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Rafael Bombelli (1526-1572) (1/4)

« Rafael Bombelli (baptised on 20 January 1526; died 1572[a]) was an
Italian mathematician.

 Born in Bologna, he is the author of a treatise on algebra and is a
central figure in the understanding of imaginary numbers.

 He was the one who finally managed to address the problem with
imaginary numbers. In his 1572 book, L'Algebra, Bombelli solved
equations using the method of del Ferro/Tartaglia. He introduced
the rhetoric that preceded the representative symbols +i and -i and
described how they both worked.
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Rafael Bombelli (1526-1572) (2/4)

 Rafael Bombelli was baptised on 20 January 1526[1] in Bologna,
Papal States. He was born to Antonio Mazzoli, a wool merchant,
and Diamante Scudieri, a tailor's daughter. The Mazzoli family was
once quite powerful in Bologna. When Pope Julius |l came to power,
in 1506, he exiled the ruling family, the Bentivoglios. The
Bentivoglio family attempted to retake Bologna in 1508, but failed.
Rafael's grandfather participated in the coup attempt, and was
captured and executed.
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Rafael Bombelli (1526-1572) (3/4)

* Later, Antonio was able to return to Bologna, having changed his
surname to Bombelli to escape the reputation of the Mazzoli family.
Rafael was the oldest of six children. Rafael received no college
education, but was instead taught by an engineer-architect by the
name of Pier Francesco Clementi.

 Katz 3rd ed p. 405. Bombelli was educated as an engineer and spent
much of his adult life working on engineering projects in the service
of his patron, a Roman nobleman who was a favorite of Pope

* Paul lll. The largest project in which he was involved was the
reclamation of the marshes in the Val di Chiana into arable

* land. Today that valley, extending southeast for about sixty miles
between the Arno and the Tiber, is still one of the most fertile in
central Italy.
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Rafael Bombelli (1526-1572) (4/4)

 Bombelli later served as a consultant on a proposed project for the
draining of the Pontine Marshes near Rome.

* During a lull in the reclamation work caused by a war in the area, he was
able to work on his algebra treatise at his patron’s villa in Rome sometime
between 1557 and 1560.

* Other professional engagements delayed the printing of it, however, and it
did not appear until shortly before his death in 1572.

* Rafael Bombelli felt that none of the works on algebra by the leading
mathematicians of his day provided a careful and thorough exposition of
the subject. Instead of another convoluted treatise that only
mathematicians could comprehend, Rafael decided to write a book on
algebra that could be understood by anyone. His text would be self-
contained and easily read by those without higher education.

e IxOALO: TNV €ypal e ot LTAALKAL.
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AAyeBpa (1572)

 Bombelli’s Algebra was more in the tradition of Luca Pacioli’s Summa and
the German Coss works than was Cardano’s book. Bombelli began the
book with elementary material and gradually worked up to the solving of
cubic and quartic equations.

* Like Cardano, he gave a separate treatment to each class of cubics, but he
expanded on Cardano’s brief treatment of quartics by giving a separate
section to each of those classes as well.

* After dealing with the theoretical material, he presented the student with
a multitude of problems using the techniques developed in the earlier
chapters. He had originally intended to include practical problems similar
to those of the earlier abacus works, but after studying a copy of

* Diophantus’s Arithmetica at the Vatican Library, he decided to replace
these with abstract numerical problems taken from Diophantus and other
sources.
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AAyeBpa (1572): Auvapelg

Recall that algebraic symbolism was gradually replacing the strictly verbal accounts of
the Moslems and of the earliest Italian algebraists. Cardano had used some symbolism, but
Bombelli's was a bit different. For example, he used R.g. to denote the square root, R.c. to
denote the cube root, and similar expressions to denote higher roots. He used | | as parentheses
to enclose long expressions, asin R.c.|2 p R.g.21]. but kept the standard Italian abbreviations
of p for plus and m for minus. His major notational innovation was the use of a semicircle
around a number n to denote the nth power of the unknown. Thus, x* + 6x% — 3x would be
written as

3 2
=

p 6m 3.
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AlyveBpa (1572). Mwyadikot (1/2)

* Writing powers numerically rather than in the German form of symbols
allowed him easily to express the exponential laws for multiplying and
dividing monomials.

* Late in the first part of the Algebra, Bombelli introduced “another sort of
cube root much different from the former, which comes from the chapter
on the cube equal to the thing and number; . . . this sort of root has it own
algorithms for various operations and a new name.”

ey This root is the one that occurs in the cubic equations of the form x” =cx + d
when ( f_r;".lz — ﬁ}ﬂ 1s negative. Bombelli proposed a new name for these numbers, which
are neither positive (pii) nor negative (meno), that 1s, the modern imaginary numbers. The
numbers written today as bi, —bi, respectively, Bombelh called piit di meno (plus of minus)
and meno di meno (minus of minus). For example, he wrote 2 + 3i as2 pdim 3and 2 — 3i

H AAyeBpa tng Avayévvnong 11



AlveBpa (1572). Mwyadikot (2/2)

* As 2mdi m3. Bombelli presented the various laws
of multiplication for these new (complex)
numbers, such as

* pi udi meno times pi udi meno gives meno and
pi u di meno times meno di meno gives pi u

((bi)(ci) = —bc, bi(—ci) = bc).

e Katd karmolo Tpomo cuveBOAL(E TO CNUEPVO i, me
l(p di m”

* 2yOAl0. Imaginary numbers: atuxnc ovopaoto !
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AANveBpa (1572). Mpaéelc pyodLkwv.
“Sofistry”. (1/2)

To illustrate his rules, Bombelli gave numerous examples of the four arithmetic operations
on these new numbers. Thus, to find the product of {1-’2 + /=3 and EFE + /=3 one first
multiplies +/—3 by itself to get —3, then 2 by itself to get 4, then adds these two to get 1 for
the “real” part. Next, one multiplies 2 by +/—3 and doubles the result to get /—48. The answer
is v/ | + —38. To divide 1000 by 2 + 11i, Bombelli multiplied both numbers by 2 — 11i.
He then divided the new denominator, 123, into 1000, giving 8, which in turn he multiplied

by 2 — 11i to get 16 — 88i as the result. Bombelli, although he noted that “the whole matter
seems to rest on sophistry rather than on truth.”** nevertheless presented here for the first

H AAyeBpa tng AvayEvvnong
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AANveBpa (1572). Mpaéelc pyodLkwv.
“Sofistry”. (2/2)

seems to rest on sophistry rather than on truth.”** nevertheless presented here for the first
time the rules of operation for complex numbers. It seems clear from his discussion that he
developed these rules strictly by analogy to the known rules for dealing with real numbers.
Arguing by analogy i1s a common method of making mathematical progress, even if one 1s not
able to give rigorous proofs. Of course, because Bombelli did not know what these numbers
“really” were, he could give no such proofs.

H AAyeBpa tng AvayEvvnong
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Erte§nynoeig (1/5)

* [1l0 CUYKEKPLUEVO XPNOLUOTIOLEL: al/3pt/3 = (ab)1/3,
. (al/z)2 = a Kol OxL a’2q1/2 = (aa)1/2

* Question: Can we define f a complex function on C, so as to
be continuous and (f(2))2 = z?

* Question: Can we define f a complex function on C, so as to
be (f(2))2 =z and

* f(z)f(22) = f(z12,)
* Let f(1) = 1 (we should examine the case -1 t00).
* Let f(—1) =i (we should examine the case -i too).

© f) = FUEDED) = FEDFED = i = -1

h @‘ H AAyeBpa tng AvayEvvnong
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Erteénynoeig (2/5)

Proofs notwithstanding, with the rules for dealing with complex numbers now available,
Bombelli could discuss how to use Cardano’s formula for the case x* = cx + d whether

{%jl — [%}3 is positive or negative. He first considered the example x° = 6x 4 40. Cardano’s
procedure gives x = V20 £ /302 1+ 20 — /392, even though it 1s obvious that the answer
is x = 4. Bombelli showed how one can see that the sum of the two cube roots is in fact 4.
He assumed that 20 + +/392 equals the cube of a quantity of the form a + +/b for some

numbers a and b, or &FED + /392 =a + /b. This implies that \,'ra"ill] — V32 =a — /b

H AAyeBpa tng AvayEvvnong
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Erteénynoeig (3/5)

Multiplying these two equations together gives +'8 = a® — b or a? — b = 2. Furthermore,
cubing the first equation and equating the parts without square roots gives a” + 3ab = 20.
Bombelli did not attempt to solve this system of two equations in two unknowns by a
general argument. Rather, he noted that the only possible integral value for a 1s a = 2.
Fortunately, b = 2 then provides the other value in each equation, so Bombelli had shown

that v/20 + /392 = 2 + 2 and /20 — +/302 =2 — /2. It follows that the solution to the
cubic equation is x = (2 + +/2) + (2 — v'Z) =4 as desired.

H AAyeBpa tng AvayEvvnong
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Erte§nynoeig (4/5)

For the equation x* = 15x + 4, the Cardano formula gives

x =2+ V=12 42— V=121

although again it 1s clear that the answer i1s x = 4. Bombelh used his newfound knowledge of

complex numbers to apply the same method as above. He first assumed that \,3:"2 + /—121 =
a+ «/—b. Then 1.;3’{2 — /=121 =a — «/—b, and a short calculation leads to the two equations
a’+ b =3 and a® — 3ab =2. Again. Bombelli carefully showed that a = 2 was the only
possibility. Then & = 1 provides the other solution and the desired cube root is 2 + +/—1. It
follows that the solution to the cubic equationisx = (24+ =)+ (2 — V=D orx =4.

H AAyeBpa tng AvayEvvnong
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Erteénynoeig (5/5)

Bombelli presented several more examples of the same type, where in each case he was
able somehow to calculate the appropriate values of a and b. He did note, however, that this
was not possible in general. If one attempts to solve the system in a and b by a general method,
such as substitution, one 1s quickly led back to another cubic equation. Bombell also showed
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YyoAloopoc: Ataotaon lotopiac Ko
2XOALKOU ZUOTNHOTOC

that complex numbers could be used to solve quadratic equations that previously had been
thought to have no solution. For example, he used the standard quadratic formula to show that
x% 4+ 20 = 8x has the solutions x =4 + 2i and x =4 — 2i. Although he could not answer all
questions about the use of complex numbers, his ability to use them to solve certain problems
provided mathematicians with the first hint that there was some sense to dealing with them.
Since mathematicians were still not entirely happy with using negative numbers—Cardano
called them fictitious and Bombelli did not consider them as roots at all—it is not surprising
that it took many years before they were entirely comfortable with using complex numbers.

H AAyeBpa tng AvayEvvnong
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H «AAyeBpoa» tov Bombelli (Ital.), 1579

]
LALGEBRA
OPERA
DiRarar: Bomezrrrda Bologna
Diuilain tre Libri,
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H «AAveBpa». Euxaplotiec oto xopnyo

aL R%EVERENDISSIMO
“MONSIGNOR, IL SIGNOR

ALESSANDRO RVFINI,

VESCOVO DIGNISS.. .
Bt Mm.m; SR
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>UvOEON UE TTPONYOU LEVAL.
O poAoc Twv HLyadlkwv oplOuwyv ota
nadnuatka, mept to 1800
e E¢élowoelc Tpitou Kat TeETaptou fadbuou
* Mpa&eoloyla pyadikwv — Bombelli kAt
* Muwadikn ekBetIkn ocuvaptnon
* E¢&lowoelc Caychy — Riemann

* OepeAlwdec Bewpnuoa tnc alyeBpac
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Exponential Function
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E¢lowoelc Cauchy — Reimann
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O wpoLoTeEPOC HaOnuatikoc tumnoc!

e oim = —1
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H «AAyeBpoa» tov Bombelli (ital.). Alya

AoyLa

Bombelli's Algebra was intended to be in five books. The first three
were published in 1572 and at the end of the third book he wrote
that [1]:

... the geometrical part, Books IV and V, is not yet ready for the
publisher, but its publication will follow shortly.

Unfortunately Bombelli was never able to complete these last two
volumes for he died shortly after the publication of the first three
volumes. In 1923, however, Bombelli's manuscript was discovered
in a library in Bologna by Bortolotti. As well as a manuscript version
of the three published books, there was the unfinished manuscript
of the other two books. Bortolotti published the incomplete
geometrical part of Bombelli's work in 1929. Some results from
Bombelli's incomplete Book IV are also described in [17] where
author remarks that Bombelli's methods are related to the
geometrical procedures of Omar Khayyam.

a5 , .
Z% % H AAyeBpa tng Avayévwnong
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http://www-history.mcs.st-andrews.ac.uk/Mathematicians/Khayyam.html

Muhammad ibn Mussa al-
Khwarazmi (Bagdad?, 780 - 850)

hanng mankcare io potelsi upplire, chemohi’; ‘¢
moltifone yitra qaali certo Mautietro' di Mosd

i ! e

RRNS ¢ daqui'credo, che
ucn ebia , percheg

g 3
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http://ca.wikipedia.org/wiki/Bagdad

H «AAyeBpa». Avadopa o Alodavto
(1/3)

no creduto, ¢ detto. quanti doppe lui hasne ferilh |
to, ma quefti anoi paflati , eflendofi rittovato
di Noftro:Signore:in.Vaticano, compofta di us
gerto Diofaste Aleflandrino Autor Grecoyilquar
Jefui a rempo di Anronin Pio, & hauendomela far
13 vedere Mefler Antonio Maria Pazzi Reguiana
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H «AAyeBpa». Avadopa o Alodavto
(2/3)

http://www-history.mcs.st-
andrews.ac.uk/Biographies/Bombelli.html|, On one of
Bombelli's visits to Rome he made an exciting mathematical
discovery. Antonio Maria Pazzi, who taught mathematics at
the University of Rome, showed Bombelli a manuscript

of Diophantus's Arithmetica and, after Bombelli had examined
it, the two men decided to make a translation. Bombelli wrote
in [2] (see also [3]):- ... [we], in order to enrich the world with
a work so finely made, decided to translate it and we have
translated five of the books (there being seven in all); the
remainder we were not able to finish because of pressure of
work on one or other.

% H AAyeBpa tng Avayévvnong
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H «AAyeBpa». Avadopa o Alodavto
(3/3)

* Despite never completing the task, Bombelli began
to revise his algebra text in the light of what he had
discovered in Diophantus. In particular, 143 of the
272 problems which Bombelli gives in Book Ill are
taken from Diophantus. Bombelli does not identify
which problems are his own and which are due
to Diophantus, but he does give full credit
to Diophantus acknowledging that he has borrowed
many of the problems given in his text from
the Arithmetica.

¢ 1iea)
E T@‘ H AAyeBpa tng AvayEvvnong
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H «AAyeBpa». ZUuBoAa PLOkwv
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H «AAyeBpoa». MoAAATTAQCLAOUOC
PLULKWV

?um Rq ‘j
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H «AAyeBpa». MoAAamAaoLooOC
npaypatikwy (1/2)

Pii via piu fa pith.

Mcnoo viz meno 2 plu.

Pil viamenofa meno,

Meno via ;nu fa menu. ._
Pul 8 uia pitr'8, fa pitt £4.
Mcno's via meno 6, {1 piti 3s.
Meno 4 viapia 5,fa MEno 20,
Piu s viameno 4.£3 meno 2o,
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H «AAyeBpa». MoAAamAaoLooOC
TPAYHLOTIKWY (2/2)

Bombelli's Algebra gives a thorough account of the algebra then known
and includes Bombelli's important contribution to complex numbers.
Before looking at his remarkable contribution to complex numbers we
should remark that Bombelli first wrote down how to calculate with
negative numbers. He wrote (see [2] or [3]):-

Plus times plus makes plus, Minus times minus makes plus

Plus times minus makes minus, Minus times plus makes minus

Plus 8 times plus 8 makes plus 64, Minus 5 times minus 6 makes plus 30
Minus 4 times plus 5 makes minus 20, Plus 5 times minus 4 makes
minus 20

As Crossley notes in [3]:- Bombelli is explicitly working with signed
numbers. He has no reservations about doing this, even though in the

problems he subsequently treats he neglects possible negative solutions.

In Bombelli's Algebra there is even a geometric proof that minus time
minus makes plus; something which causes many people difficulty even
today despite our mathematical sophistication.

% HA\yeBpa tng Avayévwnong
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H «AAyeBpoa». MoANATIAQGLAOUOC LY OO LKWV.
i, piu di meno, -i meno di meno

. Pitt uia pid di menojfa pindimeno.
Meno uia pilt di meno,fa meno dimeno.
Pt uia meno dimeno, fAmeno dimeno.

‘ Meno tia meno di meno,fi pib dimeno.
Pit di meno uia pit dimeno fameno.
Pit di meno uia mendi menofapin. © -
Menodimeno uia pitidimenofapit. -
. Meno di meno uia men dimeno fa meno.

ieie s  H AlyeBpa tng Avayévvnong
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H «AAyeBpa». MoAAATTAQCLACOC
Ly S LKWV

Bombelli, himself, did not find working with complex numbers easy
at first, writing in [2] (see also [3]):- And although to many this will
appear an extravagant thing, because even | held this opinion some
time ago, since it appeared to me more sophistic than true,
nevertheless | searched hard and found the demonstration, which
will be noted below. ... But let the reader apply all his strength of
mind, for [otherwise] even he will find himself deceived.

Bombelli was the first person to write down the rules for addition,
subtraction and multiplication of complex numbers. After giving this
description of multiplication of complex numbers, Bombelli went on
to give rules for adding and subtracting them. He then showed that,
using his calculus of complex numbers, correct real solutions could
be obtained from the Cardan-Tartaglia formula for the solution to a
cubic even when the formula gave an expression involving the
square roots of negative numbers.

a5 , .
Z% % H AAyeBpa tng Avayévwnong

37


http://www-history.mcs.st-andrews.ac.uk/Mathematicians/Cardan.html
http://www-history.mcs.st-andrews.ac.uk/Mathematicians/Tartaglia.html

H «AAyeBpa». ZupBoAiopotl

* Finally we should make some comments on Bombelli's
notation. Although authors such as Pacioli had made
limited use of notation, others such as Cardan had used
no symbols at all. Bombelli, however, used quite
sophisticated notation.

* It is worth remarking that the printed version of his book
uses a slightly different notation from his manuscript,
and this is not really surprising for there were problems
printing mathematical notation which to some extent
limited the type of notation which could be used in print.
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H «AAyeBpa». ZupBoAiopotl

Modern Bornbelli Bormbelli
notation printed wiritten
L WL
¥ S =
2 2 s
¥ S =
Ja4+ 76 Rg|4pRgb | R|dpEG
Yo+ 012 Ro|2pRg[Om121] | E3|E|:|E|Drn121||
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H «AAyeBpa». Etidoyoc

e OLpuyoadikol evtaxBnkov 0To YEVIKOTEPO CUCTNUAL.

* E&nynOnke (wg éva BaBuo) o tumoc tou Cardano
oUUBOALOpOC Suvapewy Kot pL{LKwV e aplBuouc.

Bombelli was the last of the [talian algebraists of the Renaissance. His Algebra, however,
was widely read in other parts of Europe. Two men, one in France and one in the Netherlands,
just before the turn of the seventeenth century used both Bombelli's work and some newly
rediscovered Greek mathematical works to take algebra into new directions.
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Teloc Yrmogvotntag

Bombelli ko piyadikot apBuot



Xpnuoatodotnon

* To mopov ekmaldeuTLKO UALKO EXeL avamtuxBel oto mAaiolo Tou
eKTtaLOEVTIKOU €pyou Tou dtdbdokovta.

* To £pyo «Avoikta Akadnpaika Madnipata oto Naveniotipio ABnvwv»

EXEL XpNUaTodOTACEL LOVOo TNV avadlapopdwaon Tou eKTOLOEUTIKOU
UALKOU.

* To £pyo vAomoleital oto rAaiolo Tou Emyelpnotakol MpoypapaToq
«Ekmaiidevon kot Ata Blou Mabnon» kat cuyxpnuatodoteital amo tnv

Evpwnaikn Evwon (Evpwmaiko Kowvwviko Tapeio) kot oo eBVIKoug
TTOPOUC.

EMIXEIPHZIAKO MPOrPAMMA
EKI'IAIAEYZH KAI AIA BIOY MAGHZH & Ez rIA

YNOYPIFEIO MAIAEIAX KAl BPHIKEYMATAQON

E iiko6 K 6 Tapei
SRRSO SGRImNAaT Me tn ouyxpnpatrodoétnon tn¢ EAAGadag kat tn¢ Evpwnaikig Evwong
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>NUElwpa lotoplkovu Ekbooewv Epyou

To tapov €pyo amotelel tnv €kdoon 1.0.

ggk
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>NUElwpa Avodopac

Copyright EBvikov kat Kamodiotplakov Mavemniotipwov ABnvwy,
Nanaotaupidng Ztavpoc. «lotopia Neotepwv MabBnuatikwy, H AAyveBpa tng
Avaygvvnonc». Ekdoon: 1.0. ABriva 2015. AwaBgotpo amo tn Stktuokn
SdtevBuvon: http://opencourses.uoa.gr/courses/MATH113/.
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>NUElwpa Adetodotnong

To tapov LVALKO SlatiBetal pe toug 0poug tng adeslac xpnong Creative Commons
Avadopd, Mn Eumopwkn Xprion MNapopota Atavopn 4.0 [1] R petayevéotepn, AleBvng
‘Exkboon. E&atlpolvtal ta autoteAn €pya Tplitwy m.x. dwroypadiec, Staypappota
K.A.TT., TOL OTIOLOL EUTIEPLEXOVTOAL OE QLUTO Kall Ta oTtoia avadEpovtal pall e Toug
OpPOUC XPNOoNC Toug oto «XZnueiwpa Xpriong Epywv Tpitwv».

©OE0)

[1] http://creativecommons.org/licenses/by-nc-sa/4.0/

Q¢ Mn Epmopkn opiletal n xpnon:

* 1ou 6ev mePAOPPAVEL AUECO 1] EUECO OLKOVOLLKO OPEAOC Ao TNV Xprion Tou €pyou, yLa
TO SlovopEa Tou €pyou Kot adelodoyo

* 1ou 6ev meplAapPaveL olkovouLKr) ouvaAlayn we npolnoBeon yla tn xpnon n npooBaocn
OTO £pyO

* 1ou 6ev nmpoomopilel oto SLavopEa Tou £pyou Kal adelod0X0 ELUECO OLKOVOULKO OPEAOC
(rt.x. Stapnuioelc) arod tnv npoPfolr Tou €pyou o SLASLKTUAKO TOTIO

O Swaovyo¢ pmopel va rapexel otov adelodoyo Eexwplotr adeLa va XpnOLLLOTIOLEL TO €pYO yLa
EUTTOPLKNA Xpnon, epocov auto tou {ntnbeLl.
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[1] http:/creativecommons.org/licenses/by-nc-sa/4.0/

Alatnpnon ZNUELWHATWY

Ornoladnmnote avamapoywyn N dSlookeun Tou UALKOU Ba TtpeETmeL
va cUUTTEPLAQLUBAvVEL:

" 10 2nueilwpa Avadopadc

" 10 2nueilwpo Adelodotnong

= N 6nAwon Alathpnong ZNUELWUATWY

= 10 2nueilwpa Xpriong Epywv Tpitwv (edodoov umdpxel)

noll pe touc cuvodEUOUEVOUC UTIEPOUVOECHOUC.
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>NUelwpa Xpnong Epywv Tpltwv

To Epyo auTO KAVEL Xprjon Twv aKOAoUuBwv £pywv:
Ewkoveg/Zxnuata/Awaypappato/Dwrtoypadieg

Ewkova 1: "Algebra by Rafael Bombelli" by Unknown - Book printed by editor
Giovanni Rossi. Licensed under Public Domain via Wikimedia Commons -

https://commons.wikimedia.org/wiki/File:Algebra_by Rafael Bombelli.gif#/media/
File:Algebra_by Rafael Bombelli.gif
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