
Kef�laio 5

To jemeli¸dec je¸rhma tou
ApeirostikoÔ LogismoÔ

Se autì to Kef�laio ja lème ìti mia sun�rthsh f : [a, b] → R eÐnai paragwgÐsimh
sto [a, b] an h par�gwgoc f ′(x) up�rqei gia k�je x ∈ (a, b) kai, epiplèon, up�rqoun
oi pleurikèc par�gwgoi

f ′+(a) = lim
x→a+

f(x)− f(a)
x− a

kai f ′−(b) = lim
x→b−

f(x)− f(b)
x− b

.

SumfwnoÔme na gr�foume f ′(a) = f ′+(a) kai f ′(b) = f ′−(b).

5.1 To je¸rhma mèshc tou OloklhrwtikoÔ LogismoÔ
'Estw f : [a, b] → R mia Riemann oloklhr¸simh sun�rthsh. Sto prohgoÔmeno
Kef�laio orÐsame th mèsh tim 

(5.1.1)
1

b− a

∫ b

a

f(x)dx

thc f sto [a, b]. An h f upotejeÐ suneq c, tìte up�rqei ξ ∈ [a, b] me thn idiìthta

(5.1.2) f(ξ) =
1

b− a

∫ b

a

f(x)dx.

O isqurismìc autìc eÐnai �mesh sunèpeia tou ex c genikìterou jewr matoc.

Je¸rhma 5.1.1 (je¸rhma mèshc tim c tou oloklhrwtikoÔ logismoÔ). 'Est-
w f : [a, b] → R suneq c sun�rthsh kai èstw g : [a, b] → R oloklhr¸simh
sun�rthsh me mh arnhtikèc timèc. Up�rqei ξ ∈ [a, b] ¸ste

(5.1.3)
∫ b

a

f(x)g(x)dx = f(ξ)
∫ b

a

g(x)dx.
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Apìdeixh. Oi f kai g eÐnai oloklhr¸simec, �ra h f · g eÐnai oloklhr¸simh sto [a, b].
H f eÐnai suneq c sto [a, b], �ra paÐrnei el�qisth kai mègisth tim . 'Estw

(5.1.4) m = min{f(x) : a ≤ x ≤ b} kai M = max{f(x) : a ≤ x ≤ b}.

AfoÔ h g paÐrnei mh arnhtikèc timèc, èqoume

(5.1.5) mg(x) ≤ f(x)g(x) ≤Mg(x)

gia k�je x ∈ [a, b]. Sunep¸c,

(5.1.6) m

∫ b

a

g(x)dx ≤
∫ b

a

f(x)g(x)dx ≤M

∫ b

a

g(x)dx.

AfoÔ g ≥ 0 sto [a, b], èqoume
∫ b
a
g(x)dx ≥ 0. DiakrÐnoume dÔo peript¸seic: an∫ b

a
g(x)dx = 0, tìte apì thn (5.1.6) blèpoume ìti

∫ b
a
f(x)g(x)dx = 0. 'Ara, h (5.1.3)

isqÔei gia k�je ξ ∈ [a, b].
Upojètoume loipìn ìti

∫ b
a
g(x)dx > 0. Tìte, apì thn (5.1.6) sumperaÐnoume ìti

(5.1.7) m ≤
∫ b
a
f(x)g(x)dx∫ b
a
g(x)dx

≤M.

AfoÔ h f eÐnai suneq c, to Je¸rhma Endi�meshc Tim c deÐqnei ìti up�rqei ξ ∈ [a, b]
¸ste

(5.1.8) f(ξ) =

∫ b
a
f(x)g(x)dx∫ b
a
g(x)dx

.

'Epetai to sumpèrasma. 2

Pìrisma 5.1.2. 'Estw f : [a, b] → R suneq c sun�rthsh. Up�rqei ξ ∈ [a, b] ¸ste

(5.1.9)
∫ b

a

f(x)dx = f(ξ)(b− a).

Apìdeixh. 'Amesh sunèpeia tou Jewr matoc 5.1.1, an jewr soume thn g : [a, b] → R
me g(x) = 1 gia k�je x ∈ [a, b]. 2

Sthn epìmenh par�grafo ja deÐxoume (xan�) to Pìrisma 5.1.2, aut  th for� san
�mesh sunèpeia tou pr¸tou jemeli¸douc jewr matoc tou ApeirostikoÔ LogismoÔ.

5.2 Ta jemeli¸dh jewr mata tou ApeirostikoÔ LogismoÔ
Orismìc 5.2.1 (aìristo olokl rwma). 'Estw f : [a, b] → R oloklhr¸simh
sun�rthsh. EÐdame ìti h f eÐnai oloklhr¸simh sto [a, x] gia k�je x ∈ [a, b]. To
aìristo olokl rwma thc f eÐnai h sun�rthsh F : [a, b] → R pou orÐzetai apì thn

(5.2.1) F (x) =
∫ x

a

f(t)dt.

Qrhsimopoi¸ntac to gegonìc ìti k�je Riemann oloklhr¸simh sun�rthsh eÐnai
fragmènh, ja deÐxoume ìti to aìristo olokl rwma miac oloklhr¸simhc sun�rthshc
eÐnai p�ntote suneq c sun�rthsh.
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Je¸rhma 5.2.2. 'Estw f : [a, b] → R oloklhr¸simh sun�rthsh. To aìristo
olokl rwma F thc f eÐnai suneq c sun�rthsh sto [a, b].

Apìdeixh. AfoÔ h f eÐnai oloklhr¸simh, eÐnai ex orismoÔ fragmènh. Dhlad , up�rqei
M > 0 ¸ste |f(x)| ≤M gia k�je x ∈ [a, b].

'Estw x < y sto [a, b]. Tìte,

|F (x)− F (y)| =
∣∣∣∣ ∫ y

a

f(t)dt−
∫ x

a

f(t)dt
∣∣∣∣ = ∣∣∣∣ ∫ y

x

f(t)dt
∣∣∣∣

≤
∫ y

x

|f(t)|dt ≤M |x− y|.

'Ara, h F eÐnai Lipschitz suneq c (me stajer� M). 2

MporoÔme na deÐxoume k�ti isqurìtero: sta shmeÐa sunèqeiac thc f , h F eÐnai
paragwgÐsimh.

Je¸rhma 5.2.3. 'Estw f : [a, b] → R oloklhr¸simh sun�rthsh. An h f eÐnai
suneq c sto x0 ∈ [a, b], tìte h F eÐnai paragwgÐsimh sto x0 kai

(5.2.2) F ′(x0) = f(x0).

Apìdeixh. Upojètoume ìti a < x0 < b (oi dÔo peript¸seic x0 = a   x0 = b
elègqontai ìmoia, me th sÔmbash pou k�name sthn arq  tou KefalaÐou). Jètoume
δ1 = min{x0 − a, b− x0}. An |h| < δ1, tìte

F (x0 + h)− F (x)
h

− f(x0) =
1
h

(∫ x0+h

a

f(t)dt−
∫ x0

a

f(t)dt

)
− f(x0)

=
1
h

(∫ x0+h

x0

f(t)dt−
∫ x0+h

x0

f(x0)dt

)

=
1
h

∫ x0+h

x0

[f(t)− f(x0)]dt.

'Estw ε > 0. H f eÐnai suneq c sto x0, �ra up�rqei 0 < δ < δ1 ¸ste an |x−x0| < δ
tìte |f(x)− f(x0)| < ε.

'Estw 0 < |h| < δ.

(a) An 0 < h < δ, tìte∣∣∣∣F (x0 + h)− F (x)
h

− f(x0)
∣∣∣∣ =

∣∣∣∣ 1h
∫ x0+h

x0

[f(t)− f(x0)]dt
∣∣∣∣

≤ 1
h

∫ x0+h

x0

|f(t)− f(x0)|dt

≤ 1
h

∫ x0+h

x0

εdt =
1
h
· hε = ε.
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(b) An −δ < h < 0, tìte∣∣∣∣F (x0 + h)− F (x)
h

− f(x0)
∣∣∣∣ =

∣∣∣∣ 1
|h|

∫ x0

x0+h

[f(t)− f(x0)]dt
∣∣∣∣

≤ 1
|h|

∫ x0

x0+h

|f(t)− f(x0)|dt

≤ 1
|h|

∫ x0

x0+h

εdt =
1
|h|

· (−h)ε = ε.

'Epetai ìti

lim
h→0

F (x0 + h)− F (x0)
h

= f(x0),

dhlad  F ′(x0) = f(x0). 2

'Amesh sunèpeia eÐnai to pr¸to jemeli¸dec je¸rhma tou ApeirostikoÔ LogismoÔ.

Je¸rhma 5.2.4 (pr¸to jemeli¸dec je¸rhma tou ApeirostikoÔ LogismoÔ).
An h f : [a, b] → R eÐnai suneq c, tìte to aìristo olokl rwma F thc f eÐnai
paragwgÐsimh sun�rthsh kai

(5.2.3) F ′(x) = f(x)

gia k�je x ∈ [a, b]. 2

Pìrisma 5.2.5. 'Estw f : [a, b] → R suneq c sun�rthsh. Up�rqei ξ ∈ [a, b] ¸ste

(5.2.4)
∫ b

a

f(x)dx = f(ξ)(b− a).

Apìdeixh. Efarmìzoume to je¸rhma mèshc tim c tou diaforikoÔ logismoÔ gia th
sun�rthsh F (x) =

∫ x
a
f(t) dt sto [a, b]. 2

Ac upojèsoume t¸ra ìti f : [a, b] → R eÐnai mia suneq c sun�rthsh. Mia parag-
wgÐsimh sun�rthsh G : [a, b] → R lègetai par�gousa thc f (  antipar�gwgoc
thc f) an G′(x) = f(x) gia k�je x ∈ [a, b]. SÔmfwna me to Je¸rhma 5.2.4, h
sun�rthsh

F (x) =
∫ x

a

f(t)dt

eÐnai par�gousa thc f . An G eÐnai mia �llh par�gousa thc f , tìte G′(x)−F ′(x) =
f(x) − f(x) = 0 gia k�je x ∈ [a, b], �ra h G − F eÐnai stajer  sto [a, b] (apl 
sunèpeia tou jewr matoc mèshc tim c). Dhlad , up�rqei c ∈ R ¸ste

(5.2.5) G(x)− F (x) = c

gia k�je x ∈ [a, b]. AfoÔ F (a) = 0, paÐrnoume c = G(a). Dhlad ,

(5.2.6)
∫ x

a

f(t)dt = G(x)−G(a)

  alli¸c

(5.2.7) G(x) = G(a) +
∫ x

a

f(t)dt

gia k�je x ∈ [a, b]. 'Eqoume loipìn deÐxei to ex c:
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Je¸rhma 5.2.6. 'Estw f : [a, b] → R suneq c sun�rthsh kai èstw F (x) =∫ x
a
f(t)dt to aìristo olokl rwma thc f . An G : [a, b] → R eÐnai mia par�gousa

thc f , tìte

(5.2.8) G(x) = F (x) +G(a) =
∫ x

a

f(t)dt+G(a)

gia k�je x ∈ [a, b]. Eidikìtera,∫ b

a

f(x)dx = G(b)−G(a). 2

ShmeÐwsh: Den eÐnai swstì ìti gia k�je paragwgÐsimh sun�rthsh G : [a, b] → R
isqÔei h isìthta

(5.2.9) G(b)−G(a) =
∫ b

a

G′(x)dx.

Gia par�deigma, an jewr soume th sun�rthsh G : [0, 1] → R me G(0) = 0 kai
G(x) = x2 sin 1

x2 an 0 < x ≤ 1, tìte h G eÐnai paragwgÐsimh sto [0, 1] all� h G′

den eÐnai fragmènh sun�rthsh (elègxte to) opìte den mporoÔme na mil�me gia to

olokl rwma
∫ b
a
G′.

An ìmwc h G : [a, b] → R eÐnai paragwgÐsimh kai h G′ eÐnai oloklhr¸simh
sto [a, b], tìte h (5.2.9) isqÔei. Autì eÐnai to deÔtero jemeli¸dec je¸rhma tou
ApeirostikoÔ LogismoÔ.

Je¸rhma 5.2.7 (deÔtero jemeli¸dec je¸rhma tou ApeirostikoÔ Logis-
moÔ). 'Estw G : [a, b] → R paragwgÐsimh sun�rthsh. An h G′ eÐnai oloklhr¸simh
sto [a, b] tìte

(5.2.10)
∫ b

a

G′(x)dx = G(b)−G(a).

Apìdeixh. 'Estw P = {a = x0 < x1 < · · · < xn = b} mia diamèrish tou [a, b]. Efar-
mìzontac to Je¸rhma Mèshc Tim c sto [xk, xk+1], k = 0, 1, . . . , n − 1, brÐskoume
ξk ∈ (xk, xk+1) me thn idiìthta

(5.2.11) G(xk+1)−G(xk) = G′(ξk)(xk+1 − xk).

An, gia k�je 0 ≤ k ≤ n− 1, orÐsoume
(5.2.12)

mk = inf{G′(x) : xk ≤ x ≤ xk+1} kai Mk = sup{G′(x) : xk ≤ x ≤ xk+1},

tìte

(5.2.13) mk ≤ G′(ξk) ≤Mk,

�ra

(5.2.14) L(G′, P ) ≤
n−1∑
k=0

G′(ξk)(xk+1 − xk) ≤ U(G′, P ).
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Dhlad ,

(5.2.15) L(G′, P ) ≤
n−1∑
k=0

(G(xk+1)−G(xk)) = G(b)−G(a) ≤ U(G′, P ).

AfoÔ h P  tan tuqoÔsa kai h G′ eÐnai oloklhr¸simh sto [a, b], paÐrnontac supremum
wc proc P sthn arister  anisìthta kai infimum wc proc P sthn dexi� anisìthta
thc (5.2.15), sumperaÐnoume ìti

(5.2.16)
∫ b

a

G′(x)dx ≤ G(b)−G(a) ≤
∫ b

a

G′(x)dx,

pou eÐnai to zhtoÔmeno. 2

5.3 Mèjodoi olokl rwshc
Ta jewr mata aut c thc paragr�fou {perigr�foun} dÔo qr simec mejìdouc olok-
l rwshc: thn olokl rwsh kat� mèrh kai thn olokl rwsh me antikat�stash.

Sumbolismìc. An F : [a, b] → R, tìte sumfwnoÔme na gr�foume

(5.3.1) [F (x)]ba = F (x)
∣∣b
a

:= F (b)− F (a).

Je¸rhma 5.3.1 (olokl rwsh kat� mèrh). 'Estw f, g : [a, b] → R paragwgÐsimec
sunart seic. An oi f ′ kai g′ eÐnai oloklhr¸simec, tìte

(5.3.2)
∫ x

a

fg′ = (fg)(x)− (fg)(a)−
∫ x

a

f ′g.

Eidikìtera,

(5.3.3)
∫ b

a

f(x)g′(x)dx = [f(x)g(x)]ba −
∫ b

a

f ′(x)g(x)dx.

Apìdeixh. H f · g eÐnai paragwgÐsimh kai

(5.3.4) (f · g)′(x) = f(x)g′(x) + f ′(x)g(x)

sto [a, b]. Apì thn upìjesh, oi sunart seic fg′, f ′g eÐnai oloklhr¸simec, �ra kai h
(f · g)′ eÐnai oloklhr¸simh. Apì to deÔtero jemeli¸dec je¸rhma tou ApeirostikoÔ
LogismoÔ, gia k�je x ∈ [a, b] èqoume

(5.3.5)
∫ x

a

fg′ +
∫ x

a

f ′g =
∫ x

a

(fg)′ = (fg)(x)− (fg)(a).

O deÔteroc isqurismìc prokÔptei an jèsoume x = b. 2

Mia efarmog  eÐnai to {deÔtero je¸rhma mèshc tim c tou oloklhrwtikoÔ logis-
moÔ}.

Pìrisma 5.3.2. 'Estw f, g : [a, b] → R. Upojètoume ìti h f eÐnai suneq c sto [a, b]
kai h g eÐnai monìtonh kai suneq¸c paragwgÐsimh sto [a, b]. Tìte, up�rqei ξ ∈ [a, b]
¸ste

(5.3.6)
∫ b

a

f(x)g(x)dx = g(a)
∫ ξ

a

f(x)dx+ g(b)
∫ b

ξ

f(x)dx.
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Apìdeixh. JewroÔme to aìristo olokl rwma F (x) =
∫ x
a
f(t)dt thc f sto [a, b].

Tìte, to zhtoÔmeno paÐrnei thn ex c morf : up�rqei ξ ∈ [a, b] ¸ste

(5.3.7)
∫ b

a

F ′(x)g(x)dx = g(a)F (ξ) + g(b)(F (b)− F (ξ)).

H g eÐnai suneq¸c paragwgÐsimh, �ra mporoÔme na efarmìsoume olokl rwsh kat�
mèrh sto aristerì mèloc. 'Eqoume

(5.3.8)
∫ b

a

F ′(x)g(x)dx = F (b)g(b)− F (a)g(a)−
∫ b

a

F (x)g′(x)dx

= F (b)g(b)−
∫ b

a

F (x)g′(x)dx,

afoÔ F (a) = 0. Efarmìzoume to je¸rhma mèshc tim c tou OloklhrwtikoÔ Logis-
moÔ: h g eÐnai monìtonh, �ra h g′ diathreÐ prìshmo sto [a, b]. H F eÐnai suneq c kai
h g′ oloklhr¸simh, �ra up�rqei ξ ∈ [a, b] ¸ste

(5.3.9)
∫ b

a

F (x)g′(x)dx = F (ξ)
∫ b

a

g′(x)dx = F (ξ)(g(b)− g(a)).

Antikajist¸ntac sthn (5.3.8) paÐrnoume
(5.3.10)∫ b

a

F ′(x)g(x) = F (b)g(b)− F (ξ)(g(b)− g(a)) = g(a)F (ξ) + g(b)(F (b)− F (ξ)),

dhlad  thn (5.3.7). 2

Je¸rhma 5.3.3 (pr¸to je¸rhma antikat�stashc). 'Estw φ : [a, b] → R
paragwgÐsimh sun�rthsh. Upojètoume ìti h φ′ eÐnai oloklhr¸simh. An I = φ([a, b])
kai f : I → R eÐnai mia suneq c sun�rthsh, tìte

(5.3.11)
∫ b

a

f(φ(t))φ′(t) dt =
∫ φ(b)

φ(a)

f(s) ds.

Apìdeixh. H φ eÐnai suneq c, �ra to I = φ([a, b]) eÐnai kleistì di�sthma. H f eÐnai
suneq c sto I, �ra eÐnai oloklhr¸simh sto I. OrÐzoume F : I → R me

(5.3.12) F (x) =
∫ x

φ(a)

f(s) ds

(parathr ste ìti to φ(a) den eÐnai aparaÐthta �kro tou I, dhlad  h F den eÐnai
aparaÐthta to aìristo olokl rwma thc f sto I). AfoÔ h f eÐnai suneq c sto
I, to pr¸to jemeli¸dec je¸rhma tou ApeirostikoÔ LogismoÔ deÐqnei ìti h F eÐnai
paragwgÐsimh sto I kai F ′ = f . 'Epetai ìti

(5.3.13)
∫ b

a

f(φ(t))φ′(t) dt =
∫ b

a

F ′(φ(t))φ′(t) dt.

ParathroÔme ìti

(5.3.14) (F ′ ◦ φ) · φ′ = (F ◦ φ)′.



88 · To jemeli¸des je¸rhma tou ApeirostikoÔ LogismoÔ

H (F ′ ◦ φ) · φ′ eÐnai oloklhr¸simh sto [a, b], �ra h (F ◦ φ)′ eÐnai oloklhr¸simh sto
[a, b]. Apì to deÔtero jemeli¸dec je¸rhma tou ApeirostikoÔ LogismoÔ paÐrnoume

(5.3.15)
∫ b

a

(f ◦ φ) · φ′ =
∫ b

a

(F ′ ◦ φ) · φ′ =
∫ b

a

(F ◦ φ)′ = (F ◦ φ)(b)− (F ◦ φ)(a).

AfoÔ

(5.3.16) (F ◦ φ)(b)− (F ◦ φ)(a) =
∫ φ(b)

φ(a)

f −
∫ φ(a)

φ(a)

f =
∫ φ(b)

φ(a)

f,

paÐrnoume thn (5.3.11). 2

Je¸rhma 5.3.4 (deÔtero je¸rhma antikat�stashc). 'Estw ψ : [a, b] → R
suneq¸c paragwgÐsimh sun�rthsh, me ψ′(x) 6= 0 gia k�je x ∈ [a, b]. An I = ψ([a, b])
kai f : I → R eÐnai mia suneq c sun�rthsh, tìte

(5.3.17)
∫ b

a

f(ψ(t)) dt =
∫ ψ(b)

ψ(a)

f(s)(ψ−1)′(s) ds.

Apìdeixh. H ψ′ eÐnai suneq c kai den mhdenÐzetai sto [a, b], �ra eÐnai pantoÔ jetik 
  pantoÔ arnhtik  sto [a, b]. Sunep¸c, h ψ eÐnai gnhsÐwc monìtonh sto [a, b]. An,
qwrÐc periorismì thc genikìthtac, upojèsoume ìti h ψ eÐnai gnhsÐwc aÔxousa tìte
orÐzetai h antÐstrofh sun�rthsh ψ−1 : I → R thc ψ sto I = ψ([a, b]) = [ψ(a), ψ(b)].
Efarmìzoume to pr¸to je¸rhma antikat�stashc gia thn f ·(ψ−1)′ (parathr ste ìti
h (ψ−1)′ eÐnai suneq c sto I). 'Eqoume∫ ψ(b)

ψ(a)

f · (ψ−1)′ =
∫ b

a

[(f · (ψ−1)′) ◦ ψ]ψ′

=
∫ b

a

(f ◦ ψ) · [(ψ−1)′ ◦ ψ]ψ′

=
∫ b

a

(f ◦ ψ) · (ψ−1 ◦ ψ)′

=
∫ b

a

f ◦ ψ.

Autì apodeiknÔei thn (5.3.17). 2

5.4 Genikeumèna oloklhr¸mata
Se aut n thn par�grafo epekteÐnoume ton orismì tou oloklhr¸matoc gia sunart -
seic pou den eÐnai fragmènec   eÐnai orismènec se diast mata pou den eÐnai kleist�
kai fragmèna. Ja arkestoÔme se k�poiec basikèc kai qr simec peript¸seic.

1. Upojètoume ìti b ∈ R   b = +∞ kai f : [a, b) → R eÐnai mia sun�rthsh pou eÐnai
oloklhr¸simh kat� Riemann se k�je di�sthma thc morf c [a, x], ìpou a < x < b.
An up�rqei to

(5.4.1) lim
x→b−

∫ x

a

f(t) dt
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kai eÐnai pragmatikìc arijmìc, tìte lème ìti h f eÐnai oloklhr¸simh sto [a, b) kai
orÐzoume ∫ b

a

f(t) dt = lim
x→b−

∫ x

a

f(t) dt.

An to {ìrio} sthn (5.4.1) eÐnai ±∞ tìte lème ìti to
∫ b
a
f(t) dt apoklÐnei sto ±∞.

Entel¸c an�loga orÐzetai to genikeumèno olokl rwma miac sun�rthshc f : (a, b] →
R (ìpou a ∈ R   a = −∞) pou eÐnai oloklhr¸simh sto [x, b] gia k�je a < x < b, na
eÐnai to ∫ b

a

f(t) dt = lim
x→a+

∫ b

x

f(t) dt,

an to teleutaÐo ìrio up�rqei.

ParadeÐgmata

(a) JewroÔme th sun�rthsh f : [1,∞) → R me f(x) = 1
x2 . Gia k�je x > 1 èqoume∫ x

1

1
t2
dt = −1

t
|x1= 1− 1

x
.

Sunep¸c, ∫ ∞

1

f(t) dt = lim
x→∞

∫ x

1

f(t) dt = lim
x→∞

(
1− 1

x

)
= 1.

(b) JewroÔme th sun�rthsh f : [1,∞) → R me f(x) = 1
x . Gia k�je x > 1 èqoume∫ x

1

1
t
dt = ln t |x1= lnx− ln 1 = lnx.

Sunep¸c, ∫ ∞

1

f(t) dt = lim
x→∞

∫ x

1

f(t) dt = lim
x→∞

lnx = +∞.

(g) JewroÔme th sun�rthsh f : (0, 1] → R me f(x) = lnx. Parathr ste ìti h f den
eÐnai fragmènh: lim

x→0+
lnx = −∞. Gia k�je x ∈ (0, 1) èqoume

∫ 1

x

ln t dt = t ln t− t |1x= −1− x lnx+ x.

Sunep¸c, ∫ 1

0

f(t) dt = lim
x→0+

∫ 1

x

f(t) dt = lim
x→0+

(−1− x lnx+ x) = −1.

(d) JewroÔme th sun�rthsh f : [0, 1) → R me f(x) = 1√
1−x . Parathr ste ìti h f

den eÐnai fragmènh: lim
x→1−

1√
1−x = +∞. Gia k�je x ∈ (0, 1) èqoume∫ x

0

1√
1− t

dt = −2
√

1− t |x0= 2− 2
√

1− x.

Sunep¸c, ∫ 1

0

f(t) dt = lim
x→1−

∫ x

0

f(t) dt = lim
x→1−

(2− 2
√

1− x) = 2.
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(e) JewroÔme th sun�rthsh f : [0,∞) → R me f(x) = sinx. Gia k�je x > 0 èqoume∫ x

0

sin t dt = − cos t |x0= cosx− 1.

AfoÔ to ìrio lim
x→∞

(cosx − 1) den up�rqei, to genikeumèno olokl rwma
∫∞
0

sin t dt
den paÐrnei k�poia tim .

2. Upojètoume ìti b ∈ R   b = +∞ kai a ∈ R   a = −∞. 'Estw f : (a, b) → R mia
sun�rthsh pou eÐnai oloklhr¸simh kat� Riemann se k�je kleistì di�sthma [x, y],
ìpou a < x < y < b. JewroÔme tuqìn c ∈ (a, b) kai exet�zoume an up�rqoun ta
genikeumèna oloklhr¸mata ∫ c

a

f(t) dt kai
∫ b

c

f(t) dt.

An up�rqoun kai ta dÔo, tìte lème ìti to genikeumèno olokl rwma
∫ b
a
f(t) dt up�rqei

kai eÐnai Ðso me ∫ b

a

f(t) dt =
∫ c

a

f(t) dt+
∫ b

c

f(t) dt.

Parathr ste ìti, se aut n thn perÐptwsh, h tim  tou ajroÐsmatoc sto dexiì mè-
loc den exart�tai apì thn epilog  tou c sto (a, b) (exhg ste giatÐ). Sunep¸c, to
genikeumèno olokl rwma orÐzetai kal� me autìn ton trìpo. An k�poio apì ta dÔo

genikeumèna oloklhr¸mata
∫ c
a
f(t) dt kai

∫ b
c
f(t) dt den èqei tim , tìte lème ìti to∫ b

a
f(t) dt den orÐzetai (den èqei tim ). Stic peript¸seic pou k�poio apì ta dÔo   kai

ta dÔo genikeumèna oloklhr¸mata apoklÐnoun sto ±∞ isqÔoun ta sun jh gia tic
morfèc a±∞.

ParadeÐgmata

(a) JewroÔme th sun�rthsh f : R → R me f(x) = x
x2+1 . 'Eqoume∫ ∞

0

f(t) dt = lim
x→∞

∫ x

0

t

t2 + 1
dt = lim

x→∞

ln(x2 + 1)
2

= +∞.

'Omoia, ∫ 0

−∞
f(t) dt = −∞.

Sunep¸c, to
∫∞
−∞ f(t) dt den orÐzetai: èqoume aprosdiìristh morf  (+∞) + (−∞).

(b) JewroÔme th sun�rthsh f : R → R me f(x) = 1
x2+1 . 'Eqoume∫ ∞

0

f(t) dt = lim
x→∞

∫ x

0

1
t2 + 1

dt = lim
x→∞

arctanx = π/2.

'Omoia, ∫ 0

−∞
f(t) dt = π/2.

Sunep¸c, ∫ ∞

−∞

1
t2 + 1

dt =
∫ 0

−∞

1
t2 + 1

dt+
∫ ∞

0

1
t2 + 1

dt =
π

2
+
π

2
= π.
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5.4aþ To krit rio tou oloklhr¸matoc

'Estw f : [a,∞) → R+ mh arnhtik  sun�rthsh, h opoÐa eÐnai oloklhr¸simh se k�je
di�sthma [a, x], ìpou x > a. Se aut n thn perÐptwsh, h sun�rthsh

F (x) :=
∫ x

a

f(t) dt

eÐnai aÔxousa sto (a,+∞). Sunep¸c, to∫ ∞

a

f(t) dt = lim
x→∞

∫ x

a

f(t) dt

up�rqei an kai mìno an h F eÐnai �nw fragmènh. Diaforetik�,
∫∞
a
f(t) dt = +∞.

AntÐstoiqo apotèlesma eÐqame deÐ gia thn sÔgklish seir¸n
∑∞
k=1 ak me mh-

arnhtikoÔc ìrouc. Mia tètoia seir� sugklÐnei an kai mìno an h akoloujÐa (sn)
twn merik¸n ajroism�twn thc eÐnai �nw fragmènh. Diaforetik�, apoklÐnei sto +∞.

To epìmeno je¸rhma dÐnei èna krit rio sÔgklishc gia seirèc pou gr�fontai sth
morf 

∑∞
k=1 f(k), ìpou f : [1,+∞) → R eÐnai mia fjÐnousa mh-arnhtik  sun�rthsh.

Je¸rhma 5.4.1. 'Estw f : [1,+∞) → R fjÐnousa sun�rthsh me mh arnhtikèc
timèc. JewroÔme thn akoloujÐa (ak) me ak = f(k), k = 1, 2, . . .. Tìte, h seir�
mh arnhtik¸n ìrwn

∑∞
k=1 ak sugklÐnei an kai mìno an to genikeumèno olokl rwma∫∞

1
f(t) dt up�rqei.

Apìdeixh. Apì to gegonìc ìti h f eÐnai fjÐnousa prokÔptei �mesa ìti h f eÐnai
oloklhr¸simh se k�je di�sthma [k, k + 1] kai

ak+1 = f(k + 1) ≤
∫ k+1

k

f(t) dt ≤ f(k) = ak

gia k�je k ∈ N. An upojèsoume ìti h seir�
∑∞
k=1 ak sugklÐnei, tìte gia k�je x > 1

èqoume

∫ x

1

f(t) dt ≤
∫ [x]+1

1

f(t) dt =
[x]∑
k=1

∫ k+1

k

f(t) dt ≤
[x]∑
k=1

ak ≤
∞∑
k=1

ak.

'Epetai ìti to ∫ ∞

1

f(t) dt = lim
x→∞

∫ x

1

f(t) dt

up�rqei. AntÐstrofa, an to
∫∞
1
f(t) dt up�rqei, gia k�je n ∈ N èqoume

sn = f(1) + f(2) + · · ·+ f(n) ≤ f(1) +
n−1∑
k=1

∫ k+1

k

f(t) dt

= f(1) +
∫ n

1

f(t) dt ≤ f(1) +
∫ ∞

1

f(t) dt.

AfoÔ h akoloujÐa (sn) twn merik¸n ajroism�twn thc
∑∞
k=1 ak eÐnai �nw fragmènh,

h seir� sugklÐnei. 2.

ParadeÐgmata




