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Henri Poincaré (1854 - 1912)

* "Mathematics is the art of giving the same
name to different things." Henri Poincaré.

e (This was in response to "Poetry is the art of
giving different names to the same thing."),
.. http://www-history.mcs.st-
and.ac.uk/Quotations/Poincare.html



http://www-history.mcs.st-and.ac.uk/Quotations/Poincare.html

Epwtnon Lomonosov (1/3)

* NAopovocod: OL amapxEC TWV PWOLKWV EMLOTNUWYV

O MuwyanA /\ouovooocl: (1711- 1765) smcmuovaq, ToLNTAC,
SdladwTtLoTnG, elval P npoomeomta TEPAOTLOG
elBEAeLacC. Eixe tnVv T[pu)TLOL otn Quoikn, otn CDL?\ooocha
otn Aoyotexvia. Art' autov Eekivnoe N PWOLKOG TTOALTIOUOC
LLE TN CUYXPOVN EVVOLA QLUTNG TNG AEENC.

e A0 anoPewc eUBEAELOC WC MTPOCWTILKOTNTA, KOL WG
oUMBOAN 0To OUYXPOVO PWOLKO TIOALTIOLO, TOV CUYKPLVOLV
ue tov Meyaho MNetpo. MaAwota, dnpoloyouvtav OTL NTAV
g&wyapocg ylog tou. Ovtwe, o MNetpoc eixe tasldePel otn
A\eukn Oalaocoa, Omou Kol yevvnOnke o Aopovoocod, yla va
EPYQOTEL EKEL 0€ vauTINyElo. OewpnTIKA, EVOEXETAL VAL NTAV
OVTWC.

aTKA otn Mecoalwvikr) Eupwrn



Epwtnon Lomonosov (2/3)

* O Bioc tou Aopovocod umApee aviypHaTikoc. O matEpC Tou ATav
gukataotatoc. Eixe éva peyalo ktnpo, eva kopadpt, aAAd o yLo¢
£€puye PE YL artooToAr) aAlevpdtwy yio tn Mooya, kot {ovoe kel
o€ €vdela. Evoc pooxoBitne aslwUaTIKOC ToU £lXe eENyNOEL OTL yLa
va “KOTOKTNOELC TN YVWOoN TIPETEL VAL LABELC AQTLVIKA, KL QUTO
LITOPELC vaL TO TTETUXELC pHovo otn Mooya”.

e .. 'Htav bLaitepa SuocapeotnueVoC pe tov Lotoptkd MiAAep. O
MiAAep Bewpoloe OtL N Lotopla eival kaBapn emotun. Onwce
OUVEBNOOV TA MPAYLLATA, ETOL TPETEL KAl va kataypadovtat. Evw o
Nopovoocod vunootipLle, otL pLv e€ouolodotnOeL KAoLog va
oloXOANOEel e TNV LoTOpia, MPEMEL va SWOoEL OpKO OTL Oa ypa et
pHovov autd rtov Ba dofdoouv tnv Natpida. Kot va pnv
oloXOAEeitoll LE OKOTEWVEG TTAEUPEG TNG LoTtopiag. Kat yevikotepa, o
PWOOC LOTOPLKOG MIPEMEL vaL Elval tavw art' 6Aa Pwooc.

MaBnuatikad otn Mecotlwvikr) Eupwrn




Epwtnon Lomonosov (3/3)

* Wikipedia. The principle of conservation of mass was
first outlined by Mikhail Lomonosov (1711-1765) in
1748. He proved it by experiments—though this is
sometimes challenged.2l Antoine Lavoisier (1743—
1794) had expressed these ideas in 1774. Others
whose ideas pre-dated the work of Lavoisier
include Joseph Black (1728-1799), Henry
Cavendish (1731-1810), and Jean Rey (1583-1645).110

* [9] Pomper, Philip (October 1962). "Lomonosov and
the Discovery of the Law of the Conservation of Matter
in Chemical Transformations". Ambix 10 (3): 119-127

aTKA otn Mecoalwvikr) Eupwrn
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Steven A. Usitalo The Invention of Mikhail Lomonosov:
A Russian National Myth, Academic Studies Press, 2013

(1/2)

* This study explores the evolution of Lomonosov’s imposing
stature in Russian thought from the middle of the
eighteenth century to the closing years of the Soviet
period.

* |t reveals much about the intersection in Russian culture of
attitudes towards the meaning and significance of science,
as well as about the rise of a Russian national identity, of
which Lomonosov became an outstanding symbol.

* |dealized depictions of Lomonosov were employed by
Russian scientists, historians, and poets, among others, in
efforts to affirm to their countrymen and to the state the
pragmatic advantages of science to a modernizing nation.

g% Madnpatikd otn Meoatwvikr Eupwrn




Steven A. Usitalo The Invention of Mikhail Lomonosov:
A Russian National Myth, Academic Studies Press, 2013

(2/2)

* This study explores the evolution of Lomonosov’s imposing
stature in Russian thought from the middle of the
eighteenth century to the closing years of the Soviet
period.

* |t reveals much about the intersection in Russian culture of
attitudes towards the meaning and significance of science,
as well as about the rise of a Russian national identity, of
which Lomonosov became an outstanding symbol.

* |dealized depictions of Lomonosov were employed by
Russian scientists, historians, and poets, among others, in
efforts to affirm to their countrymen and to the state the
pragmatic advantages of science to a modernizing nation.
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>uvouaotikn, MpoAoyoc (1/2)

e KATZ p. 337. The earliest Jewish source on this topic
seems to be the mystical work Sefer Yetsirah (Book of
Creation), written sometime before the eighth century
and perhaps as early as the second century. In it the
unknown author calculated the various ways in which
the 22 letters of the Hebrew alphabet can be arranged.
He was interested in this calculation because the
Jewish mystics believed that God had created the
world and everything in it by naming these things (in
Hebrew, of course): “God drew them, combined them,
weighed them, interchanged them, and through them
produced the whole creation and everything that is
destined to be created. ..

aTKA otn Mecoalwvikr) Eupwrn 11



>uvouaotikn, MpoAoyoc (2/2)

 Two stones [letters] build two houses [words],
three build six houses, four build twenty-four
nouses, five build one hundred and twenty
nouses, six build seven hundred and twenty
nouses, seven build five thousand and forty
nouses.” Evidently, the author understood

that the number of possible arrangements of
n letters was n!. (Elvat etot?)

Mo , , ,
i3 @‘ MaBnuatikd otn Meoatwvik Eupwrn 12
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Yuvouaotikn, NpoAoyoc, Sefer Yetzirah

 Word And Image In Medieval Kabbalah the texts, commentaries,
and diagrams of the Sefer Yetsirah, Marla Segol, p. 24

 "The Seven Doubles, how does one permute them? Two stones
build two houses, three build six houses, four build 24 houses, five
build 120 houses, six build 720 houses, and seven build 5040
houses. From there on go out and calculate that which the mouth
cannot speak and the ear cannot hear".

e (ouveyilel),

 These are the 7 planets in the universe: Sun, ... The seven days of
creation. And the seven gates in the Soul. ... Seven is therefore
beloved for every desire under heaven.

e (2xOAo0. 7 nuepec tnc eBdopadag)

MaBnuatikad otn Mecotlwvikr) Eupwrn
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>uvbuaoTtikn, NpoAoyocg, Shabbetai
Donnolo

* An Italian rabbi, Shabbetai Donnolo (913-970), derived

this factorial rule very explicitly in a commentary on
the Sefer Yetsirah: The first letter of a two-letter word
can be interchanged twice, and for each initial letter of
a threeletter word the other letters can be
interchanged to form two two-letter words—for each
of three times. And all the arrangements there are of
three-letter words correspond to each one of the four
letters that can be placed first in a four-letter word: a
three-letter word can be formed in six ways, and so for
every initial letter of a four-letter word there are six
ways—altogether making twenty-four words, and so
on.

aTKA otn Mecoalwvikr) Eupwrn
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>uvouaoTtikn, NpoAoyoc, AtdaKTLKN
[Mpotaon
e MMoAAamAaoLaotikn Apxn

* Kal n npooBetikn apxn PERaLa

i MaBnuatikad otn Mecotlwvikr) Eupwrn
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The Work of Abraham lbn Ezra (1/5)

* Rabbi Abraham Ben Meir Ibn Ezra (Hebrew: X71¥ jaX onn2aXor
,V'"aR7 Arabic ;'uJe (wlalso known as Abenezra) (1089-1164) was
born at Tudela, Navarre (now in Spainlll) in 1089,2l and died c.
1167, apparently in Calahorra.2l He was one of the most
distinguished Jewish men of letters and writers of the Middle Ages.

* |bn Ezra excelled in philosophy, astronomy/astrology,
mathematics, poetry, linguistics, and exegesis; he was called The
Wise, The Great and The Admirable Doctor.

* |t was in an astrological text that ibn Ezra discussed the number of
possible conjunctions of the seven “planets” (including the sun and
the moon). It was believed that these conjunctions would have a
powerful influence on human life.

¢ Mabnuatika otn Mecoalwvikr) Eupwrn
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Rabbi Ben Ezra on Permutations And
Combinations

e Author(s): Jekuthiel Ginsburg and David Eugene Smith

e Source: The Mathematics Teacher, Vol. 15, No. 6 (October, 1922), pp. 347-
356Published by National Council of Teachers of Mathematics

e cerning it. In studying some unpublished manuscripts of Rabbi Ben Ezra
(the learned Hebrew scholar of the 12th century, who is the subject of one
of Browning's poems), Mr. Ginsburg found a curious motive leading to the
study of combinations, namely, the desire of the astrologers to find the
number of ways in which the planets could come into conjunction, this
having an important bearing upon astrological predictions. The treatment

is entirely distinct from any now in use, and it has been set forth in print
only in the

¢ Mabnuatika otn Mecoalwvikr) Eupwrn
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The Work of Abraham lbn Ezra (2/5)

* C(n, k) etvar to mAnBog Twv cuvduacpwyv v ava K

* Qewpnpa. C(n, k) =ctn-1,k-1) +Cc(n—-2k—-1) +
Cn—3k—1D++Chkk—-—1)+Ck-1k—-1)

 Anodein:
e Cnk)=Cn—1,k—1) +C(n—1,k)

e (Slo emavaAnNmTIKAC EPOPUOYAC TOU MAPATIOVW)
=Cn—1,k—1) +C(n—2,k—1) +C(n—2,k)

‘iu‘ MaBnpatikd otn Mecatwvikr Eupwrn
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The Work of Abraham lbn Ezra,

[MpooBetikn ApxN
o Awbaktikn Mpotaon: MpooBbetikn Apxn

* OpLopocC. Av X €va TIETIEPOLOUEVO CUVOAO, TOTE TO
nAnBoc¢ Twv otoeiwv tou cupPoAiletal pe IXI

 Oewpnua (MpocBbetikn Apxn). Av X, Y cuvola
MEMEPAOCHEVA Kol EEva peTaéL toug, Tote [XUYI
= IXI + IYI

. Oswpnp.a Av X, ,X2 , . X, 1 X €lval K cuvola
ava dvo eva petau rouq, TOTE

¢ IX,UX, U ..UX, UX I=IXI+IX,1+ ..
+1X, I+IX 1~

o , o

i3 @‘ MaBnuatikd otn Meoatwvik Eupwrn 19
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>UVOUOCUOL V ava K

e Juvbuaopol v ava K, OTtou V Kal K BeTikol
aKkEpaLoL.

* Eotw oUvolo A, v otolxelwv. Eva umtoocuvolo
TOU K OTOLXELWV €lval Evac cuvOUOOUOC V ava
K TOU A

% Malnpotikd otn Meoatwvikr Evpwrn 20



The Work of Abraham Ibn Ezra (3/5)

* Mia aAAn, mapepdepnc, aAAa o SLtetodUTIKN
arodeLen Tou MPONYoOUUEVOU Bewprinatoq

e Oswpnpa. C(nk)=C(n—1,k—1) +
Cn—-2k—-1)+Cn—-3k—1)+ -+
Ctk,k—1)+C(k—1,k—1)

e [eplypadeTol TTAPOKATW.




The Work of Abraham lbn Ezra (4/5)

Guvele W av NUEL HEVUA -

A. Q/;Vou o\ guvg\qéwc\ n ave ke
¢

flou ﬂ&eléxouv Lo Q('i o
NEN ngeexovy & a, G0 T,

Terg oSO8 OX GUV%\O(6MO\ nh ava Kk
A Veu A:LUAQ,U "'UA\n-k41

=N Ai)AZl)'”)Ah-k-l—j_ EAVeu gg\/a ava guo
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The Work of Abraham lbn Ezra (5/5)

lex v ey (\Al\ — CC‘“'.’L)V‘_’L)
\A% \: CC‘!\—Q,)\<~1 >

(/—\L(:: C,CV\-—(:) K-l) ,

Vo EV Guvex&arqg

- Cﬂ)k)’ - =
C Gt -1+ Cln-2 k)t # ((k—+, g

MaBnuatikd otn Mecatlwvikr) Eupwrn
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2XOALOLOLLOC TWV OUO0 Amodeiéewv

* HMpwtn: AAveBpikn, ATtAn, AAyeBpLKn
Kavotnta

 H AeUtepn: MEPLOCOTEPN KATAVONOH

24



Levi Ben Gerson or Gersonides

* Levi ben Gershon (1288-1344), better known by his Latinised name
as Gersonides or the abbreviation of first letters as RaLBaG,[1] was
a philosopher, Talmudist, mathematician and
astronomer/astrologer. He was born at Bagnols in Languedoc,
France. According to Abraham Zacuto and others, he was the son of
Gerson ben Solomon Catalan.

e Early in the fourteenth century, Levi ben Gerson gave careful,
rigorous proofs of various combinatorial formulas in a major work,
the Maasei Hoshev (The Art of the Calculator)

e Of course, as in any mathematical work, the reader must know the
prerequisites, in this case Books VII, VI, and IX of Euclid’s Elements,
“since it is not our intention in this book to repeat [Euclid’s] words.”

¢ Mabnuatika otn Mecoalwvikr) Eupwrn 25




Levi Ben Gerson

* Earlyin the fourteenth century, Levi ben Gerson gave
careful, rigorous proofs of various combinatorial
formulas in a major work, the Maasei Hoshev (The Art
of the Calculator) (1321). Levi's text is divided into two
parts, a first theoretical part in which every theorem
receives a detailed proof, and a second "applied" part
in which explicit instructions are given for performing
various types of calculation.(Levi used ibn Ezra's
"Hebrew" place-value system in this part.) Levi's
theoretical first section begins with a quite modern
justification for considering theory at all:

aTKA otn Mecoalwvikr) Eupwrn 26



Levi Ben Gerson, Oswpta vs. MpaéLc

(1/2)

Because the true perfection of a practical occupation
consists not only in knowing the actual performance of
the occupation but also in its explanation, why the
work is done in a particular way, and because the art of
calculating is a practical occupation, it is clear that it is
pertinent to concern oneself with its theory.

There is also a second reason to inquire about the
theory in this field. Namely, it is clear that this field
contains many types of operations, and each type
itself concerns so many different types of material that
one could believe that they cannot all belong to the
same subject.

aTKA otn Mecoalwvikr) Eupwrn 27



Levi Ben Gerson, Oswpta vs. MpaéLc

(2/2)

* Therefore, it is only with the greatest difficulty that one
can achieve belong to the same subject. Therefore, it is
only with the greatest difficulty that one can achieve
understanding of the art of calculating, if one does not
know the theory. With the knowledge of the theory,
however, complete mastery is easy.

* One who knows it will understand how to apply itin
the various cases which depend on the same
foundation. If one is ignorant of the theory, one must
learn each kind of calculation separately, even if two
are really one and the same.

aTKA otn Mecoalwvikr) Eupwrn 28



[wvopevo Mapayoviwv

In modern notation, the first result states that a(bc) = b(ac) = c(ab), while the second
extends that result to four factors. The proof of Proposition 9 simply involves counting the
number of times the various factors of the product appear in that product. In the proof of
Proposition 10, Levi noted that a(bcd) contains bed a times. Since by Proposition 9, bed
can be thought of as b(cd), it follows that the product a(bcd) contains acd b times, or,
a(bed) = b(acd), as desired. Levi then generalized these two results to any number of factors:
“By the process of rising step by step without end, this is proved; that is, if one multiplies
a number which is the product of four numbers by a fifth number, the result is the same
as when one multiplies the product of any four of these by the other number. Therefore,

% MoaBnpatd otn Mecouwvik Eupwmnn
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Quowotl AptBpot, N, A¢élwpoata tov Peano
(1858 —1932)

e Afwiwpata tou Peano
* YnapyeL otolxeio 1,

e £xeLS: N—>N, ouvaptnon mou AEyetal o
ETMMOUEVOC, (Successor), Ttou lvat Eva poc Eva
kKot To 1 Sev eival elkova tou.

e Aflwpua tnc Emaywync. Eotw A ummtoouvolo tou N
IOV TIEPLEXEL TO 1 KoL TOV EMOEVO KOBE
otolxelou tou (6nA. xeA, enetal S(x)€A).

e Tote A = N.

‘iu‘ MaBnuatikad otn Mecotlwvikr) Eupwrn 30
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A’ Kataokeun twv Quokwy, John von
Neumann Integer

1={@}

2={@, 1}

3={Q, 1, 2} ...

* n={@ ko O\a Ta
nponyouvueva} ...

* S(n)={n}@n

"% MaBnuatikd otn Mecatwviky Eupwmn

- 1={0}9
«-2=-{0,-1-}9

-3=-{0,-1,-2}-...9]
*-n=+{0--Kor-oAa-ta-IPpOonyoupeva}-...

*-S(n)={n}-Un-1

31



B’ Kataokeun tTwv Quotkwv

* 1={@} -1={0}4

« 2={1} .2={1}1]

e 3={2}... h3:{2}1’|

* S(n)={n} -+S(n)={n}-|<?\n|1]




Ertaywyikec [6€ec otov EUKAELON

“Anog ovvdevrog dptdpodg HTO TPWTOL TVOG &PLIUOD peTpelTaL.
“"Hotw odvdevtog &ot3pog 6 A Méyw, dtt 6 A Hnd mpwtov Tvog &ptdpob petpetTot.

‘Emet y&p otvdetdc éoty 6 A, petpiiost g abtov &ptdpde. petpeltw, xod Eotw 6 B. ol el pév
Tp»TéC éoTv O B, yeyovog &v el to émtaySév. ef 8¢ obdvietog, petpioet g abtov &ptdpdc.
petpeitw, nol otw O I nal énet 6 I tdv B petpel, 6 88 B tov A petpel, ot 6 1" &pa tOv A
petpel. nal el pév mpdtog eotty 6 I, yeyovog &v ey 10 émtorydév. ei 8¢ avvietog, petpiost g
adTOV Xptdpde. Totad TG 87 Yivopévng émtonddeng AnpInecetal g npdTog &ptdpac, 6¢ petpiost.
el Y&p 0d Mpdfoetan, petpAoovat tov A &ptpov &retpor &ptduol, dv Erepog Etépou Ehdoowy
éotlv: Onep éotiv &8dvatov év &ptdpols. AnpInecetal Tiq &pa mp®dTog dptduoe, 4g petpioet TOV
PO EauTol, G nat TOV A HeTPNOSL.

"Anag dpo o0vIevtog dotduog Hnd TPWToL TVOG KELIUOD petpslTar dmep Edet Sstéat.

MaBnuatikad otn Mecotlwvikr) Eupwrn
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Muxloc urtoBeon tou EukAeilon

* OLduokol aplBuol mou eival HIKpOTEPOL
karolou 6edopevou Guaoikov aplBuou eival
NMENEPACUEVOU TTANBouc.

o Aftlwpata EukAeidn ya puoikouc.

%% Malnpotikd otn Meoawwvikr) Evpwrn
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Toyka, Maocoa, NikoAaou, AptBuntikn, S1a TG
KOTWTEPOC TAEELC TWV YUvVaolwy, ogA. 112

§ 147. AciOTepog draipémng. O &pibucs 8 Exel SicpeTas TOUS
&piBpovs 1, 2, 4, 8. O 15 Exer SwxpéTas 1, 3, 5, 15.

BAéropev 811 rpddTos SicxipETns, BnA. HikpdTEPOS &Md TOUS Sion-
pétas x&Be &p1Bpov, elvaa & 1.

AeUTepos pet’ alrrdv SicapéTtng ToU 8 elvon & 2, ToU 15 & 3. *O-
pofws SeUtepos Srcapérns Tol 49 elvaa & 7.

‘Amd T& Tapadelypara ot PAétropev OTi:

‘0O Sedtepog Sraipérng avTog aptbpol elvatl mpdtog dptbpds.

MaBnuatikd otn Mecatlwvikr) Eupwrn
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Method of Generalized Example

TiBetal mpoc amodeén Bewpnuo nou
TEPLEXEL OTNV EKPWVNON, LETAEL AAAWV,
dUOCLKO aplOuo v.

Aoutov utoBetou e tnv €Ok nepimtwon v=3
N4 n5KkAT., Kalmpoxwpouue otnV anodelén

Ev cuvexeia avayyeAAoupe otoudo, «opolwg
KoL ylot kaBe vy |

ALO OLKTLKEC OKOTILLOTNTEC



>tolxela 9.20, Ou MNpwTtot eivat Amtelpot

Ot mp®Tot &ptIpot mheloug eiol Tavtdg 100 npoTtedéviog TANIOLE TEWTWY XOILEDY.

"Eotwoay ot mpotedévteg npiytol kptduot ot A, B, I Aédyw, 6t tiv A, B, I' mAsioug elol mp@tot
&ptdpol.

EiMpSw yap 6 dmo v A, B, I" éAdytotog petpovpevog st Eotw AR, nal mpoorsiodw 1@ AE
povac 1) AZ. 6 61 EZ Htot npdtoc éoty 7] ob. Eotw mpdtepov npdtoc ebpruévol pua clot
npatot dpduot ot A, B, I, EZ mielovg tav A, B, T

‘AN 81 un Eotw 6 EZ mpdrog dnd mpodtov &po voc &ptdpol petpsitat. petpeiodw HIO
npwtov 100 H' Adyw, 1 & H obdevi v A, B, T" éotv & adtoc. el y&p Svvatdv, Eotw. ot d&
A, B, T tov AE petpobory nat 6 H &pa tov AE yetpnoet. petpel 88 not tov EZ: nat domiy
™My AZ povada petpnoet 0 I &ptdpog v dnep &tomov. odu &po 6 I évi v A, B, I" éotwv
6 ad1ds. nal Hrdnetton TP@TOoC. edpnpévol &po ciol mpdtot &ptduol mAslovg Tob Tpotedévtog
mindoug twv A, B, T" ot A, B, T', H* 6nep £der Set€ar.

MaBnuatikad otn Mecotlwvikr) Eupwrn




Oswpnua KaAng Atataéng

e KaBe pun kevo utooUVOAO TwV PUOLKWVY, EXEL
£VOL EAOXLOTO OTOLXELO.

38



Artodeién (1/2)

——

AflpABI=H. Feoy Ak A+Q .

e

j?.é'but; ou &o A AEN exer el o\ 620\
Cew Azono Aoy ) 7
Fown X=§yeN: yso & at %

Neeavws 1 eX
@O\ %&rzouv\& oY Kk € X—:?CK'FJ,)@ X’

onNoze (EN ajgwn) )(:/V)Q'Zoﬂov,

MaBnuatikd otn Mecatlwvikr) Eupwrn
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Anodelén (2/2)

I ——

Eew Mooy ony CRoy g, m
(eu veou e o on e aﬂwb)

A gpou Cm+ 1Y et)( CuMauv g, o2y
vhopxe LEM ua €< (g )
Opuws meX  opa m< & apa @=n
EQElou o 25 £ ever 2o elox 62,
6Coix a0 WU A) COL'Zoﬂe\,)
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Ertaywyn: MeBobdog Antodeéng

* (ArAR) Emaywyn «.(ANAH)-ENATQrHY
* Mpdtaon P(n) *-[IPOTAZH:-P(n)-q
a) P(1) aAnBAc +-a)-P(1)-fAnONG-9

) P(K) > P(k+1) ahnrig | PV P(K)-=Plkct1)-adnBncH
-TOTE-H-P(n)--elvar-aAnBng

e Tote HP(n) eivau

aAnéng

®Y  Mabnupatikd otn Mecawwvikr Euparmnn



Ermaywyn KaAnc Awataénc

a) P(1)
b) P(i) for i<k+1 - P(k+1)

"% MaBnuatikd otn Mecatwviky Eupwmn

« ENATQrH-KAAHZ-AIATAZHES]
--a)-P(1)9
«-b)-P(i)-for-i<k+1-=>-P(k+1)-q
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OcpeAwdec Oewpnuo TNC
AplOpoBewpiag 50%

* Pewpnua. Kabe puokoc aplbuoc eivor
VLWOLLEVO TIPWTWV.

(- MaBnpatikd otn Meoatlwvikr Eupwrn
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Amtodetn (1/2)
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ArtoSeLen (2/2)
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Aldaktikn Mpotaon

* Na 6ibaockouvpe oto AUKelo, ar’ evuBelac tnv
emaywyn tnc kaAng dtataénc, (ko va
MAPAAELUTOUE TNV «aTmmAn» Emaywyn)

%% Malnpotikd otn Meoawwvikr) Evpwrn
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Ertavodoc, Nvopevo MNapayoviwv

In modern notation, the first result states that a(bc) = b(ac) = c(ab), while the second
extends that result to four factors. The proof of Proposition 9 simply involves counting the
number of times the various factors of the product appear in that product. In the proof of
Proposition 10, Levi noted that a(bcd) contains bed a times. Since by Proposition 9, bed
can be thought of as b(cd), it follows that the product a(bcd) contains acd b times, or,
a(bed) = b(acd), as desired. Levi then generalized these two results to any number of factors:
“By the process of rising step by step without end, this is proved; that is, if one multiplies
a number which is the product of four numbers by a fifth number, the result is the same
as when one multiplies the product of any four of these by the other number. Therefore,

MaBnuatikad otn Mecotlwvikr) Eupwrn
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2 XOALOLOOC

XPNOLUOTIOLEL, AVTLMETAOETIKOTNTA KAl OTL YLOL
akepatouc aff Loovutal pe «a PopPEC To B.

Ertlonc n yevikn dtatumwon auth kaB' eautn
£XEL SUOKOALEC

Exel aélot OTL TO OKEPTNKE OTL AUTOC O
LOXUPLOMOC EXEL avayKn anodeLénc.

Tt Ba Aepe oto oxoAeilo

4 ]

o DA y ‘ '
i ,@‘ MoaBnpoatka otn Meoawwvikr) Eupwrn
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Ertaywyn: Av dev EEpoupe To
JUMTTEPAOUOL?
*1+2+3+4+ ...+ v =WHv+1))/2
* Emaywyn
e 14+v=24+Ww—-1)=3+4+ (v —3) = kim.
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>xOAlo Katz, oe\. 304

* Leviis certainly not consistent about applying his induction
principle. The middle of the text contains many theorems dealing
with sums of various sequences of integers, theorems that could be
proved by induction. But for many of these, Levi uses other
methods.

* For example, in proving that the sum of the first n integers equals
n(n +1)/2 (where nis even), he uses the idea that the sums of the
first and last integers, the second and next to last, and so on, are
each equal to n + 1.The same result when n is odd is proved by
noting that those same sums are equal to twice the middle integer.

* In his proof of the formula for the sum of the first n integral cubes,
however, he does use induction, in a way reminiscent of al-Karajl's
proof of the same result. The basic inductive step is PROPOSITION
41 The square of the sum of the natural numbers
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ABpolopa Twv KUBwv = TeTpaywvo
ABpoiopatoc

PROPOSITION 42 The square of the sum of the natural numbers from I up to a given number
is equal to the sum of the cubes of the numbers from [ up to the given number.
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ABpolopa Twv KuBwv: Anupa

PROPOSITION41  The square of the sum of the natural numbers from I up to a given number
is equal to the cube of the given number added to the square of the sum of the natural numbers
from I up to one less than the given number. [In modern notation, the theorem says that
(I4+2+F+n)=n +A+24 -+ n— 1]
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>YOAlo Katz (1/2)

Levi’s proof is not quite what we would expect of a proof by induction. Instead of
arguing from n to n + 1, he argued, as did al-Karaji, from n to n — 1. He noted that, first
ofall, (1+2+---4+n)’=n"+{1~+2+---+ (n — 1)) The final summand is, also by
the previous proposition, equal to (n — 1)°> 4+ (1+2 4+ - - - + (n — 2)). Continuing in this
way, Levi eventually reached 17 = 1%, and the result is proved. We note further that, although

¥ id ¥ il o

MaBnuatikad otn Mecotlwvikr) Eupwrn

53



>YOAlo Katz (2/2)

S G e B e e e B it o =7 T 77 =

way, Levi eventually reached 17 = 13, and the result s proved We note further that, although
the proposition is stated in terms of an arbitrary natural number, in his proof Levi wrote only
a sum of five numbers in his first step rather than the n used in our adaptation. The five are
represented by the five initial letters of the Hebrew alphabet. Like many of his predecessors,
Levi had no way of writing the sum of arbitrarily many integers and so used the method of
generalizable example. Nevertheless, the idea of a proof by induction is evident in Levi’s
demonstration.
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2xoAlaopoc yia to ABpoloua KuBwv

*n3=an-an ; ONMOU a, KATAAANAN
akoAouBia

* Mwg Bpiokovpetnva, ?
ca,=(1+--+n)2

e Tote Lk3=a,

* Mwg pavteyeto a,?

* ottt Asv Bprike To X k4 7?




Gauss: Wunderkind, 1+2+3+...+4100 =
5050

 Johann Carl Friedrich
Gauss (/gaus/; German: Gauf3, pronounced [gaos] ( listen);
Latin: Carolus Fridericus Gauss) (30 April 1777 — 23
February 1855) was a German mathematician who
contributed significantly to many fields, including number
theory, algebra, statistics, analysis, differential
gseometry, geodesy, geophysics, mechanics, electrostatics,
astronomy, matrix theory, and optics.

* Gauss was a child prodigy. There are many anecdotes about
his precocity while a toddler, and he made his first ground-
breaking mathematical discoveries while still a teenager.

* The preserved brain of the Prince of Mathematicians

% Malnpotikd otn Meoatwvikr Evpwrn
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Gauss (1777 — 1855) (1/2)

Gauss's intellectual abilities attracted the attention of

the Duke of Brunswick,!2l who sent him to the Collegium
Carolinum (nowBraunschweig University of Technology),
which he attended from 1792 to 1795, and to

the University of Gottingen from 1795 to 1798. While at
university, Gauss independently rediscovered several
important theorems;%l his breakthrough occurred in 1796
when he showed that any regular polygon with a number
of sides which is a Fermat prime (and, consequently, those
polygons with any number of sides which is the product of
distinct Fermat primes and a power of 2) can be
constructed by compass and straightedge.

2xOAL0. To 1796 1o amedelée povov yla 17-ywvo.
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Gauss (1777 — 1855) (2/2)

This was a major discovery in an important field of mathematics;
construction problems had occupied mathematicians since the days
of the Ancient Greeks, and the discovery ultimately led Gauss to
choose mathematics instead of philology as a career. Gauss was so
pleased by this result that he requested that a

regular heptadecagon be inscribed on his tombstone.

The stonemason declined, stating that the difficult construction
would essentially look like a circle.lZ

The year 1796 was most productive for both Gauss and number
theory. He discovered a construction of the heptadecagon on 30
March.l8l He further advanced modular arithmetic, greatly
simplifying manipulations in number theory.lctation neededl n 8 April
he became the first to prove the quadratic reciprocity law.
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Quadratic reciprocity

e E&lowoelc 2°V BaBuov modp

* The theorem was conjectured
by Euler and Legendre and first proven by Gauss.!1l He
refers to it as the "fundamental theorem" in
the Disquisitiones Arithmeticae and his papers, writing

* The fundamental theorem must certainly be regarded
as one of the most elegant of its type. (Art.
151)Privately he referred to it as the "golden
theorem."!2l He published six proofs, and two more
were found in his posthumous papers. There are now
over 200 published proofs.L3l
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Wikipedia

In his 1799 doctorate in absentia, A new proof of the theorem that
every integral rational algebraic function of one variable can be
resolved into real factors of the first or second degree, Gauss proved
the fundamental theorem of algebra which states that every non-
constant single-variable polynomial with complex coefficients has at
least one complex root.

Mathematicians including Jean le Rond d'Alembert had produced
false proofs before him, and Gauss's dissertation contains a critique
of d'Alembert's work. Ironically, by today's standard, Gauss's own
attempt is not acceptable, owing to implicit use of the Jordan curve
theorem. However, he subsequently produced three other proofs,
the last one in 1849 being generally rigorous. His attempts clarified
the concept of complex numbers considerably along the way.
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Charles William Ferdinand, Duke of
Brunswick-Wolfenbuttel (1735 — 1806)

* Charles William Ferdinand (German: Karl Wilhelm
Ferdinand, Fiirst und Herzog von Braunschweig-
Wolfenblittel) (October 9, 1735 — November 10, 1806),
Duke of Brunswick-Wolfenbuttel, was a sovereign prince of
the Holy Roman Empire, and a professional soldier who
served as aGeneralfeldmarschall of the Kingdom of Prussia.
Born in Wolfenbuttel, Germany, he was duke of Brunswick-
Wolfenbuttel from 1780 until his death. He is a recognized
master of the modern warfare of the mid-18th century, a
cultured and benevolent despot in the model of Frederick
the Great,

* [lpwtootatnoe oTtoug MoAeHoUC Kata tnG MaAALKNG
Enavaotaong, ("Brunswick Proclamation, 1792 Valmy,
1806 lena)
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Gauss: Wunderkind, E. T. Bell,
1+2+...+4100 = 5050
e ETBell, Men of Mathematics.

* P.242. Shortly after his seventh birthday Gauss entered

his first school, a squalid relic of the Middle Ages
by a virile brute, one Biittner, whose idea of teac
the hundred or so boys in his charge was to thras

run
Ning
N

them into such a state of terrified stupidity that t
forgot their own names. More of the good old da
which sentimental reactionaries long. It was in th
hell-hole that Gauss found his fortune.

hey
ys for
IS

* Nothing extraordinary happened during the first two

years. (2xoAlo. NMwc to &€pel)
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E. T. Bell, 1+2+...+4100 = 5050

P.242. Then, in his tenth year, Gauss was admitted to the class in
arithmetic. As it was the beginning class none of the boys had ever
heard of an arithmetical progression.

It was easy then for the heroic Buttner to give out a long problem in
addition whose answer he could find by a formula in a few seconds.
The problem was of the following sort, 81297 + 81495+ 81693 + ...

+ 100899, where the step from one number to the next is the same

all along (here 198), and a given number of terms (here 100) are to
be added. ...

... To the end of his days Gauss loved to tell how the one number he
had written was the correct answer and how all the others were
wrong. Gauss had not been shown the trick for doing such
problems rapidly.

Py , : :
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Wolfgang Sartorius Freiherr von Waltershausen (1809 —
1876) was a German geologist.

e Gauss zum Gedachtnis (In memory of GAUSS)

 Waltershausen was also the author of Gauss zum
Geddchtnis, in 1856. This biography, published upon the
death of Carl Friedrich Gauss, is viewed as Gauss's
biography as Gauss wished it to be told. It is also the source
of one of the most famous mathematical
quotes: Mathematics is the queen of the sciences.2l and
the famous story of Gauss as a young boy quickly finding
the sum of a long string of consecutive numbers!4l

 When Gauss died in Gottingen, two individuals gave
eulogies at his funeral: Gauss's son-in-law Heinrich Ewald,
and Waltershausen who represented the faculty in
Gottingen.
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2TNV pvnun tou Gauss, 1, ..., 100: Etval
aAnBewa? (1/3)

e Discussion of Waltershausen as source on Gauss numbers story
including partial translation of Waltershausen book on Gauss
[American Scientist online Volume 94 Number: 3, Page 200,
Gauss's Day of Reckoning: A famous story about the boy wonder of
mathematics has taken on a life of its own, Brian Hayes],
http://www.americanscientist.org/issues/pub/gausss-day-of-
reckoning/2

 What's most remarkable about the telling of the story is not what's
there but what's absent. There is no mention of the numbers from
1 to 100, or any other specific arithmetic progression. And there is
no hint of the trick or technique that Gauss invented to solve the
problem; the idea of combining the numbers in pairs is not
discussed, nor is the formula for summing a series. Perhaps
Sartorius thought the procedure was so obvious it needed no
explanation.
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2TNV pvnun tou Gauss, 1, ..., 100: Etval
aAnBewa? (2/3)

* Incidental details from this account reappear over

and over in later tellings of the story. The ritual of
niling up the slates is one such feature. (It must
nave been quite a teetering heap by the time the
nundredth slate was added!)

* Blttner's switch (or cane, or whip) also made
frequent appearances until the 1970s but is less
common now; we have grown squeamish about
mentioning such barbarities.
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2TNV pvnun tou Gauss, 1, ..., 100: Etval
aAnBewa? (3/3)

A word about the bracketed phrases:
e Strange to report, the Helen Worthington Gauss (1881 - 1970)

* Translation does mention the first 100 integers. Where Sartorius
writes simply "eine arithmetischen Reihe," Worthington Gauss
inserts "a series of numbers from 1 to 100." | cannot account for
this interpolation. | can only guess that Worthington Gauss, under
the influence of later works that discuss the 1-to-100 example, was
trying to help out Sartorius by filling in an omission.

 The second bracketed passage marks an elision in the translation:
Where Sartorius has the pupils "rechnen, multiplizieren und
addieren," Worthington Gauss writes just "adding." I'll have more to
say on this point below.
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ALOOKTLKEC TIPOTAOELC VLA TO
1+2+43+4+.. .+
* «loTtoplOUAEC» oTnV TaéNn
 Ta paBnuatika ... BeAouvv douAela!

e 2TO XWPO TWV HoONUATIKWV UTTapXEL TTIEOLO KOl
ylo ooouc dev eival Gauss
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Yuvexela pe Nkepoovidn, MetaBeoelc

Symbolically, the proposition states that P, ; = (n + 1) P, (where P, stands for the
number of permutations of a set of & elements). This result provides the inductive step in
the proof of the proposition P, = n!, although Levi did not mention that result until the
end. His proof of proposition 63 was very detailed. Given a permutation, say, abcde, of
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Awotaéelc n ava k, P(n,k)

* Pnj+1)=Mm—-j))P(n,j) = (n—j)(n—
j+1D)PMm,j—1) = ..

e Pn,j)=n(n—1)(n—-2)..(n—j+1)
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Artodeien Ata Emaywync

* (AmAn) Emaywyn
* Emaywyn KaAng Aataénc
e Atbaktikn Mpotaon: Emaywyn KaAng Awataéng
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AvakaAuyn Awa Emaywync

e MetaBeoelc M(n)=nM(n-1)
e Alataelc v ava K, P(n, j+1)=(n-j)P(n, j)
e Juvbuaopot, C(n, k)=C(n-1, k-1) +C(n-1, k)

e Aldaktikn amoyn: avaykn coopou Toviopou




AvakaAun - AnodeLén

e AtOOELEN YVWOTNC MPOTAONC
e AvakaAuvn

e ALSakTIKN tpoTaon: ol padntec va (ntettol va
Bpouv TO CUUTIEPOCLOL
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Baolkec ApxeC 2uvOUQOTLKNG

* [MpocBetiko Oswpnua (Apxn)
e MMoAAamAaolaotikn Apxn
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Teloc Yrmogvotntag

YuvOuooTikn otov Meocailwva



Xpnuoatodotnon

* To mopov ekmaldeuTLKO UALKO EXeL avamtuxBel oto mAaiolo Tou
eKTtaLOEVTIKOU €pyou Tou dtdbdokovta.

* To £pyo «Avoikta Akadnpaika Madnipata oto Naveniotipio ABnvwv»

EXEL XpNUaTodOTACEL LOVOo TNV avadlapopdwaon Tou eKTOLOEUTIKOU
UALKOU.

* To £pyo vAomoleital oto rAaiolo Tou Emyelpnotakol MpoypapaToq
«Ekmaiidevon kot Ata Blou Mabnon» kat cuyxpnuatodoteital amo tnv

Evpwnaikn Evwon (Evpwmaiko Kowvwviko Tapeio) kot oo eBVIKoug
TTOPOUC.

EMIXEIPHZIAKO MPOrPAMMA
EKI'IAIAEYZH KAI AIA BIOY MAGHZH & Ez rIA

YNOYPIFEIO MAIAEIAX KAl BPHIKEYMATAQON

E iiko6 K 6 Tapei
SRRSO SGRImNAaT Me tn ouyxpnpatrodoétnon tn¢ EAAGadag kat tn¢ Evpwnaikig Evwong
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2 NUELWLOTOL



>NUElwpa lotoplkovu Ekbooewv Epyou

To tapov €pyo amotelel tnv €kdoon 1.0.
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>NUElwpa Avodopac

Copyright EBvikov kat Kamodiotplakov Mavemniotipwov ABnvwy,
Namnaotavpidng Ztavpoc. «lotopia Neotepwv MabBnuatikwy, MaBnuatika
otn Meoawwvikn Eupwrnn». Ekdoon: 1.0. ABrAva 2015. AtaB£oio amno tn
Siktuakn dtevBuvon: http://opencourses.uoa.gr/courses/MATH113/.
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>NUElwpa Adetodotnong

To tapov LVALKO SlatiBetal pe toug 0poug tng adeslac xpnong Creative Commons
Avadopd, Mn Eumopwkn Xprion Napopota Atavopn 4.0 [1] A petayevéotepn, ALeBVic
‘Exkboon. E&atlpolvtal ta autoteAn €pya Tplitwy m.x. dwroypadiec, Staypappota
K.A.TT., TOL OTIOLOL EUTIEPLEXOVTOAL OE QLUTO Kall Ta oTtoia avadEpovtal pall e Toug
OpPOUC XPNOoNC Toug oto «XZnueiwpa Xpriong Epywv Tpitwv».

©OE0)

[1] http://creativecommons.org/licenses/by-nc-sa/4.0/

Q¢ Mn Epmopkn opiletal n xpnon:

* 1ou 6ev mePAOPPAVEL AUECO 1] EUECO OLKOVOLLKO OPEAOC Ao TNV Xprion Tou €pyou, yLa
TO SlovopEa Tou €pyou Kot adelodoyo

* 1ou 6ev meplAapPaveL olkovouLKr) ouvaAlayn we npolnoBeon yla tn xpnon n npooBaocn
OTO £pyO

* 1ou 6ev nmpoomopilel oto SLavopEa Tou £pyou Kal adelod0X0 ELUECO OLKOVOULKO OPEAOC
(rt.x. Stapnuioelc) arod tnv npoPfolr Tou €pyou o SLASLKTUAKO TOTIO

O Swaovyo¢ pmopel va rapexel otov adelodoyo Eexwplotr adeLa va XpnOLLLOTIOLEL TO €pYO yLa
EUTTOPLKNA Xpnon, epocov auto tou {ntnbeLl.
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Alatnpnon ZNUELWHATWY

Ornoladnmnote avamapoywyn N dSlookeun Tou UALKOU Ba TtpeETmeL
va cUUTTEPLAQLUBAvVEL:

" 10 2nueilwpa Avadopadc

" 10 2nueilwpo Adelodotnong

= N 6nAwon Alathpnong ZNUELWUATWY

= 10 2nueilwpa Xpriong Epywv Tpitwv (edodoov umdpxel)

noll pe touc cuvodEUOUEVOUC UTIEPOUVOECHOUC.
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>NUelwpa Xpnonc Epywv Tpltwv

To Epyo auTO KAVEL Xprjon Twv aKOAoUuBwv £pywv:

Ewkoveg/Zxnuata/Awaypappato/Dwrtoypadieg
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