
Kef�laio 8

Kurtèc kai koÐlec
sunart seic

8.1 Orismìc
Se autì to kef�laio, me I sumbolÐzoume èna (kleistì, anoiktì   hmianoiktì, peperas-
mèno   �peiro) di�sthma sto R.

'Estw a, b ∈ R me a < b. Sto epìmeno L mma perigr�foume ta shmeÐa tou
eujÔgrammou tm matoc [a, b].

L mma 8.1.1. An a < b sto R tìte

(8.1.1) [a, b] = {(1− t)a+ tb : 0 ≤ t ≤ 1}.

Eidikìtera, gia k�je x ∈ [a, b] èqoume

(8.1.2) x =
b− x

b− a
a+

x− a

b− a
b.

Apìdeixh. EÔkola elègqoume ìti, gia k�je t ∈ [0, 1] isqÔei

(8.1.3) a ≤ (1− t)a+ tb = a+ t(b− a) ≤ b,

dhlad 

(8.1.4) {(1− t)a+ tb : 0 ≤ t ≤ 1} ⊆ [a, b].

AntÐstrofa, k�je x ∈ [a, b] gr�fetai sth morf 

(8.1.5) x =
b− x

b− a
a+

x− a

b− a
b.

Parathr¸ntac ìti t := (x− a)/(b− a) ∈ [0, 1] kai 1− t = (b− x)/(b− a), blèpoume
ìti

(8.1.6) [a, b] ⊆ {(1− t)a+ tb : 0 ≤ t ≤ 1}.

Ta shmeÐa (1− t)a+ tb tou [a, b] lègontai kurtoÐ sunduasmoÐ twn a kai b. 2
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Orismìc 8.1.2. 'Estw f : I → R mia sun�rthsh.

(a) H f lègetai kurt  an

(8.1.7) f((1− t)a+ tb) ≤ (1− t)f(a) + tf(b)

gia k�je a, b ∈ I kai gia k�je t ∈ R me 0 < t < 1 (parathr ste ìti, afoÔ to I eÐnai
di�sthma, to L mma 8.1.1 deÐqnei ìti to shmeÐo (1 − t)a + tb ∈ [a, b] ⊆ I, dhlad  h
f orÐzetai kal� se autì). H gewmetrik  shmasÐa tou orismoÔ eÐnai h ex c: h qord 
pou èqei san �kra ta shmeÐa (a, f(a)) kai (b, f(b)) den eÐnai poujen� k�tw apì to
gr�fhma thc f .

(b) H f lègetai gnhsÐwc kurt  an eÐnai kurt  kai èqoume gn sia anisìthta sthn
(8.1.7) gia k�je a < b sto I kai gia k�je 0 < t < 1.
(g) H f : I → R lègetai koÐlh (antÐstoiqa, gnhsÐwc koÐlh) an h −f eÐnai kurt 
(antÐstoiqa, gnhsÐwc kurt ).

Parat rhsh 8.1.3. IsodÔnamoi trìpoi me touc opoÐouc mporeÐ na perigrafeÐ h
kurtìthta thc f : I → R eÐnai oi ex c:

(a) An a, b, x ∈ I kai a < x < b, tìte

(8.1.8) f(x) ≤ b− x

b− a
f(a) +

x− a

b− a
f(b).

Parathr ste ìti to dexiì mèloc aut c thc anisìthtac isoÔtai me

(8.1.9) f(a) +
f(b)− f(a)

b− a
(x− a).

(b) An a, b ∈ I kai an t, s > 0 me t+ s = 1, tìte

(8.1.10) f(ta+ sb) ≤ tf(a) + sf(b).

8.2 Kurtèc sunart seic orismènec se anoiktì di�sthma
Se aut  thn Par�grafo melet�me wc proc th sunèqeia kai thn paragwgisimìthta
mia kurt  sun�rthsh pou orÐzetai se anoiktì di�sthma. 'Ola ta apotelèsmata pou
ja apodeÐxoume eÐnai sunèpeiec tou akìloujou {l mmatoc twn tri¸n qord¸n}:

Prìtash 8.2.1 (to l mma twn tri¸n qord¸n). 'Estw f : (a, b) → R kurt 
sun�rthsh. An y < x < z sto (a, b), tìte

(8.2.1)
f(x)− f(y)

x− y
≤ f(z)− f(y)

z − y
≤ f(z)− f(x)

z − x
.

Apìdeixh. AfoÔ h f eÐnai kurt , èqoume

(8.2.2) f(x) ≤ z − x

z − y
f(y) +

x− y

z − y
f(z).

Apì aut  thn anisìthta blèpoume ìti

(8.2.3) f(x)− f(y) ≤ y − x

z − y
f(y) +

x− y

z − y
f(z) =

x− y

z − y
[f(z)− f(y)],
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to opoÐo apodeiknÔei thn arister  anisìthta sthn (8.2.1). Xekin¸ntac p�li apì thn
(8.2.2), gr�foume

(8.2.4) f(x)− f(z) ≤ z − x

z − y
f(y) +

x− z

z − y
f(z) = −z − x

z − y
[f(z)− f(y)],

ap� ìpou prokÔptei h dexi� anisìthta sthn (8.2.1). 2

Ja qrhsimopoi soume epÐshc thn ex c apl  sunèpeia tou l mmatoc twn tri¸n qord¸n.

L mma 8.2.2. 'Estw f : (a, b) → R kurt  sun�rthsh. An y < x < z < w sto
(a, b), tìte

(8.2.5)
f(x)− f(y)

x− y
≤ f(w)− f(z)

w − z
.

Apìdeixh. Efarmìzontac thn Prìtash 8.2.1 gia ta shmeÐa y < x < z, paÐrnoume

(8.2.6)
f(x)− f(y)

x− y
≤ f(z)− f(x)

z − x
.

Efarmìzontac p�li thn Prìtash 8.2.1 gia ta shmeÐa x < z < w, paÐrnoume

(8.2.7)
f(z)− f(x)

z − x
≤ f(w)− f(z)

w − z
.

'Epetai to sumpèrasma. 2

Je¸rhma 8.2.3. 'Estw f : (a, b) → R kurt  sun�rthsh. An x ∈ (a, b), tìte
up�rqoun oi pleurikèc par�gwgoi

(8.2.8) f ′−(x) = lim
h→0−

f(x+ h)− f(x)
h

kai f ′+(x) = lim
h→0+

f(x+ h)− f(x)
h

.

Apìdeixh. Ja deÐxoume ìti up�rqei h dexi� pleurik  par�gwgoc f ′+(x) (me ton
Ðdio trìpo douleÔoume gia thn arister  pleurik  par�gwgo f ′−(x)). JewroÔme th
sun�rthsh gx : (x, b) → R pou orÐzetai apì thn

(8.2.9) gx(z) :=
f(z)− f(x)

z − x
.

H gx eÐnai aÔxousa: an x < z1 < z2 < b, to l mma twn tri¸n qord¸n deÐqnei ìti

(8.2.10) gx(z1) =
f(z1)− f(x)

z1 − x
≤ f(z2)− f(x)

z2 − x
= gx(z2).

EpÐshc, an jewr soume tuqìn y ∈ (a, x), to l mma twn tri¸n qord¸n (gia ta y <
x < z) deÐqnei ìti

(8.2.11)
f(x)− f(y)

x− y
≤ f(z)− f(x)

z − x
= gx(z)

gia k�je z ∈ (x, b), dhlad  h gx eÐnai k�tw fragmènh. 'Ara, up�rqei to

(8.2.12) lim
z→x+

gx(z) = lim
z→x+

f(z)− f(x)
z − x

= lim
h→0+

f(x+ h)− f(x)
h

.

Dhlad , up�rqei h dexi� pleurik  par�gwgoc f ′+(x). 2
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Je¸rhma 8.2.4. 'Estw f : (a, b) → R kurt  sun�rthsh. Oi pleurikèc par�gwgoi
f ′−, f

′
+ eÐnai aÔxousec sto (a, b) kai f ′− ≤ f ′+ sto (a, b).

Apìdeixh. 'Estw x < y sto (a, b). Gia arket� mikrì jetikì h èqoume x± h, y ± h ∈
(a, b) kai x + h < y − h. Apì thn Prìtash 8.2.1 kai apì to L mma 8.2.2 blèpoume
ìti
(8.2.13)

f(x)− f(x− h)
h

≤ f(x+ h)− f(x)
h

≤ f(y)− f(y − h)
h

≤ f(y + h)− f(y)
h

.

PaÐrnontac ìria kaj¸c h→ 0+, sumperaÐnoume ìti

(8.2.14) f ′−(x) ≤ f ′+(x) ≤ f ′−(y) ≤ f ′+(y).

Oi anisìthtec f ′−(x) ≤ f ′−(y) kai f ′+(x) ≤ f ′+(y) deÐqnoun ìti oi f ′−, f
′
+ eÐnai aÔx-

ousec sto (a, b). H arister  anisìthta sthn (8.2.14) deÐqnei ìti f ′− ≤ f ′+ sto (a, b).
2

H Ôparxh twn pleurik¸n parag¸gwn exasfalÐzei ìti k�je kurt  sun�rthsh f : I →
R eÐnai suneq c sto eswterikì tou I:

Je¸rhma 8.2.5. K�je kurt  sun�rthsh f : (a, b) → R eÐnai suneq c.

Apìdeixh. 'Estw x ∈ (a, b). Tìte, gia mikr� h > 0 èqoume x+ h, x− h ∈ (a, b) kai

(8.2.15) f(x+ h) = f(x) +
f(x+ h)− f(x)

h
· h→ f(x) + f ′+(x) · 0 = f(x)

ìtan h→ 0+, en¸, teleÐwc an�loga,

(8.2.16) f(x− h) = f(x) +
f(x− h)− f(x)

−h
· (−h) → f(x) + f ′−(x) · 0 = f(x)

ìtan h→ 0+. 'Ara, h f eÐnai suneq c sto x. 2

8.3 ParagwgÐsimec kurtèc sunart seic
Ston Apeirostikì Logismì I dìjhke ènac diaforetikìc orismìc thc kurtìthtac gia
mia paragwgÐsimh sun�rthsh f : (a, b) → R. Gia k�je x ∈ (a, b), jewr same thn
efaptomènh

(8.3.1) u = f(x) + f ′(x)(u− x)

tou graf matoc thc f sto (x, f(x)) kai eÐpame ìti h f eÐnai kurt  sto (a, b) an gia
k�je x ∈ (a, b) kai gia k�je y ∈ (a, b) èqoume

(8.3.2) f(y) ≥ f(x) + f ′(x)(y − x).

Dhlad , an to gr�fhma {(y, f(y)) : a < y < b} brÐsketai p�nw apì k�je efaptomèn-
h.

To epìmeno je¸rhma deÐqnei ìti, an perioristoÔme sthn kl�sh twn paragwgÐsimwn
sunart sewn, oi {dÔo orismoÐ} sumfwnoÔn.
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Je¸rhma 8.3.1. 'Estw f : (a, b) → R paragwgÐsimh sun�rthsh. Ta ex c eÐnai
isodÔnama:

(a) H f eÐnai kurt .

(b) H f ′ eÐnai aÔxousa.

(g) Gia k�je x, y ∈ (a, b) isqÔei h

(8.3.3) f(y) ≥ f(x) + f ′(x)(y − x).

Apìdeixh. Upojètoume ìti h f eÐnai kurt . AfoÔ h f eÐnai paragwgÐsimh, èqoume
f ′ = f ′− = f ′+ sto (a, b). Apì to Je¸rhma 8.2.4 oi f ′−, f

′
+ eÐnai aÔxousec, �ra h f ′

eÐnai aÔxousa.
Upojètoume t¸ra ìti h f ′ eÐnai aÔxousa. 'Estw x, y ∈ (a, b). An x < y,

efarmìzontac to je¸rhma mèshc tim c sto [x, y], brÐskoume ξ ∈ (x, y) ¸ste f(y) =
f(x)+f ′(ξ)(y−x). AfoÔ ξ > x kai h f ′ eÐnai aÔxousa, èqoume f ′(ξ) ≥ f ′(x). AfoÔ
y − x > 0, èpetai ìti

(8.3.4) f(y) = f(x) + f ′(ξ)(y − x) ≥ f(x) + f ′(x)(y − x).

An x > y, efarmìzontac to je¸rhma mèshc tim c sto [y, x], brÐskoume ξ ∈ (y, x)
¸ste f(y) = f(x) + f ′(ξ)(y − x). AfoÔ ξ < x kai h f ′ eÐnai aÔxousa, èqoume
f ′(ξ) ≤ f ′(x). AfoÔ y − x < 0, èpetai p�li ìti

(8.3.5) f(y) = f(x) + f ′(ξ)(y − x) ≥ f(x) + f ′(x)(y − x).

Tèloc, upojètoume ìti h (8.3.3) isqÔei gia k�je x, y ∈ (a, b) kai ja deÐxoume ìti h f
eÐnai kurt . 'Estw x < y sto (a, b) kai èstw 0 < t < 1. Jètoume z = (1− t)x+ ty.
Efarmìzontac thn upìjesh gia ta zeug�ria x, z kai y, z, paÐrnoume

(8.3.6) f(x) ≥ f(z) + f ′(z)(x− z) kai f(y) ≥ f(z) + f ′(z)(y − z).

'Ara,

(1− t)f(x) + tf(y) ≥ (1− t)f(z) + tf(z) + f ′(z)[(1− t)(x− z) + t(y − z)]
= f(z) + f ′(z)[(1− t)x+ ty − z]
= f(z).

Dhlad , (1− t)f(x) + tf(y) ≥ f((1− t)x+ ty). 2

Sthn perÐptwsh pou h f eÐnai dÔo forèc paragwgÐsimh sto (a, b), h isodunamÐa
twn (a) kai (b) sto Je¸rhma 8.3.1 dÐnei ènan aplì qarakthrismì thc kurtìthtac
mèsw thc deÔterhc parag¸gou.

Je¸rhma 8.3.2. 'Estw f : (a, b) → R dÔo forèc paragwgÐsimh sun�rthsh. H f
eÐnai kurt  an kai mìno an f ′′(x) ≥ 0 gia k�je x ∈ (a, b).

Apìdeixh. H f ′ eÐnai aÔxousa an kai mìno an f ′′ ≥ 0 sto (a, b). 'Omwc, sto Je¸rhma
8.3.1 eÐdame ìti h f ′ eÐnai aÔxousa an kai mìno an h f eÐnai kurt . 2
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8.4 Anisìthta tou Jensen

H anisìthta tou Jensen apodeiknÔetai me epagwg  kai {genikeÔei} thn anisìthta
tou orismoÔ thc kurt c sun�rthshc.

Prìtash 8.4.1 (anisìthta tou Jensen). 'Estw f : I → R kurt  sun�rthsh.
An x1, . . . , xm ∈ I kai t1, . . . , tm ≥ 0 me t1 + · · ·+ tm = 1, tìte

∑m
i=1 tixi ∈ I kai

(8.4.1) f(t1x1 + · · ·+ tmxm) ≤ t1f(x1) + · · ·+ tmf(xm).

Apìdeixh. 'Estw a = min{x1, . . . , xm} kai b = max{x1, . . . , xm}. AfoÔ to I eÐnai
di�sthma kai a, b ∈ I, sumperaÐnoume ìti {x1, . . . , xm} ⊆ [a, b] ⊆ I. AfoÔ ti ≥ 0 kai
t1 + · · ·+ tm = 1, èqoume

(8.4.2) a = (t1 + · · ·+ tm)a ≤ t1x1 + · · ·+ tmxm ≤ (t1 + · · ·+ tm)b = b,

dhlad , t1x1 + · · ·+ tmxm ∈ I.
Ja deÐxoume thn (8.4.1) me epagwg  wc proc m. Gia m = 1 den èqoume tÐpota

na deÐxoume, en¸ gia m = 2 h (8.4.1) ikanopoieÐtai apì ton orismì thc kurt c
sun�rthshc.

Gia to epagwgikì b ma upojètoume ìti m ≥ 2, x1, . . . , xm, xm+1 ∈ I kai
t1, . . . , tm, tm+1 ≥ 0 me t1+· · ·+tm+tm+1 = 1. MporoÔme na upojèsoume ìti k�poioc
ti < 1 (alli¸c, h anisìthta isqÔei tetrimmèna). QwrÐc periorismì thc genikìthtac
upojètoume ìti tm+1 < 1. Jètoume t = t1 + · · · + tm = 1 − tm+1 > 0. AfoÔ
x1, . . . , xm ∈ I kai t1t + · · ·+ tm

t = 1, h epagwgik  upìjesh mac dÐnei

(8.4.3) x =
t1
t
x1 + · · ·+ tm

t
xm ∈ I

kai

(8.4.4) tf(x) = tf

(
t1
t
x1 + · · ·+ tm

t
xm

)
≤ t1f(x1) + · · ·+ tmf(xm).

Efarmìzontac t¸ra ton orismì thc kurt c sun�rthshc, paÐrnoume

(8.4.5) f(tx+ tm+1xm+1) ≤ tf(x) + tm+1f(xm+1).

Sundu�zontac tic dÔo prohgoÔmenec anisìthtec, èqoume

f(t1x1 + · · ·+ tmxm + tm+1xm+1) = f(tx+ tm+1xm+1)
≤ t1f(x1) + · · ·+ tmf(xm)

+tm+1f(xm+1). 2

Qrhsimopoi¸ntac thn anisìthta tou Jensen ja deÐxoume k�poiec klasikèc anisìtht-
ec. H pr¸th apì autèc genikeÔei thn anisìthta arijmhtikoÔ-gewmetrikoÔ mèsou.

Anisìthta arijmhtikoÔ-gewmetrikoÔ mèsou. 'Estw x1, . . . , xn kai r1, . . . , rn
jetikoÐ pragmatikoÐ arijmoÐ me r1 + · · ·+ rn = 1. Tìte,

(8.4.6)
n∏
i=1

xri
i ≤

n∑
i=1

rixi.
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Apìdeixh. H sun�rthsh x 7→ lnx eÐnai koÐlh sto (0,+∞). AfoÔ ri > 0 kai r1 +
· · ·+ rn = 1, h anisìthta tou Jensen (gia thn kurt  sun�rthsh − ln) deÐqnei ìti

(8.4.7) r1 lnx1 + · · ·+ rn lnxn ≤ ln(r1x1 + · · ·+ rnxn).

Dhlad ,

(8.4.8) ln(xr11 · · ·xrn
n ) ≤ ln(r1x1 + · · ·+ rnxn).

To zhtoÔmeno prokÔptei �mesa apì to gegonìc ìti h ekjetik  sun�rthsh x 7→ ex

eÐnai aÔxousa. 2

Eidikèc peript¸seic thc prohgoÔmenhc anisìthtac eÐnai oi ex c:

(a) H klasik  anisìthta arijmhtikoÔ-gewmetrikoÔ mèsou

(8.4.9) (x1 · · ·xn)1/n ≤
x1 + · · ·+ xn

n

ìpou x1, . . . , xn > 0, h opoÐa prokÔptei apì thn (8.4.6) an p�roume r1 = · · · = rn =
1
n .

(b) H anisìthta tou Young: An x, y > 0 kai t, s > 0 me t+ s = 1, tìte

(8.4.10) xtys ≤ tx+ sy.

H (8.4.10) emfanÐzetai polÔ suqn� sthn ex c morf : an x, y > 0 kai p, q > 1 me
1
p + 1

q = 1, tìte

(8.4.11) xy ≤ xp

p
+
yq

q

Pr�gmati, arkeÐ na p�roume touc xp, yq sth jèsh twn x, y kai touc 1
p ,

1
q sth jèsh

twn t, s. Oi p kai q lègontai suzugeÐc ekjètec. Qrhsimopoi¸ntac aut  thn anisìthta
mporoÔme na deÐxoume thn klasik  anisìthta tou Hölder: 'Estw p, q suzugeÐc
ekjètec. An a1, . . . , an kai b1, . . . , bn eÐnai jetikoÐ pragmatikoÐ arijmoÐ, tìte

(8.4.12)
n∑
i=1

aibi ≤

(
n∑
i=1

api

)1/p( n∑
i=1

bqi

)1/q

.

Apìdeixh. Jètoume A = (
∑n
i=1 a

p
i )

1/p
, B = (

∑n
i=1 b

q
i )

1/q
kai xi = ai/A, yi = bi/B.

Tìte, h zhtoÔmenh anisìthta (8.4.12) paÐrnei th morf 

(8.4.13)
n∑
i=1

xiyi ≤ 1.

Apì thn (8.4.11) èqoume

(8.4.14)
n∑
i=1

xiyi ≤
n∑
i=1

(
xpi
p

+
yqi
q

)
=

1
p

n∑
i=1

xpi +
1
q

n∑
i=1

yqi .

ParathroÔme ìti

(8.4.15)
n∑
i=1

xpi =
1
Ap

n∑
i=1

api = 1 kai
n∑
i=1

yqi =
1
Bq

n∑
i=1

bqi = 1.




