
Kef�laio 4

Olokl rwma Riemann

4.1 O orismìc tou Darboux

Se aut n thn par�grafo dÐnoume ton orismì tou oloklhr¸matoc Riemann gia frag-
mènec sunart seic pou orÐzontai se èna kleistì di�sthma. Gia mia fragmènh sun�rthsh
f : [a, b] → R me mh arnhtikèc timèc, ja jèlame to olokl rwma na dÐnei to embadìn
tou qwrÐou pou perikleÐetai an�mesa sto gr�fhma thc sun�rthshc, ton orizìntio
�xona y = 0 kai tic katakìrufec eujeÐec x = a kai x = b.

Orismìc 4.1.1. (a) 'Estw [a, b] èna kleistì di�sthma. Diamèrish tou [a, b] ja
lème k�je peperasmèno uposÔnolo

(4.1.1) P = {x0, x1, . . . , xn}

tou [a, b] me x0 = a kai xn = b. Ja upojètoume p�nta ìti ta xk ∈ P eÐnai diatetag-
mèna wc ex c:

(4.1.2) a = x0 < x1 < · · · < xk < xk+1 < · · · < xn = b.

Ja gr�foume

(4.1.3) P = {a = x0 < x1 < · · · < xn = b}

gia na tonÐsoume aut n akrib¸c th di�taxh. Parathr ste ìti apì ton orismì, k�je
diamèrish P tou [a, b] perièqei toul�qiston dÔo shmeÐa: to a kai to b (ta �kra tou
[a, b]).
(b) K�je diamèrish P = {a = x0 < x1 < · · · < xn = b} qwrÐzei to [a, b] se n
upodiast mata [xk, xk+1], k = 0, 1, . . . , n − 1. Onom�zoume pl�toc thc diamèrishc
P to megalÔtero apì ta m kh aut¸n twn upodiasthm�twn. Dhlad , to pl�toc thc
diamèrishc isoÔtai me

(4.1.4) ‖P‖ := max{x1 − x0, x2 − x1, . . . , xn − xn−1}.

Parathr ste ìti den apaitoÔme na isapèqoun ta xk (ta n upodiast mata den èqoun
aparaÐthta to Ðdio m koc).

(g) H diamèrish P1 lègetai eklèptunsh thc P an P ⊆ P1, dhlad  an h P1 prokÔptei
apì thn P me thn prosj kh k�poiwn (peperasmènwn to pl joc) shmeÐwn. Se aut n
thn perÐptwsh lème epÐshc ìti h P1 eÐnai leptìterh apì thn P .
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(d) 'Estw P1, P2 dÔo diamerÐseic tou [a, b]. H koin  eklèptunsh twn P1, P2 eÐnai h
diamèrish P = P1 ∪P2. EÔkola blèpoume ìti h P eÐnai diamèrish tou [a, b] kai ìti an
P ′ eÐnai mia diamèrish leptìterh tìso apì thn P1 ìso kai apì thn P2 tìte P ′ ⊇ P
(dhlad , h P = P1 ∪ P2 eÐnai h mikrìterh dunat  diamèrish tou [a, b] pou ekleptÔnei
tautìqrona thn P1 kai thn P2).

JewroÔme t¸ra mia fragmènh sun�rthsh f : [a, b] → R kai mia diamèrish P =
{a = x0 < x1 < · · · < xn = b} tou [a, b]. H P diamerÐzei to [a, b] sta upodiast mata
[x0, x1], [x1, x2], . . . , [xk, xk+1], . . . , [xn−1, xn]. Gia k�je k = 0, 1, . . . , n− 1 orÐzoume
touc pragmatikoÔc arijmoÔc

(4.1.5) mk(f, P ) = mk = inf{f(x) : xk ≤ x ≤ xk+1}

kai

(4.1.6) Mk(f, P ) = Mk = sup{f(x) : xk ≤ x ≤ xk+1}.

'Oloi autoÐ oi arijmoÐ orÐzontai kal�: h f eÐnai fragmènh sto [a, b], �ra eÐnai frag-
mènh se k�je upodi�sthma [xk, xk+1]. Gia k�je k, to sÔnolo {f(x) : xk ≤ x ≤ xk+1}
eÐnai mh kenì kai fragmèno uposÔnolo tou R, �ra èqei supremum kai infimum.

Gia k�je diamèrish P tou [a, b] orÐzoume t¸ra to �nw kai to k�tw �jroisma thc
f wc proc thn P me ton ex c trìpo:

(4.1.7) U(f, P ) =
n−1∑
k=0

Mk(xk+1 − xk)

eÐnai to �nw �jroisma thc f wc proc P , kai

(4.1.8) L(f, P ) =
n−1∑
k=0

mk(xk+1 − xk)

eÐnai to k�tw �jroisma thc f wc proc P .

Apì tic (4.1.7) kai (4.1.8) blèpoume ìti gia k�je diamèrish P isqÔei

(4.1.9) L(f, P ) ≤ U(f, P )

afoÔ mk ≤ Mk kai xk+1 − xk > 0, k = 0, 1, . . . , n − 1. Se sqèsh me to {embadìn}
pou prospajoÔme na orÐsoume, prèpei na skeftìmaste to k�tw �jroisma L(f, P )
san mia prosèggish apì k�tw kai to �nw �jroisma U(f, P ) san mia prosèggish apì
p�nw.

Ja deÐxoume ìti isqÔei mia polÔ pio isqur  anisìthta apì thn (4.1.9):

Prìtash 4.1.2. 'Estw f : [a, b] → R fragmènh sun�rthsh kai èstw P1, P2 dÔo
diamerÐseic tou [a, b]. Tìte,

(4.1.10) L(f, P1) ≤ U(f, P2).

Parathr ste ìti h (4.1.9) eÐnai eidik  perÐptwsh thc (4.1.10): arkeÐ na p�roume
P = P1 = P2 sthn Prìtash 4.1.2.

H apìdeixh thc Prìtashc 4.1.2 ja basisteÐ sto ex c L mma.
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L mma 4.1.3. 'Estw P = {a = x0 < x1 < · · · < xk < xk+1 < · · · < xn = b} kai
xk < y < xk+1 gia k�poio k = 0, 1, . . . , n− 1. An P1 = P ∪ {y} = {a = x0 < x1 <
· · · < xk < y < xk+1 < · · · < xn = b}, tìte

(4.1.11) L(f, P ) ≤ L(f, P1) ≤ U(f, P1) ≤ U(f, P ).

Dhlad , me thn prosj kh enìc shmeÐou y sthn diamèrish P , to �nw �jroisma thc f
{mikraÐnei} en¸ to k�tw �jroisma thc f {megal¸nei}.

Apìdeixh tou L mmatoc 4.1.3. Jètoume

(4.1.12) m
(1)
k = inf{f(x) : xk ≤ x ≤ y}

kai

(4.1.13) m
(2)
k = inf{f(x) : y ≤ x ≤ xk+1}.

Tìte, mk ≤ m
(1)
k kai mk ≤ m

(2)
k (�skhsh: an A ⊆ B tìte inf B ≤ inf A). Gr�foume

L(f, P1) = [m0(x1 − x0) + · · ·+m
(1)
k (y − xk) +m

(2)
k (xk+1 − y) + · · ·

+mn−1(xn − xn−1)]
≥ [m0(x1 − x0) + · · ·+mk(y − xk) +mk(xk+1 − y) + · · ·

+mn−1(xn − xn−1)]
= [m0(x1 − x0) + · · ·+mk(xk+1 − xk) + · · ·+mn−1(xn − xn−1)]
= L(f, P ).

'Omoia deÐqnoume ìti U(f, P1) ≤ U(f, P ). 2

Apìdeixh thc Prìtashc 4.1.2. Gia na apodeÐxoume thn (4.1.10) jewroÔme thn koin 
eklèptunsh P = P1 ∪ P2 twn P1 kai P2. H P prokÔptei apì thn P1 me diado-
qik  prosj kh peperasmènwn to pl joc shmeÐwn. An efarmìsoume to L mma 4.1.3
peperasmènec to pl joc forèc, paÐrnoume L(f, P1) ≤ L(f, P ).

'Omoia blèpoume ìti U(f, P ) ≤ U(f, P2). Apì thn �llh pleur�, L(f, P ) ≤
U(f, P ). Sundu�zontac ta parap�nw, èqoume

(4.1.14) L(f, P1) ≤ L(f, P ) ≤ U(f, P ) ≤ U(f, P2). 2

JewroÔme t¸ra ta uposÔnola tou R

(4.1.15) A(f) =
{
L(f, P ) : P diamèrish tou [a, b]

}
kai

(4.1.16) B(f) =
{
U(f,Q) : Q diamèrish tou [a, b]

}
.

Apì thn Prìtash 4.1.2 èqoume: gia k�je a ∈ A(f) kai k�je b ∈ B(f) isqÔei a ≤ b
(exhg ste giatÐ). 'Ara, supA(f) ≤ inf B(f) (�skhsh). An loipìn orÐsoume san
k�tw olokl rwma thc f sto [a, b] to

(4.1.17)
∫ b

a

f(x)dx = sup
{
L(f, P ) : P diamèrish tou [a, b]

}
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kai san �nw olokl rwma thc f sto [a, b] to

(4.1.18)
∫ b

a

f(x)dx = inf
{
U(f,Q) : Q diamèrish tou [a, b]

}
,

èqoume

(4.1.19)
∫ b

a

f(x)dx ≤
∫ b

a

f(x)dx.

Orismìc 4.1.4. Mia fragmènh sun�rthsh f : [a, b] → R lègetaiRiemann oloklhr¸simh
an

(4.1.20)
∫ b

a

f(x)dx = I =
∫ b

a

f(x)dx.

O arijmìc I (h koin  tim  tou k�tw kai tou �nw oloklhr¸matoc thc f sto [a, b])
lègetai olokl rwma Riemann thc f sto [a, b] kai sumbolÐzetai me

(4.1.21)
∫ b

a

f(x)dx  

∫ b

a

f.

4.2 To krit rio oloklhrwsimìthtac tou Riemann

O orismìc tou oloklhr¸matoc pou d¸same sthn prohgoÔmenh par�grafo eÐnai dÔsqrhstoc:
den eÐnai eÔkolo na ton qrhsimopoi sei kaneÐc gia na dei an mia fragmènh sun�rthsh
eÐnai oloklhr¸simh   ìqi. Sun jwc, qrhsimopoioÔme to akìloujo krit rio oloklhrwsimìth-
tac.

Je¸rhma 4.2.1 (krit rio tou Riemann). 'Estw f : [a, b] → R fragmènh
sun�rthsh. H f eÐnai Riemann oloklhr¸simh an kai mìno an gia k�je ε > 0
mporoÔme na broÔme diamèrish Pε tou [a, b] ¸ste

(4.2.1) U(f, Pε)− L(f, Pε) < ε.

Apìdeixh. Upojètoume pr¸ta ìti h f eÐnai Riemann oloklhr¸simh. Dhlad ,

(4.2.2)
∫ b

a

f(x)dx =
∫ b

a

f(x)dx =
∫ b

a

f(x)dx.

'Estw ε > 0. Apì ton orismì tou k�tw oloklhr¸matoc wc supremum tou A(f)
kai apì ton ε-qarakthrismì tou supremum, up�rqei diamèrish P1 = P1(ε) tou [a, b]
¸ste

(4.2.3)
∫ b

a

f(x)dx < L(f, P1) +
ε

2
.

OmoÐwc, apì ton orismì tou �nw oloklhr¸matoc, up�rqei diamèrish P2 = P2(ε) tou
[a, b] ¸ste

(4.2.4)
∫ b

a

f(x)dx > U(f, P2)−
ε

2
.
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JewroÔme thn koin  eklèptunsh Pε = P1 ∪P2. Tìte, apì thn Prìtash 4.1.2 èqoume

U(f, Pε)−
ε

2
≤ U(f, P2)−

ε

2

<

∫ b

a

f(x)dx =
∫ b

a

f(x)dx

< L(f, P1) +
ε

2
≤ L(f, Pε) +

ε

2
,

ap� ìpou èpetai ìti

(4.2.5) 0 ≤ U(f, Pε)− L(f, Pε) < ε.

AntÐstrofa: upojètoume ìti gia k�je ε > 0 up�rqei diamèrish Pε tou [a, b] ¸ste

(4.2.6) U(f, Pε) < L(f, Pε) + ε.

Tìte, gia k�je ε > 0 èqoume∫ b

a

f(x)dx ≤ U(f, Pε) < L(f, Pε) + ε ≤
∫ b

a

f(x)dx+ ε.

Epeid  to ε > 0  tan tuqìn, èpetai ìti

(4.2.7)
∫ b

a

f(x)dx ≤
∫ b

a

f(x)dx,

kai afoÔ h antÐstrofh anisìthta isqÔei p�nta, h f eÐnai Riemann oloklhr¸simh. 2

To krit rio tou Riemann diatup¸netai isodÔnama wc ex c (exhg ste giatÐ).

Je¸rhma 4.2.2 (krit rio tou Riemann). 'Estw f : [a, b] → R fragmènh
sun�rthsh. H f eÐnai Riemann oloklhr¸simh an kai mìno an up�rqei akoloujÐa
{Pn : n ∈ N} diamerÐsewn tou [a, b] ¸ste

(4.2.8) lim
n→∞

(
U(f, Pn)− L(f, Pn)

)
= 0.

ParadeÐgmata. Ja qrhsimopoi soume to krit rio tou Riemann gia na exet�soume
an oi parak�tw sunart seic eÐnai Riemann oloklhr¸simec:
(a) H sun�rthsh f : [0, 1] → R me f(x) = x2. Gia k�je n ∈ N jewroÔme th diamèrish
Pn tou [0, 1] se n Ðsa upodiast mata m kouc 1/n:

(4.2.9) Pn =
{

0 <
1
n
<

2
n
< · · · < n− 1

n
<
n

n
= 1
}
.

H sun�rthsh f(x) = x2 eÐnai aÔxousa sto [0, 1], epomènwc

L(f, Pn) = f(0)
1
n

+ f

(
1
n

)
1
n

+ · · ·+ f

(
n− 1
n

)
1
n

=
1
n

(
0 +

12

n2
+

22

n2
+ · · ·+ (n− 1)2

n2

)
=

12 + 22 + · · ·+ (n− 1)2

n3
=

(n− 1)n(2n− 1)
6n3

=
2n2 − 3n+ 1

6n2
=

1
3
− 1

2n
+

1
6n2
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kai

U(f, Pn) = f

(
1
n

)
1
n

+ f

(
2
n

)
1
n

+ · · ·+ f
(n
n

) 1
n

=
1
n

(
12

n2
+

22

n2
+ · · ·+ n2

n2

)
=

12 + 22 + · · ·+ n2

n3
=
n(n+ 1)(2n+ 1)

6n3

=
2n2 + 3n+ 1

6n2
=

1
3

+
1
2n

+
1

6n2
.

'Epetai ìti

(4.2.10) U(f, Pn)− L(f, Pn) =
1
n
→ 0.

Apì to Je¸rhma 4.2.2 sumperaÐnoume ìti h f eÐnai Riemann oloklhr¸simh. M-
poroÔme m�lista na broÔme thn tim  tou oloklhr¸matoc. Gia k�je n ∈ N,

1
3
− 1

2n
+

1
6n2

= L(f, Pn)

≤
∫ 1

0

x2dx =
∫ 1

0

x2dx =
∫ 1

0

x2dx

≤ U(f, Pn)

=
1
3

+
1
2n

+
1

6n2
.

AfoÔ

(4.2.11)
1
3
− 1

2n
+

1
6n2

→ 1
3

kai
1
3

+
1
2n

+
1

6n2
→ 1

3
,

èpetai ìti

(4.2.12)
1
3
≤
∫ 1

0

x2dx ≤ 1
3
.

Dhlad ,

(4.2.13)
∫ 1

0

x2dx =
1
3
.

(b) H sun�rthsh u : [0, 1] → R me u(x) =
√
x. MporeÐte na qrhsimopoi sete thn

akoloujÐa diamerÐsewn tou prohgoÔmenou paradeÐgmatoc gia na deÐxete ìti ikanopoieÐ-
tai to krit rio tou Riemann.

Sto Ðdio sumpèrasma katal goume an qrhsimopoi soume mia diaforetik  akolou-
jÐa diamerÐsewn. Gia k�je n ∈ N jewroÔme th diamèrish

(4.2.14) Pn =
{

0 <
1
n2

<
22

n2
< · · · < (n− 1)2

n2
<
n2

n2
= 1
}
.

H u eÐnai aÔxousa sto [0, 1], epomènwc

(4.2.15) L(u, Pn) =
n−1∑
k=0

k

n

(
(k + 1)2

n2
− k2

n2

)
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kai

(4.2.16) U(u, Pn) =
n−1∑
k=0

k + 1
n

(
(k + 1)2

n2
− k2

n2

)
.

'Epetai ìti

U(u, Pn)− L(u, Pn) =
n−1∑
k=0

(
k + 1
n

− k

n

)(
(k + 1)2

n2
− k2

n2

)

=
1
n

n−1∑
k=0

(
(k + 1)2

n2
− k2

n2

)
=

1
n
→ 0.

Apì to Je¸rhma 4.2.2 sumperaÐnoume ìti h u eÐnai Riemann oloklhr¸simh. Af -
noume san �skhsh na deÐxete ìti

(4.2.17) lim
n→∞

L(u, Pn) = lim
n→∞

U(u, Pn) =
2
3
.

H sugkekrimènh epilog  diamerÐsewn pou k�name èqei to pleonèkthma ìti mporeÐte
eÔkola na gr�yete ta L(u, Pn) kai U(u, Pn) se kleist  morf . Apì thn (4.2.17)
èpetai ìti

(4.2.18)
∫ 1

0

√
x dx =

2
3
.

(g) H sun�rthsh tou Dirichlet g : [0, 1] → R me

g(x) =
{

1 an x rhtìc
0 an x �rrhtoc

den eÐnai Riemann oloklhr¸simh. 'Estw P = {0 = x0 < x1 < · · · < xk < xk+1 <
· · · < xn = 1} tuqoÔsa diamèrish tou [0, 1]. UpologÐzoume to k�tw kai to �nw
�jroisma thc g wc proc thn P . Gia k�je k = 0, 1, . . . , n − 1 up�rqoun rhtìc qk
kai �rrhtoc αk sto (xk, xk+1). AfoÔ g(qk) = 1, g(αk) = 0 kai 0 ≤ g(x) ≤ 1 sto
[xk, xk+1], sumperaÐnoume ìti mk = 0 kai Mk = 1. Sunep¸c,

(4.2.19) L(g, P ) =
n−1∑
k=0

mk(xk+1 − xk) =
n−1∑
k=0

0 · (xk+1 − xk) = 0

kai

(4.2.20) U(g, P ) =
n−1∑
k=0

Mk(xk+1 − xk) =
n−1∑
k=0

1 · (xk+1 − xk) = 1.

AfoÔ h P  tan tuqoÔsa diamèrish tou [0, 1], paÐrnoume

(4.2.21)
∫ 1

0

g(x)dx = 0 kai
∫ 1

0

g(x)dx = 1.
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'Ara, h g den eÐnai Riemann oloklhr¸simh.

(d) H sun�rthsh h : [0, 1] → R me

h(x) =
{
x an x rhtìc
0 an x �rrhtoc

den eÐnai Riemann oloklhr¸simh. 'Estw P = {0 = x0 < x1 < · · · < xk < xk+1 <
· · · < xn = 1} tuqoÔsa diamèrish tou [0, 1]. Gia k�je k = 0, 1, . . . , n − 1 up�rqei
�rrhtoc αk sto (xk, xk+1). AfoÔ h(αk) = 0 kai 0 ≤ h(x) ≤ 1 sto [xk, xk+1],
sumperaÐnoume ìti mk = 0. Sunep¸c,

(4.2.22) L(h, P ) = 0.

EpÐshc, up�rqei rhtìc qk > (xk + xk+1)/2 sto (xk, xk+1), �ra Mk ≥ h(qk) >
(xk + xk+1)/2. 'Epetai ìti

U(h, P ) >

n−1∑
k=0

xk + xk+1

2
(xk+1 − xk) =

1
2

n−1∑
k=0

(x2
k+1 − x2

k)

=
x2
n − x2

0

2
=

1
2
.

AfoÔ

(4.2.23) U(h, P )− L(h, P ) >
1
2

gia k�je diamèrish P tou [0, 1], to krit rio tou Riemann den ikanopoieÐtai (p�rte
ε = 1/3). 'Ara, h h den eÐnai Riemann oloklhr¸simh.

(e) H sun�rthsh w : [0, 1] → R me

w(x) =
{

0 an x /∈ Q   x = 0
1
q an x = p

q , p, q ∈ N, MKD(p, q) = 1

eÐnai Riemann oloklhr¸simh. EÔkola elègqoume ìti L(w,P ) = 0 gia k�je diamèrish
P tou [0, 1].

'Estw ε > 0. ParathroÔme ìti to sÔnolo A = {x ∈ [0, 1] : w(x) ≥ ε} eÐnai
peperasmèno. [Pr�gmati, an w(x) ≥ ε tìte x = p/q kai w(x) = 1/q ≥ ε dhlad 
q ≤ 1/ε. Oi rhtoÐ tou [0, 1] pou gr�fontai san an�gwga kl�smata me paronomast 
to polÔ Ðso me [1/ε] eÐnai peperasmènoi to pl joc (èna �nw fr�gma gia to pl joc
touc eÐnai o arijmìc 1 + 2 + · · ·+ [1/ε] � exhg ste giatÐ)].

'Estw z1 < z2 < · · · < zN mÐa arÐjmhsh twn stoiqeÐwn tou A. MporoÔme
na broÔme xèna upodiast mata [ai, bi] tou [0, 1] pou èqoun m kh bi − ai < ε/N kai
ikanopoioÔn ta ex c: a1 > 0, ai < zi < bi an i < N kai aN < zN ≤ bN (parathr ste
ìti an ε ≤ 1 tìte zN = 1 opìte prèpei na epilèxoume bN = 1). An jewr soume th
diamèrish

(4.2.24) Pε = {0 < a1 < b1 < a2 < b2 < · · · < aN < bN ≤ 1},
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èqoume

U(w,Pε) ≤ ε · (a1 − 0) + 1 · (b1 − a1) + ε · (a2 − b1) + · · ·+ 1 · (bN−1 − aN−1)
+ε · (aN − bN−1) + 1 · (bN − aN ) + ε · (1− bN )

≤ ε ·
(
a1 + (a2 − b1) + · · ·+ (aN − bN−1) + (1− bN )

)
+

N∑
i=1

(bi − ai)

< 2ε.

Gia to tuqìn ε > 0 br kame diamèrish Pε tou [0, 1] me thn idiìthta

(4.2.25) U(w,Pε)− L(w,Pε) < 2ε.

Apì to Je¸rhma 4.2.1, h w eÐnai Riemann oloklhr¸simh.

4.3 DÔo kl�seic Riemann oloklhr¸simwn sunart sewn
Qrhsimopoi¸ntac to krit rio tou Riemann (Je¸rhma 4.2.1) ja deÐxoume ìti oi monì-
tonec kai oi suneqeÐc sunart seic f : [a, b] → R eÐnai Riemann oloklhr¸simec.

Je¸rhma 4.3.1. K�je monìtonh sun�rthsh f : [a, b] → R eÐnai Riemann oloklhr¸simh.

Apìdeixh. QwrÐc periorismì thc genikìthtac upojètoume ìti h f eÐnai aÔxousa. H
f eÐnai profan¸c fragmènh: gia k�je x ∈ [a, b] èqoume

(4.3.1) f(a) ≤ f(x) ≤ f(b).

'Ara, èqei nìhma na exet�soume thn Ôparxh oloklhr¸matoc gia thn f .
'Estw ε > 0. Ja broÔme n ∈ N arket� meg�lo ¸ste gia th diamèrish

(4.3.2) Pn =
{
a, a+

b− a

n
, a+

2(b− a)
n

, . . . , a+
n(b− a)

n
= b

}
tou [a, b] se n Ðsa upodiast mata na isqÔei

(4.3.3) U(f, Pn)− L(f, Pn) < ε.

Jètoume

(4.3.4) xk = a+
k(b− a)

n
, k = 0, 1, . . . , n.

Tìte, afoÔ h f eÐnai aÔxousa èqoume

U(f, Pn) =
n−1∑
k=0

Mk(xk+1 − xk) =
n−1∑
k=0

f(xk+1)
b− a

n

=
b− a

n
· (f(x1) + · · ·+ f(xn)) ,
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en¸

L(f, Pn) =
n−1∑
k=0

mk(xk+1 − xk) =
n−1∑
k=0

f(xk)
b− a

n

=
b− a

n
· (f(x0) + · · ·+ f(xn−1)) .

'Ara,

(4.3.5) U(f, Pn)− L(f, Pn) =
[f(xn)− f(x0)](b− a)

n
=

[f(b)− f(a)](b− a)
n

,

to opoÐo gÐnetai mikrìtero apì to ε > 0 pou mac dìjhke, arkeÐ to n na eÐnai arket�
meg�lo. Apì to Je¸rhma 4.2.1, h f eÐnai Riemann oloklhr¸simh. 2

Je¸rhma 4.3.2. K�je suneq c sun�rthsh f : [a, b] → R eÐnai Riemann oloklhr¸simh.

Apìdeixh. 'Estw ε > 0. H f eÐnai suneq c sto kleistì di�sthma [a, b], �ra eÐnai
omoiìmorfa suneq c. MporoÔme loipìn na broÔme δ > 0 me thn ex c idiìthta:

An x, y ∈ [a, b] kai |x− y| < δ, tìte |f(x)− f(y)| < ε
b−a .

MporoÔme epÐshc na broÔme n ∈ N ¸ste

(4.3.6)
b− a

n
< δ.

QwrÐzoume to [a, b] se n upodiast mata tou idÐou m kouc b−a
n . JewroÔme dhlad  th

diamèrish

(4.3.7) Pn =
{
a, a+

b− a

n
, a+

2(b− a)
n

, . . . , a+
n(b− a)

n
= b

}
.

OrÐzoume

(4.3.8) xk = a+
k(b− a)

n
, k = 0, 1, . . . , n.

'Estw k = 0, 1, . . . , n − 1. H f eÐnai suneq c sto kleistì di�sthma [xk, xk+1], �ra
paÐrnei mègisth kai el�qisth tim  se autì. Up�rqoun dhlad  y′k, y

′′
k ∈ [xk, xk+1]

¸ste

(4.3.9) Mk = f(y′k) kai mk = f(y′′k ).

Epiplèon, to m koc tou [xk, xk+1] eÐnai Ðso me b−a
n < δ, �ra

(4.3.10) |y′k − y′′k | < δ.

Apì thn epilog  tou δ paÐrnoume

(4.3.11) Mk −mk = f(y′k)− f(y′′k ) = |f(y′k)− f(y′′k )| <
ε

b− a
.
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'Epetai ìti

U(f, Pn)− L(f, Pn) =
n−1∑
k=0

(Mk −mk)(xk+1 − xk)

<
n−1∑
k=0

ε

b− a
(xk+1 − xk)

=
ε

b− a
(b− a) = ε.

Apì to Je¸rhma 4.2.1, h f eÐnai Riemann oloklhr¸simh. 2

4.4 Idiìthtec tou oloklhr¸matoc Riemann

Se aut n thn par�grafo apodeiknÔoume austhr� merikèc apì tic pio basikèc idiìthtec
tou oloklhr¸matoc Riemann. Oi apodeÐxeic twn upoloÐpwn eÐnai mia kal  �skhsh
pou ja sac bohj sei na exoikeiwjeÐte me tic diamerÐseic, ta �nw kai k�tw ajroÐsmata
klp.

Je¸rhma 4.4.1. An f(x) = c gia k�je x ∈ [a, b], tìte

(4.4.1)
∫ b

a

f(x)dx = c(b− a).

Apìdeixh: 'Estw P = {a = x0 < x1 < · · · < xn = b} mia diamèrish tou [a, b]. Gia
k�je k = 0, 1, . . . , n− 1 èqoume mk = Mk = c. 'Ara,

(4.4.2) L(f, P ) = U(f, P ) =
n−1∑
k=0

c(xk+1 − xk) = c(b− a).

'Epetai ìti

(4.4.3)
∫ b

a

f(x)dx = c(b− a) =
∫ b

a

f(x)dx.

'Ara,

(4.4.4)
∫ b

a

f(x)dx = c(b− a). 2

Je¸rhma 4.4.2. 'Estw f, g : [a, b] → R oloklhr¸simec sunart seic. Tìte, h f + g
eÐnai oloklhr¸simh kai

(4.4.5)
∫ b

a

[f(x) + g(x)]dx =
∫ b

a

f(x)dx+
∫ b

a

g(x)dx.

Apìdeixh. 'Estw P = {a = x0 < x1 < · · · < xn = b} diamèrish tou [a, b]. Gia k�je
k = 0, 1, . . . , n− 1 orÐzoume

mk = inf{(f + g)(x) : xk ≤ x ≤ xk+1}
Mk = sup{(f + g)(x) : xk ≤ x ≤ xk+1}
m′
k = inf{f(x) : xk ≤ x ≤ xk+1}

M ′
k = sup{f(x) : xk ≤ x ≤ xk+1}

m′′
k = inf{g(x) : xk ≤ x ≤ xk+1}

M ′′
k = sup{g(x) : xk ≤ x ≤ xk+1}.



66 · Olokl rwma Riemann

Gia k�je x ∈ [xk, xk+1] èqoume m′
k +m′′

k ≤ f(x) + g(x). 'Ara,

(4.4.6) m′
k +m′′

k ≤ mk.

OmoÐwc, gia k�je x ∈ [xk, xk+1] èqoume M ′
k +M ′′

k ≥ f(x) + g(x). 'Ara,

(4.4.7) M ′
k +M ′′

k ≥Mk.

'Epetai ìti

(4.4.8) L(f, P ) + L(g, P ) ≤ L(f + g, P ) ≤ U(f + g, P ) ≤ U(f, P ) + U(g, P ).

'Estw ε > 0. Up�rqoun diamerÐseic P1, P2 tou [a, b] ¸ste

(4.4.9) U(f, P1)−
ε

2
<

∫ b

a

f(x)dx < L(f, P1) +
ε

2

kai

(4.4.10) U(g, P2)−
ε

2
<

∫ b

a

g(x)dx < L(g, P2) +
ε

2
.

An jewr soume thn koin  touc eklèptunsh P = P1 ∪ P2 èqoume

U(f, P ) + U(g, P )− ε ≤ U(f, P1) + U(g, P2)− ε

<

∫ b

a

f(x)dx+
∫ b

a

g(x)dx

< L(f, P1) + L(g, P2) + ε

≤ L(f, P ) + L(g, P ) + ε.

Sundu�zontac me thn (4.4.8) blèpoume ìti∫ b

a

(f + g)(x)dx− ε ≤ U(f + g, P )− ε ≤
∫ b

a

f(x)dx+
∫ b

a

g(x)dx

≤ L(f + g, P ) + ε ≤
∫ b

a

(f + g)(x)dx+ ε.

AfoÔ to ε > 0  tan tuqìn,

(4.4.11)
∫ b

a

(f + g)(x)dx ≤
∫ b

a

f(x)dx+
∫ b

a

g(x)dx ≤
∫ b

a

(f + g)(x)dx.

'Omwc,

(4.4.12)
∫ b

a

(f + g)(x)dx ≤
∫ b

a

(f + g)(x)dx.

'Ara,

(4.4.13)
∫ b

a

(f + g)(x)dx =
∫ b

a

f(x)dx+
∫ b

a

g(x)dx =
∫ b

a

(f + g)(x)dx.

'Epetai to Je¸rhma. 2
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Je¸rhma 4.4.3. 'Estw f : [a, b] → R oloklhr¸simh kai èstw t ∈ R. Tìte, h tf
eÐnai oloklhr¸simh sto [a, b] kai

(4.4.14)
∫ b

a

(tf)(x)dx = t

∫ b

a

f(x)dx.

Apìdeixh. Ac upojèsoume pr¸ta ìti t > 0. 'Estw P = {a = x0 < x1 < · · · < xn =
b} diamèrish tou [a, b]. An gia k = 0, 1, . . . , n− 1 orÐsoume

(4.4.15) mk = inf{(tf)(x) : xk ≤ x ≤ xk+1}, Mk = sup{(tf)(x) : xk ≤ x ≤ xk+1}

kai

(4.4.16) m′
k = inf{f(x) : xk ≤ x ≤ xk+1}, M ′

k = sup{f(x) : xk ≤ x ≤ xk+1},

eÐnai fanerì ìti

(4.4.17) mk = tm′
k kai Mk = tM ′

k.

'Ara,

(4.4.18) L(tf, P ) = tL(f, P ) kai U(tf, P ) = tU(f, P ).

'Epetai ìti

(4.4.19)
∫ b

a

(tf)(x)dx = t

∫ b

a

f(x)dx kai
∫ b

a

(tf)(x)dx = t

∫ b

a

f(x)dx.

AfoÔ h f eÐnai oloklhr¸simh, èqoume

(4.4.20)
∫ b

a

f(x)dx =
∫ b

a

f(x)dx.

'Epetai ìti h tf eÐnai Riemann oloklhr¸simh, kai

(4.4.21)
∫ b

a

(tf)(x)dx = t

∫ b

a

f(x)dx.

An t < 0, h mình allag  sto prohgoÔmeno epiqeÐrhma eÐnai ìti t¸ra mk = tM ′
k kai

Mk = tm′
k. Sumplhr¸ste thn apìdeixh mìnoi sac.

Tèloc, an t = 0 èqoume tf ≡ 0. 'Ara,

(4.4.22)
∫ b

a

tf = 0 = 0 ·
∫ b

a

f. 2

Apì ta Jewr mata 4.4.2 kai 4.4.3 prokÔptei �mesa h {grammikìthta tou oloklhr¸-
matoc}.

Je¸rhma 4.4.4 (grammikìthta tou oloklhr¸matoc). An f, g : [a, b] → R eÐnai
dÔo oloklhr¸simec sunart seic kai t, s ∈ R, tìte h tf + sg eÐnai oloklhr¸simh sto
[a, b] kai

(4.4.23)
∫ b

a

(tf + sg)(x)dx = t

∫ b

a

f(x)dx+ s

∫ b

a

g(x)dx. 2
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Je¸rhma 4.4.5. 'Estw f : [a, b] → R fragmènh sun�rthsh kai èstw c ∈ (a, b).
H f eÐnai oloklhr¸simh sto [a, b] an kai mìno an eÐnai oloklhr¸simh sta [a, c] kai
[c, b]. Tìte, isqÔei

(4.4.24)
∫ b

a

f(x)dx =
∫ c

a

f(x)dx+
∫ b

c

f(x)dx.

Apìdeixh. Upojètoume pr¸ta ìti h f eÐnai oloklhr¸simh sta [a, c] kai [c, b]. 'Estw
ε > 0. Up�rqoun diamerÐseic P1 tou [a, c] kai P2 tou [c, b] ¸ste

(4.4.25) L(f, P1) ≤
∫ c

a

f(x)dx ≤ U(f, P1) kai U(f, P1)− L(f, P1) <
ε

2

kai

(4.4.26) L(f, P2) ≤
∫ b

c

f(x)dx ≤ U(f, P2) kai U(f, P2)− L(f, P2) <
ε

2
.

To sÔnolo Pε = P1 ∪ P2 eÐnai diamèrish tou [a, b] kai isqÔoun oi

(4.4.27) L(f, Pε) = L(f, P1) + L(f, P2) kai U(f, Pε) = U(f, P1) + U(f, P2).

Apì tic parap�nw sqèseic paÐrnoume

U(f, Pε)− L(f, Pε) = (U(f, P1)− L(f, P1)) + (U(f, P2)− L(f, P2))

<
ε

2
+
ε

2
= ε.

AfoÔ to ε > 0  tan tuqìn, h f eÐnai oloklhr¸simh sto [a, b] (krit rio tou Riemann).
Epiplèon, gia thn Pε èqoume

(4.4.28) L(f, Pε) ≤
∫ b

a

f(x)dx ≤ U(f, Pε)

kai, apì tic (4.4.25), (4.4.26) kai (4.4.27),

(4.4.29) L(f, Pε) ≤
∫ c

a

f(x)dx+
∫ b

c

f(x)dx ≤ U(f, Pε).

Epomènwc,

(4.4.30)
∣∣∣∣ ∫ b

a

f(x)dx−

(∫ c

a

f(x)dx+
∫ b

c

f(x)dx

)∣∣∣∣ ≤ U(f, Pε)− L(f, Pε) < ε,

kai afoÔ to ε > 0  tan tuqìn,

(4.4.31)
∫ b

a

f(x)dx =
∫ c

a

f(x)dx+
∫ b

c

f(x)dx.

AntÐstrofa: upojètoume ìti h f eÐnai oloklhr¸simh sto [a, b] kai jewroÔme ε > 0.
Up�rqei diamèrish P tou [a, b] ¸ste

(4.4.32) U(f, P )− L(f, P ) < ε.
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An c /∈ P jètoume P ′ = P ∪ {c}, opìte p�li èqoume

(4.4.33) U(f, P ′)− L(f, P ′) ≤ U(f, P )− L(f, P ) < ε.

MporoÔme loipìn na upojèsoume ìti c ∈ P . OrÐzoume P1 = P ∩ [a, c] kai P2 =
P ∩ [c, b]. Oi P1, P2 eÐnai diamerÐseic twn [a, c] kai [c, b] antÐstoiqa, kai

(4.4.34) L(f, P ) = L(f, P1) + L(f, P2) , U(f, P ) = U(f, P1) + U(f, P2).

AfoÔ

(4.4.35) (U(f, P1)− L(f, P1)) + (U(f, P2)− L(f, P2)) = U(f, P )− L(f, P ) < ε,

èpetai ìti

(4.4.36) U(f, P1)− L(f, P1) < ε kai U(f, P2)− L(f, P2) < ε.

AfoÔ to ε > 0  tan tuqìn, to krit rio tou Riemann deÐqnei ìti h f eÐnai oloklhr¸simh
sta [a, c] kai [c, b]. T¸ra, apì to pr¸to mèroc thc apìdeixhc paÐrnoume thn isìthta

(4.4.37)
∫ b

a

f(x)dx =
∫ c

a

f(x)dx+
∫ b

c

f(x)dx. 2

Je¸rhma 4.4.6. 'Estw f : [a, b] → R oloklhr¸simh sun�rthsh. Upojètoume ìti
m ≤ f(x) ≤M gia k�je x ∈ [a, b]. Tìte,

(4.4.38) m(b− a) ≤
∫ b

a

f(x)dx ≤M(b− a).

ShmeÐwsh. O arijmìc

(4.4.39)
1

b− a

∫ b

a

f(x)dx

eÐnai h mèsh tim  thc f sto [a, b].

Apìdeixh. ArkeÐ na diapist¸sete ìti gia k�je diamèrish P tou [a, b] isqÔei

(4.4.40) m(b− a) ≤ L(f, P ) ≤ U(f, P ) ≤M(b− a)

(to opoÐo eÐnai polÔ eÔkolo). 2

Pìrisma 4.4.7. (a) 'Estw f : [a, b] → R oloklhr¸simh sun�rthsh. Upojètoume
ìti f(x) ≥ 0 gia k�je x ∈ [a, b]. Tìte,

(4.4.41)
∫ b

a

f(x)dx ≥ 0.

(b) 'Estw f, g : [a, b] → R oloklhr¸simec sunart seic. Upojètoume ìti f(x) ≥ g(x)
gia k�je x ∈ [a, b]. Tìte,

(4.4.42)
∫ b

a

f(x)dx ≥
∫ b

a

g(x)dx.
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Apìdeixh. (a) Efarmìzoume to Je¸rhma 4.4.6: mporoÔme na p�roume m = 0.

(b) H f − g eÐnai oloklhr¸simh sun�rthsh kai (f − g)(x) ≥ 0 gia k�je x ∈ [a, b].
Efarmìzoume to (a) gia thn f−g kai qrhsimopoioÔme th grammikìthta tou oloklhr¸-
matoc. 2

Je¸rhma 4.4.8. 'Estw f : [a, b] → [m,M ] oloklhr¸simh sun�rthsh kai èstw
φ : [m,M ] → R suneq c sun�rthsh. Tìte, h φ ◦ f : [a, b] → R eÐnai oloklhr¸simh.

Apìdeixh. 'Estw ε > 0. Ja broÔme diamèrish P tou [a, b] me thn idiìthta U(φ ◦
f, P )− L(φ ◦ f, P ) < ε. To zhtoÔmeno èpetai apì to krit rio tou Riemann.

H φ eÐnai suneq c sto [m,M ], �ra eÐnai fragmènh: up�rqei A > 0 ¸ste |φ(ξ)| ≤
A gia k�je ξ ∈ [m,M ]. EpÐshc, h φ eÐnai omoiìmorfa suneq c: an jèsoume ε1 =
ε/(2A+ b− a) > 0, up�rqei 0 < δ < ε1 ¸ste, gia k�je ξ, η ∈ [m,M ] me |ξ − η| < δ
isqÔei |φ(ξ)− φ(η)| < ε1.

Efarmìzontac to krit rio tou Riemann gia thn oloklhr¸simh sun�rthsh f ,
brÐskoume diamerish P = {a = x0 < x1 < · · · < xk < xk+1 < · · · < xn = b} ¸ste

(4.4.43) U(f, P )− L(f, P ) =
n−1∑
k=0

(Mk(f)−mk(f))(xk+1 − xk) < δ2.

OrÐzoume

I = {0 ≤ k ≤ n− 1 : Mk(f)−mk(f) < δ}
J = {0 ≤ k ≤ n− 1 : Mk(f)−mk(f) ≥ δ}.

ParathroÔme ta ex c:

(i) An k ∈ I, tìte gia k�je x, x′ ∈ [xk, xk+1] èqoume |f(x) − f(x′)| ≤ Mk(f) −
mk(f) < δ. PaÐrnontac ξ = f(x) kai η = f(x′), èqoume ξ, η ∈ [m,M ] kai |ξ−η| < δ.
'Ara,

|(φ ◦ f)(x)− (φ ◦ f)(x′)| = |φ(ξ)− φ(η)| < ε1.

AfoÔ ta x, x′  tan tuqìnta sto [xk, xk+1], sumperaÐnoume ìtiMk(φ◦f)−mk(φ◦f) ≤
ε1 (exhg ste giatÐ). 'Epetai ìti

(4.4.44)
∑
k∈I

(Mk(φ ◦ f)−mk(φ ◦ f))(xk+1 − xk) ≤ ε
∑
k∈I

(xk+1 − xk) ≤ (b− a)ε1.

(ii) Gia to J èqoume, apì thn (4.4.43),

(4.4.45) δ
∑
k∈J

(xk+1 − xk) ≤
∑
k∈J

(Mk(f)−mk(f))(xk+1 − xk) < δ2,

�ra

(4.4.46)
∑
k∈J

(xk+1 − xk) < δ < ε1.

EpÐshc,

(4.4.47) |(φ ◦ f)(x)− (φ ◦ f)(x′)| ≤ |(φ ◦ f)(x)|+ |(φ ◦ f)(x′)| ≤ 2A
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gia k�je x, x′ ∈ [xk, xk+1], �ra Mk(φ◦f)−mk(φ◦f) ≤ 2A gia k�je k ∈ J . 'Epetai
ìti

(4.4.48)
∑
k∈J

(Mk(φ ◦ f)−mk(φ ◦ f))(xk+1 − xk) ≤ 2A
∑
k∈J

(xk+1 − xk) < 2Aε1.

Apì tic (4.4.44) kai (4.4.48) sumperaÐnoume ìti

U(φ ◦ f, P )− L(φ ◦ f, P ) =
n−1∑
k=0

(Mk(φ ◦ f)−mk(φ ◦ f))(xk+1 − xk)

=
∑
k∈I

(Mk(φ ◦ f)−mk(φ ◦ f))(xk+1 − xk)

+
∑
k∈J

(Mk(φ ◦ f)−mk(φ ◦ f))(xk+1 − xk)

< (b− a)ε1 + 2Aε1 = ε.

Autì oloklhr¸nei thn apìdeixh. 2

Qrhsimopoi¸ntac to Je¸rhma 4.4.8 mporoÔme na elègxoume eÔkola thn oloklhrwsimìth-
ta diafìrwn sunart sewn pou prokÔptoun apì thn sÔnjesh miac oloklhr¸simhc
sun�rthshc f me kat�llhlec suneqeÐc sunart seic.

Je¸rhma 4.4.9. 'Estw f, g : [a, b] → R oloklhr¸simec sunart seic. Tìte,

(a) h |f | eÐnai oloklhr¸simh kai

(4.4.49)
∣∣∣∣ ∫ b

a

f(x)dx
∣∣∣∣ ≤ ∫ b

a

|f(x)|dx.

(b) h f2 eÐnai oloklhr¸simh.

(g) h fg eÐnai oloklhr¸simh.

Apìdeixh. Ta (a) kai (b) eÐnai �mesec sunèpeiec tou Jewr matoc 4.4.8. Gia to (g)
gr�yte

(4.4.50) fg =
(f + g)2 − (f − g)2

4

kai qrhsimopoi ste to (b) se sunduasmì me to gegonìc ìti oi f + g, f − g eÐnai
oloklhr¸simec. 2

Mia sÔmbash. Wc t¸ra orÐsame to
∫ b
a
f(x)dx mìno sthn perÐptwsh a < b (douleÔame

sto kleistì di�sthma [a, b]). Gia praktikoÔc lìgouc epekteÐnoume ton orismì kai
sthn perÐptwsh a ≥ b wc ex c:

(a) an a = b, jètoume
∫ a
a
f = 0 (gia k�je f).

(b) an a > b kai h f : [b, a] → R eÐnai oloklhr¸simh, orÐzoume

(4.4.51)
∫ b

a

f(x)dx = −
∫ a

b

f(x)dx.



72 · Olokl rwma Riemann

4.5 O orismìc tou Riemann*
O orismìc pou d¸same gia thn oloklhrwsimìthta miac fragmènhc sun�rthshc f :
[a, b] → R ofeÐletai ston Darboux. O pr¸toc austhrìc orismìc thc oloklhrwsimìth-
tac dìjhke apì ton Riemann kai eÐnai o ex c:

Orismìc 4.5.1. 'Estw f : [a, b] → R fragmènh sun�rthsh. Lème ìti h f eÐnai
oloklhr¸simh sto [a, b] an up�rqei ènac pragmatikìc arijmìc I(f) me thn ex c
idiìthta:

Gia k�je ε > 0 mporoÔme na broÔme δ > 0 ¸ste: an P = {a = x0 <
x1 < · · · < xn = b} eÐnai diamèrish tou [a, b] me pl�toc ‖P‖ < δ kai an
ξk ∈ [xk, xk+1], k = 0, 1, . . . , n − 1 eÐnai tuqoÔsa epilog  shmeÐwn apì
ta upodiast mata pou orÐzei h P , tìte∣∣∣∣ n−1∑

k=0

f(ξk)(xk+1 − xk)− I(f)
∣∣∣∣ < ε.

Se aut  thn perÐptwsh lème ìti o I(f) eÐnai to (R)-olokl rwma thc f sto [a, b].

Sumbolismìc. Sun jwc gr�foume Ξ gia thn epilog  shmeÐwn {ξ0, ξ1, . . . , ξn−1} kai∑
(f, P,Ξ) gia to �jroisma

(4.5.1)
n−1∑
k=0

f(ξk)(xk+1 − xk).

Parathr ste ìti t¸ra to Ξ {upeisèrqetai} sto sumbolismì
∑

(f, P,Ξ) afoÔ gi-
a thn Ðdia diamèrish P mporoÔme na èqoume pollèc diaforetikèc epilogèc Ξ =
{ξ0, ξ1, . . . , ξn−1} me ξk ∈ [xk, xk+1].

H basik  idèa pÐsw apì ton orismì eÐnai ìti

(4.5.2)
∫ b

a

f(x)dx = lim
∑

(f, P,Ξ)

ìtan to pl�toc thc P teÐnei sto mhdèn kai ta ξk epilègontai aujaÐreta sta upodi-
ast mata pou orÐzei h P . Epeid  den èqoume sunant sei tètoiou eÐdouc {ìria} wc
t¸ra, katafeÔgoume ston {eyilontikì orismì}.

Skopìc aut c thc paragr�fou eÐnai h apìdeixh thc isodunamÐac twn dÔo orism¸n
oloklhrwsimìthtac:

Je¸rhma 4.5.2. 'Estw f : [a, b] → R fragmènh sun�rthsh. H f eÐnai oloklhr¸simh
kat� Darboux an kai mìno an eÐnai oloklhr¸simh kat� Riemann.

Apìdeixh. Upojètoume pr¸ta ìti h f eÐnai oloklhr¸simh kat� Riemann. Gr�foume
I(f) gia to olokl rwma thc f me ton orismì tou Riemann.

'Estw ε > 0. MporoÔme na broÔme mia diamèrish P = {a = x0 < x1 <
· · · < xn = b} (me arket� mikrì pl�toc) ¸ste gia k�je epilog  shmeÐwn Ξ =
{ξ0, ξ1, . . . , ξn−1} me ξk ∈ [xk, xk+1] na isqÔei

(4.5.3)
∣∣∣∣ n−1∑
k=0

f(ξk)(xk+1 − xk)− I(f)
∣∣∣∣ < ε

4
.
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Gia k�je k = 0, 1, . . . , n− 1 mporoÔme na broÔme ξ′k, ξ
′′
k ∈ [xk, xk+1] ¸ste

(4.5.4) mk > f(ξ′k)−
ε

4(b− a)
kai Mk < f(ξ′′k ) +

ε

4(b− a)
.

'Ara,

(4.5.5) L(f, P ) >
n−1∑
k=0

f(ξ′k)(xk+1 − xk)−
ε

4
> I(f)− ε

2

kai

(4.5.6) U(f, P ) <
n−1∑
k=0

f(ξ′′k )(xk+1 − xk) +
ε

4
< I(f) +

ε

2
.

'Epetai ìti

(4.5.7) U(f, P )− L(f, P ) < ε,

dhlad  h f eÐnai oloklhr¸simh kat� Darboux. EpÐshc,

(4.5.8) I(f)− ε

2
<

∫ b

a

f(x)dx ≤
∫ b

a

f(x)dx < I(f) +
ε

2
,

kai afoÔ to ε > 0  tan tuqìn,

(4.5.9)
∫ b

a

f(x)dx =
∫ b

a

f(x)dx = I(f).

Dhlad ,

(4.5.10)
∫ b

a

f(x)dx = I(f).

AntÐstrofa: upojètoume ìti h f eÐnai oloklhr¸simh me ton orismì tou Darboux.
'Estw ε > 0. Up�rqei diamèrish P = {a = x0 < x1 < · · · < xn = b} tou [a, b] ¸ste

(4.5.11) U(f, P )− L(f, P ) <
ε

4
.

H f eÐnai fragmènh, dhlad  up�rqei M > 0 ¸ste |f(x)| ≤ M gia k�je x ∈ [a, b].
Epilègoume

(4.5.12) δ =
ε

6nM
> 0.

'Estw P ′ diamèrish tou [a, b] me pl�toc ‖P‖ < δ, h opoÐa eÐnai kai eklèptunsh
thc P . Tìte, gia k�je epilog  Ξ shmeÐwn apì ta upodiast mata pou orÐzei h P ′

èqoume ∫ b

a

f(x)dx− ε

4
< L(f, P ) ≤ L(f, P ′) ≤

∑
(f, P ′,Ξ)

≤ U(f, P ′) ≤ U(f, P ) <
∫ b

a

f(x)dx+
ε

4
.
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Dhlad ,

(4.5.13)
∣∣∣∣∑(f, P ′,Ξ)−

∫ b

a

f(x)dx
∣∣∣∣ < ε

2
.

Zht�me na deÐxoume to Ðdio pr�gma gia tuqoÔsa diamèrish P1 me pl�toc mikrìtero
apì δ (h duskolÐa eÐnai ìti mia tètoia diamèrish den èqei kanèna lìgo na eÐnai eklèp-
tunsh thc P ).

'Estw P1 = {a = y0 < y1 < · · · < ym = b} mia tètoia diamèrish tou [a, b]. Ja
{prosjèsoume} sthn P1 èna-èna ìla ta shmeÐa xk thc P ta opoÐa den an koun sthn
P1 (aut� eÐnai to polÔ n− 1).

Ac poÔme ìti èna tètoio xk brÐsketai an�mesa sta diadoqik� shmeÐa yl < yl+1 thc
P1. JewroÔme thn P2 = P1 ∪ {xk} kai tuqoÔsa epilog  Ξ(1) = {ξ0, ξ1, . . . , ξm−1}
me ξl ∈ [yl, yl+1], l = 0, 1, . . . ,m − 1. Epilègoume dÔo shmeÐa ξ′l ∈ [yl, xk] kai ξ′′l ∈
[xk, yl+1] kai jewroÔme thn epilog  shmeÐwn Ξ(2) = {ξ0, ξ1, . . . , ξl−1, ξ

′
l, ξ

′′
l , . . . , ξm−1}

pou antistoiqeÐ sthn P2. 'Eqoume∣∣∣∣∑(f, P1,Ξ(1))−
∑

(f, P2,Ξ(2))
∣∣∣∣ = |f(ξl)(yl+1 − yl)− f(ξ′l)(xk − yl)

−f(ξ′′l )(yl+1 − xk)|
≤ 3M max

l
|yl+1 − yl| < 3Mδ

=
ε

2n
.

Antikajist¸ntac th dosmènh (P1,Ξ(1)) me ìlo kai leptìterec diamerÐseic (Pk,Ξ(k))
pou prokÔptoun me thn prosj kh shmeÐwn thc P , met� apì n to polÔ b mata
ft�noume se mia diamèrish P0 kai mia epilog  shmeÐwn Ξ(0) me tic ex c idiìthtec:

(a) h P0 eÐnai koin  eklèptunsh twn P kai P1, kai èqei pl�toc mikrìtero apì δ.

(b) afoÔ h P0 eÐnai eklèptunsh thc P , ìpwc sthn (4.5.13) èqoume

(4.5.14)
∣∣∣∣∑(f, P0,Ξ(0))−

∫ b

a

f(x)dx
∣∣∣∣ < ε

2
.

(g) afoÔ k�name to polÔ n b mata gia na ft�soume sthn P0 kai afoÔ se k�je b ma
ta ajroÐsmata apeÐqan to polÔ ε

2n , èqoume∣∣∣∣∑(f, P1,Ξ(1))−
∑

(f, P0,Ξ(0))
∣∣∣∣ < n

ε

2n
=
ε

2
.

Dhlad , gia thn tuqoÔsa diamèrish P1 pl�touc < δ kai gia thn tuqoÔsa epilog 
Ξ(1) shmeÐwn apì ta upodiast mata thc P1, èqoume∣∣∣∣∑(f, P1,Ξ(1))−

∫ b

a

f(x)dx
∣∣∣∣ <

∣∣∣∣∑(f, P1,Ξ(1))−
∑

(f, P0,Ξ(0))
∣∣∣∣

+
∣∣∣∣∑(f, P0,Ξ(0))−

∫ b

a

f(x)dx
∣∣∣∣

<
ε

2
+
ε

2
= ε.

'Epetai ìti h f eÐnai oloklhr¸simh me ton orismì tou Riemann, kaj¸c kai ìti oi

I(f) kai
∫ b
a
f(x)dx eÐnai Ðsoi. 2


