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To Osdpnpa Taylor otig moALES peTafinTég

O okomdg v THG TG TOPAYPAPOL givar 1) anddeEn evog Bempnpatog tomov Tayloryia
ovvapTNoElS TOAL®Y petofAntav. To Bedpnua yio o petafAnt) Ba eivor €101km
TEPIMTWON TOV YEVIKOTEPOL OMOTEAEGHOTOS. ZNUELOVOVUE OTL GTNV TPOYUATIKOTNTO
yvopiCovue Mo pa popen tov Taylor ywa dapopiciueg GuVOPTHCES TOAMGDV
uetapintov.  IIpaypot, av f:UcR"->R ( U avowktd otov R") eivan
Swpopion oto aeU ko Bécovpe R (x,a)= f(x)-f(a)-Df (a)(x—a),xeU

10T f(x)zf(a)+Df(a)(x—a)+R(xa),XeU Kol amd TOV OpPISHO  TNG

JLPOPICIUATNTOG EXOVLE OTL Ilm =0 (Agg kot ™V TApaypopo TV GYETIKN

X
||><- ||
LLE TOV OPIOUO TNG SL0POPIGIUNG GLVAPTNONG ).

‘Etor 10 avdamtoypa Taylor me | mpome tédéng yphpetar g e&ng:

R (ha
f(a+h)=f( Zh a)+R(h,a) pe ﬁh” ) ——0, omov &govpe Béoel,
h=x-ah=(h,...h,) xau Ri(h,a) =R/(x,a).
Oa amodei&ovpe 0Tt To avamtvyua Taylordedtepne tdéng éxet og eénc:
Av n f.UcR"->R sgivar mg decmg C®, 161 UmMOPOVUE VO YPAPOLLE,

f(a+h)=f( = h, '
(a+h) Zh |leh j 6>q 6x )+R.(h.a) omoy
R?”(hrﬁ;a) ——0 (o710 dedtEpO GBpOLGHA VIGPYOVY N Hpot ).

Inuetdvoovpe 0Tt ylo TV omdoelln tov BepUaTog OTMG SOTLTMOVETAL £0M, OPKEL M
f va sivar g Khdong C?, nvmdbeon é6min f sivar g Khdong C° efacpalilet o
o0 0HYPNOTN LOPPT TOV LTOAOITOV. ['lal va amodei&ovie T0 mopATdve amTOTELEC LA

( koBdg kot T1¢ popeég Tov avomtdyuatog Taylor avotepng tééng ) otmpilopacte
oV avtiotoyn Bewpio ¢ piag petafAntic. Ovolaotikd neplopifovpe v f oty

top) tov U pe v evbeia /(t)=a+t(x—a)=a+th, ko epappdlovpe oty
ovvapmon h(t)= f (a+th) mv Beopia tov avemtoypatog Taylor uag petafintic.

‘Eoto U c R" avowtd, f:U < R"— R ovvépton g khdong C™,m> 0.
Ocwpovpe &va gvdvypappo tpipa [Zw]cU (2= w) ka ae(z,w). Eoto akoun
xe(zw) xu o(t)=(1-t)a+txte R n evbeia mov Sépyetar amd To &, X.

Mapatnpovpe 6Tt vedpyovy t, <0 kar t, >1 dote  o(t)=2z k.  o(t,)=w Kkat

Bépawa o[0,1] =[a,x]

[lepropiCoope v f  o10 [Z, W] Kol éotm /*”\\’\} _ 5
[ N Bo%

h(t)=f(o(t)).te[t,t,] / W

[tlltz];)U—f)R .:_, / J

I h=foo ‘ | :, o~ ///
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Eneldnn o:R—>U eivon Béora C* Swpopion cvvépmon n h= foo:[t,t,] > R
etvar C™* cuvapmon. (Tpopavag, [0,4 <t t,].)
‘Emeton 6t pmopovpe va papudécovue 1o Oedpnuo tov Taylor ety h pe kévrpo 1o

0."Erot éxovpe: (1) h(0) = f(a(O))= f(a),h()= f(a(]))z f (x) ko
(2) h(t):h(0)+h'(0)t+%!o)t2+ ...+%tm+ R,(t.01e[ 0] omov,

t
R, (t,0)= I (t-y)" h(™ ( y)dy (olokAnpoTikn LopeT| TV VITOAOITOV)
0

[EEN

= (m+1)|h(m*l) (&)™, & €(0,t) ( nopen Lagrangerov vohoinov)

‘Eneton dwaitepa o1l

@) h(1)=h(0)+h'(0)+h§'o)+ A0 g (10,

R,(1.0) =$E(1— y)"h" (y)dy = (m+1)!

Eoto  a=(a,...8,) X=(X,..x,) «u  o(t)=(oy(t),... Un(t)) omov
o (t)=(1-t)a +tx,1<k<n.

Ac vroBécovpe yioo omAotta 6Tt o sivan g kAGone C*(m=2). Ga Bpodpe To
avantoypo Taylortmg f oto a devtepng taéng.

‘Bt éyovpe va vmodoyloovpe tig mapaydyovg h'(0),h"(0) xa h™(&). Ga

YPNOUOTOIGOVE TOV Kavova oAvcidag yio tnv cvvaptnon h= foo : [O,ZI] - R.

, , : > of do, & of
Etot éxovpe: h'(t) = iZzl:a—)g(a(t))d—‘:(t) = Izzl:&(o-(t))(x -a),te[0,1],
Ape. V(0)=3 2 (@)(x-a). 4e)
Xpnowonowwvtog mIAL  Tov  kavove  0Avoidag Yo TS  GUVOPTNOELS,
te[0,1] - %( ) 1<i < n kot mapayoyilovrac v (4) vroloyilovpe:

" 5 d . d|( of B
(0010 54 Zett) (-2 - 5] -a) 5 L ot0) -

n n 621: O—j B n n B B
5 s (;M #0550 - 3] - Tt 53 -

o°f
t))- )ﬂ _31 A X —a.
i=;j=laxja)§( ( )) ( ) ( J J)
To tekevtoio GOpolopo &yt TLMIKG N> OPoVC, EMEWN OUMG EXOVUE VTODEGEL THV
CUVEYEWL TOV  UEPIKOV  TAPAYDYMOV devtepng  Ttaéng  elvor  ico e,
2

()= o) (x-a +2 ¥ L (o)5-a)(x-a). ©

i-1 OX Ii<j<n 8&8
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Eivarl cagpég 611 to dBpotopa avtd avantiGGETOL COULPOVO, LE TN YVOOTY OAYEPRPIKN

Tatome (2 + 2+t 2,)° Z; +2Y 77 [ ZZZJ

Ki<j<n i,j=1

n(n-1) n(n+1)

("Eva éOpotopa pue n+ 5 - 3 opovg ).
n 5 f
'E bt h"(0) = 2 —a)(x —-a ), (5u
TETO OTL ( ) ; axl ( ) ()g a1 + L§<n a)gax )(Xl a1)(Xl aJ) ( )

[Ipémer tpa va €xel yivel cagéc mmwg Bo TPOY®PGOLLLE.
"Etot pe xpnon tov kavova aAvcidog kot mtapaymyiloviog mv (5) vroloyilovpe:

()= 3 =2 (o) (x-a)(x-a)(%-a). ©

i, 171 OX OX; 0%,

To 4Opotopa st TUTIKGE N° OPOVC, EMELSH OUMG £XOVLE VITOBEGEL TV GUVEXELL TOV
uepk@v mopoydyov g f tpitng 1aéng avorthoceTal GOUPOVA LLE TV TOVTOTNTA,

: 3|
(zl+zz+---+4)3=;lz-zj-zk—klka L k,zl Z5, 60)
i,j.k= Kot .t
Kok > 0

‘Enetonr andé v (3) yu m=2 «xor ond 71c 4() wou 5S(@) ot

n(®=h(0)+h [0+ IR (100 1(x)= 1 (@)+3 S(a)(x -a)+

i=1

1| &o°f
* 5| 2@k -a) +2L;<na>qax (a)(x-a)-(x-a) | +R(L0). ()

H OAOKANPOTIKN Hopoen TOV VTOAOITOV elvat:
1

R (1.0)= (190 ()~

0

1 & ¢ 2
-z 1- _a)(x —-a. - 7
2i,§_11[ axkaxax.(( y)a+yx)()q 31)()(, aj)(Xk a)dy. 7€)
H Hopoen Lagrange TOV VTOAOITOV elvat:
1@ 1 & 0% ,
RLO=3" (5)‘@1%1%6“(5)'(>€—61)(x,-—aj)(xk-ak), 7(@) émov &

onueto tov gvBbypappov tpatog [a,x], dnradh & =(1-t)a+tx yw Kkamolo
te [O,l] .

©¢tovpe tHpa R, (X,a)=R,(1,0). AT v 0AOKANPOTIKY HopeT) TOL vIOAOITOL Ko
EMEON M OAOKANPOVUEVT] GLUVAPTNOT Elval GLVEYNG ¢ TPog Y Oa eivon ppaypévn 6to
[0,1] and kémow: sTabeps M > 0.

Enopéveg

1 . 1
R(xa)<5M- 3 5 -all -l -al=ZM{b-al+.+po-a] <

3 n
S%M-n2 -||X—a“3. E3® ypNOLOTOCOUE TV OVIGOTNTOL Z|x|£Jﬁfo+...+xf
i=1
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Kabmg kot v towtdémra 6(a). (H avicotta npoxvatel amd v avicotnta Cauchy-
Schwartzyio ta Stavdopota K:(|X1|,...,|Xn|) kat (1,1,...,3 ov R".)

3
"Eneton 611, ‘Rz xa‘ n—2M||X a“Ta—)O
[x-af" 2
TOUTEPAGLQL: lim R (x.2) =0.
=2 x—af

Tic 101eg exTiunoelg fpiokovpe Ko e TNV ¥pnomn g Lopene Lagrangerov vmoloinov
Taylor. (Aec eniong v mapatinpnon (2) petd to Oedpnuo Taylor dSni. to Bedpnua
12.1).

Egappoyii. Eoto U c R avowto, a=(a,f) ka X=(X,y) onueia tov U
hote [éﬂ cU xo f:U - R ovvdpmon g khdong C°. Amodei&te 611 vmdpyst

Ez(g,n)e[é,ﬂ dote: f(xy)= f(a,ﬂ)+ﬂ(a,ﬁ)(><—a)+%(a’ﬂ)(y_ﬁ)+

2[8@22 (a,8)(x—a) (a ﬂ)(y—ﬁ)ﬂ+

r22 (@ p)(x-a)(y-p)+

;n 233 (&n)(x- )3+3%(§,n)(X—a)2(Y—ﬂ)+3%(5’”)(X‘a)(y_ﬂ)2
83f
oGm0y A1

O mapamdve tOHmOC £meton auécmg amd Tovg Ttomovg 7 kor 7(B) yw n=2.
ZNUELOVOLE OTL EMEWN N=2 M h® (§ ) VTOAOYILETOL GOLP®VA [LE TO AVATTLYLOL TNG

r 3
ttomrog: (z+2,) =2 +2;+3z,25+ 323z,

Eniong ONUEIDOVOLUE ot Yo TO vOAOUTO Taylor Eyovpe
R((xy).(a.8) . 1.
| =0, 6mov xY),(a,0))=R,(L,0 ==h"(¢).
(@) |(x, y)—(a, B)| Ro((x¥).(.0)) =R (1.0 =5 h" ()

Hapotipnon: Avn f :U c R" - R givauw C* cuvaptnon kor aeU . Tote 1

OAOKANPOTIKTY uop(pf] OV VTOAOITOV Taylor  14&ng 1 glvan
n 1

.1J; 8>q6x (-y)a+yx)(x-a)(x -3 )dy ka n  popei

n 2
Lagrangesivay, R (a,X)= 12 aiafx (&)(x-a)(x—a,) émov £efax]cU .
Ij =1

Me Vv gl0aymy KOTAAANAOL GUUBOMGHOL Yo To JlAPOPIKE avdTEPNS
16N o cvvapmong f :U < R" = R ¢ khdong C™, 1o avémtoypa Taylor mg
f ta&ng m AopPaver po (110 EVKOAOUVNILOVEDTN ) LOPPT OV LOG ATUALACCEL OO
10 v GKEPTONOOTE LE cuvTeTayuéves. Etot opilovpe Tic akdiovbeg cuvapTnoELS.
Df(a)R"™>R 1=12.m+ 1 aeU




127

n o of .
o, (@)(N)=3 2 (a)h, h=(h...h)<R
o 9% f
D, (@)(n)= X (@)
: o f
D, (@)()= 3 (@ h
D,..f(a)(h)= kl,..%l-lm(a).hﬁ ~oh
Ot ovvaptioelg D, f (a) J=12,...m+ . ovopalovtar d1000pikd ovdTEPNC TAENS TG
f ot0 a.
IMa mopdoetypo yio N=3 Kou M= 2 &yovpe:
le(a)(hl,hz,hs)=%(a)hl+%(a)h2+2—fz(a)h3
o* f 2, o°f o°f 2 o*f
D, 1 ()(h ) =S (@) + 2 @)+ ()’ 25 (),
o*f 62
22 L(a)nn 25 L(a)hh,
63f 3, o°f 3. o°f
D, ()R ) =& S @)+ 2 ()i (s
o°f 63 o*f 2,
3 (@), +3 T (@) 43 (@) +
o*f o°f 2 83f
3 (), 35—( A+ 32 (a)hpi+ 6O (a)hhh.

Me v Ponbeia tov dapopik®dv avdtepng tééne, 1o TAnpeg Bemdpnuo Taylor ya
TOAMEG petafAntég, dtotvmmveton ( kat amodetkvoetat pe v HEBodo mov avantoéape
TPV yioo M= 2) pe tov axodAovbo tpomo.

12.1 Ocdpnpa ( Taylor ). Eotw U c R" avowkto, acU ko f:U >R
cuvapmon g kAdong C™H(m=0). Av xeU(x=a) pe [a,x]cU tote vmbpyet

Ce(a, X) MOTE:
f(x)=f(a)+D,f (a)(x—a)+%D2f (a)(x—a)+...+$ D,f(a)(x-a)+R,(x,a)
, omov R, (X, a):ﬁDmlf (c)(x-a) xa T;E);F“) ——0 &ivat To vIEOLOUTO

Tayloroto a taéng m g f omv popen Lagrange.

Hapempriees: 1) H ovvapmon, D, f (a)(h)= D’

h=(h,....h,), avantbocetar copupova pe ™y TowTOTTO,
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n

(z+2,+.42,) = > Z 2, g (11<m).

ko k=1
‘Etot TUTTIKG, pmopove va YPAPOLLLE:
|

of of ! o'f

—(a)hl—i-...+—(a)mj = (a)h,..h, ( Aeg xar 1ig aoxficeig (1)
{axl OX, kl;;glaxkl..@xK \
Kat (2) avTHG TG TOPAYPAPOL)

o "

2)Av a,,...,a, € R xax me N 1ote: I)im (3 a%,)

Mpdypatt, Bétovpe a=(a,..., a,) kot X=(X,....X,). Ané mv avicémra Cauchy —
Schwarz émetan ot av x#0 TOTE:

(lax+-+ax))” & IX"

(w/xf ot X )ml I

Me yprion owtov Tov 0piov amodeikvieTal ott, lim Lx,i) =0.
2 x4

=[a" [} —=5—0

Mpdypott av X=(X,....%,) ko a=(a,...,a,) 10Te enewdn ol pepcés mapdywyot
taéng Mm+1 g f eivar cvveyeig ovvaptioeg oto ( U kot Gpo 6T0 ) GOUTOYES

oLVOLO [a, X]c;U etvar opowdpopea epaypéves. Emopévag, vmapyer M >0 oote,

‘Rn(x’a)‘ = 11)!‘Drmlf (C)(X_a)‘ < (ml\fl)!(|x1—a1|+...+|xn _a“|)m+l =

(m
m+1

Ro(xa) . M (x-af+.+[%-a))

m - m X—a >O
[x=a]™ ~ (m+1)! [x=4]

3) H povadikdtnto tev cuvieleotdv tov avartdyuatog Taylor amodsikvietal, Katd
TPOTO OVAAOYO [LE TNV TEPIMTOGCT] TOV GUVOPTNCEMV HLIOG TPOYUATIKNG LETAPANTIG.
( Aeg ko tig acknoelg (3) kat (4), avTng TG TOPAYPAPOL).

4) 'Eoto f:UcR"'—>R C” &dgopiciun cvviptnon. Av aeU 10te pmopovpue
AL OTTmOG Ko otV pio PeTaPANTH va oynuaticovps v avtiotoym ospd Taylorng
f ue kévipo 1o a, dnradn tn oepd,

f(a)+ D, (a)(x—a)+...+$ D, f (a)(x-a)+ ...

H oeipa Taylorg f ovykhiveroto f(X) yia ekeivata xeU  pe [a,x] < U yw ta

omoia wyvet, lim R, (x,a)=0.
m—o

Mopadciypata: 1)No Bpebovv ta avartdypata Taylor dedtepng tdéng tov

ovvaptioenv: (@) f(X,y)=(x+ y)2 ko (B) f(xy)= Tyl oto a=(0,0).
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Aven H ovvapmon f(X,y)=(x+ y)2 givaw C” Swgopioyn oto R?. Av
(x,y)e RZ—{(O,O)} tote ( Sec ko epappoy omv oeAido 118 ) éyovue

10,07 (0.0 % (0.0.ys 1T (0.0 522 (0.0
f(xy)= f(0,0)+ax(0,() X+ay( 0,0-y+ 2[8x2 (0,0)-x +28x8y(0'q X-y+

+g;—£(0,0)-y2]+ Rz((x,y) (0.0), 6mov Rz(();zi)y(zoo)) e Y
Z—:(:Z(x+y), %:2(x+y),?;; =2, z;—';:z, aa:;yzz s;afxzz'

ae Z(0,0=0, %(o,o): 0. 2100-2 ZL(00-2 aa:afy(o,o): 2,
aa;afx(o,o)= 2. Enione f (0,0)= 0.

Enopévag,

1
f(x, y)=§(2x2+ 2y + 4y )+ Ry ((x.y) { 0,9) = x*+ y* + 2y + R, ((x,y) (0,0)).
Enegn 1 _0f _ o’ _ o°f
"o T oy ooy oxoy?
Temkd, f(xy)=x*+y?+2xy, mov frav avopevopevo kabdg n  f  eivan

=0, ppiokovpe R,((x y).(0,0))= 0.

TOAVWVVLLIKT).
I"o to mapdaoderypa (B) epyaldpoote avoroym.

2)Ynoloyiote o avdmroype Taylor Sedtepng taéng yie v f (X, y)=(1+X)" pe
kévpo 1o (a,8)=(0,2).

Aven H f eivan C* Swapopioun oto avowkto D = (—1,+oo)>< Rc R,

Mapotnpodpue om, Z—L =y(1+ x)yfl, % =(1+x)” - log( 1+ X),
2 2
= y(y-1(+x)" aayf ~log(1+X) %(u x)” = logf (% x)( +x)",
o°f _ i(1+ x)"-log( 1+ X) +( 1+ x)” i( log 2+ X)) = y(1+ x)" " log(1+x) +
oxoy OXx OX
(1+x)"" Hriong,
2 2
Syafx = 6%( y)(1+x) "+ y%(l—i— x) " = (14 %)+ y(1+x)"" - log( 1+ x) = aaxafy ,
Oommg PEParo HTav ovapEVOUEVO).
‘Enston o, £(0,2)=(1+0" =1 Z—‘;(o,z) =A% 0=
ﬂ(0,2)=(1+ 0’ log 3= ot (0,2)= 2(2- D 0y= ¢,
oy ox?
o f

2 o f 21 1
o7 (02)=log(1+ (2 9= ¢ Z2(0,2)= 21 O - log & 9+( 2 Vs
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Sovende, f(xy)= f(o,z){g—;(o,z)(x- m%( 0.3(y— 2}
S S0 07 2L (030 oy- 221 oy~ s

+ 2
21| ox oy

R ((x¥).(0,2)= 2 &+ 0(y- 3+% [+ 2 x(y— 2+ 0-(y-2)°]+

o2t
oXoy
+ R ((%¥),(0,2) =1+ 2x+%(2x2+ 2(y-2)+ R((xy),(0,2) =

R((x¥).(0.2)
2 +(y_2)2 %y)>(0.2)

1+ 2x+ X2 +X(y- 2)+ R,((x,¥).(0,2), émov, 0.

3). No avontvyfel oc oepd Taylor pe wévipo 10 (0,0) m ovvaptnon
f(xy)=e"(xy)eR.
Aven H f eivor BéBara C* dropopiciun cuvaptnon.

péyport, ﬂ=e"”’=ﬂ oto R*. Emopévoc f fl
OX oy 0"X0'Yy

=€ =f(xy) na xibe

m>1xot |l >20,k=>0:k+1=m.
‘Eneton 6trav a=(a,a,),h=(h,h,) tote,

of of +a, a,+a +a,
Dt (2)(h) =75 (@) 2 (@), = &% -y &2 -h, = e (hy 4y

D, f (a)(h) = aaxf (a)he + stafy(a) hﬁﬁ%(a) h2 =&+ (hy+h,)?
By (A)() = ()

Emopévag, av ;(z(x, y)e Rz—{(0,0)} kot a=(0,0) tote
f(x,y):f(O,O)+le(O,()(§<)+%D2f(O,Q(i)+ ..+$Dmf( 0.5(X)+R,((x ¥) (. 00

6mov, R.((x¥).(0,0) =ﬁ D, f (c)(Xx.y) Y10 KGO0
ce((0,0)(xy)) c=(c &)

Apa

f(xy)=e"=1+(x+ y)+%(x+ y) + ...+$(x+ y)m+me°l+c2 (x+y)™

Emedf m f(t(xy)),te[0d] eivar gpaypévn oto [0,1] g ovvexfs, vmdpyer
M>0:0<e*"* <M ya ke c=(c,c,)€[(0,0) (x.y)].

(X+ y)m+l

) (m+1)r ™

<M >0

"Emeton 011, €5 (Xx+y

1
(m+1)!
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‘Etol oL pmspodvou ue ot

n

(x+y )’

‘ﬂ

_z X+y )ERZ

m=0

e =14 (x+y)+

Inuewbvovps 6t f(x, y) =¢,(x,y) € R*, umopei va avantuybei oe oepa Taylor
pe  KEVIpo 10 (0,0) EVKOAOTEPO,  YPNOUYOTOIOVTOS TO  OVATTUYUO NG

g (z) =e’,z€ R (ko1 Vv HovadikdTTa TV GUVTEAECTMV TG oe1pdc Taylor).

2 Z"
[Ipdypatt, O¢tovpe z=x+y kot govpe e —1+z+7+ e
n.

(o) o)
2! n!

Tovendg, e =1+(x+y)+



