
Apeirostikìc Logismìc II (2010�11)

Basik� jewr mata

1. K�je akoloujÐa èqei toul�qiston mÐa monìtonh upakoloujÐa.

2. [Bolzano-Weierstrass] K�je fragmènh akoloujÐa èqei toul�qiston mÐa upakoloujÐa
pou sugklÐnei se pragmatikì arijmì.

3. (a) K�je akoloujÐa Cauchy eÐnai fragmènh.

(b) An mia akoloujÐa Cauchy (an) èqei sugklÐnousa upakoloujÐa, tìte h (an) sugklÐnei.
(g) Mia akoloujÐa (an) sugklÐnei an kai mìno an eÐnai akoloujÐa Cauchy.

4. An
∞∑

k=1

ak = s, tìte an → 0.

5. 'Estw (ak) akoloujÐa me ak ≥ 0 gia k�je k ∈ N. H seir�
∞∑

k=1

ak sugklÐnei an kai mìnon

an h akoloujÐa (sn) twn merik¸n ajroism�twn eÐnai �nw fragmènh. An h (sn) den eÐnai

�nw fragmènh, tìte
∞∑

k=1

ak = +∞.

6. An h seir�
∞∑

k=1

ak sugklÐnei apolÔtwc, tìte h seir�
∞∑

k=1

ak sugklÐnei.

7. 'Estw
∞∑

k=1

ak kai
∞∑

k=1

bk dÔo seirèc me ak, bk > 0 gia k�je k ∈ N. An

lim
k→∞

ak

bk
= ` > 0,

tìte h seir�
∞∑

k=1

bk sugklÐnei an kai mìno an h seir�
∞∑

k=1

ak sugklÐnei.

8. [Krit rio lìgou] 'Estw
∞∑

k=1

ak mia seir� me mh mhdenikoÔc ìrouc. An lim
k→∞

∣∣∣ak+1

ak

∣∣∣ < 1,

tìte h
∞∑

k=1

ak sugklÐnei apolÔtwc.

9. 'Estw
∞∑

k=0

akx
k mia dunamoseir� me suntelestèc ak. An h dunamoseir� sugklÐnei sto

y 6= 0 kai an |x| < |y|, tìte h dunamoseir� sugklÐnei apolÔtwc sto x.

10. 'Estw f : A → R mia sun�rthsh. H f eÐnai omoiìmorfa suneq c sto A an kai mìno an
gia k�je zeug�ri akolouji¸n (xn), (yn) sto A me xn − yn → 0 isqÔei f(xn)− f(yn) → 0.

11. 'Estw f : [a, b] → R suneq c sun�rthsh. Tìte, h f eÐnai omoiìmorfa suneq c sto
[a, b].

12. [Krit rio tou Riemann] 'Estw f : [a, b] → R fragmènh sun�rthsh. H f eÐnai Riemann
oloklhr¸simh an kai mìno an gia k�je ε > 0 mporoÔme na broÔme diamèrish Pε tou [a, b]
¸ste

U(f, Pε)− L(f, Pε) < ε.
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13. K�je monìtonh sun�rthsh f : [a, b] → R eÐnai Riemann oloklhr¸simh.

14. K�je suneq c sun�rthsh f : [a, b] → R eÐnai Riemann oloklhr¸simh.

15. [je¸rhma mèshc tim c tou oloklhrwtikoÔ logismoÔ] 'Estw f : [a, b] → R suneq c
sun�rthsh kai èstw g : [a, b] → R oloklhr¸simh sun�rthsh me mh arnhtikèc timèc. Up�rqei
ξ ∈ [a, b] ¸ste ∫ b

a
f(x)g(x)dx = f(ξ)

∫ b

a
g(x)dx.

16. 'Estw f : [a, b] → R oloklhr¸simh sun�rthsh. To aìristo olokl rwma F (x) =∫ x
a f(t) dt thc f eÐnai suneq c sun�rthsh sto [a, b].

17. 'Estw f : [a, b] → R oloklhr¸simh sun�rthsh. An h f eÐnai suneq c sto x0 ∈ [a, b],
tìte h F (x) =

∫ x
a f(t) dt eÐnai paragwgÐsimh sto x0 kai

F ′(x0) = f(x0).

18. 'Estw G : [a, b] → R paragwgÐsimh sun�rthsh. An h G′ eÐnai oloklhr¸simh sto [a, b]
tìte ∫ b

a
G′(x)dx = G(b)−G(a).

19. [Je¸rhma Taylor] 'Estw f : [a, b] → R mia sun�rthsh n + 1 forèc paragwgÐsimh sto
[a, b] kai èstw x0 ∈ [a, b]. Tìte, gia k�je x ∈ [a, b],
(i) (morf  Cauchy tou upoloÐpou) Up�rqei ξ metaxÔ twn x0 kai x ¸ste

Rn,f,x0(x) =
f (n+1)(ξ)

n!
(x− ξ)n(x− x0).

(ii) (morf  Lagrange tou upoloÐpou) Up�rqei ξ metaxÔ twn x0 kai x ¸ste

Rn,f,x0(x) =
f (n+1)(ξ)
(n + 1)!

(x− x0)n+1.

(iii) (oloklhrwtik  morf  tou upoloÐpou) An h f (n+1) eÐnai oloklhr¸simh sun�rthsh, tìte

Rn,f,x0(x) =
1
n!

∫ x

x0

f (n+1)(t)(x− t)n dt.
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