  kai Ðsh me 1, mporeÐ de na èqei apì kanènan wc m− 1 pr¸touc
ìrouc Ðsouc me 0 (autì exart�tai apì to pìsouc apì touc m − 1 pr¸touc ìrouc
thc (an) èqei san ìrouc h upakoloujÐa). Sunep¸c, to pl joc twn diaforetik¸n
upakolouji¸n thc (an) eÐnai akrib¸c m.

27. 'Estw (an) mia akoloujÐa. An sup{an : n ∈ N} = 1 kai an 6= 1 gia k�je n ∈ N,
tìte up�rqei gnhsÐwc aÔxousa upakoloujÐa (akn

) thc (an) ¸ste akn
→ 1.

Upìdeixh. Jètoume A = {an : n ∈ N}. Apì ton basikì qarakthrismì tou supre-
mum, gia k�je ε > 0 up�rqei x = x(ε) ∈ A ¸ste 1 − ε < x ≤ 1. AfoÔ 1 /∈ A,
èqoume thn isqurìterh anisìthta 1− ε < x < 1.

Qrhsimopoi¸ntac to parap�nw, ja broÔme epagwgik� k1 < · · · < kn < kn+1 <
· · · ¸ste ak1 < · · · < akn

< akn+1 < · · · kai 1− 1
n < akn < 1. Tìte, gia thn gnhsÐwc

aÔxousa upakoloujÐa (akn
) thc (an) ja èqoume akn

→ 1.
Efarmìzontac ton qarakthrismì tou supremum me ε = 1, brÐskoume ak1 ∈ A

pou ikanopoieÐ thn 0 < ak1 < 1.
Ac upojèsoume ìti èqoume breÐ k1 < · · · < km ¸ste ak1 < · · · < akm kai

1− 1
j < akj < 1 gia k�je j = 1, . . . ,m. Jètoume s = max{1− 1

m+1 , a1, a2, . . . , akm}.
AfoÔ s < 1 (exhg ste giatÐ), mporoÔme na broÔme akm+1 ∈ A pou ikanopoieÐ thn
s < akm+1 < 1. Tìte, km+1 > km, akm < akm+1 kai 1 − 1

m+1 < akm+1 < 1. Autì
oloklhr¸nei to epagwgikì b ma.
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28. 'Estw (an) akoloujÐa jetik¸n arijm¸n. JewroÔme to sÔnolo A = {an : n ∈ N}.
An inf A = 0, deÐxte ìti h (an) èqei fjÐnousa upakoloujÐa pou sugklÐnei sto 0.

Upìdeixh. Ac upojèsoume ìti èqoume breÐ fusikoÔc k1 < · · · < km pou ikanopoioÔn
ta ex c:

0 < akm
< akm−1 < · · · < ak1 kai 0 < akm

<
1
m

.

Jètoume εm+1 = min
{
a1, . . . , akm

, 1
m+1

}
> 0. AfoÔ inf(A) = inf{an : n ∈ N} = 0

kai εm+1 > 0, up�rqei km+1 ∈ N ¸ste akm+1 < εm+1. Apì ton orismì tou εm+1

èpetai ìti (exhg ste giatÐ):

(a) km < km+1, (b) akm+1 < akm
, (g) akm+1 <

1
m + 1

.

'Etsi orÐzetai epagwgik� mia gnhsÐwc fjÐnousa upakoloujÐa (akn
) thc (an) h opoÐa

sugklÐnei sto 0.

29. OrÐzoume mia akoloujÐa wc ex c:

a0 = 0, a2n+1 =
1
2

+ a2n, a2n =
a2n−1

2
.

BreÐte ìla ta oriak� shmeÐa thc (an).

Upìdeixh. An gr�yete touc dèka pr¸touc ìrouc thc akoloujÐac (an) ja mantèyete
ìti

a2n =
1
2
− 1

2n+1
kai a2n+1 = 1− 1

2n+1
, n = 0, 1, 2, . . .

DouleÔontac ìpwc sthn 'Askhsh 18, deÐxte ìti lim inf an = 1
2 kai lim sup an = 1.

30. 'Estw (xn) akoloujÐa me thn idiìthta xn+1−xn → 0. An a < b eÐnai dÔo oriak�
shmeÐa thc (xn), deÐxte ìti k�je y ∈ [a, b] eÐnai oriakì shmeÐo thc (xn).

Upìdeixh. Me apagwg  se �topo. 'Estw y ∈ (a, b) o opoÐoc den eÐnai oriakì shmeÐo
thc (xn). Tìte, mporoÔme na broÔme ε > 0 kai n1 ∈ N ¸ste a < y − ε < y + ε < b
kai xn /∈ (y − ε, y + ε) gia k�je n ≥ n1.

AfoÔ xn+1 − xn → 0, up�rqei n2 ∈ N ¸ste: gia k�je n ≥ n2,

|xn+1 − xn| < 2ε.

Jètoume n0 = max{n1, n2}. AfoÔ oi a, b eÐnai oriak� shmeÐa thc (xn), mporoÔme na
broÔme s > m > n0 ¸ste

xm < y − ε kai y + ε < xs.

H epilog  tou m > n0 eÐnai dunat  diìti o a eÐnai oriakì shmeÐo thc (xn) kai
a < y − ε, en¸ h epilog  tou s > m eÐnai dunat  diìti o b eÐnai oriakì shmeÐo thc
(xn) kai y + ε < b.

MporoÔme t¸ra na broÔme m ≤ n < s ¸ste xn ≤ y− ε kai xn+1 ≥ y− ε. ArkeÐ
na p�roume san n ton megalÔtero fusikì � apì touc m,m + 1, . . . , s− 1 � gia ton
opoÐo xn ≤ y − ε.

'Omwc tìte,
xn+1 − xn ≥ (y + ε)− (y − ε) = 2ε,
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to opoÐo eÐnai �topo, diìti n ≥ m > n0 ≥ n2 (ja èprepe na isqÔei |xn+1−xn| < 2ε).
Katal xame se �topo, �ra k�je y ∈ (a, b) eÐnai oriakì shmeÐo thc (xn). Autì

apodeiknÔei to zhtoÔmeno, afoÔ oi a, b eÐnai epÐshc oriak� shmeÐa thc (xn).

31. (a) 'Estw A arijm simo uposÔnolo tou R. DeÐxte ìti up�rqei akoloujÐa (an)
¸ste k�je x ∈ A na eÐnai oriakì shmeÐo thc (an).
(b) DeÐxte ìti up�rqei akoloujÐa (xn) ¸ste k�je x ∈ R na eÐnai oriakì shmeÐo thc
(xn).

Upìdeixh. (a) An A = {xs : s ∈ N}, mporeÐte na jewr sete thn akoloujÐa (an) pou
orÐzetai wc ex c:

b1, b1, b2, b1, b2, b3, b1, b2, b3, b4, . . . , b1, b2, . . . , bn, . . .

Gia k�je s ∈ N up�rqei upakoloujÐa (akn) h opoÐa eÐnai stajer  kai Ðsh me xs (diìti
�peiroi ìroi thc (an) eÐnai Ðsoi me xs). 'Ara, gia k�je s ∈ N o xs eÐnai oriakì shmeÐo
thc (an).
(b) P�rte san A to Q sto (a). AfoÔ to Q eÐnai arijm simo, up�rqei akoloujÐa (an)
¸ste k�je q ∈ Q na eÐnai oriakì shmeÐo thc (an). H (an) ikanopoieÐ to zhtoÔmeno:
gia k�je x ∈ R up�rqei akoloujÐa (qk) sto Q ¸ste qk → x. AfoÔ k�je qk eÐnai
oriakì shmeÐo thc (an), h 'Askhsh 14 deÐqnei ìti kai o x eÐnai oriakì shmeÐo thc (an).

32. 'Estw (an) mia akoloujÐa. OrÐzoume

bn = sup{|an+k − an| : k ∈ N}.

DeÐxte ìti h (an) sugklÐnei an kai mìno an bn → 0.

Upìdeixh. 'Estw ε > 0 kai èstw n0 ∈ N. DeÐxte ìti ta ex c eÐnai isodÔnama:

(a) Gia k�je m,n ≥ n0 isqÔei |am − an| ≤ ε.

(b) Gia k�je m > n ≥ n0 isqÔei |am − an| ≤ ε.

(g) Gia k�je n ≥ n0 kai k�je k ∈ N isqÔei |an+k − an| ≤ ε.

(d) Gia k�je n ≥ n0 isqÔei bn := sup{|an+k − an| : k ∈ N} ≤ ε.

Qrhsimopoi¸ntac thn isodunamÐa twn (a) kai (d) deÐxte ìti h (an) eÐnai akoloujÐa
Cauchy (isodÔnama, sugklÐnei) an kai mìno an bn → 0.

33. 'Estw a, b > 0. OrÐzoume akoloujÐa (an) me a1 = a, a2 = b kai

an+2 =
4an+1 − an

3
, n = 1, 2, . . .

Exet�ste an h (an) sugklÐnei kai an nai, breÐte to ìriì thc.

Upìdeixh. Parathr ste ìti

an+2 − an+1 =
4an+1 − an

3
− an+1 =

4an+1 − an − 3an+1

3
=

an+1 − an

3
.

'Epetai ìti

|an+2 − an+1| ≤
1
3
|an+1 − an|.
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Apì thn 'Askhsh 24, h (an) eÐnai akoloujÐa Cauchy. Sunep¸c, sugklÐnei.
Gia na broÔme to ìrio, parathroÔme ìti

an+1 − an =
an − an−1

3
=

an−1 − an−2

32
= · · · = a2 − a1

3n−1
=

b− a

3n−1
.

'Ara,

an = an−1 +
b− a

3n−2
= an−2 +

b− a

3n−3
+

b− a

3n−2
= · · ·

= a1 + (b− a)
n−2∑
k=0

1
3k

→ a + (b− a)
∞∑

k=0

1
3k

= a +
3(b− a)

2
=

3b− a

2
.





Kef�laio 2

Seirèc pragmatik¸n arijm¸n

A' Om�da. Erwt seic katanìhshc

'Estw (ak) mia akoloujÐa pragmatik¸n arijm¸n. Exet�ste an oi parak�tw prot�seic
eÐnai alhjeÐc   yeudeÐc (aitiolog ste pl rwc thn ap�nthsh sac).

1. An ak → 0 tìte h akoloujÐa sn = a1 + · · ·+ an eÐnai fragmènh.

L�joc. H akoloujÐa ak = 1
k → 0, ìmwc h akoloujÐa sn = 1 + 1

2 + · · ·+ 1
n den eÐnai

fragmènh (teÐnei sto +∞).

2. An h akoloujÐa sn = a1 + · · ·+ an eÐnai fragmènh tìte h seir�
∞∑

k=1

ak sugklÐnei.

L�joc. An jewr soume thn akoloujÐa ak = (−1)k−1, tìte èqoume sn = 1 an o n
eÐnai perittìc kai sn = 0 an o n eÐnai �rtioc. Dhlad , h akoloujÐa sn = a1 + · · ·+an

eÐnai fragmènh. 'Omwc, h seir�
∞∑

k=1

(−1)k−1 apoklÐnei, diìti ak 6→ 0.

3. An |ak| → 0, tìte h seir�
∞∑

k=1

ak sugklÐnei apolÔtwc.

L�joc. Jewr ste thn ak = 1
k . Tìte, |ak| = 1

k → 0 kai h
∞∑

k=1

|ak| =
∞∑

k=1

1
k apoklÐnei

sto +∞, dhlad  h
∞∑

k=1

ak den sugklÐnei apolÔtwc.

4. An h seir�
∞∑

k=1

|ak| sugklÐnei, tìte h seir�
∞∑

k=1

ak sugklÐnei.

Swstì. ApodeÐxame (sth jewrÐa) ìti an mia seir� sugklÐnei apolÔtwc tìte sugklÐnei.

5. An ak > 0 gia k�je k ∈ N kai an 0 < ak+1
ak

< 1 gia k�je k ∈ N, tìte h seir�
∞∑

k=1

ak sugklÐnei.

L�joc. Jewr ste thn ak = 1
k . Tìte, ak > 0 gia k�je k ∈ N kai ak+1

ak
= k

k+1 < 1

gia k�je k ∈ N. 'Omwc, h seir�
∞∑

k=1

1
k apoklÐnei.
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6. An ak > 0 gia k�je k ∈ N kai an lim
k→∞

ak+1
ak

= 1, tìte h seir�
∞∑

k=1

ak apoklÐnei.

L�joc. Jewr ste thn ak = 1
k2 . Tìte, ak > 0 gia k�je k ∈ N kai lim

k→∞
ak+1
ak

=

lim
k→∞

k2

(k+1)2 = 1. 'Omwc, h seir�
∞∑

k=1

1
k2 sugklÐnei.

7. An ak > 0 gia k�je k ∈ N kai an ak+1
ak

→ +∞, tìte h h seir�
∞∑

k=1

ak apoklÐnei.

Swstì. An ak+1
ak

→ +∞, up�rqei N ∈ N ¸ste ak+1
ak

≥ 1 gia k�je k ≥ N . AfoÔ
h (ak) èqei jetikoÔc ìrouc, sumperaÐnoume ìti 0 < aN ≤ aN+1 ≤ · · · ≤ ak ≤ · · · ,
dhlad  ak 6→ 0. Sunep¸c, h seir�

∞∑
k=1

ak apoklÐnei.

8. An ak → 0, tìte h seir�
∞∑

k=1

(−1)kak sugklÐnei.

L�joc. An jewr soume thn ak = (−1)k

k , tìte ak → 0. 'Omwc, h seir�
∞∑

k=1

(−1)kak =
∞∑

k=1

1
k apoklÐnei.

9. An ak > 0 gia k�je k ∈ N kai an h seir�
∞∑

k=1

ak sugklÐnei, tìte h seir�
∞∑

k=1

√
ak

sugklÐnei.

L�joc. Jewr ste thn ak = 1
k2 . Tìte, ak > 0 gia k�je k ∈ N kai h seir�

∞∑
k=1

1
k2

sugklÐnei. 'Omwc, h seir�
∞∑

k=1

√
ak =

∞∑
k=1

1
k apoklÐnei.

10. An h seir�
∞∑

k=1

ak sugklÐnei, tìte h seir�
∞∑

k=1

a2
k sugklÐnei.

L�joc. Apì to krit rio tou Dirichlet, h seir�
∞∑

k=1

(−1)k

√
k

sugklÐnei. 'Omwc, h seir�

∞∑
k=1

a2
k =

∞∑
k=1

1
k apoklÐnei.

11. An h seir�
∞∑

k=1

ak sugklÐnei kai an (akn
) eÐnai mia upakoloujÐa thc (an), tìte h

seir�
∞∑

k=1

akn
sugklÐnei.

L�joc. SÔmfwna me to krit rio Dirichlet, h seir�
∞∑

k=1

ak =
∞∑

k=1

(−1)k−1

k sugklÐnei.

'Omwc, h seir�
∞∑

k=1

a2k−1 =
∞∑

k=1

1
2k−1 apoklÐnei (sumperifèretai san thn armonik 

seir� � exhg ste giatÐ).
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12. An ak > 0 gia k�je k ∈ N kai an h seir�
∞∑

k=1

ak sugklÐnei, tìte h seir�
∞∑

k=1

a2
k

sugklÐnei.

Swstì. AfoÔ h
∞∑

k=1

ak sugklÐnei, èqoume ak → 0. 'Ara, up�rqei m ∈ N ¸ste: gia

k�je k ≥ m, 0 ≤ ak ≤ 1. Tìte, gia k�je k ≥ m èqoume 0 ≤ a2
k ≤ ak. Apì to

krit rio sÔgkrishc, h seir�
∞∑

k=1

a2
k sugklÐnei.

13. H seir�
∞∑

k=1

2·4·6···(2k)
k! sugklÐnei.

L�joc. Jètoume ak = 2·4·6···(2k)
k! . Tìte, ak > 0 kai

ak+1

ak
=

[2 · 4 · 6 · · · (2k)(2k + 2)]k!
[2 · 4 · 6 · · · (2k)](k + 1)!

=
2k + 2
k + 1

= 2 → 2 > 1.

Apì to krit rio tou lìgou, h seir�
∞∑

k=1

2·4·6···(2k)
k! apoklÐnei.

14. H seir�
∑∞

k=1 k(1 + k2)p sugklÐnei an kai mìno an p < −1.

Swstì. ParathroÔme ìti lim
k→∞

k(1+k2)p

k2p+1 = lim
k→∞

(
1 + 1

k2

)p = 1 > 0. Apì to ori-

akì krit rio sÔgkrishc, h seir�
∞∑

k=1

k(1 + k2)p sugklÐnei an kai mìno an h seir�

∞∑
k=1

1
k−(2p+1) sugklÐnei. Autì sumbaÐnei an kai mìno an −(2p + 1) > 1, dhlad  an kai

mìno an p < −1.

B' Om�da

15. DeÐxte ìti an lim
k→∞

bk = b tìte
∞∑

k=1

(bk − bk+1) = b1 − b.

Upìdeixh. To n-ostì merikì �jroisma thc seir�c isoÔtai me

sn = (b1 − b2) + (b2 − b3) + · · ·+ (bn − bn+1) = b1 − bn+1.

AfoÔ lim
k→∞

bk = b, blèpoume ìti lim
n→∞

sn = b1− b. Sunep¸c,
∞∑

k=1

(bk− bk+1) = b1− b.

16. DeÐxte ìti

(a)
∞∑

k=1

1
(2k−1)(2k+1) = 1

2 (b)
∞∑

k=1

2k+3k

6k = 3
2 (g)

∞∑
k=1

√
k+1−

√
k√

k2+k
= 1.

Upìdeixh. (a) Jètoume bk = 1
2k−1 . ParathroÔme ìti

bk − bk+1 =
1

2k − 1
− 1

2k + 1
=

2
(2k − 1)(2k + 1)

.
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'Eqoume b1 = 1 kai bk → 0. Apì thn 'Askhsh 15,

∞∑
k=1

1
(2k − 1)(2k + 1)

=
1
2

∞∑
k=1

2
(2k − 1)(2k + 1)

=
1
2
(b1 − b) =

1
2
.

(b) GnwrÐzoume ìti an 0 < x < 1, tìte
∞∑

k=1

xk = x
∞∑

k=0

xk =
x

1− x
.

Sunep¸c,

∞∑
k=1

2k + 3k

6k
=

∞∑
k=1

(
1
3

)k

+
∞∑

k=1

(
1
2

)k

=
1/3

1− (1/3)
+

1/2
1− (1/2)

=
1
2

+ 1 =
3
2
.

(g) Gr�foume

∞∑
k=1

√
k + 1−

√
k√

k2 + k
=

∞∑
k=1

(
1√
k
− 1√

k + 1

)
= 1− 0 = 1,

qrhsimopoi¸ntac thn 'Askhsh 15 gia thn bk = 1√
k
→ 0.

17. UpologÐste to �jroisma thc seir�c
∞∑

k=1

1
k(k+1)(k+2) .

Upìdeixh. ParathroÔme ìti

1
k(k + 1)(k + 2)

=
(k + 2)− k

2k(k + 1)(k + 2)
=

1
2k(k + 1)

− 1
2(k + 1)(k + 2)

.

Qrhsimopoi¸ntac thn 'Askhsh 15 gia thn bk = 1
2k(k+1) → 0, sumperaÐnoume ìti

∞∑
k=1

1
k(k + 1)(k + 2)

= b1 =
1
4
.

18. Exet�ste gia poièc timèc tou pragmatikoÔ arijmoÔ x sugklÐnei h seir�
∞∑

k=1

1
1+xk .

Upìdeixh. ParathroÔme ìti: an |x| < 1 tìte 1
1+xk → 1 6= 0, �ra h seir� apoklÐnei.

An x = 1, tìte 1
1+xk = 1

2 →
1
2 6= 0, �ra h seir� apoklÐnei. An x = −1, o k-ostìc

ìroc den orÐzetai sthn perÐptwsh pou o k eÐnai perittìc, �ra den èqei nìhma na
exet�soume th sÔgklish thc seir�c.

Upojètoume loipìn ìti |x| > 1. Tìte, mporoÔme na efarmìsoume to oriakì

krit rio sÔgkrishc, qrhsimopoi¸ntac thn
∞∑

k=1

1
|x|k (h opoÐa sugklÐnei wc gewmetrik 

seir� me lìgo 1
|x| < 1). 'Eqoume

|1/(1 + xk)|
1/|x|k

=
∣∣∣∣ xk

1 + xk

∣∣∣∣ = ∣∣∣∣ 1
(1/x)k + 1

∣∣∣∣→ 1.

Sunep¸c, h seir�
∞∑

k=1

1
1+xk sugklÐnei apolÔtwc.

19. Efarmìste ta krit ria lìgou kai rÐzac stic akìloujec seirèc:
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(a)
∞∑

k=1

kkxk (b)
∞∑

k=0

xk

k! (g)
∞∑

k=1

xk

k2 (d)
∞∑

k=0

k3xk

(e)
∞∑

k=0

2k

k! x
k (st)

∞∑
k=1

2kxk

k2 (z)
∞∑

k=0

k3

3k xk (h)
∞∑

k=1

k10xk

k! .

An gia k�poiec timèc tou x ∈ R kanèna apì aut� ta dÔo krit ria den dÐnei ap�nthsh,
exet�ste th sÔgklish   apìklish thc seir�c me �llo trìpo.

Upìdeixh. Exet�zoume merikèc apì autèc:

(a)
∞∑

k=1

kkxk: Me to krit rio tou lìgou. An x 6= 0, èqoume

(k + 1)k+1|x|k+1

kk|x|k
= (k + 1)

(
1 +

1
k

)k

|x| → +∞.

Sunep¸c, h seir� apoklÐnei. H seir� sugklÐnei mìno an x = 0.
Sto Ðdio sumpèrasma ja katal gate an qrhsimopoioÔsate to krit rio thc rÐzac:

parathr ste ìti k
√

kk|x|k = k|x| → +∞ an x 6= 0.

(b)
∞∑

k=0

xk

k! : Me to krit rio tou lìgou. An x 6= 0, èqoume

|x|k+1/(k + 1)!
|x|k/k!

=
|x|

k + 1
→ 0 < 1.

Sunep¸c, h seir� sugklÐnei apolÔtwc. H seir� sugklÐnei gia k�je x ∈ R.

(st)
∞∑

k=1

2kxk

k2 : Me to krit rio tou lìgou. An x 6= 0, èqoume

2k+1|x|k+1/(k + 1)2

2k|x|k/k2
= 2|x| k2

(k + 1)2
→ 2|x|.

Sunep¸c, h seir� sugklÐnei apolÔtwc an |x| < 1/2 kai apoklÐnei an |x| > 1/2.
Exet�zoume th sÔgklish qwrist� stic peript¸seic x = ±1/2. Parathr¸ntac ìti oi

seirèc
∞∑

k=1

(−1)k

k2 kai
∞∑

k=1

1
k2 sugklÐnoun, sumperaÐnoume telik� ìti h seir� sugklÐnei

an kai mìno an |x| ≤ 1/2.

20. Exet�ste an sugklÐnoun   apoklÐnoun oi seirèc

1
2

+
1
3

+
1
22

+
1
32

+
1
23

+
1
33

+
1
24

+
1
34

+ · · ·

kai
1
2

+ 1 +
1
8

+
1
4

+
1
32

+
1
16

+
1

128
+

1
64

+ · · · .

Upìdeixh. (a) Parathr ste ìti to (2n)-ostì merikì �jroisma thc seir�c

1
2

+
1
3

+
1
22

+
1
32

+
1
23

+
1
33

+
1
24

+
1
34

+ · · ·

isoÔtai me

s2n =
n∑

k=1

1
2k

+
n∑

k=1

1
3k

≤
∞∑

k=1

1
2k

+
∞∑

k=1

1
3k

= 1 +
1
2

=
3
2
.
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AfoÔ h seir� èqei jetikoÔc ìrouc kai s2n ≤ 3
2 gia k�je n, èpetai ìti h seir� sugklÐnei

(exhg ste giatÐ).

(b) Parathr ste ìti to (2n)-ostì merikì �jroisma thc seir�c

1
2

+ 1 +
1
8

+
1
4

+
1
32

+
1
16

+
1

128
+

1
64

+ · · ·

isoÔtai me

s2n =
2n−1∑
k=0

1
2k

<
∞∑

k=0

1
2k

= 2.

AfoÔ h seir� èqei jetikoÔc ìrouc kai s2n ≤ 2 gia k�je n, èpetai ìti h seir� sugklÐnei.

21. Na brejeÐ ikan  kai anagkaÐa sunj kh � gia thn akoloujÐa (an) � ¸ste na
sugklÐnei h seir�

a1 − a1 + a2 − a2 + a3 − a3 + · · · .

Upìdeixh. ParathroÔme ìti s2n = 0 gia k�je n ∈ N. EpÐshc,

s1 = a1, s3 = a2, s5 = a3, s7 = a4,

kai genik�, s2n−1 = an. 'Epetai ìti h seir� sugklÐnei an kai mìno an an → 0.
Pr�gmati, an h seir� sugklÐnei kai an s eÐnai to �jroism� thc, tìte s = lim s2n = 0
kai an = s2n−1 → s = 0. AntÐstrofa, an an → 0 tìte s2n = 0 → 0 kai s2n−1 =
an → 0, �ra sn → 0.

22. Exet�ste an sugklÐnei   apoklÐnei h seir�
∞∑

n=1
ak stic parak�tw peript¸seic:

(a) ak =
√

k + 1−
√

k (b) ak =
√

1 + k2 − k

(g) ak =
√

k+1−
√

k
k (d) ak = ( k

√
k − 1)k.

Upìdeixh. (a) An ak =
√

k + 1−
√

k, tìte sn = a1 + · · ·+ an =
√

n + 1− 1 → +∞,
�ra h seir� apoklÐnei.

(b) 'Eqoume ak =
√

1 + k2 − k = 1√
1+k2+k

. ParathroÔme ìti ak

1/k = k√
1+k2+k

→
1
2 > 0. AfoÔ h

∞∑
k=1

1
k apoklÐnei, h seir�

∞∑
k=1

ak apoklÐnei apì to oriakì krit rio

sÔgkrishc.

(g) 'Eqoume ak =
√

k+1−
√

k
k = 1

k(
√

k+1+
√

k)
. ParathroÔme ìti ak

1/k3/2 → 1
2 > 0. AfoÔ

h
∞∑

k=1

1
k3/2 sugklÐnei, h seir�

∞∑
k=1

ak sugklÐnei apì to oriakì krit rio sÔgkrishc.

(d) QrhsimopoioÔme to krit rio thc rÐzac: èqoume k
√

ak = k
√

k − 1 → 0 < 1, �ra h
seir� sugklÐnei.

23. Exet�ste an sugklÐnoun   apoklÐnoun oi seirèc

∞∑
k=1

k +
√

k

2k3 − 1
,

∞∑
k=1

( k
√

k − 1),
∞∑

k=1

cos2 k

k2
,

∞∑
k=1

k!
kk

.
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Upìdeixh. (a)
∞∑

k=1

k+
√

k
2k3−1 : parathroÔme ìti

ak

1/k2
=

k3 + k2
√

k

2k3 − 1
→ 1

2
> 0.

AfoÔ h
∞∑

k=1

1
k2 sugklÐnei, h seir�

∞∑
k=1

ak sugklÐnei apì to oriakì krit rio sÔgkrishc.

(b)
∞∑

k=1

( k
√

k− 1): jètoume θk = k
√

k− 1 ≥ 0. Tìte, k = (1 + θk)k. ParathroÔme ìti,

gia k�je k ≥ 3, (
1 +

1
k

)k

< e < 3 ≤ k = (1 + θk)k.

'Ara, θk > 1
k gia k�je k ≥ 3. AfoÔ h

∞∑
k=1

1
k apoklÐnei, h seir�

∞∑
k=1

θk apoklÐnei ki

aut .

(g)
∞∑

k=1

cos2 k
k2 : parathroÔme ìti |ak| ≤ 1

k2 . AfoÔ h
∞∑

k=1

1
k2 sugklÐnei, h seir�

∞∑
k=1

ak

sugklÐnei apì to krit rio sÔgkrishc.

(d)
∞∑

k=1

k!
kk : qrhsimopoioÔme to krit rio lìgou. 'Eqoume

ak+1

ak
=

(k + 1)!kk

k!(k + 1)k+1
=

kk

(k + 1)k
=

1(
1 + 1

k

)k → 1
e

< 1,

�ra h seir� sugklÐnei.

24. Exet�ste wc proc th sÔgklish tic parak�tw seirèc. 'Opou emfanÐzontai oi
par�metroi p, q, x ∈ R na brejoÔn oi timèc touc gia tic opoÐec oi antÐstoiqec seirèc
sugklÐnoun.

(a)
∞∑

k=1

(
1 + 1

k

)−k2

(b)
∞∑

k=1

pkkp (0 < p) (g)
∞∑

k=2

1
kp−kq (0 < q < p)

(d)
∞∑

k=1

1

k1+ 1
k

(e)
∞∑

k=1

1
pk−qk (0 < q < p) (st)

∞∑
k=1

2+(−1)k

2k

(z)
∞∑

k=1

kp
(

1√
k
− 1√

k+1

)
(h)

∞∑
k=1

kp
(√

k + 1− 2
√

k +
√

k − 1
)
.

Upìdeixh. (a)
∞∑

k=1

(
1 + 1

k

)−k2

: qrhsimopoioÔme to krit rio thc rÐzac. 'Eqoume

k
√

ak =
(
1 + 1

k

)−k → 1
e < 1, �ra h seir� sugklÐnei.

(b)
∞∑

k=1

pkkp: qrhsimopoioÔme to krit rio tou lìgou. 'Eqoume

ak+1

ak
= p

(k + 1)p

kp
→ p,

�ra h seir� sugklÐnei an 0 < p < 1 kai apoklÐnei an p > 1. Gia p = 1 paÐrnoume th

seir�
∞∑

k=1

k, h opoÐa apoklÐnei (k 6→ 0 ìtan k →∞!).
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(g)
∞∑

k=2

1
kp−kq : jewroÔme thn bk = 1/kp. AfoÔ q < p, èqoume ak

bk
= 1

1−k−(p−q) →

1 > 0. Apì to oriakì krit rio sÔgkrishc, h seir� mac sugklÐnei an kai mìno an h
∞∑

k=1

1
kp sugklÐnei, dhlad  an kai mìno an p > 1 (kai 0 < q < p).

(d)
∞∑

k=1

1

k1+ 1
k
: jewroÔme thn bk = 1/k. 'Eqoume ak

bk
= k

k
k√

k
= 1

k√
k
→ 1 > 0. Apì to

oriakì krit rio sÔgkrishc, h seir� apoklÐnei (diìti h
∞∑

k=1

1
k apoklÐnei).

(e)
∞∑

k=1

1
pk−qk : jewroÔme thn bk = 1/pk. AfoÔ 0 < q < p, èqoume ak

bk
= 1

1−(q/p)k →

1 > 0 (diìti (p/q)k → 0 afoÔ 0 < p/q < 1). Apì to oriakì krit rio sÔgkrishc, h

seir� mac sugklÐnei an kai mìno an h
∞∑

k=1

1
pk sugklÐnei, dhlad  an kai mìno an p > 1

(kai 0 < q < p).

(st)
∞∑

k=1

2+(−1)k

2k : parathroÔme ìti 0 < ak ≤ 3
2k . AfoÔ h

∞∑
k=1

1
2k sugklÐnei, h

∞∑
k=1

ak

sugklÐnei apì to krit rio sÔgkrishc.

(z)
∞∑

k=1

kp
(

1√
k
− 1√

k+1

)
: parathroÔme ìti

ak = kp

√
k + 1−

√
k√

k
√

k + 1
=

kp

√
k
√

k + 1(
√

k + 1 +
√

k)
.

JewroÔme thn bk = kp

k3/2 kai parathroÔme ìti ak

bk
→ 1

2 > 0. Apì to oriakì krit rio

sÔgkrishc, h
∞∑

k=1

ak sugklÐnei an kai mìno an h
∞∑

k=1

1
k(3/2)−p sugklÐnei. Dhlad , an

3
2 − p > 1, to opoÐo isqÔei an p < 1

2 .

(h)
∞∑

k=1

kp
(√

k + 1− 2
√

k +
√

k − 1
)
: parathroÔme ìti, gia k ≥ 2,

ak = kp(
√

k + 1−
√

k +
√

k − 1−
√

k)

= kp

(
1√

k
√

k + 1
− 1√

k
√

k − 1

)
= −2kp− 1

2
1√

k − 1
√

k + 1(
√

k + 1 +
√

k − 1)
.

Dhlad , h (ak)k≥2 èqei arnhtikoÔc ìrouc. 'Ara, sugklÐnei an kai mìno an h
∞∑

k=2

(−ak)

sugklÐnei (exhg ste giatÐ). JewroÔme thn bk = kp

k2 kai parathroÔme ìti −ak

bk
→ 1 >

0. Apì to oriakì krit rio sÔgkrishc, h
∞∑

k=1

ak sugklÐnei an kai mìno an h
∞∑

k=1

1
k2−p

sugklÐnei. Dhlad , an 2− p > 1, to opoÐo isqÔei an p < 1.

25. 'Estw ìti ak ≥ 0 gia k�je k ∈ N. DeÐxte ìti h seir�
∞∑

k=1

ak

1+k2ak
sugklÐnei.
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Upìdeixh. Parathr ste ìti 0 ≤ ak

1+k2ak
≤ 1

k2 gia k�je k ∈ N. Autì eÐnai fanerì an
ak = 0, en¸ an ak > 0 mporeÐte na gr�yete

0 <
ak

1 + k2ak
<

ak

k2ak
=

1
k2

.

AfoÔ h seir�
∞∑

k=1

1
k2 sugklÐnei, to sumpèrasma prokÔptei apì to krit rio sÔgkrishc.

26. OrÐzoume mia akoloujÐa (ak) wc ex c: an o k eÐnai tetr�gwno fusikoÔ arijmoÔ
jètoume ak = 1

k kai an o k den eÐnai tetr�gwno fusikoÔ arijmoÔ jètoume ak = 1
k2 .

Exet�ste an sugklÐnei h seir�
∞∑

k=1

ak.

Upìdeixh. H seir� èqei jetikoÔc ìrouc. ArkeÐ na deÐxete ìti h akoloujÐa twn
merik¸n ajroism�twn eÐnai �nw fragmènh. Parathr ste ìti gia k�je m ∈ N èqoume

sm2 =
m2∑
k=1

ak =
m∑

k=1

ak2 +
∑

k≤m2

k 6=s2

ak

≤
m∑

k=1

1
k2

+
m2∑
k=1

1
k2

≤ 2
∞∑

k=1

1
k2

= M < +∞.

An n ∈ N, tìte sn ≤ sn2 ≤ M . Dhlad , h (sn) eÐnai �nw fragmènh.

27. Exet�ste an sugklÐnei   apoklÐnei h seir�
∞∑

k=1

(−1)k 1
kp , ìpou p ∈ R.

Upìdeixh. An p > 0, tìte h seir�
∞∑

k=1

(−1)k 1
kp sugklÐnei apì to krit rio tou Dirich-

let. An p ≤ 0, tìte (−1)k 1
kp 6→ 0, �ra h seir� apoklÐnei.

28. 'Estw {ak} fjÐnousa akoloujÐa pou sugklÐnei sto 0. OrÐzoume

s =
∞∑

k=1

(−1)k−1ak.

DeÐxte ìti 0 ≤ (−1)n(s− sn) ≤ an+1.

Upìdeixh. Gr�foume (−1)n(s−sn) = (−1)n
∞∑

k=n+1

(−1)k−1ak =
∞∑

k=n+1

(−1)n+k−1ak.

Parathr ste ìti: gia k�je m ∈ N,

n+2m∑
k=n+1

(−1)n+k−1ak = (an+1 − an+2) + · · ·+ (an+2m−1 − an+2m) ≥ 0,

�ra

(−1)n(s− sn) = lim
m→∞

n+2m∑
k=n+1

(−1)n+k−1an ≥ 0.
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EpÐshc,

n+2m+1∑
k=n+1

(−1)n+k−1ak = an+1 − (an+2 − an+3)− · · · − (an+2m − an+2m+1) ≤ an+1,

�ra

(−1)n(s− sn) = lim
m→∞

n+2m+1∑
k=n+1

(−1)n+k−1an ≤ an+1.

29. 'Estw (ak) fjÐnousa akoloujÐa jetik¸n arijm¸n. DeÐxte ìti: an h
∞∑

k=1

ak

sugklÐnei tìte kak → 0.

Upìdeixh. 'Estw ε > 0. AfoÔ h
∞∑

k=1

ak sugklÐnei, h (sn) eÐnai akoloujÐa Cauchy.

'Ara, up�rqei n0 ∈ N ¸ste: an n > m ≥ n0 tìte

am+1 + · · ·+ an = |sn − sm| <
ε

2
.

Eidikìtera, an n ≥ 2n0, paÐrnontac m = n0 kai qrhsimopoi¸ntac thn upìjesh ìti h
(an) eÐnai fjÐnousa, èqoume

ε

2
> an0+1 + · · ·+ an ≥ (n− n0)an ≥

nan

2
,

diìti n− n0 ≥ n
2 . Dhlad , an n ≥ 2n0 èqoume nan < ε. 'Epetai ìti lim

n→∞
(nan) = 0.

30. 'Estw ìti ak > 0 gia k�je k ∈ N. An h
∞∑

k=1

ak sugklÐnei, deÐxte ìti oi

∞∑
k=1

a2
k,

∞∑
k=1

ak

1 + ak
,

∞∑
k=1

a2
k

1 + a2
k

sugklÐnoun epÐshc.

Upìdeixh. (a) AfoÔ h
∞∑

k=1

ak sugklÐnei, èqoume ak → 0. 'Ara, up�rqei m ∈ N ¸ste:

gia k�je k ≥ m, 0 ≤ ak ≤ 1. Tìte, gia k�je k ≥ m èqoume 0 ≤ a2
k ≤ ak. Apì to

krit rio sÔgkrishc, h seir�
∞∑

k=1

a2
k sugklÐnei.

(b) Parathr ste ìti 0 ≤ ak

1+ak
≤ ak gia k�je k ∈ N. Apì to krit rio sÔgkrishc, h

seir�
∞∑

k=1

ak

1+ak
sugklÐnei.

(g) Parathr ste ìti 0 ≤ a2
k

1+a2
k
≤ a2

k gia k�je k ∈ N.

31. Upojètoume ìti ak ≥ 0 gia k�je k ∈ N kai ìti h seir�
∞∑

k=1

ak sugklÐnei. DeÐxte

ìti h seir�
∞∑

k=1

√
akak+1 sugklÐnei. DeÐxte ìti, an h {ak} eÐnai fjÐnousa, tìte isqÔei

kai to antÐstrofo.
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Upìdeixh. Parathr ste ìti 0 ≤ √
akak+1 ≤ ak+ak+1

2 gia k�je k ∈ N kai efarmìste
to krit rio sÔgkrishc.

Me thn upìjesh ìti h (ak) eÐnai fjÐnousa, parathr ste ìti 0 ≤ ak+1 ≤
√

akak+1

gia k�je k ∈ N kai efarmìste to krit rio sÔgkrishc.

32. Upojètoume ìti ak ≥ 0 gia k�je k ∈ N kai ìti h seir�
∞∑

k=1

ak sugklÐnei. DeÐxte

ìti h seir�
∞∑

k=1

√
ak

k sugklÐnei.

Upìdeixh. Apì thn anisìthta Cauchy-Schwarz, gia k�je n ∈ N èqoume

n∑
k=1

√
ak

k
≤

(
n∑

k=1

ak

)1/2( n∑
k=1

1
k2

)1/2

≤
√

M1M2,

ìpou

M1 =
∞∑

k=1

ak < +∞ kai M2 =
∞∑

k=1

1
k2

< +∞.

33. Upojètoume ìti ak ≥ 0 gia k�je k ∈ N kai ìti h seir�
∞∑

k=1

ak apoklÐnei. DeÐxte

ìti
∞∑

k=1

ak

(1 + a1)(1 + a2) · · · (1 + ak)
= 1.

Upìdeixh. An b0 = 1 kai

bk =
1

(1 + a1)(1 + a2) · · · (1 + ak)

gia k ∈ N, deÐxte ìti

ak

(1 + a1)(1 + a2) · · · (1 + ak)
= bk−1 − bk

gia k�je k ∈ N, �ra

n∑
k=1

ak

(1 + a1)(1 + a2) · · · (1 + ak)
= b0 − bn = 1− bn.

Parathr¸ntac ìti

(1 + a1)(1 + a2) · · · (1 + an) > a1 + · · ·+ an → +∞

deÐxte ìti
n∑

k=1

ak

(1 + a1)(1 + a2) · · · (1 + ak)
= 1− bn → 1.
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G' Om�da

34. 'Estw (ak) fjÐnousa akoloujÐa jetik¸n arijm¸n me ak → 0. DeÐxte ìti: an h
∞∑

k=1

ak apoklÐnei tìte

∞∑
k=1

min
{

ak,
1
k

}
= +∞.

Upìdeixh. Upojètoume ìti h seir�
∞∑

k=1

min
{
ak, 1

k

}
sugklÐnei. AfoÔ h (ak) fjÐnei

proc to 0, to Ðdio isqÔei gia thn
(
min{ak, 1

k}
)
(exhg ste giatÐ). Apì to krit rio

sumpÔknwshc, h seir�

∞∑
k=1

2k min
{

a2k ,
1
2k

}
=

∞∑
k=1

min
{
2ka2k , 1

}
sugklÐnei. Eidikìtera, min

{
2ka2k , 1

}
→ 0, �ra telik� èqoume min

{
2ka2k , 1

}
=

2ka2k (exhg ste giatÐ).

'Epetai ìti h seir�
∞∑

k=1

2ka2k sugklÐnei. Qrhsimopoi¸ntac xan� to krit rio

sumpÔknwshc, aut  th for� gia th seir�
∞∑

k=1

ak, blèpoume ìti h
∞∑

k=1

ak sugklÐnei.

Autì eÐnai �topo apì thn upìjesh.

35. Upojètoume ìti ak > 0 gia k�je k ∈ N kai ìti h
∞∑

k=1

ak apoklÐnei. Jètoume

sn = a1 + a2 + · · ·+ an.

(a) DeÐxte ìti h
∞∑

k=1

ak

1+ak
apoklÐnei.

(b) DeÐxte ìti: gia 1 ≤ m < n,

am+1

sm+1
+ · · ·+ an

sn
≥ 1− sm

sn

kai sumper�nate ìti h
∞∑

k=1

ak

sk
apoklÐnei.

(g) DeÐxte ìti an

s2
n
≤ 1

sn−1
− 1

sn
kai sumper�nate ìti h

∞∑
k=1

ak

s2
k
sugklÐnei.

Upìdeixh. (a) 'Estw ìti h
∞∑

k=1

ak

1+ak
sugklÐnei. Tìte,

ak

1 + ak
→ 0 ⇒ 1

1 + ak
= 1− ak

1 + ak
→ 1 ⇒ 1 + ak → 1.

Sunep¸c, up�rqei m ∈ N ¸ste: 1 + ak < 3
2 gia k�je k ≥ m. 'Epetai ìti 0 ≤ ak ≤

3
2

ak

1+ak
gia k�je k ≥ m. Apì to krit rio sÔgkrishc, h

∞∑
k=1

ak sugklÐnei, �topo.
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(b) Parathr ste ìti h (sn) eÐnai aÔxousa. 'Ara, an 1 ≤ m < n èqoume

am+1

sm+1
+ · · ·+ an

sn
≥ am+1

sn
+ · · ·+ an

sn
=

am+1 + · · ·+ an

sn

=
sn − sm

sn
= 1− sm

sn
.

Ac upojèsoume ìti h
∞∑

k=1

ak

sk
sugklÐnei. Apì to krit rio Cauchy, gia ε = 1

2 > 0,

mporoÔme na broÔme n0 ∈ N ¸ste: an n > m ≥ n0 tìte

am+1

sm+1
+ · · ·+ an

sn
<

1
2
,

dhlad 

1− sm

sn
<

1
2

⇒ sm

sn
>

1
2
.

Stajeropoi ste m ≥ n0 kai af ste to n → ∞. AfoÔ h
∞∑

k=1

ak apoklÐnei, èqoume

sn →∞. 'Ara, lim
n→∞

sm

sn
= 0, to opoÐo odhgeÐ se �topo.

(g) Parathr ste ìti

an

s2
n

=
sn − sn−1

s2
n

≤ sn − sn−1

snsn−1
=

1
sn−1

− 1
sn

.

An tn eÐnai to n-ostì merikì �jroisma thc
∞∑

k=1

ak

s2
k
, tìte

tn =
a1

s2
1

+
a2

s2
2

+ · · ·+ an

s2
n

≤ 1
s1

+
(

1
s1
− 1

s2

)
+ · · ·+

(
1

sn−1
− 1

sn

)
≤ 2

s1
.

H (tn) eÐnai �nw fragmènh, �ra h
∞∑

k=1

ak

s2
k
sugklÐnei.

36. Upojètoume ìti ak > 0 gia k�je k ∈ N kai ìti h
∞∑

k=1

ak sugklÐnei. Jètoume

rn =
∞∑

k=n

ak.

(a) DeÐxte ìti: gia 1 ≤ m < n,

am

rm
+ · · ·+ an

rn
≥ 1− rn+1

rm

kai sumper�nate ìti h
∞∑

k=1

ak

rk
apoklÐnei.

(b) DeÐxte ìti an√
rn

< 2
(√

rn −
√

rn+1

)
kai sumper�nate ìti h

∞∑
k=1

ak√
rk

sugklÐnei.

Upìdeixh. AfoÔ h
∞∑

k=1

ak sugklÐnei, èqoume rn → 0. Parathr ste epÐshc ìti h (rn)

eÐnai fjÐnousa.
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(a) An 1 ≤ m < n,

am

rm
+ · · ·+ an

rn
≥ am

rm
+ · · ·+ an

rm
≥ am + · · ·+ an

rm

=
rm − rn+1

rm
= 1− rn+1

rm
≥ 1− rn

rm
.

Ac upojèsoume ìti h
∞∑

k=1

ak

rk
sugklÐnei. Apì to krit rio Cauchy up�rqei n0 ∈ N

¸ste: gia k�je n > m ≥ n0,

1− rn

rm
≤ am

rm
+ · · ·+ an

rn
<

1
2
.

Stajeropoi¸ntac m ≥ n0 kai af nontac to n →∞ katal xte se �topo.

(b) Parathr ste ìti

√
rn −

√
rn+1 =

rn − rn+1√
rn +√

rn+1
=

an√
rn +√

rn+1
≥ an

2
√

rn
.

'Ara, gia k�je n ∈ N,
n∑

k=1

ak√
rk
≤ 2

(√
r1 −

√
r2 +

√
r2 −

√
r3 + · · ·+

√
rn −

√
rn+1

)
≤ 2

√
r1.

'Epetai ìti h
∞∑

k=1

ak√
rk

sugklÐnei.

37. 'Estw (ak) akoloujÐa pragmatik¸n arijm¸n. DeÐxte ìti an h seir�
∞∑

k=1

ak apok-

lÐnei tìte kai h seir�
∞∑

k=1

kak apoklÐnei.

Upìdeixh. Jètoume bk = kak. Tìte, jèloume na deÐxoume ìti: an h seir�
∞∑

k=1

bk

k

apoklÐnei tìte kai h seir�
∞∑

k=1

bk apoklÐnei.

Parathr ste ìti an h
∞∑

k=1

bk sugklÐnei, tìte èqei fragmèna merik� ajroÐsmata.

AfoÔ h 1
k fjÐnei proc to 0, to krit rio Dirichlet deÐqnei ìti h

∞∑
k=1

bk

k sugklÐnei, to

opoÐo eÐnai �topo.

38. 'Estw (ak) akoloujÐa jetik¸n pragmatik¸n arijm¸n. DeÐxte ìti an h seir�
∞∑

k=1

ak sugklÐnei, tìte kai h
∞∑

k=1

a
k

k+1
k sugklÐnei.

Upìdeixh. Gr�foume a
k

k+1
k = ak

a
1

k+1
k

kai diakrÐnoume dÔo peript¸seic:

(a) An ak > 1/2k+1 tìte a
1

k+1
k > 1/2. Sunep¸c,

a
k

k+1
k ≤ 2ak.
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(b) An ak ≤ 1/2k+1 tìte

a
k

k+1
k ≤

(
1

2k+1

) k
k+1

=
1
2k

.

Se k�je perÐptwsh,

a
k

k+1
k ≤ 2ak +

1
2k

.

'Omwc, h
∞∑

k=1

ak sugklÐnei, �ra h
∞∑

k=1

(2ak +2−k) sugklÐnei. To zhtoÔmeno èpetai apì

to krit rio sÔgkrishc.

39. 'Estw (ak) h akoloujÐa pou orÐzetai apì tic

a2k−1 =
1
k

kai a2k =
1
2k

.

Exet�ste an h seir�
∞∑

k=1

(−1)k−1ak sugklÐnei.

Upìdeixh. ParathroÔme ìti

s2n =
(

1− 1
2

)
+
(

1
2
− 1

22

)
+ · · ·+

(
1
n
− 1

2n

)
=

(
1 +

1
2

+ · · ·+ 1
n

)
−
(

1
2

+
1
22

+ · · ·+ 1
2n

)
≥

(
1 +

1
2

+ · · ·+ 1
n

)
− 1.

AfoÔ 1 + 1
2 + · · ·+ 1

n → +∞ ìtan n →∞, blèpoume ìti s2n → +∞. 'Ara, h seir�
apoklÐnei (kai m�lista sto +∞ � exhg ste giatÐ).

40. Upojètoume ìti ak ≥ 0 gia k�je k ∈ N. OrÐzoume

bk =
1
k

2k∑
m=k+1

am.

DeÐxte ìti h
∞∑

k=1

ak sugklÐnei an kai mìno an h
∞∑

k=1

bk sugklÐnei.

Upìdeixh. 'Estw sn kai tn ta merik� ajroÐsmata twn seir¸n
∞∑

k=1

ak kai
∞∑

k=1

bk an-

tÐstoiqa. Ja sugkrÐnoume ta s2n kai tn. 'Eqoume

tn = b1 +b2 + · · ·+bn = a2 +
1
2
(a3 +a4)+

1
3
(a4 +a5 +a6)+ · · ·+

1
n

(an+1 + · · ·+a2n).

DeÐxte ìti sto tn emfanÐzontai mìno oi a2, . . . , a2n kai ìti o suntelest c kajenìc ak

sto tn eÐnai mikrìteroc   Ðsoc tou 1. 'Epetai ìti tn ≤ s2n gia k�je n ∈ N. Sunep¸c,

an h
∞∑

k=1

ak sugklÐnei tìte h
∞∑

k=1

bk sugklÐnei.
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Apì thn �llh pleur�, jewr ste to merikì �jroisma t2n, kai deÐxte ìti k�je ak,
2 ≤ k ≤ n, emfanÐzetai ekeÐ me suntelest  σk = 1

m + · · ·+ 1
2m−1 an o k eÐnai �rtioc,

kai suntelest  σk = 1
m+1 + · · · + 1

2m an o k eÐnai perittìc. Se k�je perÐptwsh,

σk ≥ 1
2 . 'Ara,

sn = a1 + a2 + · · ·+ an ≤ a1 + 2t2n.

'Epetai ìti, an h
∞∑

k=1

bk sugklÐnei tìte h
∞∑

k=1

ak sugklÐnei.

41. 'Estw (ak) akoloujÐa jetik¸n pragmatik¸n arijm¸n. JewroÔme thn akoloujÐa

bk =
a1 + 2a2 + · · ·+ kak

k(k + 1)
.

DeÐxte ìti: an h
∞∑

k=1

ak sugklÐnei, tìte h seir�
∞∑

k=1

bk sugklÐnei kai ta ajroÐsmata

twn dÔo seir¸n eÐnai Ðsa.

Upìdeixh. An sn = a1 + · · ·+ an kai tn = b1 + · · ·+ bn, tìte

tn =
n∑

k=1

bk =
n∑

k=1

k∑
s=1

sas

k(k + 1)

=
n∑

s=1

sas

n∑
k=s

1
k(k + 1)

=
n∑

s=1

sas

n∑
k=s

(
1
k
− 1

k + 1

)

=
n∑

s=1

sas

(
1
s
− 1

n + 1

)

=
n∑

s=1

as −
a1 + 2a2 + · · ·+ nan

n + 1

= sn − nbn.

Ja deÐxoume ìti

nbn =
a1 + 2a2 + · · ·+ nan

n + 1
→ 0.

Me b�sh to L mma tou Abel, gr�foume

n∑
k=1

kak =
n−1∑
k=1

sk(k − (k + 1)) + nsn − 1 = −
n−1∑
k=1

sk + nsn − 1.

'Ara,

nbn =
1

n + 1

n∑
k=1

kak = −n− 1
n + 1

· s1 + · · ·+ sn−1

n− 1
+

nsn

n + 1
− 1

n + 1
→ −s+s−0 = 0,

ìpou s = lim sn =
∞∑

k=1

ak (ed¸ qrhsimopoioÔme to gegonìc ìti an sn → s tìte

s1+s2+···+sn−1
n−1 → s). AfoÔ nbn → 0, apì thn tn = sn − nbn blèpoume ìti tn → s.
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Dhlad ,
∞∑

k=1

bk =
∞∑

k=1

ak.

42. 'Estw (ak) akoloujÐa jetik¸n arijm¸n ¸ste
∞∑

k=1

ak = +∞ kai ak → 0. DeÐxte

ìti an 0 ≤ α < β tìte up�rqoun fusikoÐ m ≤ n ¸ste

α <
n∑

k=m

ak < β.

Upìdeixh. AfoÔ ak → 0, up�rqei m ∈ N ¸ste: an k ≥ m tìte

ak < β − α.

AfoÔ
∞∑

k=1

ak = +∞, up�rqei el�qistoc fusikìc ` ≥ m ¸ste

am + · · ·+ a` ≥ β.

(a) DeÐxte ìti ` > m.

(b) An n = `− 1, parathr ste ìti n ≥ m kai

am + · · ·+ an < β,

en¸
am + · · ·+ an ≥ β − a` > β − (β − α) = α.

43. DeÐxte ìti an 0 ≤ α < β tìte up�rqoun fusikoÐ m ≤ n ¸ste

α <
1
m

+
1

m + 1
+ · · ·+ 1

n
< β.

Upìdeixh. Efarmìste thn prohgoÔmenh �skhsh gia thn ak = 1
k .





Kef�laio 3

Omoiìmorfh sunèqeia

Om�da A'

1. DeÐxte to je¸rhma mègisthc kai el�qisthc tim c gia mia suneq  sun�rthsh
f : [a, b] → R qrhsimopoi¸ntac to je¸rhma Bolzano–Weiertstrass.

Upìdeixh. DeÐqnoume pr¸ta ìti up�rqei M > 0 ¸ste |f(x)| ≤ M gia k�je x ∈ [a, b],
me apagwg  se �topo. An autì den isqÔei, mporoÔme na broÔme xn ∈ [a, b] ¸ste
|f(xn)| > n, n = 1, 2, . . .. H (xn) èqei upakoloujÐa (xkn

) ¸ste xkn
→ x0 ∈ [a, b].

AfoÔ h f eÐnai suneq c sto x0, apì thn arq  thc metafor�c èqoume f(xkn
) → f(x0),

�ra

|f(xkn
)| → |f(x0)|.

'Omwc, |f(xkn)| > kn ≥ n. 'Ara, |f(xkn)| → +∞, to opoÐo eÐnai �topo.

EÐdame ìti h f eÐnai fragmènh, �ra

M := sup{f(x) : x ∈ [a, b]} < ∞.

Tìte, mporoÔme na broÔme xn ∈ [a, b] ¸ste f(xn) → M (genik�, an s = sup(A) tìte
up�rqei akoloujÐa (an) sto A ¸ste an → s). H (xn) èqei upakoloujÐa (xkn

) ¸ste
xkn → x0 ∈ [a, b]. AfoÔ f(xn) → M , èqoume f(xkn) → M . Apì thn arq  thc
metafor�c,

f(x0) = lim
n→∞

f(xkn
) = M.

Autì apodeiknÔei ìti h f paÐrnei mègisth tim  (sto x0).

Ergazìmenoi ìmoia, deÐqnoume ìti h f paÐrnei el�qisth tim .

2. 'Estw X ⊆ R. Lème ìti mia sun�rthsh f : X → R ikanopoieÐ sunj kh Lipschitz
an up�rqei M ≥ 0 ¸ste: gia k�je x, y ∈ X,

|f(x)− f(y)| ≤ M · |x− y|.

DeÐxte ìti an h f : X → R ikanopoieÐ sunj kh Lipschitz tìte eÐnai omoiìmorfa
suneq c. IsqÔei to antÐstrofo?
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Upìdeixh. (a) 'Estw ε > 0. Epilègoume δ = δ(ε) = ε
M > 0. An x, y ∈ X kai

|x− y| < δ, tìte
|f(x)− f(y)| ≤ M |x− y| < Mδ = ε.

'Ara, h f eÐnai omoiìmorfa suneq c.

(b) H sun�rthsh f : [0, 1] → R me f(x) =
√

x eÐnai suneq c sto kleistì di�sthma
[0, 1], �ra eÐnai omoiìmorfa suneq c. 'Omwc, h f den ikanopoieÐ sunj kh Lipschitz
sto [0, 1]. Ja up rqe M > 0 ¸ste: gia k�je 0 < x < 1 na isqÔei

|
√

x− 0| ≤ M |x− 0|, dhlad  1 ≤ M
√

x.

Autì odhgeÐ se �topo ìtan x → 0+.

3. 'Estw f : [a, b] → R suneq c, paragwgÐsimh sto (a, b). DeÐxte ìti h f ikanopoieÐ
sunj kh Lipschitz an kai mìno an h f ′ eÐnai fragmènh.

Upìdeixh. 'Estw ìti h f ikanopoieÐ sunj kh Lipschitz, dhlad  up�rqei M > 0 ¸ste
|f(x) − f(y)| ≤ M |x − y| gia k�je x, y ∈ [a, b]. JewroÔme x0 ∈ (a, b). Tìte,

f ′(x0) = lim
x→x0

f(x)−f(x0)
x−x0

. 'Omwc, an x 6= x0 sto (a, b), èqoume

|f(x)− f(x0)|
|x− x0|

≤ M �ra |f ′(x0)| = lim
x→x0

|f(x)− f(x0)|
|x− x0|

≤ M.

Dhlad , h f ′ eÐnai fragmènh.
AntÐstrofa, ac upojèsoume ìti up�rqei M > 0 ¸ste |f ′(ξ)| ≤ M gia k�je

ξ ∈ (a, b). 'Estw x < y sto [a, b]. Apì to je¸rhma mèshc tim c up�rqei ξ ∈ (x, y)
¸ste

|f(x)− f(y)| = |f ′(ξ)| · |x− y| ≤ M · |x− y|.

Dhlad , h f eÐnai Lipschitz suneq c.

4. 'Estw n ∈ N, n ≥ 2 kai f(x) = x1/n, x ∈ [0, 1]. DeÐxte ìti h sun�rthsh f den
ikanopoieÐ sunj kh Lipschitz. EÐnai omoiìmorfa suneq c?

Upìdeixh. 'Eqoume f ′(x) = 1
nx

1
n−1 gia x ∈ (0, 1). AfoÔ 1

n − 1 < 0, èqoume

lim
x→0+

f ′(x) = +∞,

dhlad  h f ′ den eÐnai fragmènh. Apì thn 'Askhsh 3, h f den ikanopoieÐ sunj kh Lip-
schitz. EÐnai ìmwc omoiìmorfa suneq c wc suneq c sun�rthsh se kleistì di�sthma.

5. Exet�ste an oi parak�tw sunart seic ikanopoioÔn sunj kh Lipschitz:
(a) f : [0, 1] → R me f(x) = x sin 1

x an x 6= 0 kai f(0) = 0.
(b) g : [0, 1] → R me g(x) = x2 sin 1

x an x 6= 0 kai g(0) = 0.

Upìdeixh. Apì thn 'Askhsh 3 arkeÐ na exet�sete an kajemÐa apì tic f kai g èqei
fragmènh par�gwgo sto (0, 1). Elègxte ìti: h f den èqei fragmènh par�gwgo sto
(0, 1), en¸ h g èqei fragmènh par�gwgo sto (0, 1).

6. 'Estw A,B mh ken� uposÔnola tou R kai èstw f : A → B kai g : B → R
omoiìmorfa suneqeÐc sunart seic. DeÐxte ìti h g ◦ f eÐnai omoiìmorfa suneq c.
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Upìdeixh. 'Estw ε > 0. AfoÔ h g eÐnai omoiìmorfa suneq c, up�rqei ζ = ζ(ε) > 0
¸ste an u, v ∈ B kai |u− v| < ζ tìte |g(u)− g(v)| < ε.

H f eÐnai omoiìmorfa suneq c, �ra up�rqei δ = δ(ζ) > 0 ¸ste an x, y ∈ A kai
|x− y| < δ tìte |f(x)− f(y)| < ζ. Parathr ste ìti to δ exart�tai mìno apì to ε,
afoÔ to ζ exart�tai mìno apì to ε.

Jewr ste x, y ∈ A me |x− y| < δ. Tìte, ta u = f(x) kai v = f(y) an koun sto
B kai |u− v| = |f(x)− f(y)| < ζ. 'Ara,

|(g ◦ f)(x)− (g ◦ f)(y)| = |g(u)− g(v)| < ε.

'Epetai ìti h g ◦ f eÐnai omoiìmorfa suneq c.

7. 'Estw f, g : I → R omoiìmorfa suneqeÐc sunart seic. DeÐxte ìti

(a) h f + g eÐnai omoiìmorfa suneq c sto I.

(b) h f ·g den eÐnai anagkastik� omoiìmorfa suneq c sto I, an ìmwc oi f, g upotejoÔn
kai fragmènec tìte h f · g eÐnai omoiìmorfa suneq c sto I.

Upìdeixh. (a) 'Estw ε > 0. AfoÔ h f eÐnai omoiìmorfa suneq c sto I, up�rqei
δ1 > 0 ¸ste an x, y ∈ I kai |x− y| < δ1 tìte |f(x)− f(y)| < ε

2 . OmoÐwc, afoÔ h g
eÐnai omoiìmorfa suneq c sto I, up�rqei δ2 > 0 ¸ste an x, y ∈ I kai |x − y| < δ2

tìte |g(x)− g(y)| < ε
2 .

OrÐzoume δ = min{δ1, δ2} > 0. Tìte, an x, y ∈ I kai |x− y| < δ, èqoume

|(f + g)(x)− (f + g)(y)| = |(f(x)− f(y)) + (g(x)− g(y))|
≤ |f(x)− f(y)|+ |g(x)− g(y)|

<
ε

2
+

ε

2
= ε.

'Epetai ìti h f + g eÐnai omoiìmorfa suneq c sto I.

(b) An oi f, g eÐnai omoiìmorfa suneqeÐc sto I tìte h f · g den eÐnai anagkastik�
omoiìmorfa suneq c sto I: jewr ste tic f, g : [0,+∞) → R me f(x) = g(x) = x.
Autèc eÐnai omoiìmorfa suneqeÐc sto [0,+∞), ìmwc h (f · g)(x) = x2 den eÐnai
omoiìmorfa suneq c sto [0,+∞).

An ìmwc oi omoiìmorfa suneqeÐc sunart seic f, g : I → R upotejoÔn kai frag-
mènec, tìte h f · g eÐnai omoiìmorfa suneq c sto I. Up�rqoun M,N > 0 ¸ste
|f(x)| ≤ M kai |g(x)| ≤ N gia k�je x ∈ I. 'Estw ε > 0. Apì thn omoiìmorfh
sunèqeia twn f kai g mporoÔme na broÔme δ > 0 ¸ste an x, y ∈ I kai |x − y| < δ
tìte

|f(x)− f(y)| < ε

M + N
kai |g(x)− g(y)| < ε

M + N
.

Tìte, an x, y ∈ I kai |x− y| < δ èqoume

|f(x)g(x)− f(y)g(y)| ≤ |f(x)| · |g(x)− g(y)|+ |g(y)| · |f(x)− f(y)|

< M · ε

M + N
+ N · ε

M + N
= ε.

8. 'Estw f : R → R suneq c sun�rthsh me thn ex c idiìthta: gia k�je ε > 0
up�rqei M = M(ε) > 0 ¸ste an |x| ≥ M tìte |f(x)| < ε. DeÐxte ìti h f eÐnai
omoiìmorfa suneq c.
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ShmeÐwsh: H upìjesh, isodÔnama, mac lèei ìti

lim
x→−∞

f(x) = lim
x→+∞

f(x) = 0.

Upìdeixh. 'Estw ε > 0. Apì thn upìjesh, up�rqei M = M(ε) > 0 ¸ste an |x| ≥ M
tìte |f(x)| < ε/3. EpÐshc, h f eÐnai suneq c sto kleistì di�sthma [−M,M ], opìte
eÐnai omoiìmorfa suneq c sto [−M,M ]. 'Ara, up�rqei δ = δ(ε) > 0 me δ < M , ¸ste
an x, y ∈ [−M,M ] kai |x− y| < δ tìte |f(x)− f(y)| < ε/3.

Ja deÐxoume ìti an x, y ∈ R kai |x− y| < δ tìte |f(x)− f(y)| < ε. DiakrÐnoume
tic ex c peript¸seic:

(i) x, y ∈ (−∞,M ]: tìte, |f(x)− f(y)| ≤ |f(x)|+ |f(y)| < ε
3 + ε

3 < ε.

(ii) x, y ∈ [M,+∞): tìte, |f(x)− f(y)| ≤ |f(x)|+ |f(y)| < ε
3 + ε

3 < ε.

(iii) x, y ∈ [−M,M ]: tìte, apì thn epilog  tou δ èqoume |f(x)− f(y)| < ε
3 < ε.

(iv) x < M < y: tìte, x ∈ [−M,M ] (diìti δ < M) kai |x − M | < |x − y| < δ,
�ra |f(x) − f(M)| < ε

3 . EpÐshc, M,y ≥ M �ra |f(M)| < ε
3 kai |f(y)| < ε

3 .
Sunep¸c,

|f(x)− f(y)| ≤ |f(x)− f(M)|+ |f(M)− f(y)|
≤ |f(x)− f(M)|+ |f(M)|+ |f(y)|

<
ε

3
+

ε

3
+

ε

3
= ε.

(v) x < −M < y: ìmoia me thn prohgoÔmenh perÐptwsh.

To ε > 0  tan tuqìn, �ra h f eÐnai omoiìmorfa suneq c.

9. 'Estw a ∈ R kai f : [a,+∞) → R suneq c sun�rthsh me thn ex c idiìthta:
up�rqei to lim

x→+∞
f(x) kai eÐnai pragmatikìc arijmìc. DeÐxte ìti h f eÐnai omoiìmorfa

suneq c.

Upìdeixh. 'Estw ` := lim
x→+∞

f(x). JewroÔme th sun�rthsh g : [a,+∞) → R me

g(x) = f(x)−`. Tìte, lim
x→+∞

g(x) = 0. 'Ara, gia k�je ε > 0 up�rqei M = M(ε) > a

¸ste an x ≥ M tìte |g(x)| < ε. To epiqeÐrhma thc 'Askhshc 8 deÐqnei ìti h g eÐnai
omoiìmorfa suneq c sto [a,+∞). AfoÔ h stajer  sun�rthsh h(x) = ` eÐnai epÐshc
omoiìmorfa suneq c sto [a,+∞), èpetai ìti h f = g + h eÐnai omoiìmorfa suneq c
sto [a,+∞).

10. 'Estw f : R → R omoiìmorfa suneq c sun�rthsh. DeÐxte ìti up�rqoun A,B > 0
¸ste |f(x)| ≤ A|x|+ B gia k�je x ∈ R.

Upìdeixh. AfoÔ h f : R → R eÐnai omoiìmorfa suneq c, gia ε = 1 mporoÔme na
broÔme δ > 0 ¸ste: an x, y ∈ R kai |x− y| < δ tìte |f(x)− f(y)| < 1.

'Estw x > 0. JewroÔme ton el�qisto fusikì n = nx gia ton opoÐo nx
δ
2 > x

(autìc up�rqei, apì thn Arqim deia idiìthta kai apì thn arq  tou elaqÐstou). Tìte,

(∗) (nx − 1)
δ

2
≤ x < nx

δ

2
.



· 37

JewroÔme ta shmeÐa: x0 = 0, x1 = δ
2 , . . . , xn = n δ

2 . 'Eqoume |xk+1 − xk| < δ gia
k�je k = 0, 1, . . . , n− 1 kai |x− xn| < δ. 'Ara,

|f(x)− f(0)| ≤ |f(x)− f(xn)|+ · · ·+ |f(x1)− f(x0)| < n + 1 = nx + 1 <
2
δ
x + 2

apì thn (∗). Dhlad , gia k�je x > 0.

|f(x)| ≤ 2
δ
x + 2 + |f(0)|.

DouleÔontac me ton Ðdio trìpo gia x < 0 deÐxte ìti

|f(x)| ≤ 2
δ
|x|+ 2 + |f(0)|

gia k�je x ∈ R. Epomènwc, to zhtoÔmeno isqÔei me A = 2
δ kai B = |f(0)|+ 2.

11. 'Estw n ∈ N, n > 1. Qrhsimopoi¸ntac thn prohgoÔmenh 'Askhsh deÐxte ìti h
sun�rthsh f(x) = xn, x ∈ R den eÐnai omoiìmorfa suneq c.

Upìdeixh. 'Estw n > 1. Upojètoume ìti h sun�rthsh f(x) = xn, x ∈ R eÐnai
omoiìmorfa suneq c. Apì thn 'Askhsh 10 up�rqoun A,B > 0 ¸ste xn ≤ Ax + B
gia k�je x > 0. Tìte,

xn−1 ≤ A +
B

x

gia k�je x > 0. AfoÔ n > 1, èqoume lim
x→+∞

xn−1 = +∞. 'Omwc, lim
x→+∞

(
A + B

x

)
=

A. Autì odhgeÐ se �topo.

12. (a) 'Estw f : [0,+∞) → R suneq c sun�rthsh. Upojètoume ìti up�rqei a > 0
¸ste h f na eÐnai omoiìmorfa suneq c sto [a,+∞). DeÐxte ìti h f eÐnai omoiìmorfa
suneq c sto [0,+∞).
(b) DeÐxte ìti h f(x) =

√
x eÐnai omoiìmorfa suneq c sto [0,+∞).

Upìdeixh. (a) 'Eqoume upojèsei ìti up�rqei a > 0 ¸ste h f na eÐnai omoiìmorfa
suneq c sto [a,+∞). EpÐshc, h f eÐnai suneq c sto kleistì di�sthma [0, a], �ra
eÐnai omoiìmorfa suneq c sto [0, a]. DeÐxte ìti h f eÐnai omoiìmorfa suneq c sto
[0,+∞) qrhsimopoi¸ntac thn teqnik  thc 'Askhshc 8 (diakrÐnontac peript¸seic).

(b) H f(x) =
√

x eÐnai suneq c sto [0,+∞). An x, y ∈ [1,+∞), tìte

|f(x)− f(y)| = |
√

x−√y| = |x− y|√
x +

√
y
≤ 1

2
|x− y|,

dhlad  h f ikanopoieÐ sunj kh Lipschitz sto [1,+∞). Sunep¸c, h f eÐnai omoiìmorfa
suneq c sto [1,+∞). T¸ra, mporeÐte na efarmìsete to (a).

13. 'Estw f : (a, b) → R omoiìmorfa suneq c sun�rthsh. DeÐxte ìti up�rqei

suneq c sun�rthsh f̂ : [a, b] → R ¸ste f̂(x) = f(x) gia k�je x ∈ (a, b).

Upìdeixh. EÐdame (sth jewrÐa) ìti an h f : (a, b) → R eÐnai omoiìmorfa suneq c
sun�rthsh, tìte up�rqoun ta

lim
x→a+

f(x) = ` kai lim
x→b−

f(x) = m
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kai eÐnai pragmatikoÐ arijmoÐ. An epekteÐnoume thn f sto [a, b] orÐzontac f̂(a) = `,
f̂(b) = m kai f̂(x) = f(x) gia x ∈ (a, b), tìte h f̂ : [a, b] → R eÐnai suneq c sto
[a, b].

14. Exet�ste an oi parak�tw sunart seic eÐnai omoiìmorfa suneqeÐc.

(i) f : R → R me f(x) = 3x + 1.

(ii) f : [2,+∞) → R me f(x) = 1
x .

(iii) f : (0, π] → R me f(x) = 1
x sin2 x.

(iv) f : (0,∞) → R me f(x) = sin 1
x .

(v) f : (0,∞) → R me f(x) = x sin 1
x .

(vi) f : (0,∞) → R me f(x) = sin x
x .

(vii) f : (1,∞) → R me f(x) = cos(x3)
x .

(viii) f : R → R me f(x) = 1
x2+4 .

(ix) f : R → R me f(x) = x
1+|x| .

(x) f : [−2, 0] → R me f(x) = x
x2+1 .

(xi) f : R → R me f(x) = x sinx.

(xii) f : [0,+∞) → R me f(x) = cos(x2)
x+1 .

Upìdeixh. 'Olec oi sunart seic eÐnai suneqeÐc sto pedÐo orismoÔ touc.

(i) f : R → R me f(x) = 3x + 1. H f eÐnai omoiìmorfa suneq c: eÐnai Lipschitz
suneq c me stajer� 3. Gia thn akrÐbeia,

|f(x)− f(y)| = 3|x− y|

gia k�je x, y ∈ R.
(ii) f : [2,+∞) → R me f(x) = 1

x . H f eÐnai omoiìmorfa suneq c: eÐnai Lipschitz
suneq c, afoÔ

|f ′(x)| = 1
x2

≤ 1
4

sto [2,+∞).
(iii) f : (0, π] → R me f(x) = 1

x sin2 x. H f orÐzetai sto hmianoiktì di�sthma (0, π]
kai

lim
x→0+

f(x) = lim
x→0+

sinx

x
· sinx = 1 · 0 = 0.

Sunep¸c, h f eÐnai omoiìmorfa suneq c.

(iv) f : (0,∞) → R me f(x) = sin 1
x . H f den eÐnai omoiìmorfa suneq c, diìti den

up�rqei to

lim
x→0+

sin
1
x

.

(v) f : (0,∞) → R me f(x) = x sin 1
x . EpekteÐnoume thn f se suneq  sun�rthsh sto

[0,+∞), jètontac

f(0) = lim
x→0+

f(x) = lim
x→0+

x sin
1
x

= 0.
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Gia k�je x > 0 èqoume

f ′(x) = sin
1
x
− 1

x
cos

1
x

.

An x ≥ 1 tìte

|f ′(x)| ≤
∣∣∣∣sin 1

x

∣∣∣∣+ 1
x

∣∣∣∣cos
1
x

∣∣∣∣ ≤ 2.

Sunep¸c, h f eÐnai Lipschitz suneq c, �ra kai omoiìmorfa suneq c, sto [1,+∞).
AfoÔ eÐnai kai suneq c sto [0,+∞), eÐnai omoiìmorfa suneq c (apì thn 'Askhsh
12(a)).

(vi) f : (0,∞) → R me f(x) = sin x
x . EpekteÐnoume thn f se suneq  sun�rthsh sto

[0,+∞), jètontac

f(0) = lim
x→0+

f(x) = lim
x→0+

sinx

x
= 1.

AfoÔ

lim
x→+∞

f(x) = lim
x→+∞

sinx

x
= 0,

h f eÐnai omoiìmorfa suneq c apì thn 'Askhsh 9.

(vii) f : (1,∞) → R me f(x) = cos(x3)
x . EpekteÐnoume thn f se suneq  sun�rthsh

sto [1,+∞), jètontac

f(0) = lim
x→0+

f(x) = lim
x→1+

cos(x3)
x

= cos(1).

AfoÔ

lim
x→+∞

f(x) = lim
x→+∞

cos(x3)
x

= 0,

h f eÐnai omoiìmorfa suneq c apì thn 'Askhsh 9.

(viii) f : R → R me f(x) = 1
x2+4 . AfoÔ lim

x→±∞
1

x2+4 = 0, h f ikanopoieÐ thn upìjesh

thc 'Askhshc 8. Sunep¸c, h f eÐnai omoiìmorfa suneq c.

(ix) f : R → R me f(x) = x
1+|x| . AfoÔ lim

x→+∞
f(x) = 1, h f eÐnai omoiìmorfa suneq c

sto [0,+∞), apì thn 'Askhsh 9. AfoÔ lim
x→−∞

f(x) = −1, h f eÐnai omoiìmorfa

suneq c sto (−∞, 0], p�li apì thn 'Askhsh 9. 'Epetai ìti eÐnai omoiìmorfa suneq c
sto R (qrhsimopoi ste thn teqnik  thc 'Askhshc 8).

(x) f : [−2, 0] → R me f(x) = x
x2+1 . K�je suneq c sun�rthsh orismènh se kleistì

di�sthma eÐnai omoiìmorfa suneq c, �ra h f eÐnai omoiìmorfa suneq c.

(xi) f : R → R me f(x) = x sinx. H f den eÐnai omoiìmorfa suneq c. ParathroÔme
ìti h f ′(x) = x cos x + sin x den eÐnai fragmènh kai ìti paÐrnei meg�lec timèc sta
shmeÐa thc morf c 2nπ ìpou n meg�loc fusikìc. OrÐzoume xn = 2nπ kai yn =
2nπ + 1

n . Tìte, yn − xn = 1
n → 0, all�

f(yn)−f(xn) =
(
2nπ+(1/n)

)
sin(1/n) = 2π

sin(1/n)
1/n

+
sin(1/n)

n
→ 2π·1+0 = 2π 6= 0

ìtan n → ∞. Apì ton qarakthrismì thc omoiìmorfhc sunèqeiac mèsw akolouji¸n
èpetai ìti h f den eÐnai omoiìmorfa suneq c.
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(xii) f : [0,+∞) → R me f(x) = cos(x2)
x+1 . AfoÔ lim

x→+∞
f(x) = 0, h f eÐnai omoiìmorfa

suneq c sto [0,+∞), apì thn 'Askhsh 9.

Om�da B'. Erwt seic katanìhshc

Exet�ste an oi parak�tw prot�seic eÐnai alhjeÐc   yeudeÐc (aitiolog ste pl rwc
thn ap�nths  sac).

15. H sun�rthsh f(x) = x2 + 1
x eÐnai omoiìmorfa suneq c sto (0, 1).

L�joc. An mia sun�rthsh f : (0, 1) → R eÐnai omoiìmorfa suneq c, tìte up�rqoun
ta lim

x→0+
f(x) kai lim

x→1−
f(x) (kai eÐnai pragmatikoÐ arijmoÐ). Gia thn f(x) = x2 + 1

x

èqoume f(x) → +∞ ìtan x → 0+.

16. H sun�rthsh f(x) = 1
x−1 eÐnai omoiìmorfa suneq c sto (0, 1).

L�joc. An mia sun�rthsh f : (0, 1) → R eÐnai omoiìmorfa suneq c, tìte up�rqoun
ta lim

x→0+
f(x) kai lim

x→1−
f(x) (kai eÐnai pragmatikoÐ arijmoÐ). Gia thn f(x) = 1

x−1

èqoume f(x) → −∞ ìtan x → 1−.

17. An h sun�rthsh f den eÐnai fragmènh sto (0, 1), tìte h f den eÐnai omoiìmorfa
suneq c sto (0, 1).

Swstì. 'Estw ìti h sun�rthsh f : (0, 1) → R eÐnai omoiìmorfa suneq c. Tìte,
up�rqoun ta lim

x→0+
f(x) kai lim

x→1−
f(x) (kai eÐnai pragmatikoÐ arijmoÐ). 'Epetai (deÐte

thn 'Askhsh 13) ìti up�rqei suneq c sun�rthsh f̃ : [0, 1] → R ¸ste f̃(x) = f(x)
gia k�je x ∈ (0, 1). H f̃ eÐnai fragmènh (wc suneq c sun�rthsh orismènh se k-
leistì di�sthma). Sunep¸c, h f eÐnai epÐshc fragmènh (wc periorismìc fragmènhc
sun�rthshc).

18. An h (xn) eÐnai akoloujÐa Cauchy kai h f eÐnai omoiìmorfa suneq c sto R, tìte
h (f(xn)) eÐnai akoloujÐa Cauchy.

Swstì. ApodeÐqjhke sth jewrÐa.

19. An h f eÐnai omoiìmorfa suneq c sto (0, 1), tìte to lim
n→∞

f
(

1
n

)
up�rqei.

Swstì. H akoloujÐa
(

1
n

)
n≥2

eÐnai akoloujÐa Cauchy sto (0, 1). AfoÔ h f eÐnai

omoiìmorfa suneq c, h akoloujÐa
(
f
(

1
n

))
eÐnai akoloujÐa Cauchy (apì to prohgoÔ-

meno er¸thma). Sunep¸c, h
(
f
(

1
n

))
sugklÐnei.

20. JewroÔme tic f(x) = x kai g(x) = sin x. Oi f kai g eÐnai omoiìmorfa suneqeÐc
sto R, ìmwc h fg den eÐnai omoiìmorfa suneq c sto R.

Swstì. Oi f kai g èqoun fragmènh par�gwgo, �ra eÐnai Lipschitz suneqeÐc (me
stajer� 1, exhg ste giatÐ). Sunep¸c, eÐnai omoiìmorfa suneqeÐc sto R. 'Omwc, h
(fg)(x) = x sinx den eÐnai omoiìmorfa suneq c sto R: deÐte thn 'Askhsh 14(xi).

21. H sun�rthsh f : R → R me f(x) = x an x > 0 kai f(x) = 2x an x ≤ 0, eÐnai
omoiìmorfa suneq c sto R.
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Swstì. H f eqei fragmènh par�gwgo (Ðsh me 1) sto (0,+∞), �ra eÐnai omoiì-
morfa suneq c sto [0,+∞). OmoÐwc, h f èqei fragmènh par�gwgo (Ðsh me 2) sto
(−∞, 0), �ra eÐnai omoiìmorfa suneq c sto (−∞, 0]. Qrhsimopoi¸ntac th mèjodo
thc 'Askhshc 8, mporeÐte na deÐxete ìti h f eÐnai omoiìmorfa suneq c sto R.
ShmeÐwsh: MporeÐte na elègxete apeujeÐac ìti

|f(x)− f(y)| ≤ 2|x− y|

gia k�je x, y ∈ R, diakrÐnontac tic peript¸seic (a) x, y ≥ 0, (b) x, y ≤ 0, (g)
x < 0 < y. AfoÔ h f eÐnai sun�rthsh Lipschitz me stajer� 2, sumperaÐnoume ìti
eÐnai omoiìmorfa suneq c.

22. K�je fragmènh kai suneq c sun�rthsh f : R → R eÐnai omoiìmorfa suneq c.

L�joc. H sun�rthsh f : R → R me f(x) = cos(x2) eÐnai fragmènh kai suneq c, ìmwc
den eÐnai omoiìmorfa suneq c. Gia tic akoloujÐec xn =

√
πn + π kai yn =

√
πn

èqoume xn − yn → 0, all� |f(xn)− f(yn)| = 2 → 2 6= 0 ìtan n →∞.

Om�da G'

23. DeÐxte ìti h sun�rthsh f : (0, 1) ∪ (1, 2) → R me f(x) = 0 an x ∈ (0, 1) kai
f(x) = 1 an x ∈ (1, 2) eÐnai suneq c all� den eÐnai omoiìmorfa suneq c.

Upìdeixh. H sun�rthsh f : (0, 1) ∪ (1, 2) → R me f(x) = 0 an x ∈ (0, 1) kai
f(x) = 1 an x ∈ (1, 2) eÐnai suneq c: èstw x0 ∈ (0, 1) kai èstw ε > 0. Epilègoume
δ = δ(x0) > 0 (den exart�tai apì to ε > 0) ¸ste (x0 − δ, x0 + δ) ⊂ (0, 1). An x ∈
(0, 1)∪ (1, 2) kai |x−x0| < δ, tìte x ∈ (0, 1). 'Ara, |f(x)−f(x0)| = |0−0| = 0 < ε.
Dhlad , h f eÐnai suneq c sto x0.

Me ton Ðdio trìpo mporeÐte na deÐxete ìti h f eÐnai suneq c se k�je x0 ∈ (1, 2).
'Ara, h f eÐnai suneq c sto (0, 1) ∪ (1, 2).

'Omwc, h f den eÐnai omoiìmorfa suneq c. Jewr ste tic akoloujÐec xn = 1− 1
n+1

kai yn = 1 + 1
n+1 . 'Eqoume xn ∈ (0, 1), yn ∈ (1, 2) kai yn − xn = 2

n+1 → 0. 'Omwc,
f(yn)− f(xn) = 1− 0 = 1 6→ 0. Apì ton qarakthrismì thc omoiìmorfhc sunèqeiac
mèsw akolouji¸n èpetai to sumpèrasma.

ShmeÐwsh: To Ðdio par�deigma deÐqnei ìti an oi periorismoÐ f |A kai f |B miac sun�rthsh-
c f se dÔo uposÔnola A kai B tou pedÐou orismoÔ thc eÐnai omoiìmorfa suneqeÐc
sunart seic, den èpetai anagkastik� ìti h f eÐnai omoiìmorfa suneq c sto A ∪ B
(exhg ste giatÐ).

24. 'Estw f : [a, b] → R suneq c sun�rthsh kai èstw ε > 0. DeÐxte ìti mporoÔme
na qwrÐsoume to [a, b] se peperasmèna to pl joc diadoqik� upodiast mata tou idÐou
m kouc ètsi ¸ste: an ta x, y an koun sto Ðdio upodi�sthma, tìte |f(x)− f(y)| < ε.

Upìdeixh. 'Estw ε > 0. H f eÐnai suneq c sto kleistì di�sthma [a, b], �ra eÐnai
omoiìmorfa suneq c. Up�rqei δ > 0 ¸ste an x, y ∈ [a, b] kai |x − y| < δ tìte
|f(x)−f(y)| < ε. Epilègoume fusikì arijmì n ¸ste b−a

n < δ kai qwrÐzoume to [a, b]
sta diadoqik� upodiast mata

[xk, xk+1] =
[
a + k

(b− a)
n

, a + (k + 1)
b− a

n

]
, k = 0, 1, . . . , n− 1.
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An ta x, y an koun sto Ðdio upodi�sthma [xk, xk+1], tìte |x − y| ≤ xk+1 − xk =
b−a
n < δ. 'Ara, |f(x)− f(y)| < ε.

25. 'Estw f : R → R suneq c, fragmènh kai monìtonh sun�rthsh. DeÐxte ìti h f
eÐnai omoiìmorfa suneq c.

Upìdeixh. QwrÐc periorismì thc genikìthtac upojètoume ìti h f eÐnai aÔxousa.
AfoÔ h f : R → R eÐnai fragmènh kai aÔxousa sun�rthsh, up�rqoun ta

lim
x→+∞

f(x) = ` = sup{f(x) : x ∈ R}

kai
lim

x→−∞
f(x) = m = inf{f(x) : x ∈ R}.

AfoÔ h f eÐnai suneq c kai lim
x→+∞

f(x) = ` ∈ R, h 'Askhsh 9 deÐqnei ìti h f

eÐnai omoiìmorfa suneq c sto [0,+∞). To Ðdio akrib¸c epiqeÐrhma deÐqnei ìti h f
eÐnai omoiìmorfa suneq c sto (−∞, 0]. Tèloc, mporeÐte na deÐxete thn omoiìmorfh
sunèqeia sto R me thn teqnik  thc 'Askhshc 8 (diakrÐnontac peript¸seic).

26. 'Estw f : R → R suneq c kai periodik  sun�rthsh. Dhlad , up�rqei T > 0
¸ste f(x + T ) = f(x) gia k�je x ∈ R. DeÐxte ìti h f eÐnai omoiìmorfa suneq c.

Upìdeixh. H f eÐnai suneq c sto [0, 2T ], �ra eÐnai omoiìmorfa suneq c sto [0, 2T ].
'Estw ε > 0. Up�rqei 0 < δ = δ(ε) < T ¸ste an x, y ∈ [0, 2T ] kai |x− y| < δ tìte
|f(x)− f(y)| < ε

2 .
DeÐxte ìti an x, y ∈ R kai |x − y| < δ tìte |f(x) − f(y)| < ε: mporeÐte na

upojèsete ìti x < y. Up�rqei m ∈ Z ¸ste mT ≤ x ≤ (m+1)T . Tìte, y < x+ δ <
(m + 1)T + T = mT + 2T . Parathr ste ìti x−mT, y −mT ∈ [0, 2T ] kai ìti

|f(x)− f(y)| = |f(x−mT )− f(y −mT )|

apì thn periodikìthta thc f . AfoÔ

|(x−mT )− (y −mT )| = |x− y| < δ,

èqoume |f(x−mT )− f(y −mT )| < ε kai èpetai to zhtoÔmeno.

27. 'Estw X ⊂ R fragmèno sÔnolo kai f : X → R omoiìmorfa suneq c sun�rthsh.
DeÐxte ìti h f eÐnai fragmènh: up�rqei M > 0 ¸ste |f(x)| ≤ M gia k�je x ∈ X.

Upìdeixh. Up�rqei kleistì di�sthma [a, b] ¸ste X ⊆ [a, b]. Gia ε = 1 up�rqei δ > 0
¸ste an x, y ∈ X kai |x− y| < δ tìte |f(x)− f(y)| < 1. Epilègoume diamèrish

P = {a = t0 < t1 < · · · < tn = b}

tou [a, b] ¸ste tk+1 − tk < δ gia k�je k = 0, 1, . . . , n− 1. Jètoume

Xk = [tk, tk+1] ∩X gia k�je k = 0, 1, . . . , n− 1.

An orÐsoume F = {k : Xk 6= ∅}, èqoume

X =
⋃

k∈F

Xk.
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Gia k�je k ∈ F epilègoume tuqìn xk ∈ Xk kai jètoume

α = max{|f(xk)| : k ∈ F}.

Parathr ste ìti an x ∈ X tìte up�rqei k ∈ F ¸ste x ∈ Xk. Tìte, |x − xk| ≤
tk+1 − tk < δ, �ra

|f(x)| ≤ |f(x)− f(xk)|+ |f(xk)| < 1 + α.

Dhlad , |f(x)| ≤ M := 1 + α gia k�je x ∈ X.

28. 'Estw A mh kenì uposÔnolo tou R. OrÐzoume f : R → R me

f(x) = inf{|x− a| : a ∈ A}

(f(x) eÐnai h {apìstash} tou x apì to A). DeÐxte ìti

(a) |f(x)− f(y)| ≤ |x− y| gia k�je x, y ∈ R.
(b) h f eÐnai omoiìmorfa suneq c.

Upìdeixh. (a) 'Estw x, y ∈ R. Gia k�je a ∈ A èqoume f(x) ≤ |x− a| kai |x− a| ≤
|x− y|+ |y − a| apì thn trigwnik  anisìthta. 'Ara,

f(x) ≤ |x− y|+ |y − a|.

AfoÔ
f(x)− |x− y| ≤ |y − a| gia k�je a ∈ A,

sumperaÐnoume ìti

f(x)− |x− y| ≤ inf{|y − a| : a ∈ A} = f(y).

Dhlad ,
f(x)− f(y) ≤ |x− y|.

Me ton Ðdio trìpo deÐqnoume ìti f(y) − f(x) ≤ |y − x| = |x − y|. 'Epetai ìti
|f(x)− f(y)| ≤ |x− y|.
(b) Apì to (a) h f eÐnai Lipschitz suneq c me stajer� 1, �ra eÐnai omoiìmorfa
suneq c.





Kef�laio 4

Olokl rwma Riemann

Om�da A'. Erwt seic katanìhshc

'Estw f : [a, b] → R. Exet�ste an oi parak�tw prot�seic eÐnai alhjeÐc   yeudeÐc
(aitiolog ste pl rwc thn ap�nths  sac).

1. An h f eÐnai Riemann oloklhr¸simh, tìte h f eÐnai fragmènh.

Swstì. Apì ton orismì tou oloklhr¸matoc Riemann: exet�zoume an h f : [a, b] → R
eÐnai oloklhr¸simh mìno an h f eÐnai fragmènh.

2. An h f eÐnai Riemann oloklhr¸simh, tìte paÐrnei mègisth tim .

L�joc. H sun�rthsh f : [0, 1] → R me f(0) = 0 kai f(x) = 1− x an 0 < x ≤ 1 den
paÐrnei mègisth tim , eÐnai ìmwc oloklhr¸simh: gia k�je 0 < b < 1, h f eÐnai suneq c
sto [b, 1], �ra eÐnai oloklhr¸simh sto [b, 1]. Apì thn 'Askhsh 9 (blèpe parak�tw)
h f eÐnai oloklhr¸simh sto [0, 1].

3. An h f eÐnai fragmènh, tìte eÐnai Riemann oloklhr¸simh.

L�joc. H f : [0, 1] → R me f(x) = 1 an x ∈ Q kai f(x) = −1 an x /∈ Q eÐnai
fragmènh, all� den eÐnai oloklhr¸simh: gia k�je diamèrish P tou [0, 1] èqoume
U(f, P ) = 1 kai L(f, P ) = −1, �ra∫ b

a

f(x) dx = −1 < 1 =
∫ 1

0

f(x) dx.

4. An h |f | eÐnai Riemann oloklhr¸simh, tìte h f eÐnai Riemann oloklhr¸simh.

L�joc. Gia th sun�rthsh f tou prohgoÔmenou erwt matoc èqoume |f(x)| = 1 gia
k�je x ∈ [0, 1]. 'Ara, h |f | eÐnai oloklhr¸simh, en¸ h f den eÐnai oloklhr¸simh.

5. An h f eÐnai Riemann oloklhr¸simh, tìte up�rqei c ∈ [a, b] ¸ste f(c)(b− a) =∫ b

a
f(x) dx.

L�joc. H f : [0, 2] → R me f(x) = 1 an x ∈ [0, 1] kai f(x) = −1 an x ∈ (1, 2] eÐnai
oloklhr¸simh kai

∫ 2

0
f(x) dx = 0 (exhg ste giatÐ). 'Omwc, den up�rqei c ∈ [0, 2]
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¸ste 2f(c) =
∫ 2

0
f(x) dx. Ja eÐqame f(c) = 0, en¸ h f den mhdenÐzetai poujen� sto

[0, 2].

6. An h f eÐnai fragmènh kai an L(f, P ) = U(f, P ) gia k�je diamèrish P tou [a, b],
tìte h f eÐnai stajer .

Swstì. 'Estw ìti h f den eÐnai stajer . Tìte, up�rqoun y, z ∈ [a, b] ¸ste f(y) <
f(z). Jewr ste th diamèrish Q = {a, b} tou [a, b] (pou perièqei mìno ta �kra a kai
b tou diast matoc [a, b]). Tìte,

U(f,Q)− L(f,Q) = (M0 −m0)(b− a)

ìpou

m0 = inf{f(x) : x ∈ [a, b]} ≤ f(y) < f(z) ≤ sup{f(x) : x ∈ [a, b]} = M0.

'Ara, M0−m0 > 0 opìte U(f,Q)−L(f,Q) > 0. Autì eÐnai �topo: apì thn upìjesh
èqoume L(f, P ) = U(f, P ) gia k�je diamèrish P tou [a, b].

'Ara, h f eÐnai stajer : up�rqei c ∈ R ¸ste f(x) = c gia k�je x ∈ [a, b], kai to
olokl rwma thc f sto [a, b] isoÔtai me c(b− a).

7. An h f eÐnai fragmènh kai an up�rqei diamèrish P ¸ste L(f, P ) = U(f, P ), tìte
h f eÐnai Riemann oloklhr¸simh.

Swstì. MporoÔme m�lista na deÐxoume ìti h f eÐnai stajer . 'Estw P = {a = x0 <
x1 < · · · < xn = b} diamèrish tou [a, b] ¸ste U(f, P ) = L(f, P ). Autì shmaÐnei ìti

n−1∑
k=0

(Mk −mk)(xk+1 − xk) = U(f, P )− L(f, P ) = 0,

kai, afoÔ mk ≤ Mk gia k�je k = 0, 1, . . . , n− 1, sumperaÐnoume ìti

mk = inf{f(x) : x ∈ [xk, xk+1]} = sup{f(x) : x ∈ [xk, xk+1]} = Mk

gia k�je k = 0, 1, . . . , n− 1. Dhlad , h f(x) = mk = Mk gia k�je x ∈ [xk, xk+1].
Parathr ste t¸ra ìti: x1 ∈ [x0, x1], �ra f(x1) = m0 = M0. 'Omwc, x1 ∈

[x1, x2], �ra f(x1) = m1 = M1. Dhlad , m0 = M0 = m1 = M1.
SuneqÐzontac me ton Ðdio trìpo (gia ta epìmena upodiast mata), sumperaÐnoume

ìti up�rqei α ∈ R ¸ste

α = m0 = M0 = m1 = M1 = · · · = mk = Mk = · · · = mn−1 = Mn−1.

'Epetai ìti f(x) = α gia k�je x ∈ [a, b]. Dhlad , h f eÐnai stajer .

8. An h f eÐnai Riemann oloklhr¸simh kai an f(x) = 0 gia k�je x ∈ [a, b] ∩ Q,
tìte ∫ b

a

f(x)dx = 0.

Swstì. Jewr ste tuqoÔsa diamèrish P = {a = x0 < x1 < · · · < xn = b} tou [a, b].
Se k�je upodi�sthma [xk, xk+1] up�rqei rhtìc arijmìc qk. Apì thn upìjesh èqoume
f(qk) = 0, �ra mk ≤ 0 ≤ Mk. 'Epetai ìti

L(f, P ) =
n−1∑
k=0

mk(xk+1 − xk) ≤ 0 ≤
n−1∑
k=0

Mk(xk+1 − xk) = U(f, P ).
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'Ara, sup
P

L(f, P ) ≤ 0 kai inf
P

U(f, P ) ≥ 0. H f eÐnai oloklhr¸simh, �ra

∫ b

a

f(x)dx = sup
P

L(f, P ) ≤ 0 kai

∫ b

a

f(x)dx = inf
P

U(f, P ) ≥ 0.

Dhlad , ∫ b

a

f(x)dx = 0.

Om�da B'

9. 'Estw f : [0, 1] → R fragmènh sun�rthsh me thn idiìthta: gia k�je 0 < b ≤ 1
h f eÐnai oloklhr¸simh sto di�sthma [b, 1]. DeÐxte ìti h f eÐnai oloklhr¸simh sto
[0, 1].

Upìdeixh. H f eÐnai fragmènh, �ra up�rqei A > 0 ¸ste |f(x)| ≤ A gia k�je
x ∈ [0, 1]. Ja deÐxoume ìti h f eÐnai oloklhr¸simh qrhsimopoi¸ntac to krit rio tou
Riemann. 'Estw ε > 0. Epilègoume 0 < b < 1 arket� mikrì ¸ste na ikanopoieÐtai h

2Ab <
ε

2
.

Apì thn upìjesh, h f eÐnai oloklhr¸simh sto di�sthma [b, 1], �ra up�rqei diamèrish
Q tou [b, 1] me thn idiìthta

U(f,Q)− L(f,Q) <
ε

2
.

JewroÔme th diamèrish P = {0} ∪Q tou [0, 1]. Tìte,

U(f, P )− L(f, P ) = b(M0 −m0) + U(f,Q)− L(f,Q) < b(M0 −m0) +
ε

2
,

ìpou

M0 = sup{f(x) : 0 ≤ x ≤ b} ≤ A kai m0 = inf{f(x) : 0 ≤ x ≤ b} ≥ −A.

Apì tic teleutaÐec anisìthtec paÐrnoume M0 −m0 ≤ 2A, �ra

U(f, P )− L(f, P ) < 2Ab +
ε

2
<

ε

2
+

ε

2
= ε.

Apì to krit rio tou Riemann, h f eÐnai oloklhr¸simh sto [0, 1].

10. ApodeÐxte ìti h sun�rthsh f : [−1, 1] → R me f(x) = sin 1
x an x 6= 0 kai

f(0) = 2 eÐnai oloklhr¸simh.

Upìdeixh. DeÐqnoume pr¸ta ìti h f eÐnai oloklhr¸simh sto [0, 1]. Parathr ste ìti
h f eÐnai fragmènh sto [0, 1] kai, gia k�je 0 < b < 1, h f(x) = sin 1

x eÐnai suneq c
sto [b, 1], �ra oloklhr¸simh sto [b, 1]. Apì thn 'Askhsh 9, h f eÐnai oloklhr¸simh
sto [0, 1].

OmoÐwc deÐqnoume ìti h f eÐnai oloklhr¸simh sto [−1, 0]. 'Ara, h f eÐnai oloklhr¸simh
sto [−1, 1].
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11. 'Estw g : [a, b] → R fragmènh sun�rthsh. Upojètoume ìti h g eÐnai suneq c
pantoÔ, ektìc apì èna shmeÐo x0 ∈ (a, b). DeÐxte ìti h g eÐnai oloklhr¸simh.

Upìdeixh. Akrib¸c ìpwc sthn prohgoÔmenh 'Askhsh, deÐxte ìti h f eÐnai oloklhr¸simh
sto [a, x0] kai sto [x0, b].
ShmeÐwsh. To Ðdio akrib¸c epiqeÐrhma deÐqnei ìti an mia fragmènh sun�rthsh f :
[a, b] → R èqei peperasmèna to pl joc shmeÐa asunèqeiac sto [a, b], tìte h f eÐnai
oloklhr¸simh.

12. Qrhsimopoi¸ntac to krit rio tou Riemann apodeÐxte ìti oi parak�tw sunart -
seic eÐnai oloklhr¸simec:

(a) f : [0, 1] → R me f(x) = x.

(b) f : [0, π/2] → R me f(x) = sin x.

Upìdeixh. (a) f : [0, 1] → R me f(x) = x. H f eÐnai aÔxousa. Jewr ste th diamèrish
Pn tou [0, 1] se n Ðsa upodiast mata m kouc 1/n. DeÐxte ìti

U(f, Pn)− L(f, Pn) =
f(1)− f(0)

n
=

1
n
→ 0.

Apì to krit rio tou Riemann, h f eÐnai oloklhr¸simh sto [0, 1].
(b) f : [0, π/2] → R me f(x) = sinx. H f eÐnai aÔxousa. Jewr ste th diamèrish Pn

tou [0, π/2] se n Ðsa upodiast mata m kouc π/(2n). DeÐxte ìti

U(f, Pn)− L(f, Pn) =
π(f(π/2)− f(0))

2n
=

π

2n
→ 0.

Apì to krit rio tou Riemann, h f eÐnai oloklhr¸simh sto [0, π/2].

13. Exet�ste an oi parak�tw sunart seic eÐnai oloklhr¸simec sto [0, 2] kai up-
ologÐste to olokl rwma touc (an up�rqei):

(a) f(x) = x + [x].
(b) f(x) = 1 an x = 1

k gia k�poion k ∈ N, kai f(x) = 0 alli¸c.

Upìdeixh. (a) f(x) = x + [x]. H f eÐnai aÔxousa sto [0, 2], �ra eÐnai oloklhr¸simh.
MporeÐte na gr�yete ∫ 2

0

f(x)dx =
∫ 2

0

xdx +
∫ 2

0

[x]dx.

To pr¸to olokl rwma eÐnai Ðso me 2 kai to deÔtero Ðso me 1 (exhg ste giatÐ).

(b) f(x) = 1 an x = 1
k gia k�poion k ∈ N, kai f(x) = 0 alli¸c. H f eÐnai

oloklhr¸simh sto [0, 2]. DeÐxte diadoqik� ta ex c:

(i) H f eÐnai fragmènh.

(ii) An 0 < b < 2, tìte h f èqei peperasmèna to pl joc shmeÐa asunèqeiac sto
[b, 2] (eÐnai akrib¸c tìsa ìsoi eÐnai oi fusikoÐ k gia touc opoÐouc 1/k ≥ b).

(iii) An 0 < b < 2, tìte h f eÐnai oloklhr¸simh sto [b, 2] (apì thn shmeÐwsh met�
thn 'Askhsh 3).

(iv) H f eÐnai oloklhr¸simh sto [0, 2] (apì thn 'Askhsh 9).
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14. 'Estw f : [a, b] → R suneq c sun�rthsh me f(x) ≥ 0 gia k�je x ∈ [a, b]. DeÐxte
ìti ∫ b

a

f(x)dx = 0

an kai mìno an f(x) = 0 gia k�je x ∈ [a, b].

Upìdeixh. 'Estw ìti
∫ b

a
f(x)dx = 0. Upojètoume ìti h f den eÐnai tautotik� mh-

denik . Tìte, up�rqei x0 ∈ [a, b] ¸ste f(x0) > 0. Lìgw sunèqeiac, h f paÐrnei
jetikèc timèc se mia (arket� mikr ) perioq  tou x0, mporoÔme loipìn na upojèsoume
ìti a < x0 < b (ìti x0 6= a kai x0 6= b).

Epilègoume ε = f(x0)/2 > 0 kai efarmìzoume ton orismì thc sunèqeiac: m-
poroÔme na broÔme δ > 0 (kai an qrei�zetai na to mikrÔnoume) ¸ste a < x0 − δ <
x0 + δ < b kai, gia k�je x ∈ [x0 − δ, x0 + δ],

|f(x)− f(x0)| <
f(x0)

2
=⇒ f(x) >

f(x0)
2

.

AfoÔ h f eÐnai mh arnhtik  pantoÔ sto [a, b], èqoume∫ b

a

f(x)dx =
∫ x0−δ

a

f(x)dx +
∫ x0+δ

x0−δ

f(x)dx +
∫ b

x0+δ

f(x)dx

≥ 0 +
∫ x0+δ

x0−δ

f(x)dx + 0 ≥ 2δ · f(x0)
2

= δf(x0) > 0.

Katal xame se �topo, �ra f(x) = 0 gia k�je x ∈ [a, b]. O antÐstrofoc isqurismìc
isqÔei profan¸c.

15. 'Estw f, g : [a, b] → R suneqeÐc sunart seic ¸ste∫ b

a

f(x)dx =
∫ b

a

g(x)dx.

DeÐxte ìti up�rqei x0 ∈ [a, b] ¸ste f(x0) = g(x0).

Upìdeixh. Jewr¸ntac thn h = f − g blèpoume ìti arkeÐ na deÐxoume to ex c: an

h : [a, b] → R suneq c sun�rthsh kai
∫ b

a
h(x)dx = 0, tìte up�rqei x0 ∈ [a, b] ¸ste

h(x0) = 0.
Ac upojèsoume ìti h(x) 6= 0 gia k�je x ∈ [a, b]. Tìte, eÐte h(x) > 0 pantoÔ sto

[a, b]   h(x) < 0 pantoÔ sto [a, b] (an h h èpairne kai arnhtikèc kai jetikèc timèc
sto [a, b] tìte, apì to je¸rhma endi�meshc tim c, ja up rqe shmeÐo sto opoÐo ja
mhdenizìtan).

'Estw loipìn ìti h(x) > 0 gia k�je x ∈ [a, b]. H h paÐrnei el�qisth jetik  tim 
sto [a, b]: up�rqei y ∈ [a, b] ¸ste h(x) ≥ h(y) > 0 gia k�je x ∈ [a, b]. Tìte,∫ b

a

h(x)dx ≥ h(y)(b− a) > 0,

to opoÐo eÐnai �topo. OmoÐwc katal goume se �topo an upojèsoume ìti h(x) < 0
gia k�je x ∈ [a, b].
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16. 'Estw f : [a, b] → R suneq c sun�rthsh me thn idiìthta: gia k�je suneq 
sun�rthsh g : [a, b] → R isqÔei∫ b

a

f(x)g(x)dx = 0.

DeÐxte ìti f(x) = 0 gia k�je x ∈ [a, b].

Upìdeixh. Apì thn upìjesh, gia k�je suneq  sun�rthsh g : [a, b] → R isqÔei∫ b

a
f(x)g(x)dx = 0. H f eÐnai suneq c, mporoÔme loipìn na efarmìsoume thn upì-

jesh gia thn g = f . Tìte,
∫ b

a
f2(x)dx = 0. H f2 eÐnai suneq c kai mh arnhtik .

Apì thn 'Askhsh 14 sumperaÐnoume ìti f2(x) = 0 gia k�je x ∈ [a, b], �ra f(x) = 0
gia k�je x ∈ [a, b].

17. 'Estw f : [a, b] → R suneq c sun�rthsh me thn idiìthta: gia k�je suneq 
sun�rthsh g : [a, b] → R pou ikanopoieÐ thn g(a) = g(b) = 0, isqÔei∫ b

a

f(x)g(x)dx = 0.

DeÐxte ìti f(x) = 0 gia k�je x ∈ [a, b].

Upìdeixh. Upojètoume ìti h f den eÐnai tautotik� mhdenik . Tìte, qwrÐc periorismì
thc genikìthtac, mporoÔme na upojèsoume ìti up�rqei x0 ∈ (a, b) ¸ste f(x0) > 0.
'Opwc sthn 'Askhsh 6, mporoÔme na broÔme δ > 0 ¸ste a < x0 − δ < x0 + δ < b kai
f(x) > f(x0)/2 > 0 gia k�je x ∈ [x0 − δ, x0 + δ].

OrÐzoume mia suneq  sun�rthsh g : [a, b] → R wc ex c: jètoume g(x) = 0 sta
[a, x0 − δ] kai [x0 + δ, b], orÐzoume g(x0) = f(x0), kai epekteÐnoume grammik� sta
[x0− δ, x0] kai [x0, x0 + δ]. AfoÔ g(a) = g(b) = 0, apì thn upìjesh prèpei na isqÔei∫ b

a
f(x)g(x)dx = 0. 'Omwc,

0 =
∫ b

a

f(x)g(x)dx =
∫ x0+δ

x0−δ

f(x)g(x)dx

kai h fg eÐnai mh arnhtik  sto [x0−δ, x0+δ]. Apì thn 'Askhsh 14, èqoume f(x)g(x) =
0 gia k�je x ∈ [x0 − δ, x0 + δ]. Eidikìtera, 0 = f(x0)g(x0) = f2(x0), to opoÐo eÐnai
�topo.

18. 'Estw f, g : [a, b] → R oloklhr¸simec sunart seic. DeÐxte thn anisìthta
Cauchy-Schwarz:(∫ b

a

f(x)g(x)dx

)2

≤

(∫ b

a

f2(x)dx

)
·

(∫ b

a

g2(x)dx

)
.

Upìdeixh. Jewr ste th sun�rthsh P : R → R pou orÐzetai apì thn

P (t) =
∫ b

a

(tf(x) + g(x))2dx.
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H P orÐzetai kal�: afoÔ oi f, g eÐnai oloklhr¸simec, h tf + g (�ra kai h (tf + g)2)
eÐnai oloklhr¸simh sto [a, b] gia k�je t ∈ R. Parathr ste ìti h P eÐnai polu¸numo
deutèrou bajmoÔ:

P (t) = t2

(∫ b

a

f2(x)dx

)
+ 2t

(∫ b

a

f(x)g(x)dx

)
+

(∫ b

a

g2(x)dx

)
.

AfoÔ P (t) ≥ 0 gia k�je t ∈ R, h diakrÐnousa eÐnai mh arnhtik :

4

(∫ b

a

f(x)g(x)dx

)2

− 4

(∫ b

a

f2(x)dx

)
·

(∫ b

a

g2(x)dx

)
≤ 0.

19. 'Estw f : [0, 1] → R oloklhr¸simh sun�rthsh. DeÐxte ìti(∫ 1

0

f(x)dx

)2

≤
∫ 1

0

f2(x)dx.

IsqÔei to Ðdio an antikatast soume to [0, 1] me tuqìn di�sthma [a, b]?

Upìdeixh. Efarmìste thn anisìthta Cauchy-Schwarz gia thn f kai th stajer 
sun�rthsh g ≡ 1:(∫ 1

0

f(x) · 1 dx

)2

≤
(∫ 1

0

f2(x)dx

)(∫ 1

0

12dx

)
=
∫ 1

0

f2(x)dx.

H Ðdia anisìthta isqÔei an antikatast soume to [0, 1] me opoiod pote di�sthma [a, b]
pou èqei m koc mikrìtero   Ðso tou 1 (an ìmwc p�rete san [a, b] to [0, 2] kai san f
th stajer  sun�rthsh f(x) = 1, tìte h anisìthta paÐrnei th morf  4 ≤ 2, �topo).

20. 'Estw f : [0,+∞) → R suneq c sun�rthsh. DeÐxte ìti

lim
x→0+

1
x

∫ x

0

f(t)dt = f(0).

Upìdeixh. 'Estw ε > 0. H f eÐnai suneq c sto 0, �ra up�rqei δ > 0 ¸ste: an
0 ≤ t < δ tìte |f(t)− f(0)| < ε. 'Estw x ∈ (0, δ). Tìte, gia k�je t ∈ [0, x] èqoume
0 ≤ t ≤ x < δ, �ra |f(t)− f(0)| < ε. MporoÔme loipìn na gr�youme∣∣∣∣ 1x

∫ x

0

f(t)dt− f(0)
∣∣∣∣ =

∣∣∣∣ 1x
∫ x

0

f(t)dt− 1
x

∫ x

0

f(0)dt

∣∣∣∣
=

1
x

∣∣∣∣∫ x

0

(f(t)− f(0))dt

∣∣∣∣
≤ 1

x

∫ x

0

|f(t)− f(0)| dt

≤ 1
x

∫ x

0

ε dt =
εx

x
= ε.

'Epetai ìti

lim
x→0+

1
x

∫ x

0

f(t)dt = f(0).
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21. 'Estw f : [0, 1] → R oloklhr¸simh sun�rthsh. DeÐxte ìti h akoloujÐa

an =
1
n

n∑
k=1

f

(
k

n

)

sugklÐnei sto
∫ 1

0
f(x)dx.

Upìdeixh. JewroÔme thn akoloujÐa diamerÐsewn P (n) =
{
0 < 1

n < 2
n < · · · < 1

}
kai

thn epilog  shmeÐwn Ξ(n) =
{

1
n , 2

n , . . . , 1
}
. AfoÔ to pl�toc thc diamèrishc P (n)

eÐnai ‖P (n)‖ = 1
n → 0, apì ton orismì tou Riemann èqoume

an =
1
n

n∑
k=1

f

(
k

n

)
=
∑(

f, P (n),Ξ(n)
)
→
∫ b

a

f(x) dx.

22. DeÐxte ìti

lim
n→∞

√
1 +

√
2 + · · ·+

√
n

n
√

n
=

2
3
.

Upìdeixh. Efarmìzontac to sumpèrasma thc prohgoÔmenhc 'Askhshc gia thn oloklhr¸simh
sun�rthsh f(x) =

√
x sto [0, 1], paÐrnoume

√
1 +

√
2 + · · ·+

√
n

n
√

n
=

1
n

n∑
k=1

√
k

n
→
∫ 1

0

√
x dx =

2
3
.

23. 'Estw f : [0, 1] → R suneq c sun�rthsh. OrÐzoume mia akoloujÐa (an) jètontac
an =

∫ 1

0
f(xn)dx. DeÐxte ìti an → f(0).

Upìdeixh. H f eÐnai suneq c, �ra up�rqei M > 0 ¸ste |f(y)| ≤ M gia k�je
y ∈ [0, 1]. 'Estw 0 < ε < 1. Apì th sunèqeia thc f sto 0, up�rqei 0 < δ < 1 ¸ste:
an 0 ≤ y ≤ δ tìte

|f(y)− f(0)| < ε

2
.

Epilègoume n0 ∈ N me thn idiìthta: gia k�je n ≥ n0 isqÔei(
1− ε

4M + 1

)n

< δ.

Tìte, gia k�je n ≥ n0 mporoÔme na gr�youme (parathr ste ìti an 0 < x < 1− ε
4M+1

tìte |f(xn)− f(0)| < ε/2)

|an − f(0)| =

∣∣∣∣∣
∫ 1− ε

4M+1

0

(f(xn)− f(0))dx +
∫ 1

1− ε
4M+1

(f(xn)− f(0))dx

∣∣∣∣∣
≤

∫ 1− ε
4M+1

0

|f(xn)− f(0)| dx +
∫ 1

1− ε
4M+1

(|f(xn)|+ |f(0)|) dx

≤
(

1− ε

4M + 1

)
· ε

2
+

ε

4M + 1
· 2M

< ε.
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'Ara, an → f(0).

24. DeÐxte ìti h akoloujÐa γn = 1 + 1
2 + 1

3 + · · ·+ 1
n −

∫ n

1
1
xdx sugklÐnei.

Upìdeixh. H f(x) = 1
x eÐnai fjÐnousa sto [1,+∞), �ra

1
k + 1

≤
∫ k+1

k

1
x

dx ≤ 1
k

gia k�je k ∈ N. 'Epetai ìti

γn+1 − γn =
1

n + 1
−
∫ n+1

n

1
x

dx ≤ 0,

dhlad  h (γn) eÐnai fjÐnousa. EpÐshc,∫ n

1

1
x

dx =
∫ 2

1

1
x

dx +
∫ 3

2

1
x

dx + · · ·+
∫ n

n−1

1
x

dx ≤ 1 +
1
2

+ · · ·+ 1
n− 1

,

�ra

γn = 1 +
1
2

+ · · ·+ 1
n− 1

+
1
n
−
∫ n

1

1
x

dx ≥ 1
n

> 0

gia k�je n ∈ N. AfoÔ h (γn) eÐnai fjÐnousa kai k�tw fragmènh apì to 0, sugklÐnei.

25. 'Estw f : [0, 1] → R Lipschitz suneq c sun�rthsh ¸ste

|f(x)− f(y)| ≤ M |x− y|

gia k�je x, y ∈ [0, 1]. DeÐxte ìti∣∣∣∣ ∫ 1

0

f(x)dx− 1
n

n∑
k=1

f

(
k

n

) ∣∣∣∣ ≤ M

2n

gia k�je n ∈ N.

Upìdeixh. Parathr ste ìti∣∣∣∣ ∫ 1

0

f(x)dx− 1
n

n∑
k=1

f

(
k

n

) ∣∣∣∣ ≤ n∑
k=1

∫ k/n

(k−1)/n

|f(x)− f(k/n)|dx.

Sto di�sthma
[

k−1
n , k

n

]
èqoume

|f(x)− f(k/n)| ≤ M

(
k

n
− x

)
,

�ra∫ k/n

(k−1)/n

|f(x)− f(k/n)| ≤ M

∫ k/n

(k−1)/n

(
k

n
− x

)
dx = M

∫ 1/n

0

y dy =
M

2n2
.

'Ara, ∣∣∣∣ ∫ 1

0

f(x)dx− 1
n

n∑
k=1

f

(
k

n

) ∣∣∣∣ ≤ n∑
k=1

M

2n2
=

M

2n
.
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Om�da G'

26. 'Estw f : [a, b] → R gnhsÐwc aÔxousa kai suneq c sun�rthsh. DeÐxte ìti∫ b

a

f(x)dx = bf(b)− af(a)−
∫ f(b)

f(a)

f−1(x)dx.

Upìdeixh. K�je diamèrish P = {a = x0 < x1 < . . . < xk < xk+1 < · · · < xn = b}
tou [a, b] orÐzei me fusiologikì trìpo mia diamèrish tou [f(a), f(b)]: thn

Q = {f(a) = f(x0) < f(x1) < · · · < f(xk) < f(xk+1) < · · · < f(xn) = f(b)}.

H f eÐnai aÔxousa, �ra

L(f, P ) =
n−1∑
k=0

f(xk)(xk+1 − xk).

H f−1 eÐnai epÐshc aÔxousa, �ra

U(f−1, Q) =
n−1∑
k=0

f−1(f(xk+1))(f(xk+1)− f(xk)) =
n−1∑
k=0

xk+1(f(xk+1)− f(xk)).

Prosjètontac, paÐrnoume

(∗) L(f, P ) + U(f−1, Q) =
n−1∑
k=0

(xk+1f(xk+1)− xkf(xk)) = bf(b)− af(a).

Oi f kai f−1 eÐnai suneqeÐc, �ra oloklhr¸simec. Apì thn (∗) paÐrnoume

bf(b)− af(a) = L(f, P ) + U(f−1, Q) ≥ L(f, P ) +
∫ f(b)

f(a)

f−1(x)dx

kai, afoÔ h P  tan tuqoÔsa, paÐrnontac supremum wc proc P èqoume

bf(b)− af(a) ≥
∫ b

a

f(x)dx +
∫ f(b)

f(a)

f−1(x)dx.

Me an�logo trìpo deÐxte ìti gia tic diamerÐseic P kai Q isqÔei

(∗∗) U(f, P ) + L(f−1, Q) = bf(b)− af(a).

Tìte,

U(f, P ) +
∫ f(b)

f(a)

f−1(x)dx ≥ U(f, P ) + L(f−1, Q) = bf(b)− af(a),

kai paÐrnontac infimum wc proc P èqoume∫ b

a

f(x)dx +
∫ f(b)

f(a)

f−1(x)dx ≥ bf(b)− af(a).
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'Ara, ∫ b

a

f(x)dx +
∫ f(b)

f(a)

f−1(x)dx = bf(b)− af(a).

27. 'Estw f : [0,+∞) → [0,+∞) gnhsÐwc aÔxousa, suneq c kai epÐ sun�rthsh me
f(0) = 0. DeÐxte ìti, gia k�je a, b > 0,

ab ≤
∫ a

0

f(x)dx +
∫ b

0

f−1(x)dx

me isìthta an kai mìno an f(a) = b.

Upìdeixh. Upojètoume pr¸ta ìti f(a) ≥ b. An b = f(y) tìte y ≤ a (diìti h f
eÐnai aÔxousa) kai apì thn prohgoÔmenh 'Askhsh (ja qreiasteÐte thn upìjesh ìti
f(0) = 0) èqoume

yb = yf(y) =
∫ y

0

f(x)dx +
∫ b

0

f−1(x)dx.

Gia na deÐxoume ìti

ab ≤
∫ a

0

f(x)dx +
∫ b

0

f−1(x)dx

arkeÐ na elègxoume (exhg ste giatÐ) ìti

b(a− y) ≤
∫ a

y

f(x)dx.

'Omwc, h f eÐnai gnhsÐwc aÔxousa kai suneq c sto [y, a], �ra∫ a

y

f(x)dx ≥ f(y)(a− y) = b(a− y)

me isìthta mìno an a = y, dhlad  an f(a) = b.

Exet�ste thn perÐptwsh f(a) ≤ b me ton Ðdio trìpo.

28. 'Estw f : [a, b] → R suneq c sun�rthsh me thn ex c idiìthta: up�rqei M > 0
¸ste

|f(x)| ≤ M

∫ x

a

|f(t)|dt

gia k�je x ∈ [a, b]. DeÐxte ìti f(x) = 0 gia k�je x ∈ [a, b].

Upìdeixh. H f eÐnai suneq c, �ra up�rqei A > 0 ¸ste |f(t)| ≤ A gia k�je t ∈ [a, b].
Autì deÐqnei ìti

|f(x)| ≤ M

∫ x

a

|f(t)|dt ≤ M

∫ x

a

A dt = MA(x− a)

gia k�je x ∈ [a, b]. Eis�gontac aut  thn ektÐmhsh p�li sthn upìjesh, paÐrnoume

|f(x)| ≤ M

∫ x

a

|f(t)|dt ≤ M2A

∫ x

a

(t− a) dt =
M2A

2
(x− a)2
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gia k�je x ∈ [a, b], kai epagwgik�,

|f(x)| ≤ MnA

n!
(x− a)n

gia k�je x ∈ [a, b] kai gia k�je n ∈ N. 'Omwc,

lim
n→∞

MnA

n!
(x− a)n = 0,

�ra f(x) = 0 gia k�je x ∈ [a, b].

29. 'Estw a ∈ R. DeÐxte ìti den up�rqei jetik  suneq c sun�rthsh f : [0, 1] → R
¸ste ∫ 1

0

f(x)dx = 1,
∫ 1

0

xf(x)dx = a kai

∫ 1

0

x2f(x)dx = a2.

Upìdeixh. 'Estw ìti up�rqei jetik  suneq c sun�rthsh f : [0, 1] → R pou ikanopoieÐ
tic ∫ 1

0

f(x)dx = 1,
∫ 1

0

xf(x)dx = a kai

∫ 1

0

x2f(x)dx = a2.

Tìte,∫ 1

0

(x− a)2f(x)dx =
∫ 1

0

x2f(x)dx− 2a

∫ 1

0

xf(x)dx + a2

∫ 1

0

f(x)dx

= a2 − 2a · a + a2 · 1 = 0.

AfoÔ h (x − a)2f(x) eÐnai mh arnhtik  kai suneq c, apì thn 'Askhsh 14 blèpoume
ìti (x − a)2f(x) = 0 gia k�je x ∈ [0, 1]. 'Omwc h f eÐnai pantoÔ jetik , �ra x = a
gia k�je x ∈ [0, 1]. Autì eÐnai �topo.

30. 'Estw f : [a, b] → R suneq c, mh arnhtik  sun�rthsh. Jètoume M =
max{f(x) : x ∈ [a, b]}. DeÐxte oti h akoloujÐa

γn =

(∫ b

a

[f(x)]ndx

)1/n

sugklÐnei, kai limn→∞ γn = M .

Upìdeixh. 'Estw ε > 0. Parathr ste ìti

γn =

(∫ b

a

[f(x)]ndx

)1/n

≤

(∫ b

a

Mndx

)1/n

= M(b− a)1/n

kai M(b− a)1/n → M ìtan n →∞, �ra up�rqei n1 ∈ N ¸ste

γn < M + ε gia k�je n ≥ n1.

AfoÔ h f eÐnai suneq c sto [a, b], paÐrnei th mègisth tim  thc: up�rqei x0 ∈ [a, b]
¸ste f(x0) = M . AfoÔ h f eÐnai suneq c sto x0, up�rqei k�poio di�sthma J ⊂ [a, b]
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me m koc δ > 0 kai x0 ∈ J , ¸ste f(x) > M − ε
2 gia k�je x ∈ J . EpÐshc, afoÔ

δ1/n → 1, up�rqei n2 ∈ N ¸ste: gia k�je n ≥ n2,(∫ b

a

[f(x)]ndx

)1/n

≥
(∫

J

[f(x)]ndx

)1/n

≥
(
M − ε

2

)
δ1/n > M − ε.

Tìte, gia k�je n ≥ n0 = max{n1, n2} èqoume

|γn −M | =

∣∣∣∣∣∣
(∫ b

a

[f(x)]ndx

)1/n

−M

∣∣∣∣∣∣ < ε.

Dhlad , γn → M .

ShmeÐwsh. Qrhsimopoi¸ntac ta lim sup γn kai lim inf γn mporoÔme na aplousteÔ-
soume (k�pwc) to epiqeÐrhma. Apì thn anisìthta γn ≤ M(b − a)1/n � pou deÐxame
parap�nw � kai apì thn M(b− a)1/n → M sumperaÐnoume ìti lim sup γn ≤ M . Apì
thn anisìthta γn ≥

(
M − ε

2

)
δ1/n � pou deÐxame parap�nw � kai apì thn δ1/n → 1

sumperaÐnoume ìti lim inf γn ≥ M − ε
2 gia tuqìn ε > 0, sunep¸c, lim inf γn ≥ M .

'Epetai ìti lim sup γn = lim inf γn = M , �ra γn → 1.

31. 'Estw f : [a, b] → R oloklhr¸simh sun�rthsh. Skopìc aut c thc �skhshc
eÐnai na deÐxoume ìti h f èqei poll� shmeÐa sunèqeiac.

(a) Up�rqei diamèrish P tou [a, b] ¸ste U(f, P )−L(f, P ) < b− a (exhg ste giatÐ).
DeÐxte ìti up�rqoun a1 < b1 sto [a, b] ¸ste b1 − a1 < 1 kai

sup{f(x) : a1 ≤ x ≤ b1} − inf{f(x) : a1 ≤ x ≤ b1} < 1.

(b) Epagwgik� orÐste kibwtismèna diast mata [an, bn] ⊆ (an−1, bn−1) me m koc
mikrìtero apì 1/n ¸ste

sup{f(x) : an ≤ x ≤ bn} − inf{f(x) : an ≤ x ≤ bn} <
1
n

.

(g) H tom  aut¸n twn kibwtismènwn diasthm�twn perièqei akrib¸c èna shmeÐo.
DeÐxte ìti h f eÐnai suneq c se autì.

(d) T¸ra deÐxte ìti h f èqei �peira shmeÐa sunèqeiac sto [a, b] (den qrei�zetai peris-
sìterh doulei�!).

Upìdeixh. (a) AfoÔ h f eÐnai oloklhr¸simh, mporoÔme na broÔme diamèrish P1 =
{a = x0 < x1 < · · · < xn = b} tou [a, b] ¸ste U(f, P1)−L(f, P1) < b−a. Pern¸ntac
an qreiasteÐ se eklèptunsh thc P1 mporoÔme na upojèsoume ìti to pl�toc thc P1

eÐnai mikrìtero apì 1. AfoÔ

n−1∑
k=0

(Mk −mk)(xk+1 − xk) < b− a =
n−1∑
k=0

(xk+1 − xk),

up�rqei k ∈ {0, 1, . . . , n−1} ¸ste Mk−mk < 1. An jèsoume a1 = xk kai b1 = xk+1,
blèpoume ìti a1 < b1, a1, b1 ∈ [a, b], b1 − a1 < 1 kai

sup{f(x) : a1 ≤ x ≤ b1} − inf{f(x) : a1 ≤ x ≤ b1} = Mk −mk < 1.



58 · Olokl rwma Riemann

(b) Me ton Ðdio trìpo deÐxte ìti up�rqei [a2, b2] ⊆ (a1, b1) me m koc mikrìtero apì
1/2 ¸ste

sup{f(x) : a2 ≤ x ≤ b2} − inf{f(x) : a2 ≤ x ≤ b2} <
1
2
.

Gia na petÔqete ton egkleismì [a2, b2] ⊂ (a1, b1) xekin ste apì èna upodi�sthma
[c, d] tou [a1, b1] me a1 < c < d < b1 (h f eÐnai oloklhr¸simh kai sto [c, d]). BreÐte
diamèrish P2 tou [c, d] me U(f, P2) − L(f, P2) < d−c

2 kai pl�toc mikrìtero apì 1/2
kai suneqÐste ìpwc prin.

Epagwgik� mporeÐte na breÐte [an, bn] ⊂ (an−1, bn−1) ¸ste bn − an < 1/n kai

sup{f(x) : an ≤ x ≤ bn} − inf{f(x) : an ≤ x ≤ bn} <
1
n

.

(g) H tom  twn kibwtismènwn diasthm�twn [an, bn] perièqei akrib¸c èna shmeÐo x0.
Ja deÐxoume ìti h f eÐnai suneq c sto x0: èstw ε > 0. Epilègoume n ∈ N me
1
n < ε. AfoÔ x0 ∈ [an+1, bn+1], èqoume x0 ∈ (an, bn). Up�rqei δ > 0 ¸ste
(x0 − δ, x0 + δ) ⊂ (an, bn). Tìte, gia k�je x ∈ (x0 − δ, x0 + δ) èqoume

|f(x)− f(x0)| ≤ sup{f(x) : an ≤ x ≤ bn} − inf{f(x) : an ≤ x ≤ bn} <
1
n

< ε.

Autì deÐqnei th sunèqeia thc f sto x0.

(d) Ac upojèsoume ìti h f èqei peperasmèna to pl joc shmeÐa sunèqeiac sto [a, b].
Tìte, up�rqei di�sthma [c, d] ⊂ [a, b] sto opoÐo h f den èqei kanèna shmeÐo sunè-
qeiac (exhg ste giatÐ). Autì eÐnai �topo apì to prohgoÔmeno b ma: h f eÐnai
oloklhr¸simh sto [c, d], �ra èqei toul�qiston èna shmeÐo sunèqeiac se autì.

Gia thn akrÐbeia, to epiqeÐrhma pou qrhsimopoi same deÐqnei k�ti isqurìtero:
an h f eÐnai oloklhr¸simh tìte èqei toul�qiston èna shmeÐo sunèqeiac se k�je
upodi�sthma tou [a, b]. Me �lla lìgia, to sÔnolo twn shmeÐwn sunèqeiac thc f eÐnai
puknì sto [a, b].

32. 'Estw f : [a, b] → R oloklhr¸simh (ìqi anagkastik� suneq c) sun�rthsh me
f(x) > 0 gia k�je x ∈ [a, b]. DeÐxte ìti∫ b

a

f(x)dx > 0.

Upìdeixh. Apì thn prohgoÔmenh 'Askhsh, afoÔ h f eÐnai oloklhr¸simh sto [a, b],
up�rqei x0 ∈ [a, b] sto opoÐo h f eÐnai suneq c. AfoÔ f(x0) > 0, up�rqei di�sthma
J ⊆ [a, b] me m koc δ > 0 ¸ste: gia k�je x ∈ J isqÔei f(x) > f(x0)/2. SuneqÐste
ìpwc sthn 'Askhsh 14.



Kef�laio 5

Par�gwgoc kai Olokl rwma

Om�da A'

1. 'Estw f : [a, b] → R oloklhr¸simh sun�rthsh. DeÐxte ìti up�rqei s ∈ [a, b] ¸ste∫ s

a

f(t)dt =
∫ b

s

f(t)dt.

MporoÔme p�nta na epilègoume èna tètoio s sto anoiktì di�sthma (a, b)?

Upìdeixh. Jewr ste th sun�rthsh g : [a, b] → R me

g(s) =
∫ s

a

f(t)dt−
∫ b

s

f(t)dt =
∫ s

a

f(t)dt−

(∫ b

a

f(t)dt−
∫ s

a

f(t)dt

)

= 2
∫ s

a

f(t)dt−
∫ b

a

f(t)dt.

AfoÔ h f eÐnai oloklhr¸simh, h g eÐnai suneq c. Parathr ste ìti

g(a) = −
∫ b

a

f(t)dt kai g(b) =
∫ b

a

f(t)dt.

AfoÔ g(a)g(b) = −
(∫ b

a
f(t)dt

)2

≤ 0, up�rqei s ∈ [a, b] ¸ste g(s) = 0. Gia k�je

tètoio s isqÔei h ∫ s

a

f(t)dt =
∫ b

s

f(t)dt.

MporoÔme na epilèxoume èna tètoio s sto anoiktì di�sthma (a, b) an
∫ b

a
f(t)dt 6= 0

(exhg ste giatÐ). An ìmwc p�rete thn f(x) = x sto [−1, 1], tìte ta mìna shmeÐa
s ∈ [−1, 1] gia ta opoÐa g(s) = 0 eÐnai ta s = ±1 (se autì to par�deigma, to
olokl rwma thc f sto [−1, 1] isoÔtai me mhdèn).

2. 'Estw f : [0, 1] → R oloklhr¸simh kai jetik  sun�rthsh ¸ste
∫ 1

0
f(x)dx = 1.

DeÐxte ìti gia k�je n ∈ N up�rqei diamèrish {0 = t0 < t1 < · · · < tn = 1} ¸ste∫ tk+1

tk
f(x)dx = 1

n gia k�je k = 0, 1, . . . , n− 1.
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Upìdeixh. Jewr ste th sun�rthsh F : [0, 1] → R me F (t) =
∫ t

0
f(x)dx. AfoÔ h

f eÐnai oloklhr¸simh kai jetik , h F eÐnai suneq c kai aÔxousa sto [0, 1]. AfoÔ∫ 1

0
f(x)dx = 1, èqoume F (0) = 0 kai F (1) = 1.
'Estw n ∈ N. Apì to je¸rhma endi�meshc tim c, gia k�je k = 1, . . . , n − 1

up�rqei tk ∈ [0, 1] ¸ste F (tk) = k
n . Jètoume t0 = 0 kai tn = 1: tìte F (t0) = 0 = 0

n
kai F (tn) = 1 = n

n . Parathr ste ìti tk < tk+1 gia k�je k = 0, 1, . . . , n− 1. An gia
k�poio k eÐqame tk ≥ tk+1, tìte ja paÐrname

k

n
=
∫ tk

0

f(x)dx =
∫ tk+1

0

f(x)dx +
∫ tk

tk+1

f(x)dx ≥
∫ tk+1

0

f(x)dx =
k + 1

n
,

to opoÐo eÐnai �topo. 'Ara, 0 = t0 < t1 < · · · < tn = 1 kai∫ tk+1

tk

f(x)dx =
∫ tk+1

0

f(x)dx−
∫ tk

0

f(x)dx =
k + 1

n
− k

n
=

1
n

gia k�je k = 0, 1, . . . , n− 1.

3. 'Estw f : [0, 1] → R suneq c sun�rthsh. DeÐxte ìti up�rqei s ∈ [0, 1] ¸ste∫ 1

0

f(x)x2dx =
f(s)

3
.

Upìdeixh. SÔmfwna me to je¸rhma mèshc tim c tou OloklhrwtikoÔ LogismoÔ, an
h f : [0, 1] → R eÐnai suneq c kai h mh arnhtik  sun�rthsh g : [0, 1] → R eÐnai
oloklhr¸simh, up�rqei s ∈ [0, 1] ¸ste∫ 1

0

f(x)g(x)dx = f(s)
∫ 1

0

g(x)dx.

Efarmìste to parap�nw gia thn g(x) = x2.

4. Upojètoume ìti h f : [0, 1] → R eÐnai suneq c kai ìti∫ x

0

f(t)dt =
∫ 1

x

f(t)dt

gia k�je x ∈ [0, 1]. DeÐxte ìti f(x) = 0 gia k�je x ∈ [0, 1].

Upìdeixh. Apì thn upìjesh èpetai ìti

2
∫ x

0

f(t)dt =
∫ 1

0

f(t)dt

gia k�je x ∈ [0, 1]. Dhlad , h sun�rthsh F : [0, 1] → R me F (x) =
∫ x

0
f(t)dt eÐnai

stajer . AfoÔ h f eÐnai suneq c, h F eÐnai paragwgÐsimh kai F ′(x) = f(x) gia
k�je x ∈ [0, 1]. AfoÔ h F eÐnai stajer , èqoume F ′ ≡ 0. 'Ara, f(x) = 0 gia k�je
x ∈ [0, 1].

5. 'Estw f, h : [0,+∞) → [0,+∞). Upojètoume ìti h h eÐnai suneq c kai h f eÐnai
paragwgÐsimh. OrÐzoume

F (x) =
∫ f(x)

0

h(t)dt.



· 61

DeÐxte ìti F ′(x) = h(f(x)) · f ′(x).

Upìdeixh. AfoÔ h h eÐnai suneq c, h sun�rthsh G(y) =
∫ y

0
h(t)dt eÐnai paragwgÐsimh

sto [0,+∞) kai G′(y) = h(y). Parathr ste ìti F (x) = G(f(x)) = (G◦f)(x). AfoÔ
h f eÐnai paragwgÐsimh, efarmìzontac ton kanìna thc alusÐdac paÐrnoume

F ′(x) = G′(f(x)) · f ′(x) = h(f(x)) · f ′(x).

6. 'Estw f : R → R suneq c kai èstw δ > 0. OrÐzoume

g(x) =
∫ x+δ

x−δ

f(t)dt.

DeÐxte ìti h g eÐnai paragwgÐsimh kai breÐte thn g′.

Upìdeixh. Gr�foume

g(x) =
∫ x+δ

x−δ

f(t)dt =
∫ x+δ

0

f(t)dt−
∫ x−δ

0

f(t)dt = H1(x)−H2(x),

ìpou

H1(x) =
∫ x+δ

0

f(t)dt kai H2(x) =
∫ x−δ

0

f(t)dt.

To epiqeÐrhma thc prohgoÔmenhc 'Askhshc deÐqnei ìti oi H1,H2 eÐnai paragwgÐsimec,
H ′

1(x) = f(x + δ) kai H ′
2(x) = f(x− δ) (an 0 > x + δ   0 > x− δ, to sumpèrasma

exakoloujeÐ na isqÔei: jumhjeÐte th sÔmbash
∫ a

b
f = −

∫ b

a
f). 'Epetai ìti g′(x) =

f(x + δ)− f(x− δ).

7. 'Estw g, h : R → R paragwgÐsimec sunart seic. OrÐzoume

G(x) =
∫ g(x)

h(x)

t2dt.

DeÐxte ìti h G eÐnai paragwgÐsimh sto R kai breÐte thn G′.

Upìdeixh. Gr�foume

G(x) =
∫ g(x)

h(x)

t2dt =
∫ g(x)

0

t2dt−
∫ h(x)

0

t2dt.

AfoÔ oi g, h eÐnai paragwgÐsimec kai h f(t) = t2 eÐnai suneq c, h G eÐnai parag-
wgÐsimh sto R (deÐte tic prohgoÔmenec dÔo Ask seic) kai G′(x) = g2(x)g′(x) −
h2(x)h′(x).

8. 'Estw f : [1,+∞) → R suneq c sun�rthsh. OrÐzoume

F (x) =
∫ x

1

f
(x

t

)
dt.

BreÐte thn F ′.
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Upìdeixh. Jètoume u = x
t . Tìte, dt = − x

u2 du kai

F (x) =
∫ 1

x

−x
ϕ(u)
u2

du =
∫ x

1

x
ϕ(u)
u2

du = x

∫ x

1

ϕ(u)
u2

du.

'Ara,

F ′(x) =
∫ x

1

ϕ(u)
u2

du + x
ϕ(x)
x2

=
∫ x

1

ϕ(u)
u2

du +
ϕ(x)

x
.

9. 'Estw f : [0, a] → R suneq c. DeÐxte ìti, gia k�je x ∈ [0, a],∫ x

0

f(u)(x− u)du =
∫ x

0

(∫ u

0

f(t)dt

)
du.

Upìdeixh. Jewr ste tic sunart seic

F (x) =
∫ x

0

f(u)(x− u)du = x

∫ x

0

f(u)du−
∫ x

0

f(u)u du

kai

G(x) =
∫ x

0

(∫ u

0

f(t)dt

)
du =

∫ x

0

R(u)du,

ìpou

R(u) =
∫ u

0

f(t)dt.

AfoÔ h f eÐnai suneq c sto [0, a], to pr¸to jemeli¸dec je¸rhma tou ApeirostikoÔ
LogismoÔ deÐqnei ìti oi F,G kai R eÐnai paragwgÐsimec. EpÐshc,

F ′(x) =
∫ x

0

f(u)du + xf(x)− f(x)x =
∫ x

0

f(u)du

kai

G′(x) = R(x) =
∫ x

0

f(t)dt =
∫ x

0

f(u)du.

'Ara,

(G− F )′(x) = G′(x)− F ′(x) =
∫ x

0

f(u)du−
∫ x

0

f(u)du = 0.

'Epetai ìti h G − F eÐnai stajer  sto [0, a]. Parathr¸ntac ìti F (0) = G(0) = 0,
sumperaÐnoume ìti G ≡ F sto [0, a]. Dhlad ,∫ x

0

f(u)(x− u)du =
∫ x

0

(∫ u

0

f(t)dt

)
du

gia k�je x ∈ [0, a].

10. 'Estw a, b ∈ R me a < b kai f : [a, b] → R suneq¸c paragwgÐsimh sun�rthsh.
An P = {a = x0 < x1 < · · · < xn = b} eÐnai diamèrish tou [a, b], deÐxte ìti

n−1∑
k=0

|f(xk+1)− f(xk)| ≤
∫ b

a

|f ′(x)| dx.
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Upìdeixh. Gia k�je k = 0, . . . , n−1, h f eÐnai suneq¸c paragwgÐsimh sto [xk, xk+1].
Apì to deÔtero jemeli¸dec je¸rhma tou ApeirostikoÔ LogismoÔ (gia th suneq 
sun�rthsh f ′) èqoume

|f(xk+1)− f(xk)| =
∣∣∣∣∫ xk+1

xk

f ′(x) dx

∣∣∣∣ ≤ ∫ xk+1

xk

|f ′(x)| dx.

'Ara,
n−1∑
k=0

|f(xk+1)− f(xk)| ≤
n−1∑
k=0

∫ xk+1

xk

|f ′(x)| dx =
∫ b

a

|f ′(x)| dx.

11. 'Estw f : [0,+∞) → [0,+∞) gnhsÐwc aÔxousa, suneq¸c paragwgÐsimh sun�rthsh
me f(0) = 0. DeÐxte ìti, gia k�je x > 0,∫ x

0

f(t) dt +
∫ f(x)

0

f−1(t) dt = xf(x).

Upìdeixh. JewroÔme tic sunart seic L,R : [0,+∞) → [0,∞) me

L(x) =
∫ x

0

f(t) dt +
∫ f(x)

0

f−1(t) dt kai R(x) = xf(x).

Oi L,R eÐnai paragwgÐsimec (exhg ste giatÐ) kai L(0) = 0 = R(0). Parathr ste
ìti

L′(x) = f(x) + f−1(f(x)) · f ′(x) = f(x) + xf ′(x) = R′(x)

gia k�je x ≥ 0. 'Epetai ìti L(x) = R(x) gia k�je x ≥ 0.

Om�da B'

12. 'Estw f : [0, 1] → R suneq¸c paragwgÐsimh sun�rthsh me f(0) = 0. DeÐxte ìti
gia k�je x ∈ [0, 1] isqÔei

|f(x)| ≤
(∫ 1

0

|f ′(t)|2dt

)1/2

.

Upìdeixh. H f ′ eÐnai suneq c, �ra eÐnai oloklhr¸simh. Qrhsimopoi¸ntac thn f(0) =
0, to deÔtero je¸rhma tou ApeirostikoÔ LogismoÔ kai thn anisìthta Cauchy-
Schwarz, gia k�je x ∈ [0, 1] gr�foume

|f(x)| = |f(x)− f(0)| =
∣∣∣∣∫ x

0

f ′(t)dt

∣∣∣∣ ≤ ∫ x

0

|f ′(t)| · 1 dt

≤
(∫ x

0

|f ′(t)|2dt

)1/2(∫ x

0

12dt

)1/2

=
(∫ x

0

|f ′(t)|2dt

)1/2√
x

≤
(∫ 1

0

|f ′(t)|2dt

)1/2

.
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13. 'Estw f : [0,+∞) → R suneq c sun�rthsh me f(x) 6= 0 gia k�je x > 0, h
opoÐa ikanopoieÐ thn

f(x)2 = 2
∫ x

0

f(t)dt

gia k�je x ≥ 0. DeÐxte ìti f(x) = x gia k�je x ≥ 0.

Upìdeixh. An upojèsoume ìti h f eÐnai paragwgÐsimh, tìte paragwgÐzontac ta dÔo
mèlh thc

(∗) f(x)2 = 2
∫ x

0

f(t)dt

paÐrnoume
2f(x)f ′(x) = 2f(x)

gia k�je x > 0, kai qrhsimopoi¸ntac thn upìjesh ìti f(x) 6= 0 gia k�je x > 0
sumperaÐnoume ìti f ′(x) = 1 gia k�je x > 0. Apì thn (∗) blèpoume (jètontac
x = 0) ìti f(0) = 0, �ra

f(x) = f(0) +
∫ x

0

f ′(t)dt =
∫ x

0

dt = x

gia k�je x ≥ 0. Mènei na deÐxoume ìti h f eÐnai paragwgÐsimh. Apì thn (∗) kai thn
f(x) 6= 0 èqoume: gia k�je x > 0 isqÔei

∫ x

0
f(t)dt > 0 kai

f(x) = g(x) :=
√

2

√∫ x

0

f(t)dt   f(x) = h(x) := −
√

2

√∫ x

0

f(t)dt.

AfoÔ h f eÐnai suneq c kai den mhdenÐzetai sto (0,+∞), to je¸rhma endi�meshc
tim c deÐqnei ìti eÐte f ≡ g sto [0,+∞)   f ≡ h sto [0,+∞). H deÔterh perÐptwsh
apokleÐetai, afoÔ h h paÐrnei arnhtikèc timèc sto (0,+∞) kai

∫ x

0
f(t)dt > 0 gia

k�je x > 0. 'Ara,

f(x) = g(x) :=
√

2

√∫ x

0

f(t)dt

gia k�je x ≥ 0. AfoÔ h f eÐnai suneq c, èpetai ìti h g (dhlad , h f) eÐnai parag-
wgÐsimh.

14. 'Estw f : [a, b] → R suneq¸c paragwgÐsimh sun�rthsh. DeÐxte ìti

lim
n→∞

∫ b

a

f(x) cos(nx)dx = 0 kai lim
n→∞

∫ b

a

f(x) sin(nx)dx = 0.

Upìdeixh. AfoÔ h f ′ eÐnai suneq c, mporoÔme na efarmìsoume olokl rwsh kat�
mèrh:∫ b

a

f(x) cos(nx)dx =
∫ b

a

f(x)
(

sin(nx)
n

)′
dx

=
f(b) sin(nb)− f(a) sin(na)

n
− 1

n

∫ b

a

f ′(x) sin(nx)dx.
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H f ′ eÐnai suneq c sto [a, b], �ra up�rqei M > 0 ¸ste |f ′(x)| ≤ M gia k�je
x ∈ [a, b]. 'Epetai ìti∣∣∣∣f(b) sin(nb)− f(a) sin(na)

n

∣∣∣∣ ≤ |f(a)|+ |f(b)|
n

→ 0

kai ∣∣∣∣∣ 1n
∫ b

a

f ′(x) sin(nx)dx

∣∣∣∣∣ ≤ 1
n

∫ b

a

|f ′(x)|dx ≤ M(b− a)
n

→ 0

kaj¸c to n →∞. Sunep¸c,

lim
n→∞

∫ b

a

f(x) cos(nx)dx = 0, kai ìmoia, lim
n→∞

∫ b

a

f(x) sin(nx)dx = 0.

15. Exet�ste wc proc th sÔgklish tic akoloujÐec

an =
∫ π

0

sin(nx)dx kai bn =
∫ π

0

| sin(nx)|dx.

Upìdeixh. Gr�foume

an =
∫ π

0

sin(nx)dx =
∫ π

0

(
− cos(nx)

n

)′
dx =

cos 0− cos(nπ)
n

.

'Ara, |an| ≤ 2/n gia k�je n ∈ N. 'Epetai ìti an → 0 kaj¸c to n → ∞. Gia thn
(bn) k�noume thn antikat�stash y = nx:

bn =
∫ π

0

| sin(nx)| dx =
1
n

∫ nπ

0

| sin y| dy.

Parathr ste ìti ∫ (k+1)π

kπ

| sin y| dy =
∫ π

0

| sin y| dy

gia k�je k ∈ Z (k�nte thn antikat�stash y = kπ + u). 'Ara,

bn =
1
n

∫ nπ

0

| sin y| dy =
1
n

n−1∑
k=0

∫ (k+1)π

kπ

| sin y| dy

=
1
n

n−1∑
k=0

∫ π

0

| sin y| dy =
∫ π

0

| sin y| dy

=
∫ π

0

sin y dy = cos(0)− cos(π) = 2

gia k�je n ∈ N. 'Epetai ìti bn → 2.

16. 'Estw f : [0,+∞) → R suneq¸c paragwgÐsimh sun�rthsh. DeÐxte ìti up�rqoun
suneqeÐc, aÔxousec kai jetikèc sunart seic g, h : [0,+∞) → R ¸ste f = g − h.
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Upìdeixh. Ja qrhsimopoi soume to ex c: an g, h : [0,+∞) → R eÐnai suneqeÐc
sunart seic tìte oi max{g, h} kai min{g, h} eÐnai suneqeÐc. Autì èpetai apì tic

max{g, h} =
g + h + |g − h|

2
kai min{g, h} =

g + h− |g − h|
2

.

H f : [0,+∞) → R eÐnai suneq¸c paragwgÐsimh, �ra oi sunart seic

g := max{f ′, 0} kai h := −min{f ′, 0}

eÐnai suneqeÐc kai mh arnhtikèc sto [0,+∞). EpÐshc,

g − h = max{f ′, 0}+ min{f ′, 0} = f ′.

OrÐzoume

G1(x) =
∫ x

0

g(t)dt kai H1(x) =
∫ x

0

h(t)dt.

AfoÔ oi g, h eÐnai suneqeÐc kai mh arnhtikèc, oi G1,H1 eÐnai paragwgÐsimec, aÔxousec
kai G1(0) = H1(0) = 0. Apì ton trìpo orismoÔ touc kai apì to deÔtero jemeli¸dec
je¸rhma tou ApeirostikoÔ LogismoÔ blèpoume ìti

G1(x)−H1(x) =
∫ x

0

(g(t)− h(t)) dt =
∫ x

0

f ′(t)dt = f(x)− f(0)

gia k�je x ≥ 0. OrÐzoume

G(x) = 1 + |f(0)|+ G1(x) kai H(x) = 1 + |f(0)| − f(0) + H1(x).

Tìte, oi G, H eÐnai paragwgÐsimec, aÔxousec, jetikèc kai

G(x)−H(x) = G1(x)−H1(x) + f(0) = f(x)

gia k�je x ≥ 0. Dhlad , h f gr�fetai san diafor� dÔo suneq¸n, auxous¸n kai
jetik¸n sunart sewn sto [0,+∞).



Kef�laio 6

Teqnikèc Olokl rwshc

Om�da A'

1. UpologÐste ta akìlouja oloklhr¸mata:∫
2x

x2 + 2x + 2
dx ,

∫
2x2 + x + 1

(x + 3)(x− 1)2
dx ,

∫
3x2 + 3x + 1

x3 + 2x2 + 2x + 1
dx.

Upìdeixh. (a) Gr�foume∫
2x

x2 + 2x + 2
dx =

∫
2x

(x + 1)2 + 1
dx

kai qrhsimopoioÔme thn antikat�stash y = x + 1.
(b) An�lush se apl� kl�smata. Zht�me a, b, c ∈ R ¸ste

2x2 + x + 1
(x + 3)(x− 1)2

=
a

x + 3
+

b

x− 1
+

c

(x− 1)2
.

Elègxte ìti a = 1, b = 1 kai c = 1.
(g) ParathroÔme ìti x3 + 2x2 + 2x + 1 = (x + 1)(x2 + x + 1) kai k�noume an�lush
se apl� kl�smata.

2. UpologÐste ta akìlouja oloklhr¸mata:∫
dx

x4 + 1
,

∫
dx√

x + 3
√

x
,

∫
dx

x
√

x2 − 1
,

∫
dx√

1 + ex
.

Upìdeixh. (a) ParathroÔme ìti x4+1 = (x2+1)2−2x2 = (x2+
√

2x+1)(x2−
√

2x+1)
kai k�noume an�lush se apl� kl�smata.

(b) Me thn antikat�stash u = 6
√

x prokÔptei to olokl rwma∫
6u5

u3 + u2
du =

∫
6u3

u + 1
du

to opoÐo upologÐzetai eÔkola (mporeÐte na k�nete th nèa antikat�stash y = u + 1).
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(g) Me thn antikat�stash u =
√

x2 − 1 èqoume dx
x = u du

u2+1 , opìte prokÔptei to
olokl rwma ∫

du

u2 + 1
= arctan(

√
x2 − 1) + c.

(d) Me thn antikat�stash u =
√

1 + ex èqoume du = ex

2
√

1+ex dx = u2−1
2u dx, opìte

prokÔptei to olokl rwma
∫

2du
u2−1 , to opoÐo upologÐzetai eÔkola me an�lush se apl�

kl�smata.

3. UpologÐste ta akìlouja oloklhr¸mata:∫
cos3 x dx ,

∫
cos2 x sin3 x dx ,

∫
tan2 x dx ,

∫
dx

cos4 x
,

∫ √
tanx dx .

Upìdeixh. (a) Gr�foume∫
cos3 x dx =

∫
cos2 x cos x dx =

∫
(1− sin2 x)(sinx)′dx

kai jètoume u = sinx.

(b) Gr�foume ∫
cos2 x sin3 x dx =

∫
cos2 x(1− cos2 x)(−1)(cos x)′dx

kai jètoume u = cos x.

(g) Gr�foume ∫
tan2 x dx =

∫ (
1

cos2 x
− 1
)

dx = tan x− x + c.

(d) Gr�foume∫
1

cos4 x
dx =

∫
(tanx)′

1
cos2 x

dx =
tanx

cos2 x
−
∫

tanx

(
1

cos2 x

)′
dx

=
tanx

cos2 x
−
∫

tanx
2 sinx

cos3 x
dx =

tanx

cos2 x
−
∫

2(1− cos2 x)
cos4 x

dx

=
tanx

cos2 x
− 2

∫
1

cos4 x
dx + 2

∫
1

cos2 x
dx.

'Epetai ìti

3
∫

1
cos4 x

dx =
tanx

cos2 x
+ 2

∫
1

cos2 x
dx =

tanx

cos2 x
+ tanx + c.

(e) Me thn antikat�stash u =
√

tanx paÐrnoume

du =
1

2
√

tanx

1
cos2 x

dx =
1

2
√

tanx
(tan2 x + 1) dx =

u4 + 1
2u

dx,

opìte jewroÔme to ∫
2u2

u4 + 1
du,
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to opoÐo upologÐzetai me an�lush se apl� kl�smata.

4. Qrhsimopoi¸ntac olokl rwsh kat� mèrh, deÐxte ìti: gia k�je n ∈ N,∫
dx

(x2 + 1)n+1
=

1
2n

x

(x2 + 1)n
+

2n− 1
2n

∫
dx

(x2 + 1)n
.

Upìdeixh. Gr�foume

In =
∫

dx

(x2 + 1)n
=

∫
(x)′

1
(x2 + 1)n

dx =
x

(x2 + 1)n
+ 2n

∫
x2

(x2 + 1)n+1
dx

=
x

(x2 + 1)n
+ 2n

∫
x2 + 1− 1
(x2 + 1)n+1

dx

=
x

(x2 + 1)n
+ 2n

∫
1

(x2 + 1)n
dx− 2n

∫
1

(x2 + 1)n+1
dx

=
x

(x2 + 1)n
+ 2nIn − 2nIn+1.

'Epetai ìti

In+1 =
1
2n

x

(x2 + 1)n
+

2n− 1
2n

In.

5. UpologÐste ta akìlouja oloklhr¸mata:∫
x2

(x2 − 4)(x2 − 1)
dx ,

∫
1

(1 + x)(1 + x2)
dx ,

∫
x log x dx∫

x cos x dx ,

∫
ex sinx dx ,

∫
x sin2 x dx∫

log(x +
√

x) dx ,

∫
1

x
√

1− x2
dx ,

∫
x + 4

(x2 + 1)(x− 1)
dx∫

x

1 + sin x
dx ,

∫
cos3 x

sin2 x
dx ,

∫
dx

(x2 + 2x + 2)2
.

Upìdeixh. (a) An�lush se apl� kl�smata.

(b) An�lush se apl� kl�smata.

(g) Olokl rwsh kat� mèrh:∫
x log x dx =

1
2

∫
(x2)′ log x dx =

x2 log x

2
− 1

2

∫
x dx =

x2 log x

2
− x2

4
+ c.

(d) Olokl rwsh kat� mèrh:∫
x cos x dx =

∫
x(sinx)′ dx = x sinx−

∫
sinx dx = x sinx + cos x + c.

(e) Olokl rwsh kat� mèrh:

I =
∫

ex sinx dx =
∫

(ex)′ sinx dx = ex sinx−
∫

ex cos x dx

= ex sinx−
∫

(ex)′ cos x dx = ex sinx− ex cos x +
∫

ex(cos x)′dx

= ex(sinx− cos x)−
∫

ex sinx dx = ex(sinx− cos x)− I.



70 · Teqnikès Olokl rwshs

'Epetai ìti ∫
ex sinx dx =

ex(sinx− cos x)
2

+ c.

(st) Qrhsimopoi¸ntac thn tautìthta sin2 x = 1−cos(2x)
2 paÐrnoume∫

x sin2 x dx =
∫

x

2
dx−

∫
x

cos(2x)
2

dx.

Gia to deÔtero olokl rwma, qrhsimopoi ste thn antikat�stash u = 2x kai olok-
l rwsh kat� mèrh ìpwc sto (d).

(z) Me olokl rwsh kat� mèrh paÐrnoume∫
log(x+

√
x) dx =

∫
(x)′ log(x+

√
x) dx = x log(x+

√
x)−

∫
x

x +
√

x

(
1 +

1
2
√

x

)
dx.

Katìpin, efarmìste thn antikat�stash u =
√

x.

(h) Me thn antikat�stash u =
√

1− x2 blèpoume ìti dx
x = udu

u2−1 , opìte katal goume
sto ∫

1
u2 − 1

du

to opoÐo upologÐzetai me an�lush se apl� kl�smata.

(j) An�lush se apl� kl�smata.

(i) Jètoume y = tan x
2 . Elègxte ìti dx = 2

1+y2 dy kai sinx = 2y
1+y2 . Anagìmaste

ètsi sto olokl rwma∫
2 arctan y

1
1 + 2y

1+y2

2
1 + y2

dy = 4
∫

arctan y
1

(1 + y)2
dy

= 4
∫

arctan y

(
− 1

1 + y

)′
dy

= −4
arctan y

1 + y
+ 4

∫
1

(1 + y2)(1 + y)
dy.

To teleutaÐo olokl rwma upologÐzetai me an�lush se apl� kl�smata.

(k) Gr�foume ∫
cos3 x

sin2 x
dx =

∫
1− sin2 x

sin2 x
(sinx)′dx

kai k�noume thn antikat�stash u = sinx.

(l) Antikat�stash y = x + 1.

6. UpologÐste ta oloklhr¸mata∫
sin(log x) dx ,

∫
1

x
√

x
log(1− x) dx.

Upìdeixh. (a) An jèsoume u = log x, tìte dx = eudu kai katal goume sto olok-
l rwma ∫

eu sinu du,
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to opoÐo upologÐzetai me olokl rwsh kat� mèrh.

(b) Gr�foume∫
1

x
√

x
log(1− x) dx = −2

∫ (
1√
x

)′
log(1− x) dx

= −2 log(1− x)√
x

− 2
∫

1√
x

1
1− x

dx.

To teleutaÐo olokl rwma upologÐzetai me thn antikat�stash u =
√

x.

7. UpologÐste ta oloklhr¸mata∫
x arctanx

(1 + x2)2
dx ,

∫
xex

(1 + x)2
dx.

Upìdeixh. (a) Gr�foume∫
x arctanx

(1 + x2)2
dx = −1

2

∫ (
1

1 + x2

)′
arctanx dx

= −1
2

arctanx

1 + x2
+

1
2

∫
1

(1 + x2)2
dx.

Gia to teleutaÐo olokl rwma qrhsimopoioÔme ton anagwgikì tÔpo thc 'Askhshc 4.

(b) Gr�foume ∫
xex

(1 + x)2
dx = −

∫ (
1

1 + x

)′
xex dx

= − xex

1 + x
+
∫

1
1 + x

(xex)′dx

= − xex

1 + x
+
∫

1
1 + x

(1 + x)ex dx

= − xex

1 + x
+ ex + c.

8. UpologÐste ta oloklhr¸mata∫
ex

1 + e2x
dx ,

∫
log(tan x)

cos2 x
dx.

Upìdeixh. (a) Me thn antikat�stash u = ex anagìmaste ston upologismì tou
oloklhr¸matoc rht c sun�rthshc.

(b) Me thn antikat�stash u = tan x anagìmaste ston upologismì tou∫
log u du = u log u− u + c.

9. UpologÐste ta oloklhr¸mata∫ π
4

0

x

cos2 x
dx ,

∫ π
4

−π
4

tan3 x

cos3 x
dx∫ 5

0

x log
(√

1 + x2
)

dx ,

∫ π
4

0

x tan2 x dx.
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Upìdeixh. UpologÐste pr¸ta ta aìrista oloklhr¸mata:

(a) Gr�foume∫
x

cos2 x
dx = x tanx−

∫
tanx dx = x tanx + log(cos x) + c.

(b) Gr�foume ∫
tan3 x

cos3 x
dx =

∫
(1− cos2 x) sinx

cos6 x
dx

kai k�noume thn antikat�stash u = cos x.

(g) Me thn antikat�stash u =
√

1 + x2 anagìmaste ston upologismì tou∫
u log u du,

to opoÐo upologÐzetai me olokl rwsh kat� mèrh.

(d) Gr�foume ∫
x tan2 x dx =

∫
x

1
cos2 x

dx−
∫

x dx.

To pr¸to olokl rwma upologÐsthke sto (a).

10. UpologÐste ta akìlouja embad�:

(a) Tou qwrÐou pou brÐsketai sto pr¸to tetarthmìrio kai fr�ssetai apì tic grafikèc
parast�seic twn sunart sewn f(x) =

√
x, g(x) = x− 2 kai apì ton x-�xona.

(b) Tou qwrÐou pou fr�ssetai apì tic grafikèc parast�seic twn sunart sewn f(x) =
cos x kai g(x) = sin x sto di�sthma [π

4 , 5π
4 ].

Upìdeixh. (a) To embadìn eÐnai Ðso me∫ 2

0

√
x dx +

∫ 4

2

(
√

x− x + 2) dx.

Exhg ste giatÐ kai upologÐste to.

(b) To embadìn eÐnai Ðso me ∫ 5π/4

π/4

(sinx− cos x) dx.

Exhg ste giatÐ kai upologÐste to.

Om�da B'

11. UpologÐste ta oloklhr¸mata∫
1 + sin x

1− cos x
dx ,

∫
1

sinx
dx ,

∫
x

(1 + x2)2
dx ,

∫
1

x
√

1− x2
dx

∫
1

(1 + x2)2
dx ,

∫
x arctanx dx ,

∫
x√

x2 + 1
dx ,

∫ √
x2 − 1 dx.
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Upìdeixh. (a) Jètoume y = tan x
2 . Elègxte ìti dx = 2

1+y2 dy, cos x = 1−y2

1+y2 kai

sinx = 2y
1+y2 . Anagìmaste ètsi sto olokl rwma∫

(1 + y)2

y2(1 + y2)
dy,

to opoÐo upologÐzetai me an�lush se apl� kl�smata.

(b) Gr�foume ∫
1

sinx
dx =

∫
sinx

1− cos2 x
dx

kai k�nontac thn antikat�stash u = cos x anagìmaste sto
∫

1
u2−1 du, to opoÐo

upologÐzetai me an�lush se apl� kl�smata.

(g) Me thn antikat�stash u = x2 + 1 anagìmaste ston upologismì tou

1
2

∫
du

u2
= − 1

2u
+ c.

(d) Me thn antikat�stash x = sinu anagìmaste ston upologismì tou∫
1

sinu
du,

to opoÐo upologÐsthke sto (b).

(e) QrhsimopoioÔme ton anagwgikì tÔpo thc 'Askhshc 4.

(st) Me olokl rwsh kat� mèrh paÐrnoume∫
x arctanx dx =

x2

2
arctanx− 1

2

∫
x2

x2 + 1
dx =

x2

2
arctanx− x

2
+

1
2

arctanx + c.

Gia thn teleutaÐa isìthta parathr ste ìti∫
x2

x2 + 1
dx =

∫
x2 + 1− 1

x2 + 1
dx =

∫
dx−

∫
1

x2 + 1
dx.

(z) Me thn antikat�stash u = x2 + 1 anagìmaste ston upologismì tou∫
du

2
√

u
=
√

u + c.

(h) Jètoume x2 − 1 = (x − t)2. IsodÔnama, x = t2+1
2t . Tìte, dx = t2−1

2t2 dt kai

x− t = 1−t2

2t , opìte anagìmaste ston upologismì tou∫
−(t2 − 1)2

4t3
dt.

12. UpologÐste to olokl rwma ∫ π

0

x sinx

1 + cos2 x
dx.
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Upìdeixh. Me thn antikat�stash y = π − x paÐrnoume

I =
∫ π

0

x sinx

1 + cos2 x
dx =

∫ π

0

(π − y) sin y

1 + cos2 y
dy = π

∫ π

0

sin y

1 + cos2 y
dy − I,

dhlad  ∫ π

0

x sinx

1 + cos2 x
dx =

π

2

∫ π

0

sin y

1 + cos2 y
dy.

To teleutaÐo olokl rwma upologÐzetai me thn antikat�stash u = cos y.

13. UpologÐste to olokl rwma∫ π
2

0

sinx

sinx + cos x
dx.

Upìdeixh. H antikat�stash y = π
2 − x dÐnei (exhg ste giatÐ)∫ π

2

0

sinx

sinx + cos x
dx = −

∫ 0

π/2

cos y

cos y + sin y
dy =

∫ π/2

0

cos x

sinx + cos x
dx.

AfoÔ∫ π
2

0

sinx

sinx + cos x
dx +

∫ π
2

0

cos x

sinx + cos x
dx =

∫ π
2

0

sinx + cos x

sinx + cos x
dx =

π

2
,

sumperaÐnoume ìti ∫ π
2

0

sinx

sinx + cos x
dx =

π

4
.

14. UpologÐste to olokl rwma∫ π
4

0

log(1 + tanx) dx.

Upìdeixh. H antikat�stash y = π
4 − x dÐnei

I =
∫ π/4

0

log(1 + tanx) dx =
∫ π/4

0

log(1 + tan(π/4− y)) dy.

Parathr ste ìti

tan
(π

4
− y
)

=
1− tan y

1 + tan y
,

�ra,

1 + tan
(π

4
− y
)

=
2

1 + tan y
.

Sunep¸c,

I =
∫ π/4

0

log(1 + tanx) dx =
∫ π/4

0

log
(

2
1 + tan y

)
dy

=
∫ π/4

0

(log 2− log(1 + tan y)) dy

=
π(log 2)

4
− I.
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'Epetai ìti

I =
π(log 2)

8
.

15. DeÐxte ìti to genikeumèno olokl rwma∫ ∞

0

xpdx

den eÐnai peperasmèno gia kanèna p ∈ R.

Upìdeixh. DiakrÐnoume treÐc peript¸seic: an p > −1 tìte∫ ∞

1

xpdx = lim
M→+∞

∫ M

1

xpdx = lim
M→+∞

Mp+1 − 1
p + 1

= +∞.

An p < −1 tìte∫ 1

0

xpdx = lim
δ→0+

∫ 1

δ

xpdx = lim
δ→0+

1− δp+1

p + 1
= +∞.

Tèloc, an p = −1 tìte∫ ∞

1

xpdx = lim
M→+∞

∫ M

1

1
x

dx = lim
M→+∞

log M = +∞.

Se k�je perÐptwsh, èpetai ìti to genikeumèno olokl rwma
∫∞
0

xpdx apeirÐzetai.

16. UpologÐste ta akìlouja genikeumèna oloklhr¸mata:∫ ∞

0

xe−x2
dx ,

∫ 1

−1

dx√
1− x2

,

∫ 1

0

log x dx .

Upìdeixh. (a) Gia k�je M > 0 èqoume∫ M

0

xe−x2
dx = −1

2
e−x2

∣∣∣∣M
0

=
1− e−M2

2
.

'Epetai ìti ∫ ∞

0

xe−x2
dx = lim

M→∞

∫ M

0

xe−x2
dx = lim

M→∞

1− e−M2

2
=

1
2
.

(b) Gia k�je s ∈ (0, 1) èqoume∫ s

0

dx√
1− x2

= arcsinx

∣∣∣∣s
0

= arcsin s− arcsin 0 = arcsin s.

'Epetai ìti∫ 1

0

dx√
1− x2

= lim
s→1−

∫ s

0

dx√
1− x2

= lim
s→1−

arcsin s = arcsin 1 =
π

2
.

Lìgw summetrÐac, ∫ 1

−1

dx√
1− x2

= π.



76 · Teqnikès Olokl rwshs

(g) Gia k�je δ ∈ (0, 1) èqoume∫ 1

δ

log x dx = x log x− x

∣∣∣∣1
δ

= −1− δ log δ + δ.

'Epetai ìti∫ 1

0

log x dx = lim
δ→0+

∫ 1

δ

log x dx = lim
δ→0+

(−δ log δ + δ − 1) = −1.

17. DeÐxte ìti, gia k�je n ∈ N, ∫ ∞

0

e−xxndx = n!

Upìdeixh. Me epagwg : gia n = 0 èqoume∫ ∞

0

e−xdx = −e−x

∣∣∣∣∞
0

= 1.

An n ∈ N, tìte, gia k�je M > 0 èqoume∫ M

0

e−xxndx =
∫ M

0

(−e−x)′xndx = −e−xxn

∣∣∣∣M
0

+ n

∫ M

0

e−xxn−1dx.

Af nontac to M →∞ blèpoume ìti

In =
∫ ∞

0

e−xxndx = n

∫ ∞

0

e−xxn−1dx = nIn−1.

An loipìn upojèsoume ìti In−1 = (n− 1)!, tìte In = n · (n− 1)! = n!.

18. BreÐte ta ìria

lim
x→+∞

x3e−x6
∫ x3

0

et2dt , lim
x→0+

1
x4

∫ x2

0

et sin t dt.

Upìdeixh. (a) Me thn antikat�stash y = x3 blèpoume ìti arkeÐ na upologÐsoume to

lim
y→+∞

ye−y2
∫ y

0

et2dt.

Efarmìzoume ton kanìna tou L’ Hospital:(∫ y

0
et2dt

)′
(ey2/y)′

=
ey2

2ey2 − ey2/y2
=

1
2− y−2

→ 1
2

ìtan y → +∞. 'Ara,

lim
x→+∞

x3e−x6
∫ x3

0

et2dt =
1
2
.
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(a) Me thn antikat�stash y = x2 blèpoume ìti arkeÐ na upologÐsoume to

lim
y→0+

1
y2

∫ y

0

et sin t dt.

Efarmìzoume ton kanìna tou L’ Hospital:(∫ y

0
et sin t dt

)′
(y2)′

=
ey sin y

2y
→ 1

2

ìtan y → 0+. 'Ara,

lim
x→0+

1
x4

∫ x2

0

et sin t dt =
1
2
.





Kef�laio 7

Je¸rhma Taylor

1. 'Estw p(x) = a0 + a1x+ · · ·+ anxn polu¸numo bajmoÔ n kai èstw a ∈ R. DeÐxte
ìti up�rqoun b0, b1, · · · , bn ∈ R ¸ste

p(x) = b0 + b1(x− a) + · · ·+ bn(x− a)n gia k�jex ∈ R.

DeÐxte ìti

bk =
p(k)(a)

k!
, k = 0, 1, . . . , n.

Upìdeixh. Me epagwg . Gia n = 1 mporoÔme na gr�youme p(x) = a0 + a1x =
a0 + a1a + a1(x− a) = p(a) + a1(x− a) kai na jèsoume b0 = p(a), b1 = a1.

Gia to epagwgikì b ma parathr ste ìti p(x)− p(a) = (a1x + · · ·+ anxn)− (a1a +
· · · + anan) = (x − a)p1(x), ìpou p1 polu¸numo bajmoÔ n − 1. To p1 gr�fetai
sth morf  b1 + b2(x− a) + · · ·+ bn(x− a)n−1 (apì thn epagwgik  upìjesh) opìte
p(x) = p(a) + (x− a)p1(x) = b0 + b1(x− a) + · · ·+ bn(x− a)n, me b0 = p(a).

ParagwgÐzontac blèpoume ìti p(k)(x) =
∑n

s=k s(s − 1) · · · (s − k + 1)bs(x − a)s−k,
opìte p(k)(a) = [k(k − 1) · · · 1]bk = k!bk.

2. Gr�yte kajèna apì ta parak�tw polu¸numa sth morf  b0 + b1(x − 3) + · · · +
bn(x− 3)n:

p1(x) = x2 − 4x− 9, p2(x) = x4 − 12x3 + 44x2 + 2x + 1, p3(x) = x5.

3. Gia k�je mÐa apì tic parak�tw sunart seic, na brejeÐ to polu¸numo Taylor Tn,f,a

pou upodeiknÔetai.

(T3,f,0) : f(x) = exp(sinx).
(T2n+1,f,0) : f(x) = (1 + x2)−1.

(Tn,f,0) : f(x) = (1 + x)−1.

(T4,f,0) : f(x) = x5 + x3 + x.

(T6,f,0) : f(x) = x5 + x3 + x.

(T5,f,1) : f(x) = x5 + x3 + x.
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4. 'Estw n ≥ 1 kai f, g : (a, b) → R sunart seic n forèc paragwgÐsimec sto
x0 ∈ (a, b) ¸ste f(x0) = f ′(x0) = · · · = f (n−1)(x0) = 0, g(x0) = g′(x0) = · · · =
g(n−1)(x0) = 0 kai g(n)(x0) 6= 0. DeÐxte ìti

lim
x→x0

f(x)
g(x)

=
f (n)(x0)
g(n)(x0)

.

Upìdeixh. Parathr ste ìti Tn,f,x0(x) = f(n)(x0)
n! (x−x0)n kai Tn,g,x0(x) = g(n)(x0)

n! (x−
x0)n. EpÐshc, lim

x→x0

Rn,f,x0 (x)

(x−x0)n = lim
x→x0

Rn,g,x0 (x)

(x−x0)n = 0. Sunep¸c,

lim
x→x0

f(x)
g(x)

= lim
x→x0

f(n)(x0)
n! + Rn,f,x0 (x)

(x−x0)n

f(n)(x0)
n! + Rn,f,x0 (x)

(x−x0)n

=
f (n)(x0)
g(n)(x0)

.

5. 'Estw n ≥ 2 kai f : (a, b) → R sun�rthsh n forèc paragwgÐsimh sto x0 ∈ (a, b)
¸ste f(x0) = f ′(x0) = · · · = f (n−1)(x0) = 0 kai f (n)(x0) 6= 0. DeÐxte ìti:

(a) An o n eÐnai �rtioc kai f (n)(x0) > 0, tìte h f èqei topikì el�qisto sto x0.

(b) An o n eÐnai �rtioc kai f (n)(x0) < 0, tìte h f èqei topikì mègisto sto x0.

(g) An o n eÐnai perittìc, tìte h f den èqei topikì mègisto oÔte topikì el�qisto sto
x0, all� to x0 eÐnai shmeÐo kamp c gia thn f .

Upìdeixh. Parathr ste ìti Tn,f,x0(x) = f(n)(x0)
n! (x− x0)n, sunep¸c,

lim
x→x0

f(x)
(x− x0)n

= lim
x→x0

Tn,f,x0(x) + Rn,f,x0(x)
(x− x0)n

=
f (n)(x0)

n!
.

(a) An f (n)(x0) > 0, tìte h f kont� sto x0 èqei to Ðdio prìshmo me thn (x−x0)n kai
afoÔ o n eÐnai �rtioc sumperaÐnoume ìti f(x) ≥ 0 kont� sto x0. AfoÔ f(x0) = 0, h
f èqei topikì el�qisto sto x0.

(b) An f (n)(x0) < 0, tìte h f kont� sto x0 èqei antÐjeto prìshmo apì thn (x−x0)n

kai afoÔ o n eÐnai �rtioc sumperaÐnoume ìti f(x) ≤ 0 kont� sto x0. AfoÔ f(x0) = 0,
h f èqei topikì mègisto sto x0.

(g) Upojètoume ìti f (n)(x0) > 0. DouleÔontac ìpwc sta (a) kai (b), kai qrhsi-
mopoi¸ntac thn upìjesh ìti o n eÐnai perittìc, blèpoume ìti up�rqei δ > 0 ¸ste
f(x) < 0 sto (x0 − δ) kai f(x) > 0 sto (x0, x0 + δ). 'Ara, h f den èqei topikì
mègisto oÔte topikì el�qisto sto x0.

To Ðdio akrib¸c isqÔei gia thn f ′′. Parathr ste pr¸ta ìti n ≥ 3 (eÐnai perittìc
kai megalÔteroc   Ðsoc tou 2). Jewr¸ntac thn g = f ′′ blèpoume ìti g(n−2)(x0) > 0
kai ìlec oi prohgoÔmenec par�gwgoi thc g mhdenÐzontai sto x0. 'Ara, h g = f ′′ èqei
diaforetikì prìshmo se perioqèc arister� kai dexi� tou x0, to opoÐo shmaÐnei ìti to
x0 eÐnai shmeÐo kamp c gia thn f .

6. An f(x) = lnx, x > 0, breÐte thn plhsièsterh eujeÐa kai thn plhsièsterh
parabol  sto gr�fhma thc f sto shmeÐo (e, 1).

Upìdeixh. Zht�me ta T1,f,e(x) kai T2,f,e(x). AfoÔ f(e) = 1, f ′(e) = 1
e kai f ′′(e) =

− 1
e2 , sumperaÐnoume ìti T1,f,e(x) = 1 + x−e

e = x
e kai T2,f,e(x) = x

e −
1
e2 (x− e)2.
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7. BreÐte to polu¸numo Taylor Tn,f,0 gia th sun�rthsh

f(x) =
∫ x

0

e−t2dt, (x ∈ R).

Upìdeixh. Apì to an�ptugma thc ekjetik c sun�rthshc, gia k�je x ∈ R èqoume

e−t2 =
n∑

k=0

(−1)kt2k

k!
+ gn(t)

ìpou

|gn(t)| ≤ et2

(n + 1)!
(t2)n+1.

'Ara,

f(x) =
∫ x

0

e−t2dt =
n∑

k=0

(−1)k

k!

∫ x

0

t2kdt +
∫ x

0

gn(t)dt.

ParathroÔme ìti∣∣∣∣∫ x

0

gn(t) dt

∣∣∣∣ ≤ ex2

(n + 1)!

∣∣∣∣∫ x

0

t2n+2dt

∣∣∣∣ ≤ ex2 |x|2n+3

(n + 1)!(2n + 3)
.

Jètoume

P2n+1(x) =
n∑

k=0

(−1)k

k!

∫ x

0

t2kdt =
n∑

k=0

(−1)kx2k+1

k!(2k + 1)
.

Tìte,∣∣∣∣f(x)− P2n+1(x)
x2n+2

∣∣∣∣ = ∣∣∣∣ 1
x2n+2

∫ x

0

gn(t) dt

∣∣∣∣ ≤ ex2 |x|2n+3

|x|2n+2(n + 1)!(2n + 3)
→ 0

ìtan x → 0. Apì ton qarakthrismì tou poluwnÔmou Taylor Ts,f,0 èpetai ìti

T2n+1,f,0(x) = T2n+2,f,0(x) = P2n+1(x) =
n∑

k=0

(−1)kx2k+1

k!(2k + 1)
.

8. BreÐte to polu¸numo Taylor Tn,f,0 gia th sun�rthsh f : R → R pou orÐzetai wc
ex c: f(0) = 0 kai

f(x) = e−1/x2
, x 6= 0.

Upìdeixh. (a) Parathr ste ìti f ′(x) = 2
x3 e−1/x2

kai

f ′(0) = lim
x→0

1
x

e−1/x2
= lim

y→±∞

y

ey2 = 0.

(b) H deÔterh par�gwgoc thc f , all� kai k�je par�gwgoc thc f eÐnai thc morf c

f (k)(x) = Pk

(
1
x

)
e−1/x2

, x 6= 0
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ìpou Pk polu¸numo. DeÐxte to me epagwg .

(g) DeÐxte ìti limy→±∞ P (y)e−y2
= 0 gia k�je polu¸numo P (y) kai, apì to (b),

sumper�nate ìti f (k)(0) = 0 gia k�je k = 0, 1, 2, . . .. Pr�gmati,

f (k+1)(0) = lim
x→0

1
x

Pk

(
1
x

)
e−1/x2

= lim
y→±∞

yPk(y)e−y2

kai h sun�rthsh y 7→ yPk(y) eÐnai polu¸numo.
'Epetai ìti Tn,f,0(x) =

∑n
k=0

f(k)(0)
k! xk = 0 gia k�je x ∈ R.

9. Qrhsimopoi¸ntac to an�ptugma Taylor thc sun�rthshc arctanx (−1 ≤ x ≤ 1)
upologÐste to �jroisma

∞∑
n=0

(−1)n 1
3n(2n + 1)

.

Upìdeixh. GnwrÐzoume ìti arctanx =
∑∞

n=0(−1)n x2n+1

2n+1 an −1 ≤ x ≤ 1. Sunep¸c,

arctan
1√
3

=
∞∑

n=0

(−1)n 1
3n
√

3
1

2n + 1
.

'Epetai ìti
∞∑

n=0

(−1)n 1
3n(2n + 1)

=
√

3 arctan
1√
3

=
π
√

3
6

.

10. 'Estw f : R → R �peirec forèc paragwgÐsimh sun�rthsh. Upojètoume ìti
f ′′′ = f kai f(0) = 1, f ′(0) = f ′′(0) = 0.
(a) 'Estw R > 0. DeÐxte ìti up�rqei M = M(R) > 0 ¸ste: gia k�je x ∈ [−R,R]
kai gia k�je k = 0, 1, 2, . . .,

|f (k)(x)| ≤ M.

(b) BreÐte to polu¸numo Taylor T3n,f,0 kai, qrhsimopoi¸ntac to (a) kai opoiond pote
tÔpo upoloÐpou, deÐxte ìti

f(x) =
∞∑

k=0

x3k

(3k)!

gia k�je x ∈ R.

Upìdeixh. (a) Apì thn upìjesh ìti f ′′′ = f blèpoume ìti, gia k�je k = 0, 1, 2 . . ., h
f (k) eÐnai k�poia apì tic f , f ′, f ′′. Oi treic autèc sunart seic eÐnai paragwgÐsimec,
�ra suneqeÐc. Sunep¸c, an stajeropoi soume R > 0 tìte kajemÐa apì tic f , f ′, f ′′

eÐnai fragmènh sto [−R,R]. Dhlad , up�rqei M = M(R) > 0 ¸ste |f(x)| ≤ M ,
|f ′(x)| ≤ M kai |f ′′(x)| ≤ M gia k�je x ∈ [−R,R]. 'Epetai ìti, gia k�je x ∈
[−R,R] kai gia k�je k = 0, 1, 2, . . .,

|f (k)(x)| ≤ M.

(b) 'Eqoume f (3k)(0) = 1, f (3k+1)(0) = 0 kai f (3k+2)(0) = 0 gia k�je k = 0, 1, 2, . . ..
'Ara,

T3n,f,0(x) =
3n∑

s=0

f (s)(0)
s!

xs =
n∑

k=0

1
(3k)!

x3k.
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'Estw x ∈ R. StajeropoioÔme R > |x| kai jewroÔme thn stajer� M = M(R) apì
to (a). IsqÔei

|R3n,f,0(x)| =
∣∣∣∣f (3n+1)(ξ)

(3n + 1)!
x3n+1

∣∣∣∣
gia k�poio ξ metaxÔ twn 0 kai x. AfoÔ |ξ| ≤ |x| < R, èqoume |f (3n+1)(ξ)| ≤ M .
'Ara,

|R3n,f,0(x)| ≤ M

(3n + 1)!
|x|3n+1.

Me to krit rio tou lìgou blèpoume ìti h akoloujÐa tou dexioÔ mèlouc sugklÐnei sto
0. 'Ara, R3n,f,0(x) → 0 ìtan n →∞. 'Epetai ìti

f(x) = lim
n→∞

T3n,f,0(x) =
∞∑

k=0

x3k

(3k)!
.

To x ∈ R  tan tuqìn, opìte èqoume to zhtoÔmeno.

11. BreÐte proseggistik  tim , me sf�lma mikrìtero tou 10−6, gia kajènan apì
touc arijmoÔc

sin 1, sin 2, sin
1
2
, e, e2.

12. (a) DeÐxte ìti
π

4
= arctan

1
2

+ arctan
1
3

kai
π

4
= 4 arctan

1
5
− arctan

1
239

.

(b) DeÐxte ìti π = 3.14159 · · · (me �lla lìgia, breÐte proseggistik  tim  gia ton
arijmì π me sf�lma mikrìtero tou 10−6).





Kef�laio 8

Kurtèc kai koÐlec

sunart seic

Om�da A'

1. 'Estw f, fn : I → R. Upojètoume ìti k�je fn eÐnai kurt  sun�rthsh kai ìti
fn(x) → f(x) gia k�je x ∈ I. DeÐxte ìti h f eÐnai kurt .

Upìdeixh. 'Estw x, y ∈ I kai èstw t ∈ [0, 1]. Apì thn upìjesh èqoume fn(x) → f(x),
fn(y) → f(y) kai fn((1 − t)x + ty) → f((1 − t)x + ty) ìtan to n → ∞. Apì thn
kurtìthta twn fn èqoume

fn((1− t)x + ty) ≤ (1− t)fn(x) + tfn(y)

gia k�je n ∈ N. 'Ara,

f((1− t)x + ty) = lim
n→∞

fn((1− t)x + ty) ≤ lim
n→∞

((1− t)fn(x) + tfn(y))

= (1− t) lim
n→∞

fn(x) + t lim
n→∞

fn(y) = (1− t)f(x) + tf(y).

AfoÔ ta x, y ∈ I kai t ∈ [0, 1]  tan tuqìnta, h f eÐnai kurt .

2. 'Estw {fn : n ∈ N} akoloujÐa kurt¸n sunart sewn fn : I → R. OrÐzoume
f : I → R me f(x) = sup{fn(x) : n ∈ N}. An h f eÐnai peperasmènh pantoÔ sto I,
tìte h f eÐnai kurt .

Upìdeixh. 'Estw x, y ∈ I kai èstw t ∈ [0, 1]. Apì ton orismì thc f kai thn kurtìthta
twn fn, gia k�je n ∈ N èqoume

fn((1− t)x + ty) ≤ (1− t)fn(x) + tfn(y) ≤ (1− t)f(x) + tf(y).

O arijmìc (1 − t)f(x) + tf(y) eÐnai �nw fr�gma tou sunìlou {fn((1 − t)x + ty) :
n ∈ N}, �ra

f((1− t)x + ty) ≤ (1− t)f(x) + tf(y).

AfoÔ ta x, y ∈ I kai t ∈ [0, 1]  tan tuqìnta, h f eÐnai kurt .

3. 'Estw f, g : R → R kurtèc sunart seic. Upojètoume akìma ìti h g eÐnai aÔxousa.
DeÐxte ìti h g ◦ f eÐnai kurt .
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Upìdeixh. 'Estw x, y ∈ R kai èstw t ∈ [0, 1]. AfoÔ h f eÐnai kurt , èqoume

f((1− t)x + ty) ≤ (1− t)f(x) + tf(y).

H g eÐnai aÔxousa, �ra

(g ◦ f)((1− t)x + ty) = g(f((1− t)x + ty)) ≤ g((1− t)f(x) + tf(y)).

AfoÔ h g eÐnai kurt , èqoume

g((1− t)f(x) + tf(y)) ≤ (1− t)g(f(x)) + tg(f(y)) = (1− t)(g ◦ f)(x) + t(g ◦ f)(y).

Sundu�zontac tic dÔo teleutaÐec anisìthtec paÐrnoume

(g ◦ f)((1− t)x + ty) ≤ (1− t)(g ◦ f)(x) + t(g ◦ f)(y).

AfoÔ ta x, y ∈ R kai t ∈ [0, 1]  tan tuqìnta, h g ◦ f eÐnai kurt .

4. 'Estw f : I → R kurt  sun�rthsh. DeÐxte ìti

f(x1 + δ)− f(x1) ≤ f(x2 + δ)− f(x2)

gia k�je x1 < x2 ∈ I kai δ > 0 gia to opoÐo x1 + δ, x2 + δ ∈ I.

Upìdeixh. DiakrÐnoume treic peript¸seic:

(a) x1 + δ < x2: Efarmìzontac to l mma twn tri¸n qord¸n gia ta x1 < x1 + δ < x2

kai x1 + δ < x2 < x2 + δ, paÐrnoume

f(x1 + δ)− f(x1)
δ

≤ f(x2)− f(x1 + δ)
x2 − x1 − δ

≤ f(x2 + δ)− f(x2)
δ

.

Sunep¸c, f(x1 + δ)− f(x1) ≤ f(x2 + δ)− f(x2).

(b) x2 < x1 + δ: Efarmìzontac to l mma twn tri¸n qord¸n gia ta x1 < x2 < x1 + δ
kai x2 < x1 + δ < x2 + δ, paÐrnoume

f(x1 + δ)− f(x1)
δ

≤ f(x1 + δ)− f(x2)
x1 + δ − x2

≤ f(x2 + δ)− f(x2)
δ

.

Sunep¸c, f(x1 + δ)− f(x1) ≤ f(x2 + δ)− f(x2).

(g) x2 = x1 + δ: To zhtoÔmeno èpetai �mesa apì to l mma twn tri¸n qord¸n gia ta
x1 < x2 = x1 + δ < x2 + δ.

5. 'Estw f : [a, b] → R kurt  sun�rthsh. DeÐxte me èna par�deigma ìti h f den eÐnai
anagkastik� sun�rthsh Lipschitz se olìklhro to [a, b], akìma kai an upojèsoume
ìti h f eÐnai fragmènh. EpÐshc, deÐxte ìti h f den eÐnai anagkastik� suneq c sto
[a, b].

Upìdeixh. (a) H f : [0, 1] → R me f(x) = 1−
√

x eÐnai kurt  kai fragmènh sun�rthsh.
Den eÐnai ìmwc Lipschitz suneq c sto [0, 1]. Parathr ste ìti

|f(x)− f(0)|
|x− 0|

=
1√
x
→ +∞ kaj¸c to x → 0+.
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(b) Elègxte ìti h f : [−1, 1] → R me f(x) = x2 ìtan −1 < x < 1 kai f(−1) =
f(1) = 2 eÐnai kurt  sun�rthsh. 'Omwc, den eÐnai suneq c sta �kra tou [−1, 1].

6. 'Estw f : (a, b) → R kurt  sun�rthsh kai ξ ∈ (a, b). DeÐxte ìti:
(a) an h f èqei olikì mègisto sto ξ tìte h f eÐnai stajer .
(b) an h f èqei olikì el�qisto sto ξ tìte h f eÐnai fjÐnousa sto (a, ξ) kai aÔxousa

sto (ξ, b).
(g) an h f èqei topikì el�qisto sto ξ tìte èqei olikì el�qisto sto ξ.
(d) an h f eÐnai gnhsÐwc kurt , tìte èqei to polÔ èna shmeÐo olikoÔ elaqÐstou.

Upìdeixh. (a) Upojètoume ìti h f èqei olikì mègisto sto ξ. Tìte, f(x) ≤ f(ξ)
gia k�je x ∈ (a, b). Epilègoume tuqìnta x1, x2 ∈ (a, b) me x1 < ξ < x2. Yp�rqei
t ∈ (0, 1) ¸ste ξ = (1− t)x1 + tx2. H f eÐnai kurt , �ra

f(ξ) ≤ (1− t)f(x1) + tf(x2) ≤ (1− t)f(ξ) + tf(ξ) = f(ξ).

Anagkastik�, f(x1) = f(x2) = f(ξ) (exhg ste giatÐ). 'Epetai ìti f(x) = f(ξ) gia
k�je x ∈ (a, b) (dhlad , h f eÐnai stajer ).

(b) Upojètoume ìti h f èqei olikì el�qisto sto ξ. 'Estw a < x < y < ξ. Up�rqei
t ∈ (0, 1) ¸ste y = (1− t)x + tξ. H f eÐnai kurt  kai f(ξ) ≤ f(y), �ra

f(y) ≤ (1− t)f(x) + tf(ξ) ≤ (1− t)f(x) + tf(y),

�ra (1− t)f(y) ≤ (1− t)f(x). AfoÔ 0 < 1− t < 1, sumperaÐnoume ìti f(y) ≤ f(x).
Autì deÐqnei ìti h f eÐnai fjÐnousa sto (a, ξ). Me ton Ðdio trìpo elègqoume ìti h f
eÐnai aÔxousa sto (ξ, b).
(g) Upojètoume ìti h f èqei topikì el�qisto sto ξ. Up�rqei δ > 0 ¸ste (ξ−2δ, ξ +
2δ) ⊂ (a, b) kai f(x) ≥ f(ξ) gia k�je x ∈ (ξ − 2δ, ξ + 2δ).

Ac upojèsoume ìti gia k�poio y ∈ (ξ, b) isqÔei f(y) < f(ξ). Anagkastik�,
èqoume y ≥ ξ +2δ. Up�rqei t ∈ (0, 1) ¸ste ξ + δ = (1− t)ξ + ty. Apì thn kurtìthta
thc f paÐrnoume

f(ξ) ≤ f(ξ + δ) ≤ (1− t)f(ξ) + tf(y) < f(ξ)

to opoÐo eÐnai �topo.
An upojèsoume ìti gia k�poio y ∈ (a, ξ) isqÔei f(y) < f(ξ), katal goume se

�topo me ton Ðdio trìpo. 'Ara, h f èqei olikì el�qisto sto ξ.

(d) Upojètoume ìti h f eÐnai gnhsÐwc kurt . 'Estw ìti h f èqei olikì el�qisto m
sta x < y. Tìte,

f

(
x + y

2

)
<

f(x) + f(y)
2

=
m + m

2
= m

apì thn gn sia kurtìthta thc f . Katal xame se �topo, �ra h f èqei to polÔ èna
shmeÐo olikoÔ elaqÐstou.

7. 'Estw f : R → R kurt  sun�rthsh. An h f eÐnai �nw fragmènh, tìte eÐnai
stajer .

Upìdeixh. 'Estw ìti h f den eÐnai stajer . Up�rqoun x 6= y sto R me f(x) < f(y).
DiakrÐnoume dÔo peript¸seic:
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(a) x < y: 'Estw z > y. Tìte,

f(y)− f(x)
y − x

≤ f(z)− f(y)
z − y

,

dhlad 

f(z) ≥ A(z) := f(y) +
f(y)− f(x)

y − x
(z − y).

Parathr ste ìti f(y)−f(x)
y−x > 0, �ra lim

z→+∞
A(z) = +∞. 'Epetai ìti h f den eÐnai

�nw fragmènh.

(b) y < x: 'Estw z < y. Tìte,

f(y)− f(z)
y − z

≤ f(x)− f(y)
x− y

,

dhlad 

f(z) ≥ B(z) := f(y)− f(x)− f(y)
x− y

(y − z).

Parathr ste ìti f(x)−f(y)
x−y < 0, �ra lim

z→−∞
B(z) = +∞. 'Epetai ìti h f den eÐnai

�nw fragmènh.

8. DeÐxte ìti k�je kurt  sun�rthsh orismènh se fragmèno di�sthma eÐnai k�tw
fragmènh.

Upìdeixh. 'Estw I èna fragmèno di�sthma kai èstw f : I → R kurt  sun�rthsh.
JewroÔme tuqìnta a < b sto eswterikì tou I. OrÐzoume g : I → R me

g(x) = f(a) +
f(b)− f(a)

b− a
(x− a).

H g eÐnai grammik  kai sumpÐptei me thn f sta a kai b. DeÐxte diadoqik� ta ex c:

(i) H g eÐnai k�tw fragmènh sto I: up�rqei m ∈ R ¸ste g(x) ≥ m gia k�je
x ∈ I.

(ii) An x ∈ I kai x < a   x > b, tìte f(x) ≥ g(x) ≥ m.

(iii) H f paÐrnei el�qisth tim  m′ sto [a, b].

(iv) H f eÐnai k�tw fragmènh sto I: gia k�je x ∈ I isqÔei h f(x) ≥ min{m,m′}.

9. 'Estw f : (0,+∞) → R koÐlh, aÔxousa, �nw fragmènh kai paragwgÐsimh
sun�rthsh. DeÐxte ìti

lim
x→+∞

xf ′(x) = 0.

Upìdeixh. H f eÐnai aÔxousa kai �nw fragmènh, �ra up�rqei to lim
x→+∞

f(x) = ` ∈ R.
'Epetai ìti

lim
x→+∞

(
f(x)− f

(x

2

))
= 0.

Gia k�je x > 0 efarmìzoume to je¸rhma mèshc tim c sto [x/2, x]: up�rqei ξx ∈
(x/2, x) ¸ste

f(x)− f
(x

2

)
= f ′(ξx)

x

2
.



· 89

AfoÔ h f eÐnai koÐlh, h f ′ eÐnai fjÐnousa (kai mh arnhtik , giatÐ h f eÐnai aÔxousa).
'Ara,

f ′(ξx) ≥ f ′(x) ≥ 0.

Apì tic prohgoÔmenec sqèseic blèpoume ìti

0 ≤ xf ′(x) ≤ 2
(
f(x)− f

(x

2

))
→ 0.

'Ara, lim
x→+∞

xf ′(x) = 0.

Om�da B'

10. DeÐxte ìti an h f : (0,+∞) → R eÐnai kurt  kai x1, . . . , xm, y1, . . . , ym > 0,
tìte

(x1 + · · ·+ xm)f
(

y1 + · · ·+ ym

x1 + · · ·+ xm

)
≤

m∑
i=1

xif

(
yi

xi

)
.

DeÐxte ìti h f(x) = (1+xp)1/p eÐnai kurt  sto (0,+∞) ìtan p ≥ 1, kai sumper�nate
ìti

((x1 + · · ·+ xm)p + (y1 + · · ·+ ym)p)1/p ≤
m∑

i=1

(xp
i + yp

i )1/p.

Upìdeixh. Jètoume S = x1 + · · · + xm kai efarmìzoume thn anisìthta tou Jensen
wc ex c: afoÔ h f eÐnai kurt  kai

y1 + · · ·+ ym

S
=

x1

S

y1

x1
+ · · ·+ xm

S

ym

xm
,

paÐrnoume

f

(
y1 + · · ·+ ym

x1 + · · ·+ xm

)
= f

(
y1 + · · ·+ ym

S

)
≤

m∑
i=1

xi

S
f

(
yi

xi

)
.

Pollaplasi�zontac ta dÔo mèlh aut c thc anisìthtac epÐ S paÐrnoume to zhtoÔmeno.

'Estw p ≥ 1. Tìte, h f(x) = (1+xp)1/p eÐnai kurt  sto (0,+∞): autì prokÔptei
an paragwgÐsoume dÔo forèc. 'Eqoume f ′(x) = xp−1(1 + xp)

1
p−1 kai

f ′′(x) = (p−1)xp−2(1+xp)
1
p−1−(p−1)x2p−2(1+xp)

1
p−2 = (p−1)xp−2(1+xp)

1
p−2 ≥ 0.

ParathroÔme ìti

((x1 + · · ·+ xm)p + (y1 + · · ·+ ym)p)1/p = (x1 + · · ·+ xm)f
(

y1 + · · ·+ ym

x1 + · · ·+ xm

)
.

Efarmìzontac thn anisìthta tou pr¸tou erwt matoc blèpoume ìti h teleutaÐa posìth-
ta fr�ssetai apì

m∑
i=1

xif

(
yi

xi

)
=

m∑
i=1

xi

(
1 +

yp
i

xp
i

)1/p

=
m∑

i=1

(xp
i + yp

i )1/p.
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11. DeÐxte ìti h sun�rthsh − sinx eÐnai kurt  sto [0, π]. Qrhsimopoi¸ntac to
deÐxte ìti h mègisth perÐmetroc n-g¸nou pou eggr�fetai sto monadiaÐo kÔklo eÐnai
2n sin(π/n).

Upìdeixh. 'Eqoume (− sinx)′′ = sinx ≥ 0 sto [0, π], �ra h f(x) = − sinx eÐnai kurt 
sto [0, π].

'Estw T èna n-gwno pou eggr�fetai sto monadiaÐo kÔklo. An φ1, . . . , φn eÐnai
oi epÐkentrec gwnÐec pou antistoiqoÔn stic pleurèc tou kai `1, . . . , `n eÐnai ta m kh
twn pleur¸n tou, tìte

`i = 2 sin
φi

2
gia k�je i = 1, . . . , n.

'Ara, h perÐmetroc P tou T isoÔtai me

P = 2
n∑

i=1

sin
φi

2
.

'Omwc,
∑n

i=1 φi = 2π, �ra
∑n

i=1
φi

2 = π. H g(x) = − sinx eÐnai kurt  sto [0, π] kai
φi/2 ∈ [0, π] gia k�je i = 1, . . . , n. Apì thn anisìthta tou Jensen,

− sin
(

1
n

φ1

2
+ · · ·+ 1

n

φn

2

)
≤ −

n∑
i=1

1
n

sin
φi

2
,

dhlad ,

1
n

n∑
i=1

sin
φi

2
≤ sin

(
2π

2n

)
.

'Ara,

P = 2
n∑

i=1

sin
φi

2
≤ 2n sin

π

n
.

12. 'Estw α1, α2, . . . , αn jetikoÐ arijmoÐ. DeÐxte ìti

(1 + α1)(1 + α2) · · · (1 + αn) ≥
(
1 + (α1α2 · · ·αn)1/n

)n

.

Upìdeixh. Jètoume xi = ln αi (i = 1, . . . , n). Gia na deÐxoume thn

(1 + α1)(1 + α2) · · · (1 + αn) ≥
(
1 + (α1α2 · · ·αn)1/n

)n

arkeÐ na deÐxoume ìti(
1 + e

x1+···+xn
n

)n

≤ (1 + ex1)(1 + ex2) · · · (1 + exn),

 , isodÔnama,

ln
(
1 + e

x1+···+xn
n

)
≤ 1

n

n∑
i=1

ln(1 + exi).
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H teleutaÐa anisìthta prokÔptei apì thn anisìthta tou Jensen, an deÐxoume ìti
h sun�rthsh g(x) = ln(1 + ex) eÐnai kurt . Parathr ste ìti g′(x) = ex

1+ex kai

g′′(x) = ex

(1+ex)2 ≥ 0. 'Epetai to zhtoÔmeno.

Om�da G'

13. 'Estw f : I → R jetik  koÐlh sun�rthsh. DeÐxte ìti h 1/f eÐnai kurt .

Upìdeixh. 'Estw x, y ∈ I kai èstw t ∈ (0, 1). Jèloume na deÐxoume ìti

1− t

f(x)
+

t

f(y)
− 1

f((1− t)x + ty)
=

(1− t)f(y) + tf(x)
f(x)f(y)

− 1
f((1− t)x + ty)

≥ 0,

h opoÐa isqÔei an kai mìno an

A := f((1− t)x + ty) · ((1− t)f(y) + tf(x)) ≥ f(x)f(y).

AfoÔ h f eÐnai koÐlh, èqoume

A ≥ ((1− t)f(x) + tf(y))((1− t)f(y) + tf(x))
= [(1− t)2 + t2]f(x)f(y) + t(1− t)[f2(y) + f2(x)]
≥ [(1− t)2 + t2]f(x)f(y) + t(1− t) · 2f(x)f(y)
= f(x)f(y),

ìpou, sto proteleutaÐo b ma, qrhsimopoi same thn a2 + b2 ≥ 2ab.

'Alloc trìpoc: 'Eqoume 1
f = exp

(
ln 1

f

)
. AfoÔ h exp eÐnai kurt  kai aÔxousa, arkeÐ

na deÐxoume ìti h ln 1
f eÐnai kurt  ('Askhsh 4). 'Omwc, ln 1

f = − ln f , opìte arkeÐ na
deÐxoume ìti h ln f eÐnai koÐlh. AfoÔ h f eÐnai koÐlh kai h ln eÐnai koÐlh kai aÔxousa,
epiqeÐrhma ìmoio me autì thc 'Askhshc 4 deÐqnei ìti h ln f eÐnai koÐlh.

14. 'Estw f : [0, 2π] → R kurt  sun�rthsh. DeÐxte ìti gia k�je k ≥ 1,

1
π

∫ 2π

0

f(x) cos kxdx ≥ 0.

Upìdeixh. 'Eqoume

1
π

∫ 2π

0

f(x) cos kx dx =
1
k

∫ 2kπ

0

f
(y

k

)
cos y dy

=
1
k

k−1∑
m=0

∫ 2mπ+2π

2mπ

f
(y

k

)
cos y dy

=
1
k

k−1∑
m=0

∫ 2π

0

f

(
y + 2mπ

k

)
cos y dy.

Gia k�je m = 0, . . . , k − 1, h sun�rthsh gm(y) = f
(

y+2mπ
k

)
eÐnai kurt  sto [0, 2π]

(exhg ste giatÐ). ArkeÐ loipìn na deÐxoume ìti an g : [0, 2π] → R eÐnai mia kurt 

sun�rthsh tìte
∫ 2π

0
g(x) cos x dx ≥ 0 (to zhtoÔmeno, gia k = 1). Gr�foume∫ 2π

0

g(x) cos x dx =
∫ π/2

0

g(x) cos x dx +
∫ π

π/2

g(x) cos x dx

+
∫ 3π/2

π

g(x) cos x dx +
∫ 2π

3π/2

g(x) cos x dx.
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K�nontac tic allagèc metablht c y = π − x, z = x− π, w = 2π − x blèpoume ìti∫ π

π/2

g(x) cos x dx = −
∫ π/2

0

g(π − y) cos y dy∫ 3π/2

π

g(x) cos x dx = −
∫ π/2

0

g(z + π) cos z dz∫ 2π

3π/2

g(x) cos x dx =
∫ π/2

0

g(2π − w) cos w dw,

�ra ∫ 2π

0

g(x) cos x dx =
∫ π/2

0

[g(x)− g(π − x)− g(π + x) + g(2π − x)] cos x dx.

An 0 ≤ x ≤ π/2 tìte x ≤ π − x ≤ π + x ≤ 2π − x. H g eÐnai kurt , �ra

g(π − x)− g(x)
(π − x)− x

≤ g(2π − x)− g(π + x)
(2π − x)− (π + x)

.

'Omwc, (π − x)− x = π − 2x = (2π − x)− (π + x). 'Ara,

g(x)− g(π − x)− g(π + x) + g(2π − x) ≥ 0.

AfoÔ cos x ≥ 0 sto [0, π/2], èpetai ìti
∫ 2π

0
g(x) cos x dx ≥ 0.

15. 'Estw f : (a, b) → R suneq c sun�rthsh. DeÐxte ìti h f eÐnai kurt  an kai
mìno an

f(x) ≤ 1
2h

∫ h

−h

f(x + t)dt

gia k�je di�sthma [x− h, x + h] ⊂ (a, b).

Upìdeixh. Upojètoume pr¸ta ìti h f eÐnai kurt . 'Estw x ∈ (a, b) kai h > 0 gia to
opoÐo [x− h, x + h] ⊂ (a, b). Gia k�je t ∈ [0, h] èqoume

f(x) ≤ f(x + t) + f(x− t)
2

apì thn kurtìthta thc f . Parathr ste ìti∫ h

−h

f(x + t)dt =
∫ h

0

f(x + t) dt +
∫ h

0

f(x− t) dt

=
∫ h

0

(f(x + t) + f(x− t)) dt

≥
∫ h

0

2f(x) dt

= 2hf(x).

Dhlad ,

(∗) f(x) ≤ 1
2h

∫ h

−h

f(x + t) dt.
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AntÐstrofa, ac upojèsoume ìti h suneq c sun�rthsh f : (a, b) → R ikanopoieÐ thn
(∗) gia k�je di�sthma [x − h, x + h] ⊂ (a, b). 'Estw [x, y] ⊂ (a, b). H f paÐrnei
mègisth tim  sto [x, y] (lìgw sunèqeiac). Ac upojèsoume ìti aut  h mègisth tim 
den pi�netai se k�poio apì ta x   y. Dhlad , up�rqei c ∈ (x, y) ¸ste f(z) ≤ f(c)
gia k�je z ∈ [x, y] kai max{f(x), f(y)} < f(c). QwrÐc periorismì thc genikìthtac
upojètoume ìti h = c − x ≤ y − c. Tìte, h mègisth tim  thc f sto [c − h, c + h]
paÐrnetai sto shmeÐo c kai f(c − h) = f(x) < f(c). AfoÔ h f eÐnai suneq c sto
[c− h, c + h], sumperaÐnoume ìti∫ h

−h

f(c + t) dt < 2h · f(c).

Tìte, h upìjesh (∗) odhgeÐ se �topo: èqoume

f(c) ≤ 1
2h

∫ h

−h

f(c + t) dt < f(c).

'Eqoume loipìn deÐxei to ex c:

Isqurismìc. An h suneq c sun�rthsh f : (a, b) → R ikanopoieÐ thn
(∗) gia k�je di�sthma [x − h, x + h] ⊂ (a, b), tìte gia k�je di�sthma
[x, y] ⊂ (a, b) h mègisth tim  thc f sto [x, y] paÐrnetai se k�poio apì ta
�kra tou [x, y].

Qrhsimopoi¸ntac to parap�nw ja deÐxoume ìti h f eÐnai kurt . 'Estw x < y sto
(a, b). JewroÔme th grammik  sun�rthsh ` : (a, b) → R pou sumpÐptei me thn f sta
x kai y. Dhlad ,

`(z) = f(x) +
f(y)− f(x)

y − x
(z − x).

Parathr ste ìti

`(z) =
1
2h

∫ h

−h

`(z + t) dt

gia k�je z ∈ (a, b) kai [z−h, z +h] ⊂ (a, b). 'Ara, h sun�rthsh g := f − ` ikanopoieÐ
thn

g(z) ≤ 1
2h

∫ h

−h

g(z + t) dt

gia k�je z ∈ (a, b) kai [z − h, z + h] ⊂ (a, b). Apì ton isqurismì, h g paÐrnei th
mègisth tim  thc sto [x, y] se k�poio apì ta x, y. 'Omwc, g(x) = f(x) − `(x) = 0
kai, ìmoia, g(y) = 0. 'Ara, f(z) ≤ `(z) gia k�je z ∈ [x, y]. IsodÔnama, gia k�je
t ∈ [0, 1] èqoume

f((1− t)x + ty) ≤ f(x) +
f(y)− f(x)

y − x
[t(y − x)] = (1− t)f(x) + tf(y).

AfoÔ ta x, y ∈ (a, b) kai t ∈ [0, 1]  tan tuqìnta, h f eÐnai kurt .

16. 'Estw f : (a, b) → R kurt  sun�rthsh kai c ∈ (a, b). DeÐxte ìti h f eÐnai
paragwgÐsimh sto c an kai mìno an

lim
h→0+

f(c + h) + f(c− h)− 2f(c)
h

= 0.
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Upìdeixh. An h f eÐnai paragwgÐsimh sto c, tìte

f ′(c) = lim
h→0+

f(c + h)− f(c)
h

= lim
h→0+

f(c− h)− f(c)
−h

= − lim
h→0+

f(c− h)− f(c)
h

,

�ra

lim
h→0+

f(c + h) + f(c− h)− 2f(c)
h

= lim
h→0+

f(c + h)− f(c)
h

+ lim
h→0+

f(c− h)− f(c)
h

= 0.

AntÐstrofa, upojètoume ìti

(∗) lim
h→0+

f(c + h) + f(c− h)− 2f(c)
h

= 0.

AfoÔ h f eÐnai kurt , up�rqoun oi pleurikèc par�gwgoi

f ′+(c) = lim
h→0+

f(c + h)− f(c)
h

kai f ′−(c) = lim
h→0+

f(c− h)− f(c)
−h

.

Afair¸ntac kat� mèlh paÐrnoume

f ′+(c)− f ′−(c) = lim
h→0+

f(c + h) + f(c− h)− 2f(c)
h

.

Apì thn (∗), to teleutaÐo ìrio eÐnai Ðso me 0. 'Ara, f ′+(c) = f ′−(c). Sunep¸c, h f
eÐnai paragwgÐsimh sto c.

17. 'Estw f : [0,+∞) kurt , mh arnhtik  sun�rthsh me f(0) = 0. OrÐzoume
F : [0,+∞) → R me F (0) = 0 kai

F (x) =
1
x

∫ x

0

f(t)dt.

DeÐxte ìti h F eÐnai kurt .

Upìdeixh. 'Estw x > 0. K�nontac thn allag  metablht c t = xs blèpoume ìti

F (x) =
1
x

∫ x

0

f(t) dt =
∫ 1

0

f(xs) ds.

'Estw x, y > 0 kai t ∈ [0, 1]. Apì thn kurtìthta thc f èqoume

f([(1− t)x + ty]s) ≤ (1− t)f(xs) + tf(ys)

gia k�je s ∈ [0, 1]. 'Ara,

F ((1− t)x + ty) =
∫ 1

0

f([(1− t)x + ty]s) ds

≤ (1− t)
∫ 1

0

f(xs) ds + t

∫ 1

0

f(ys) ds

= (1− t)F (x) + tF (y).
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EpÐshc, qrhsimopoi¸ntac tic f(0) = 0 kai F (0) = 0 blèpoume ìti: gia k�je x > 0
kai gia k�je t ∈ [0, 1],

F ((1− t)0 + tx) =
∫ 1

0

f([(1− t)0 + tx]s) ds

≤ (1− t)
∫ 1

0

f(0) ds + t

∫ 1

0

f(xs) ds

= tF (x) = (1− t)F (0) + tF (x).

Apì ta parap�nw èpetai ìti h F eÐnai kurt .


