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>UpBoAa tou Ars Magna

REecvra,

Deducito tertiam partem numeti rerum
ad cubum, cui addes quadratum dimidij nu-
meri 2quationis , & totits accipe radicem ,
{cilicec quadratam,, quam feruabis vnique
dimidium numeri quodiam in fe duxeras,
adiicies, ab altera dimidium jdem minues,
habebifque Binomium' cum fuz Apstomz,
inde detracta 5. cubica Apotomz ex .
cubica fui Binomij, refiduzm qued ex hoc
relinquitar; ek tel 2ftimatio. Exemplum,
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Rule

Cube one-third the coefficient of
x; add to it the square of one-half
the constant of the equation; and
take the square root of the
whole. You will duplicate this,
and to one of the two you add
one-half the number you have
already squared and from the
other you subtract one-half the
same. You will then have a
binomium and its apotome. Then
subtracting the cube root of the
apotome from the cube root of
the binomium, the remainder [or]
that which is left is the value of x.



=eKWVapE amno tnv eélowon x3 + cx =




Exemplum x3 + 6x = 20 (1/3)
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duc 1c, dimidiym numeriinfe, fit 10e.

For example,
x? 4+ 6x = 20.

Cube 2, one-third of 6, making 8; square 10, one-half the constant;

100 results. AttHland S—meking.l08 the square—romtof-vwhich—it-
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Exemplum x3 + 6x = 20 (2/3)

o e ™

junge 1oo. & 8. fit 168, accipe radicem
quz eft & 108. & eam gemina bis , alte-
ri addes xo. dimidium numeri, a b altero
minues tantundem , habebis Binomium 1.
108. p. 10. & Apotomcn@: 108. . 10.
horum aceipe 7 cub®.8 minue illam
quz cﬂ::. Apotemz,ab ea q_ué eft Binomi],
habebis rei 2ftimationem ,*w:.'b. cub. B
IQSﬁlolﬁly_v. cubica B:. 108, M. 10.

Potpesndier Add 100 and 8, making 108, the square root of which is
+/108. This you will duplicate: to one add 10, one-half the constant,
and from the other subtract the same. Thus you will obtain the
binomium V108 + 10 and its apotome V108 — 10. Take the cube
roots of these. Subtract [the cube root of the] apotome from that of the
btnomium and you will have the value of x:

V3108 + 10* — ¥ V108 — 10
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Exemplum x3 + 6x = 20 (3/3)
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Tetaptofabuia e¢lowon,
ToPAOELY UL



Nopadeyua (1/3)

* OewpoUlpe MoAVWVUHO 4° Babuou ue pitec 1, 1, 2, -4, eivatL to

s (x—-DEx-DE-2)(x+4)=(x*—2x+1)(x*+2x —8) = x*—
11x? + 18x — 8

 Hetlowonx*—11x?+ 18x — 8 = 0, ypadetat:
e x*—8 =11x?—18x

* OamnpocBeooupe og apdpotepa ta LEAN Eva deuTEPOPABULO TPLWVU O
LLE apoodLopLoTN Yo TNV WP TIAPAETPO b, WOTE TO MPWTO MEAOC va
elvoll TEAELO TETPAYWVO EK KATAOKEVNG, To O€ delteEPO HEAOC O
yilvetal TEAELO TETPAYWVO HE KATAAANAN €TtLAoyN Tou b.

* OamnpooBeoovpe to 2bx? + b? + 8, omote £XOUpE

x* + 2bx* + b? = (11 + 2b)x?> —18x + b?> + 8
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Nopadeyua (2/3)

e To mpwto HEAOC AOLTTOV Elvall TEAELO TETPAYWVO O,TL Kall
va elvatto b. To 6eUtepo PEAOC Ba yivel TEAELO
TETPAYWVO UE KaTtAAANAN emthoyn tou b. Mpoc touTo,
emeldn eivol moAvwvupo dgutepou Babuou, Ba

npemneL n (Avkelokn) dtakpivouoa tou va sival 0.
AnAadn:

e 182 —4(11+ 2b)(b? + 8) = 0, n petd anod NPALeLC:
e 2b3 +11b%> +16b —7 =0

* H wcavw e€lowaon eival n EmtAvovoa (Resolvent) tn¢
aPXLKNG TeETApTORABLOC.

E @‘ H AAyeBpa tng AvayEvvnong
i ,‘
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Nopadeyua (3/3)

* Av 10 b IKavoTtoLEL auTh TNV €€lowon, TOTE

e (114 2b)x2 — 18x + b? +8==(11+2b)(x—

R
g8  HA\veBpa tg Avayéwnong
'
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TetaptoBabula e€lowon mapadetypua.

KATZ, p. 403

e Cardano’s pupil Lodovico Ferrari

(1522 —1565)

, succeeded in finding the solution to the

fourth-degree equation. Cardan
this solution briefly near the enc

o presented
of the Ars

magna, where he listed the 20 different types

of quartic equations, outlined a

0asiC

procedure, and calculated a few examples.
This basic procedure begins with a linear
substitution that eliminates the ...

Wwe ,
E @‘ H AAyeBpa tng AvayEvvnong
i ,‘
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Tetaptofaduia e€lowon mapadeypa. KATZ, p.
404. Taking square roots, is ignored.

term in x°, leaving an equation of the form x* + cx? 4+ e = dx, for instance. To solve this
equation, second-degree and constant terms are added to both sides to turn each side into
a perfect square. One then takes square roots and calculates the answer. We illustrate the
procedure with one of Cardano’s examples: x* + 3 = 12x. If we add 2bx? + b> — 3 to both
sides (where b 1s to be determined), the left side becomes x4+ 2bx%2 + b2 a perfect square,
while the right side becomes 2bx? 4+ 12x + b> — 3. For this latter expression to be a perfect
square, we must have 2b(b> — 3) = (12/2)? or 2b° = 6b + 36. Therefore, we need to solve
a cubic equation in &. (This equation is now called the resolvent cubic of the given quartic.)
Cardano, of course, had a rule for solving this equation, butin this caseitisclearthat b = 3isa
solution. Thus, the added polynomial is 6x2 + 6, and the original equation is transformed into
x* + 6x% + 9 = 6x% + 12x + 6. Taking square roots gives x> + 3 = +/6(x + 1), the solutions
to which are easily found to be
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TetaptoBabuia e€lowon mapadeypo. KATZ, Ot Aoumeg
pllec TNC emAVovoaC HLVOUV TIEpPALTEPW PLLEC TNC
apPXLKNC TeTapTofaduioc?

x:‘/ll:I: \/6—11.
2 2

Are these the only roots of the quartic? One can attempt to find others by taking negative
square toots in the equation x* + 6x% + 9 = 6x2 4 12x + 6, but that leads to complex values
for x that Cardano ignored. In other examples, he did use both sets of roots. One could also
look for other roots by using a second solution of the resolvent cubic. Cardano evidently
considered this possibility but only teased the reader about what happens: “I need not say
whether having found another value for 5 . . . we would come to two other solutions [for x].
If this operation delights you, you may go ahead and inquire into this for yourself.’!”

H AAyeBpa tng AvayEvvnong
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Ao
i % HAAyeBpa tng Avayévvnong
N

TetaptoBabula e€lowon, mapadelypa:
H ntepumttwon pyadikwyv pulwv
e EEayovtac TETpaYWVIKEC pLlEC, QLYVOEL TO —
* OLpilec ou BpnkKe Lo mavw elval BTIKEC
e Aev AapBavet v’ oPv Ttnv neplmtwon
e x* +3 = —61/2(x + 1), n onola €xel
LLYaOLKEC pllec
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> UYKPLOLC AQTLVLKOU - alYYALKOU
Ars Magna, ch. 39, prob. 9

QvaesTIO IX.

Inuenias numerum , cuins quad. quadra-
tum , cam quadruplo {ui, & 8.zquetur de-
¢uplo fui quadrati , dicemusigitur 1. quad.
quadratum p. 4. pof. p.8.xquantur 1 0.qua-
dratis. Quare femper pofitiones dabimus

|z.quad. quad. p. 4. pol.p. 8. -

1 0. quad.

'1 quad. quad. p. 8. | 10. quad mq.pof

quadratis, & auferemusd quad. quadrato,
& habebimus 1. quad. quadratum p. &,
zquale 20, Quadratism, 4. pofitionibus, &

¢ HAAyeBpa tng AvayEvvnong

Problem IX

Find a number the fourth
power of which plus four
times itself plus 8 is equal to
ten times its square. We will
say, therefore,

x* + 4x + 8 = 10x2
Therefore, as always, we
give the x's

to the squares, taking them
from x* and we will have

xt* + 8 =10x% — 4x

19



Ars Magna, trl. T. Richard Witmer, p. 248
Ch. XXXIX (1/5)

ProerLEM IX
Find a number the fourth power of which plus four times itself plus
8 15 equal to ten times its square. We will say, therefore,

¥ 4 4x 4+ 8 = 10«3,

Therefore, as always, we give the #’s to the squares, taking them from
x*, and we will have

¥+ 8B =10« — 4x

and, since we see that the coefficient of 2% is great and that of x small,
we will attempt to decrease the coefficient of x* rather than to augment
it. This we will do by subtracting 2x* from both sides although the
usual practice would be, on the contrary, to begin [by subtracting]

[
| 2% H AAyeBpa TS AvayEwnonc
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Ars Magna, trl. T. Richard Witmer, p. 248
Ch. XXXIX (2/5)

from the minor quantity [rather than] from the squares?® since it is
not proper that a negative second power should appear on the side of
the first power, because there would then be no square root. Having,
however, subtracting 2x? from both sides, you will have

x* — 2x% + B = B8x?® — 4x.

It is clear, however, thatifx* — 2x%is to have a square root, the number
must be + 1. Butitis 4+ 8. So 7 must be subtracted from both sides, and
we will accordingly have

xt — 2% 4 ] = 82 — 4x — 7.

[
. 2% H AAyeBpa TS AvayEwnonc
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Ars Magna, trl. T. Richard Witmer, p. 248
Ch. XXXIX (3/5)

We will therefore add in the negative, so to speak, 2bx* to the remaining
—2x%, in accordance with the rule, and we will add #* + 2b positively,
as by the same rule, to the number on both sides. Therefore the two
sides will be equal, for the things that were added and subtracted
were equal. Hence (8 — 2b)x® — 4x + (b® + 2b) — 7 has a square

" HAlyeBpa tng Avayévvnong
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Ars Magna, trl. T. Richard Witmer, p. 248
Ch. XXXIX (4/5)

root. By multiplying, therefore, the first part, which is (8 — 25)x? by
the third, which 15 (6* + 2b) — 7, what vou see in the margin
[(Bb2 + 166 — 56 — 26% — 452 + 145)x%] results as the coefficient of
x* and this must be equal to 42%, which is the number produced by
squaring one-half the middle part. Therefore, by canceling x* from

| ‘?\ H AAyeBpa tng Avayévvnong
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Ars Magna, trl. T. Richard Witmer, p. 248
Ch. XXXIX (5/5)

both sides, the multinomial becomes equal to 4. Whence, reducing the
parts [still further] to their likenesses,

26 + 60 = 4% + 306
and
b + 30 = 2b% + 155,

wherefore b equals 2, whether working according to the rule or by one’s
own sense alone,

Note. There are three things to be noted about this: First, that I
reduced & in this problem to a number so that you could see its true
value more clearly, for it is always foolish to add difficulty to difficulty.
Second, that

B + 30 = 26 + 15b

has another solution besides 2, which can be found by its proper rule,

¢ HAAyeBpa tng AvayEvvnong
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Ars Magna, trl. T. Richard Witmer

‘QXQCPF@)'/ €?+Q€+1 s
(g-26)x* _Ux + (6 +2€) =
To NpwZo pEdes evau ((x ..Ch%”))

Av €= Q = g@u’zepo N&)\os E/U\/ou
l/‘fx 3t L WHZ@W\P(A.)Z@X éx 49

qu 2\ %W\Gwé\ﬂ N opxtUN G.x%{ A=

B g)t - (D]
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Ars Magna, trl. T. Richard Witmer p.
250 (1/2)

xt — 6x2 +9 =4x2 — 4x + 1.

It is evident, moreover, that both [sides] have double roots, as you see,
but reduction having been made, they necessarily come to two
equations:

either x2 = 2x + 2

or x2 + 2x = 4.

The solutions for these equations are V'3 + 1 and V5 — 1. I say,
therefore, that with these solutions

xt + 4x + 8 = 1042,

% HA\yeBpa tng Avayévwnong
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Ars Magna, trl. T. Richard Witmer p.
250 (2/2)
0.250, x*—6x24+9 = 4x2—4x+ 1, so

(x?—3)> =(2x—1)2s0 (x* —3) = (2x —
1) or

—(2x—1) so

xt—2x—2=0or x242x—4 =0 the
solutions are

1+ 321 —3"2 and —1 + 51/2,—1 — 51/2

27



Ars Magna, trl. T. Richard Witmer p. 250.

Challenging the reader!

The proof of this is given clearly at the side, as is evident. I need not
say whether, having found another value for b in the case of

b3 + 30 = 262 + 15b

we would come to two other solutions [for x]. If this operation delights
you, you may go ahead and inquire into this for yourself.

H AAyeBpa tng AvayEvvnong
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Ars Magna. Katz, p. 404
Refined and useless

This problem is simply to divide 10 into two parts (here we go again!) such that the product
1s 40. By standard techniques of solving quadratic equations, Cardano showed that the two
parts must be 5 4+ +/—15 and 5 — +/—135. Although he checked that these answers in fact
satisfy the conditions of the problem, he was not entirely happy with the solution, for, as he
wrote, “So progresses arithmetic subtlety the end of which, as is said, is as refined as it is
useless.”?? Cardano thus left off the discussion and wrote no more about complex numbers.

H AAyeBpa tng AvayEvvnong
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Teloc Yrmogvotntag

EntiAuon eélowonc tetaptou Babuou



Xpnuoatodotnon

* To mopov ekmaldeuTLKO UALKO EXeL avamtuxBel oto mAaiolo Tou
eKTtaLOEVTIKOU €pyou Tou dtdbdokovta.

* To £pyo «Avoikta Akadnpaika Madnipata oto Naveniotipio ABnvwv»

EXEL XpNUaTodOTACEL LOVOo TNV avadlapopdwaon Tou eKTOLOEUTIKOU
UALKOU.

* To £pyo vAomoleital oto rAaiolo Tou Emyelpnotakol MpoypapaToq
«Ekmaiidevon kot Ata Blou Mabnon» kat cuyxpnuatodoteital amo tnv

Evpwnaikn Evwon (Evpwmaiko Kowvwviko Tapeio) kot oo eBVIKoug
TTOPOUC.

EMIXEIPHZIAKO MPOrPAMMA
EKI'IAIAEYZH KAI AIA BIOY MAGHZH & Ez rIA

YNOYPIFEIO MAIAEIAX KAl BPHIKEYMATAQON

E iiko6 K 6 Tapei
SRRSO SGRImNAaT Me tn ouyxpnpatrodoétnon tn¢ EAAGadag kat tn¢ Evpwnaikig Evwong
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2 NUELWLOTOL



>NUElwpa lotoplkovu Ekbooewv Epyou

To tapov €pyo amotelel tnv €kdoon 1.0.

ggk
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>NUElwpa Avodopac

Copyright EBvikov kat Kamodiotplakov Mavemniotipwov ABnvwy,
Nanaotaupidng Ztavpoc. «lotopia Neotepwv MabBnuatikwy, H AAyveBpa tng
Avaygvvnonc». Ekdoon: 1.0. ABriva 2015. AwaBgotpo amo tn Stktuokn
SdtevBuvon: http://opencourses.uoa.gr/courses/MATH113/.
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>NUElwpa Adetodotnong

To tapov LVALKO SlatiBetal pe toug 0poug tng adeslac xpnong Creative Commons
Avadopd, Mn Eumopwkn Xprion MNapopota Atavopn 4.0 [1] R petayevéotepn, AleBvng
‘Exkboon. E&atlpolvtal ta autoteAn €pya Tplitwy m.x. dwroypadiec, Staypappota
K.A.TT., TOL OTIOLOL EUTIEPLEXOVTOAL OE QLUTO Kall Ta oTtoia avadEpovtal pall e Toug
OpPOUC XPNOoNC Toug oto «XZnueiwpa Xpriong Epywv Tpitwv».

©OE0)

[1] http://creativecommons.org/licenses/by-nc-sa/4.0/

Q¢ Mn Epmopkn opiletal n xpnon:

* 1ou 6ev mePAOPPAVEL AUECO 1] EUECO OLKOVOLLKO OPEAOC Ao TNV Xprion Tou €pyou, yLa
TO SlovopEa Tou €pyou Kot adelodoyo

* 1ou 6ev meplAapPaveL olkovouLKr) ouvaAlayn we npolnoBeon yla tn xpnon n npooBaocn
OTO £pyO

* 1ou 6ev nmpoomopilel oto SLavopEa Tou £pyou Kal adelod0X0 ELUECO OLKOVOULKO OPEAOC
(rt.x. Stapnuioelc) arod tnv npoPfolr Tou €pyou o SLASLKTUAKO TOTIO

O Swaovyo¢ pmopel va rapexel otov adelodoyo Eexwplotr adeLa va XpnOLLLOTIOLEL TO €pYO yLa
EUTTOPLKNA Xpnon, epocov auto tou {ntnbeLl.
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[1] http:/creativecommons.org/licenses/by-nc-sa/4.0/

Alatnpnon ZNUELWHATWY

Ornoladnmnote avamapoywyn N dSlookeun Tou UALKOU Ba TtpeETmeL
va cUUTTEPLAQLUBAvVEL:

" 10 2nueilwpa Avadopadc

" 10 2nueilwpo Adelodotnong

= N 6nAwon Alathpnong ZNUELWUATWY

= 10 2nueilwpa Xpriong Epywv Tpitwv (edodoov umdpxel)

noll pe touc cuvodEUOUEVOUC UTIEPOUVOECHOUC.

¢ HAAyeBpa tng AvayEvvnong
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>NUelwpa Xpnonc Epywv Tpltwv

To Epyo auTO KAVEL Xprjon Twv aKOAoUuBwv £pywv:

Ewkoveg/Zxnuata/Awaypappato/Dwrtoypadieg

s
e’ H AlyeBpa tnG Avayévvnong
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