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Kef�laio 1

Entopismìc riz¸n poluwnÔmou

O arijmhtikìc upologismìc twn riz¸n enìc poluwnÔmou eÐnai èna polÔ endiafèron jèma se

polloÔc tomeÐc thc Arijmhtik c an�lushc ìpwc kat� thn epÐlush diaforik¸n exis¸sewn ( 

susthm�twn diaforik¸n exis¸sewn),   ìpou alloÔ apaiteÐtai h eÔresh twn riz¸n tou qara-

kthristikoÔ poluwnÔmou enìc pÐnaka (prìblhma idiotim¸n).

Gia ton arijmhtikì upologismì twn pragmatik¸n riz¸n poluwnÔmou mporoÔn na efarmo-

sjoÔn oi gnwstèc mèjodoi diqotìmhshc, tèmnousac, Newton-Raphson. Eidikìtera, lìgw tou

endiafèrontoc tou probl matoc kai thc an�gkhc na anaptuqjoÔn mèjodoi gia ton upologismì

kai twn migadik¸n riz¸n enìc poluwnÔmou meletoÔme analutikìtera to prìblhma autì.

1.1 Polu¸numa

'Estw to polu¸numo n bajmoÔ

P (x) = anx
n + an−1x

n−1 + · · ·+ a1x+ a0

ìpou n ≥ 1, an 6= 0 kai ai ∈ C. Anafèroume sth sunèqeia orismènec basikèc prot�seic gia ta

polu¸numa, polÔ qr simec gia ton arijmhtikì upologismì twn riz¸n aut¸n.

Prìtash 1.1. To polu¸numo P (x) èqei toul�qiston mÐa rÐza sto C. Epomènwc èqei akrib¸c

n rÐzec ρ1, ρ2, . . . , ρn ∈ C apì tic opoÐec merikèc   akìmh kai ìlec mporeÐ na sumpÐptoun. To

polu¸numo gr�fetai

P (x) = an(x− ρ1)(x− ρ2) · · · (x− ρn)

An isqÔei P (x) = (x−ρ)kQ(x) me Q(ρ) 6= 0, k ∈ N∗, tìte lème ìti h ρ eÐnai rÐza pollaplìthtac

k.
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6 Upologistik� Majhmatik�

Prìtash 1.2. An ρ1, ρ2, . . . , ρn eÐnai oi rÐzec tou P (x), tìte isqÔoun oi gnwstoÐ tÔpoi Vieta:

ρ1 + ρ2 + · · ·+ ρn = −an−1

an

ρ1ρ2 + ρ1ρ3 + · · ·+ ρn−1ρn =
an−2

an
...

ρ1ρ2ρ3 · · · ρn = (−1)n
a0

an

Prìtash 1.3. K�je polu¸numo me pragmatikoÔc suntelestèc, an èqei mia migadik  rÐza

ρ = α + βi, β 6= 0 tìte ja èqei wc rÐza kai th suzug  aut c ρ = α − βi. Epomènwc èna

polu¸numo perittoÔ bajmoÔ èqei toul�qiston mia pragmatik  rÐza.

Prìtash 1.4. Kanìnac tou Descarte: 'Estw to polu¸numo P (x) = anx
n + an−1x

n−1 + · · ·+
a1x + a0 me ai ∈ R. An µ o arijmìc twn metabol¸n tou pros mou sthn akoloujÐa twn sun-

telest¸n an, an−1, an−2, . . . , a1, a0 (oi mhdenikoÐ suntelestèc, an up�rqoun, paraleÐpontai),

tìte o arijmìc twn jetik¸n riz¸n tou poluwnÔmou P (x) isoÔtai me k = µ−2λ, ìpou λ fusikìc

me 0 ≤ λ ≤ µ
2
.

Efarmog  1.1. 'Estw P (x) = x7−2x6 +x4−3x3 +4. Na breÐte to mègisto arijmì jetik¸n

kai arnhtik¸n riz¸n tou.

'Eqoume:

a7 a6 a5 a4 a3 a2 a1 a0

1 − 2 0 1 − 3 0 0 4

1 2 3 4

'Ara µ = 4 kai 0 ≤ λ ≤ 2, opìte λ = 0, 1, 2.

• Gia λ = 0 ⇒ k = µ− 2λ = 4− 2 · 0 = 4

• Gia λ = 1 ⇒ k = µ− 2λ = 4− 2 · 1 = 2

• Gia λ = 2 ⇒ k = µ− 2λ = 4− 2 · 2 = 0

Epomènwc to P (x) èqei to polÔ 4 jetikèc rÐzec.

Parat rhsh 1.1. H Prìtash 1.4 mporeÐ na efarmosjeÐ gia na d¸sei plhroforÐec sqetik�

me ton arijmì twn arnhtik¸n riz¸n enìc poluwnÔmou, arkeÐ na jèsoume sto P (x) ìpou x to

−x: EÐnai P (x) = 0 ⇐⇒ P1(x) ≡ P (−x) = 0, opìte an ρ eÐnai jetik  rÐza tou P1 tìte to

−ρ eÐnai arnhtik  rÐza tou P (x).
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Efarmog  1.2. Jètoume P1(x) = P (−x) = −x7−2x6 +x4 +3x3 +4. Tìte sthn akoloujÐa

twn suntelest¸n −1 −2 0 1 3 0 0 4 èqoume µ = 1 allag  pros mou kai 0 ≤ λ ≤ 1
2
,

opìte λ = 0. 'Ara k = 1− 2 · 0 = 1 .

Epomènwc to P1(x) èqei mÐa to polÔ jetik  rÐza, opìte to P (x) èqei mÐa to polÔ arnhtik 

rÐza ∗.

Prìtash 1.5. Gia k�je rÐza ρ tou P (x) = anx
n+an−1x

n−1 +· · ·+a1x+a0 isqÔei o parak�tw

tÔpoc fr�gmatoc:

|ρ| ≤ |a0|+ |a1|+ ·+ |an|
|an|

1.2 AlusÐda tou Sturm

Orismìc 1.1. An oi sunart seic f0(x), f1(x), f2(x), . . . , fn(x) eÐnai orismènec sto [α, β]

kai ikanopoioÔn tic proôpojèseic:

aþ) fi ∈ C([α, β]), ∀ i = 0(1)n

bþ) f0(α) 6= 0, f0(β) 6= 0 kai fn(x) 6= 0, ∀x ∈ [α, β]

gþ) An gia ξ ∈ [α, β] isqÔei fi(ξ) = 0, tìte fi−1(ξ) · fi+1(ξ) < 0, ìpou 1 ≤ i ≤ n− 1

dþ) An gia ξ ∈ [α, β] isqÔei f0(ξ) = 0 tìte up�rqei h > 0 osod pote mikrì tètoio ¸ste

f0(ξ − h)f1(ξ) < 0 kai f0(ξ + h)f1(ξ) > 0.

Tìte ja lème ìti oi sunart seic fi(x), i = 0(1)n apoteloÔn mia alusÐda Sturm sto [α, β].

Prìtash 1.6. An oi sunart seic fi(x), i = 0(1)n apoteloÔn mia alusÐda Sturm sto di�sthma

[α, β] kai sumbolÐsoume me µ(ξ) to pl joc twn metabol¸n tou pros mou sthn akoloujÐa twn

arijm¸n:

f0(ξ), f1(ξ), . . . , fn(ξ)

Tìte h diafor� µ(α)− µ(β) isoÔtai me ton arijmì twn riz¸n thc f0(x) sto [α, β].

∗
Το εν λόγω πολυώνυμο έχει στην πραγματικότητα δυο ζεύγη συζυγών μιγαδικών ριζών, 2 θετικές πραγμα-

τικές ρίζες και μια αρνητική.
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Prìtash 1.7. 'Estw f0(x) = Pn(x) èna polu¸numo n−bajmoÔ qwrÐc pollaplèc rÐzec. Jè-

toume f1(x) = f ′0(x) kai kataskeu�zoume thn akoloujÐa twn diadoqik¸n upoloÐpwn me ton

algìrijmo tou EukleÐdh wc ex c:

f0(x) = f1(x)π1(x)− f2(x)

f1(x) = f2(x)π2(x)− f3(x)

...

fn−2(x) = fn−1(x)πn−1(x)− fn(x)

ìpou ta πi(x) eÐnai polu¸numa pr¸tou bajmoÔ.

Tìte h akoloujÐa twn sumart sewn f0(x), f1(x), . . . , fn(x) apoteleÐ mia alusÐda Sturm se

k�je di�sthma [α, β] me f0(α) 6= 0 kai f0(β) 6= 0.

Parat rhsh 1.2. An to polu¸numo f0(x) èqei sto (α, β) pollaplèc rÐzec tìte mporoÔme

na kataskeu�soume ìpwc parap�nw tic sunart seic f1, f2, . . . , fk ìpou k < n kai fk+1 = 0.

Tìte ìmwc den sqhmatÐzetai alusÐda Sturm. IsqÔei ìmwc p�li ìti h diafor� µ(α) − µ(β)

isoÔtai me to pl joc twn riz¸n thc f0(x) sto [α, β], ìpou h k�je mia rÐza lamb�netai mìno mia

for� anex�rthta apì thn pollaplìtht� thc.

Efarmog  1.3. 'Estw P (x) = x4 − 2x2 + 3x− 1. Tìte èqoume:

f0(x) = P (x) = x4 − 2x2 + 3x− 1

f1(x) = f ′0(x) = 4x3 − 4x+ 3

f2(x) = x2 − 9

4
x+ 1

f3(x) = −49

4
x+ 6

f4(x) = − 331

2401

kai �ra èqoume ton pÐnaka:

x f0(x) f1(x) f2(x) f3(x) f4(x) µ(x) Sumpèrasma

−∞ +∞ −∞ +∞ +∞ − 331
2401

3 }
3− 3 = 0 kamÐa rÐza sto (−∞,−2)

−2 13 −21 19
2

−37
2
− 331

2401
3 }

3− 2 = 1 rÐza sto [−2, 0]
0 −1 3 1 6 − 331

2401
2 }

2− 1 = 1 rÐza sto [0, 1]
1 1 3 −1

4
−25

4
− 331

2401
1 }

1− 1 = 0 kamÐa rÐza sto (1,+∞)
+∞ +∞ +∞ +∞ −∞ − 331

2401
1
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Gia th dieukìlunsh sthn ektèlesh twn diadoqik¸n diairèsewn tou EukleideÐou algorÐjmou,

dÐnoume ènan algìrijmo me ton opoÐo ekteleÐtai h diaÐresh enìc poluwnÔmou

f(x) = anx
n + an−1x

n−1 + · · ·+ a1x+ a0

me èna �llo polu¸numo:

g(x) = bmx
m + bm−1x

m−1 + · · ·+ b1x+ b0 ìpou m ≤ n

Algìrijmoc 1.1. DiaÐresh PoluwnÔmwn.

1. Di�base n, ai, i = 0(1)n, m, bi, i = 0(1)m

2. Gia k = n−m(−1)0

2.1. ck =
am+k

bm

2.2. Gia j = m+ k − 1(−1)k

aj = aj − ckbj−k

3. TÔpwse[PhlÐko: ck, k = n−m(−1)0, Upìloipo: aj, j = m− 1(−1)0]

Ston anwtèrw algìrijmo jètoume touc suntelestèc twn diadoqik¸n upoloÐpwn stic jèseic

twn suntelest¸n aj gia lìgouc oikonomÐac mn mhc. 'Etsi prokÔptoun telik� oi suntelestèc

aj, j = m− 1(−1)0 tou telikoÔ upoloÐpou. Ta ck, k = n−m(−1)0 eÐnai oi suntelestèc tou

phlÐkou.

1.3 Fr�gmata twn riz¸n poluwnÔmou

'Estw to polu¸numo P (x) = xn + a1x
n−1 + · · · + an−1x + an, ìpou ak ∈ R   ak ∈ C. Gia

thn eÔresh diast matoc tou R   dÐskou tou C, mèsa sto opoÐo brÐskontai ìlec oi rÐzec ρk tou

P (x), èqei dojeÐ èna pl joc tÔpwn. Parak�tw parajètoume orismènouc stajeroÔc arijmoÔc

r tètoiouc ¸ste na isqÔei: |ρk| ≤ r , ∀ k = 1(1)n

1. r = 1 + A , A = max
k=1(1)n

{|ak|}

2. r = (1 + |a1|2 + · · ·+ |an|2)
1
2

3. r = |a1|+
√
|a2|+ 3

√
|a3|+ · · ·+ n

√
|an|
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4. r = max
{
B, n
√
B
}

=

 B ,B ≥ 1
n
√
B ,B < 1

, B = |a1|+ |a2|+ · · ·+ |an|

5. r = min{C,D}, C = max{1, B}, D = max{1 + |a1|, 1 + |a2|, . . . , 1 + |an−1|, |an|}

6. r = max
k=1(1)n

{
k
√
n|ak|

}
7. r =

1

2

(
1 +
√

1 + 2E
)
, E = max

k=1(1)n
{|a1ak − ak+1|}, an+1 = 0

8. r = 1 +
√
F , F = max

k=1(1)n
{|(1− a1)ak − ak+1|}, an−1 = 0

9. r =
1

2

(
1 + |a1|+

√
(1− a1)2 + 4A1

)
, A1 = max

k=2(1)n
{|ak|}

10. r = 1 +

(
1− 1

(1 + A)n

)
A, A = max

k=1(1)n
{|ak|}

Ektìc apì ta anwtèrw fr�gmata, pou orÐzontai mèsw twn stajer¸n arijm¸n r, èna (�nw

kai k�tw) fr�gma polÔ qr simo sthn pr�xh, to opoÐo fr�ssei to mètro ìlwn twn riz¸n ρ tou

poluwnÔmou P (x) = a0x
n + a1x

n−1 + · · ·+ an−1x+ an, ak ∈ R   ak ∈ C, a0 6= 0 eÐnai to ex c:

|an|
|an|+ A2

≤ |ρ| ≤ |a0|+ A1

|a0|

ìpou A1 = max
k=1(1)n

{|ak|}, A2 = max
k=0(1)n−1

{|ak|}.

An to dojèn polu¸numo P (x) = xn + a1x
n−1 + · · ·+ an−1x+ an èqei pragmatikoÔc sunte-

lestèc kai ìlec tou oi rÐzec eÐnai pragmatikèc tìte autèc brÐskontai mèsa sto di�sthma, tou

opoÐou ta �kra eÐnai oi rÐzec thc exÐswshc

nz2 + 2a1z + 2(n− 1)a2 − (n− 2)a2
1 = 0

Parat rhsh 1.3. An jewr soume to polu¸numo Q(x) = xnP ( 1
x
) = anx

n + · · · + a1x + 1

tìte gia k�je rÐza ρk tou P (x) isqÔei

1

r
≤ |ρk| , ∀ k = 1(1)n

ìpou r h stajer� pou prosdiorÐzetai apì touc anwtèrw tÔpouc 1 èwc 10 se sqèsh me to

polu¸numo Q(x).

'Etsi loipìn p.q. sÔmfwna me ton tÔpo 1 kai gia to polu¸numo Q(x) ja èqoume:

rq = 1 + Aq ìpou Aq = max
k=0(1)n−1

{∣∣∣∣akan
∣∣∣∣} , a0 = 1
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opìte gia k�je rÐza tk tou Q(x) ja isqÔei

|tk| ≤ rq , ∀ k = 1(1)n

en¸ gia k�je rÐza tou P (x), afoÔ ρk =
1

tk
, èpetai

|ρk| ≥
1

rq
=

1

1 + Aq

1.4 Mèjodoc tou Bernoulli

Me th mèjodo Bernoulli mporoÔme na upologÐsoume tic duo pr¸tec mikrìterec kat� mètro

rÐzec enìc poluwnÔmou. JewroÔme to polu¸numo n−bajmoÔ

Pn(x) = cnx
n + cn−1x

n−1 + · · ·+ c1x+ c0 , ci ∈ C, cn 6= 0

kai upojètoume qwrÐc periorismì thc genikìthtac, ìti to polu¸numo autì èqei akrib¸c n

diakekrimènec mh mhdenikèc rÐzec, tic ρ1, ρ2, . . . , ρn.

H arÐjmhsh èqei gÐnei kat' aÔxousa seir� wc proc to mètro, dhlad  0 < |ρ1| < |ρ2| ≤ · · · ≤
|ρn|. JewroÔme th rht  sun�rthsh

R(x) =
1

Pn(x)

Profan¸c oi pìloi thc R(x) eÐnai oi rÐzec tou poluwnÔmou Pn(x) kai antÐstrofa. 'Ara to

prìblhma an�getai sthn eÔresh twn pìlwn thc sun�rthshc R(x).

Algìrijmoc 1.2. Mèjodoc Bernoulli

1. AnaptÔssoume se dunamoseir� me kèntro to 0 kai aktÐna ρ1 th sun�rthsh R(x) kai

èqoume:

R(x) =
∞∑
k=0

βkx
k ⇐⇒ 1

c0 + c1x+ · · ·+ cnxn
= β0 + β1x+ β2x

2 + · · ·

Epeid  Pn(0) 6= 0 èqoume c0 6= 0 kai qwrÐc periorismì thc genikìthtac upojètoume

c0 = 1.

'Ara 1 = (1 + c1x+ c2x
2 + · · ·+ cnx

n)(β0 + β1x+ β2x
2 + · · · ). Exis¸nontac touc sunte-

lestèc twn omoiobajmÐwn ìrwn prokÔptei
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β0 = 1

β1 + β0c1 = 0

β2 + β1c1 + β0c2 = 0

β3 + β2c1 + β1c2 + β0c3 = 0
...

βn + βn−1c1 + βn−2c2 + · · · + β0cn = 0

gia k > n βk + βk−1c1 + βk−2c2 + · · ·+ βk−ncn = 0
...

To sÔsthma autì lÔnetai eÔkola wc proc β0, β1, . . . kai eÐnai

βk = −
µ∑
λ=1

cλβk−λ ìpou µ = min{k, n}

2. UpologÐzoume touc ìrouc qk, εk, pk apì touc tÔpouc

qk =
βk
βk−1

, εk = qk+1 − qk , pk =
εk
εk−1

qk , k = 1, 2, . . .

3. Oi akoloujÐec qk, pk sugklÐnoun antÐstoiqa proc tic antÐstrofec timèc twn riz¸n:
1
ρ1
, 1
ρ2
.

An epiplèon isqÔei |ρ2| < |ρ3| h sÔgklish eÐnai grammik  me suntelest  sÔgklishc ρ1
ρ2
.

Parat rhsh 1.4. An oi rÐzec ρ1 kai ρ2 eÐnai migadikèc suzugeÐc, dhlad  isqÔei 0 < |ρ1| =
|ρ2| ≤ · · · ≤ |ρn| tìte oi akoloujÐec qk kai pk den sugklÐnoun proc tic antÐstrofec timèc twn

riz¸n ρ1, ρ2 (diìti den isqÔei |ρ1| < |ρ2|), all� apodeiknÔetai ìti oi rÐzec thc deuterob�jmiac

exÐswshc

qk−1pkx
2 − (qk + pk)x+ 1 = 0

sugklÐnoun gia k →∞ proc tic rÐzec ρ1 kai ρ2 antÐstoiqa.

AxÐzei na anaferjeÐ ìti o algìrijmoc QD (PhlÐkwn-Diafor¸n) eÐnai mia epèktash thc

mejìdou Bernoulli gia ton upologismì ìlwn twn riz¸n enìc poluwnÔmou(me thn upìjesh 0 <

|ρ1| < |ρ2| < · · · < |ρn|).
An analÔsoume th sun�rthsh R(x) = 1

Pn(x)
se apl� kl�smata èqoume:

R(x) =
a1

x− ρ1

+
a2

x− ρ2

+ · · ·+ an
x− ρn

ìpou ai ∈ C, ai 6= 0

Gia k�je x me |x| < |ρi| isqÔei (apì ton tÔpo thc gewmetrik c seir�c)

ai
x− ρi

= − ai
ρi − x

= −ai
ρi
· 1

1− x
ρi

= −ai
ρi

(
1 +

x

ρi
+
x2

ρ2
i

+ · · ·
)

= −ai
(

1

ρi
+
x

ρ2
i

+
x2

ρ3
i

+ · · ·
)
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Epomènwc gia |x| < |ρ1| h R(x) anaptÔssetai sth dunamoseir�

R(x) =
∞∑
k=0

βkx
k ìpou βk = −

(
a1

ρk+1
1

+
a2

ρk+1
2

+ · · ·+ an
ρk+1
n

)
(1.1)

'Estw t¸ra ìti isqÔei |ρ1| < |ρ2| tìte apì thn (1.1) èqoume:

qk :=
βk
βk−1

=

a1
ρk+1
1

+ a2
ρk+1
2

+ · · ·+ an
ρk+1
n

a1
ρk1

+ a2
ρk2

+ · · ·+ an
ρkn

=
1

ρ1

·
1 + a2

a1

(
ρ1
ρ2

)k+1

+ · · ·+ an
a1

(
ρ1
ρn

)k+1

1 + a2
a1

(
ρ1
ρ2

)k
+ · · ·+ an

a1

(
ρ1
ρn

)k (1.2)

Epeid  |ρ1| < |ρi| èqoume
∣∣∣ρ1ρi ∣∣∣ < 1 gia k�je i = 2, 3, . . . , n kai �ra:

lim
k→∞

qk =
1

ρ1

Ac melet soume t¸ra thn taqÔthta sÔgklishc thc akoloujÐac qk, h opoÐa eÐnai lim
k→∞

εk
εk−1

, ìpou

εk = qk+1 − qk. Apì thn (1.2) èqoume

1

ρ1

− qk =
1

ρ1

·
a2
a1

(
1− ρ1

ρ2

)(
ρ1
ρ2

)k
+ a3

a1

(
1− ρ1

ρ3

)(
ρ1
ρ3

)k
+ · · ·+ an

a1

(
1− ρ1

ρn

)(
ρ1
ρn

)k
1 + a2

a1

(
ρ1
ρ2

)k
+ a3

a1

(
ρ1
ρ3

)k
+ · · ·+ an

a1

(
ρ1
ρn

)k
 

1
ρ1
− qk(
ρ1
ρ2

)k =
1

ρ1

·
a2
a1

(
1− ρ1

ρ2

)
+ a3

a1

(
1− ρ1

ρ3

)(
ρ2
ρ3

)k
+ · · ·+ an

a1

(
1− ρ1

ρn

)(
ρ2
ρn

)k
1 + a2

a1

(
ρ1
ρ2

)k
+ a3

a1

(
ρ1
ρ3

)k
+ · · ·+ an

a1

(
ρ1
ρn

)k (1.3)

An upojèsoume ìti epiplèon isqÔei |ρ2| < |ρ3| kai jèsoume sthn (1.3) ìpou k to k + 1 tìte

diair¸ntac kat� mèlh kai paÐrnontac to ìrio kaj¸c k →∞ èqoume:

lim
k→∞

1
ρ1
− qk+1

1
ρ1
− qk

=
ρ1

ρ2

'Ara h sÔgklish eÐnai grammik  me suntelest  sÔgklishc ρ1
ρ2
. An jèsoume εk = qk+1 − qk tìte

me aploÔc metasqhmatismoÔc brÐskoume ìti:

lim
k→∞

εk
εk−1

=
ρ1

ρ2

'Ara gia thn akoloujÐa

pk =
εk
εk−1

qk

isqÔei

lim
k→∞

pk =
1

ρ2
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1.5 Mèjodoc QD (PhlÐkwn-Diafor¸n)

H sÔgklish thc mejìdou QD eÐnai grammik  (kai sunep¸c arg ) kai euaÐsjhth wc proc

thn epÐdrash sfalm�twn stroggÔleushc, all� eÐnai polÔ qr simh gia thn eÔresh arqik¸n

proseggÐsewn twn pragmatik¸n riz¸n kai twn deuterobajmÐwn paragìntwn pou antistoiqoÔn

se k�je zeÔgoc suzug¸n migadik¸n riz¸n. Autèc oi proseggÐseic eÐnai aparaÐthtec wc arqikèc

timèc se mia pio gr gora sugklÐnousa mèjodo, p.q. th mèjodo Newton-Raphson.

Sth mèjodo QD gia thn prosèggish twn riz¸n thc poluwnumik c exÐswshc Pn(x) =

anx
n + an−1x

n−1 + · · · + a1x + a0 = 0 dhmiourgoÔntai oi parak�tw akoloujÐec pragmatik¸n

arijm¸n {
e

(k)
i

}∞
i=1

∀ k = 1, 2, . . . , n+ 1 (n+ 1 to pl joc){
q

(k)
i

}∞
i=1

∀ k = 1, 2, . . . , n (n to pl joc)

ìpou
e

(1)
i = 0 gia i = 1, 2, . . .

e
(n+1)
i = 0 gia i = 1, 2, . . .

e
(k)
1 = an−k

an−k+1
gia k = 2, 3, . . . , n

q
(1)
1 = −an−1

an

q
(k)
1 = 0 gia k = 2, 3, . . . , n

q
(k)
i+1 = e

(k+1)
i + q

(k)
i − e

(k)
i gia k = 1, 2, . . . , n kai i = 1, 2, . . .

e
(k)
i+1 =

q
(k)
i+1·e

(k)
i

q
(k−1)
i+1

gia k = 2, 3, . . . , n kai i = 1, 2, . . .

An kai h kataskeu  twn akolouji¸n faÐnetai polÔplokh, sthn pr�xh mporeÐ na ulopoihjeÐ

polÔ apl� me th qr sh enìc pÐnaka pou kataskeu�zoume eis�gontac arqik� ìlec tic timèc gia

ta q(k)
1 , e

(k)
1 , e

(1)
i kai e(n+1)

i :

i e
(1)
i q

(1)
i e

(2)
i q

(2)
i e

(3)
i q

(3)
i · · · e

(n)
i q

(n)
i e

(n+1)
i

1 0 −an−1

an

an−2

an−1
0 an−3

an−2
0 · · · a0

a1
0 0

2 0 0

3 0 0
...

...
...

To epìmeno b ma kataskeu�zei tic eisìdouc q(k)
2 sth deÔterh gramm  paÐrnontac to stoiqeÐo

amèswc p�nw kai dexi�, dhlad  to e(k+1)
1 , prosjètontac to amèswc apì p�nw stoiqeÐo q(k)

1 kai
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afair¸ntac to stoiqeÐo p�nw arister� e(k)
1 :

i e
(1)
i q

(1)
i e

(2)
i q

(2)
i e

(3)
i q

(3)
i · · · e

(n)
i q

(n)
i e

(n+1)
i

1 0 −an−1

an

an−2

an−1

−←− 0
+←− an−3

an−2
0 a0

a1
0 0

↘=

2 0 q
(1)
2 q

(2)
2 q

(3)
2 q

(n)
2 0

3 0 0
...

...
...

Oi eÐsodoi e(k)
2 t¸ra prokÔptoun paÐrnontac to dexiì stoiqeÐo q(k)

2 , pollaplasi�zontac me to

apì p�nw stoiqeÐo e(k)
1 kai diair¸ntac me to aristerì stoiqeÐo q(k−1)

2 .

i e
(1)
i q

(1)
i e

(2)
i q

(2)
i e

(3)
i q

(3)
i · · · e

(n)
i q

(n)
i e

(n+1)
i

1 0 −an−1

an

an−2

an−1
0 an−3

an−2
0 a0

a1
0 0

÷ ↙ ↖×

2 0 q
(1)
2 e

(2)
2 q

(2)
2

=−→ e
(3)
2 q

(3)
2 · · · e

(n)
2 q

(n)
2 0

3 0 0
...

...
...

Parat rhsh 1.5. An

lim
i→∞

e
(k)
i = lim

i→∞
e

(k+1)
i = 0

gia k�poio k = 1, 2, . . . , n tìte apodeiknÔetai ìti up�rqei to lim
i→∞

q
(k)
i , to opoÐo eÐnai mia rÐza

tou poluwnÔmou P (x). Epiplèon, an h akoloujÐa
{
e

(k)
i

}∞
i=1

den sugklÐnei sto 0 gia k�poio k

tìte oi akoloujÐec
{
τ

(k)
i

}∞
i=1

kai
{
s

(k)
i

}∞
i=1

ìpou

τ
(k)
i = q

(k−1)
i + q

(k)
i , i = 1, 2, . . .

s
(k)
i = q

(k−1)
i−1 · q(k)

i , i = 2, 3, . . .

sugklÐnoun proc touc arijmoÔc τ (k) kai s(k), antÐstoiqa, ìpou to

x2 − τ (k)x+ s(k)

eÐnai ènac deuterob�jmioc par�gontac tou Pn(x) pou antistoiqeÐ se èna zeÔgoc suzug¸n miga-

dik¸n riz¸n.
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Algìrijmoc 1.3. Mèjodoc QD

1. Di�base n , ai, i = 0(1)n, M

2. e(1)
1 = 0, e

(n+1)
1 = 0, q

(1)
1 = −an−1

an
, i = 2,

IND1 = 1, INDn+1 = 1 (INDk = 1 dhl¸nei sÔgklish thc e(k)
i sto 0)

3. Gia k = 2(1)n

q
(k)
1 = 0, e

(k)
1 = an−k

an−k+1
, INDk = 0, τ

(k)
1 = 0, s

(k)
1 = 0

4. 'Oso i ≤M epan�labe

4.1. e(1)
i = 0, e

(n+1)
i = 0, q

(1)
i = e

(2)
i−1 + q

(1)
i−1 − e

(1)
i−1

4.2. Gia k = 2(1)n

q
(k)
i = e

(k+1)
i−1 + q

(k)
i−1 − e

(k)
i−1

e
(k)
i = (q

(k)
i · e

(k)
i−1)/q

(k−1)
i

τ
(k)
i = q

(k−1)
i + q

(k)
i

s
(k)
i = q

(k−1)
i−1 · q(k)

i

4.3. Gia k = 2(1)n

An e(k)
j → 0 tìte INDk = 1

An e(k)
j 6→ 0 tìte INDk = −1 (an h eklog  den eÐnai faner  tìte INDk = 0)

4.4. NS = 0 (dhl¸nei ìti ìlec oi e(k)
j sugklÐnoun)

4.5. Gia k = 2(1)n, An INDk = 0 tìte NS = 1

4.6. An NS = 0 tìte

4.6.1. Gia k = 2(1)n+ 1

An INDk = 1 kai INDk−1 = 1 tìte TÔpwse(”Proseggistik  rÐza: ”, qk−1
i )

alli¸c TÔpwse(”Proseggistikìc deuterob�jmioc par�gontac:”, x2 − τ (k)
i x +

s
(k)
i )

4.6.2. Tèloc.

4.7. i = i+ 1

5. TÔpwse(”Upèrbash mègistou arijmoÔ epanal yewn:” , M), Tèloc.
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Parat rhsh 1.6. EÐnai fanerì ìti h mèjodoc QD apaiteÐ na mhn up�rqoun mhdenikoÐ sun-

telestèc sto polu¸numo. 'Estw Pn(x) =
n∑
k=0

akx
k kai up�rqei deÐkthc k tètoioc ¸ste ak = 0.

An jewr soume to an�ptugma Taylor tou Pn(x) me kèntro k�poio x0 ∈ R tìte isqÔei

Pn(x) =
n∑
k=0

akx
k =

n∑
k=0

ck(x− x0)k = P̃n(x− x0︸ ︷︷ ︸
y

) = P̃n(y)

ìpou ck =
1

k!
P (k)
n (x0) = Un−k(x0) (ta upìloipa twn diadoqik¸n diairèsewn tou Pn(x) dia

x− x0, p.q. cn = U0(x0)).

Epomènwc ìtan up�rqoun mhdenikoÐ suntelestèc h mèjodoc QD mporeÐ na efarmosteÐ sto

polu¸numo P̃n(y), me suntelestèc ck 6= 0.

1.6 EÔresh riz¸n pragmatik¸n poluwnÔmwn - Mè-

jodoc Bairstow

H eust�jeia twn hlektrik¸n   mhqanik¸n susthm�twn sqetÐzetai me to pragmatikì mèroc

twn migadik¸n riz¸n orismènwn poluwnÔmwn bajmoÔ toul�qiston 30 me pragmatikoÔc sun-

telestèc. 'Eqei apodeiqjeÐ ìti den up�rqoun genikoÐ tÔpoi gia ton upologismì twn riz¸n

poluwnÔmwn bajmoÔ megalÔterou apì 4. 'Etsi den up�rqei �llh epilog  par� mìno h qr sh

miac arijmhtik c mejìdou gia thn eÔresh twn riz¸n.

An metatrèyoume tic pragmatikèc metablhtèc se migadikèc (tropopoi¸ntac kat�llhla tic

paragr�fouc eisìdou/exìdou) se èna prìgramma FORTRAN thc mejìdou Newton-Raphson,

mporoÔme na broÔme proseggistikèc timèc twn riz¸n. 'Omwc aut  h ergasÐa eÐnai arket� epÐponh

an den eÐnai autìmata diajèsimh mia arijmhtik  migadik¸n. Sth sunèqeia parousi�zoume mia

perissìtero epijumht  diadikasÐa.

H basik  idèa eÐnai na broÔme touc deuterob�jmiouc par�gontec pou antistoiqoÔn stic

migadikèc rÐzec kai èpeita na broÔme tic rÐzec aut¸n twn deuterobajmÐwn poluwnÔmwn me touc

gnwstoÔc tÔpouc.

GnwrÐzoume ìti an mia poluwnumik  exÐswsh

P (x) = a1x
n + a2x

n−1 + · · ·+ an−1x
2 + anx+ an+1 = 0

èqei mia migadik  rÐza α+ βi tìte ja èqei rÐza kai th suzug  thc α− βi, opìte to polu¸numo:

R(x) = (x− α− βi)(x− α + βi) = x2 − 2αx+ α2 + β2
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eÐnai par�gontac tou P (x).

Epeid  to R(x) èqei mìno pragmatikoÔc suntelestèc, eÐnai katallhlìtero na ergasjoÔme

me autì par� me tic rÐzec tou.

H tautìthta thc diaÐreshc enìc poluwnÔmou P (x) me èna deuterob�jmio polu¸numo R(x)

eÐnai

P (x) = R(x) ·Q(x) + Y (x)

ìpou Y (x) = ax + b kai Q(x) èna polu¸numo bajmoÔ n − 2. An sthn parap�nw tautìthta

diaÐreshc tou P (x) me to deuterob�jmio par�gonta R(x) sumbolÐsoume:

R(x) = x2 − rx− s

Y (x) = bn(x− r) + bn+1

Q(x) = b1x
n−2 + b2x

n−3 + · · ·+ bn−2x+ bn−1

tìte h tautìthta gr�fetai:

a1x
n + · · ·+ anx+ an+1︸ ︷︷ ︸

P (x)

= (x2 − rx− s)︸ ︷︷ ︸
R(x)

· (b1x
n−2 + · · ·+ bn−2x+ bn−1)︸ ︷︷ ︸

Q(x)

+ bn(x− r) + bn+1︸ ︷︷ ︸
Y (x)

Exis¸nontac touc suntelestèc twn omob�jmiwn ìrwn prokÔptoun oi isìthtec:

a1 = b1 b1 = a1

a2 = b2 − rb1 b2 = a2 + rb1

a3 = b3 − rb2 − sb1 b3 = a3 + rb2 + sb1

a4 = b4 − rb3 − sb2 ⇐⇒ b4 = a4 + rb3 + sb2

...
...

an = bn − rbn−1 − sbn−2 bn = an + rbn−1 + sbn−2

an+1 = bn+1 − rbn − sbn−1 bn+1 = an+1 + rbn + sbn−1
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Sqhmatik� èqoume

a1 a2 a3 a4 · · · an−1 an an+1

×s 0 0 sb1 sb2 · · · sbn−3 sbn−2 sbn−1

↗ ↗ ↗ ↗ ↗
×r 0 rb1 rb2 rb3 · · · rbn−2 rbn−1 rbn

↗ ↗ ↗ ↗ ↗
b1 b2 b3 b4 · · · bn−1 bn bn+1

Par�deigma 1.1. 'Estw P (x) = x5 − 2x4 + 7x3 − 4x2 + 11x− 2, R(x) = x2 − 2x+ 3.

EÐnai r = 2, s = −3.

1 −2 7 −4 11 −2

×(−3) 0 0 −3 0 −12 −12

×2 0 2 0 8 8 14

1 0 4 4 7 0
↑
b1

↑
b2

↑
b3

↑
b4

↑
b5

↑
b6

'Ara Q(x) = x3 + 4x+ 4, Y (x) = 7(x− 2) + 0 = 7x− 14.

H mèjodoc tou Bairstow brÐskei deuterob�jmiouc par�gontec R(x) tou poluwnÔmou P (x).

Gia na eÐnai to Y (x) = bn(x− r) + bn+1 = 0, opìte to R(x) = x2− rx− s eÐnai deuterob�jmioc
par�gontac tou P (x) prèpei na brejoÔn oi suntelestèc r kai s ètsi ¸ste: bn = 0 kai bn+1 = 0.

'Estw r kai s oi timèc pou mhdenÐzoun ta bn, bn+1 kai ac upojèsoume ìti r, s eÐnai proseggÐseic

twn r, s.

An oi diaforèc dr = r−r kai ds = s−s eÐnai {mikrèc} tìte mporoÔme na qrhsimopoi soume
ta olik� diaforik� twn bn, bn+1 gia na p�roume tic proseggÐseic:

0 = bn(r, s) = bn(r + dr, s+ ds) ∼= bn(r, s) +
∂bn
∂r

dr +
∂bn
∂s

ds

0 = bn+1(r, s) = bn+1(r + dr, s+ ds) ∼= bn+1(r, s) +
∂bn+1

∂r
dr +

∂bn+1

∂s
ds

ìpou oi merikèc par�gwgoi upologÐzontai sto (r, s).

Epomènwc an rk, sk eÐnai oi timèc twn r kai s sthn k epan�lhyh kai sumbolÐsoume me drk, dsk

th lÔsh tou parap�nw sust matoc (an antikatast soume ta ∼= me =), tìte orÐzontai oi epì-
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menec proseggistikèc timèc

rk+1 = rk + drk

sk+1 = sk + dsk

oi opoÐec prèpei na eÐnai kalÔterec proseggÐseic twn r, s. Gia na qrhsimopoi soume aut  th

mèjodo prèpei na gnwrÐzoume tic tèsseric timèc twn merik¸n parag¸gwn sto shmeÐo (r, s).

An efarmìsoume th sunjetik  diaÐresh tou P (x) dia R(x), antikajist¸ntac ta ai me ta bi

tìte prokÔptoun oi nèoi suntelestèc c1, c2, . . . , cn wc ex c:

b1 b2 b3 . . . bn

×r 0 0 c1s . . . cn−2s

×s 0 c1r c2r . . . cn−1r

c1 c2 c3 . . . cn

ApodeiknÔetai (me epagwg ) ìti oi merikèc par�gwgoi mporoÔn na upologistoÔn apì touc

tÔpouc:
∂bn
∂r

= cn−1 ,
∂bn
∂s

= cn−2

∂bn+1

∂r
= cn ,

∂bn+1

∂s
= cn−1

Telik� ta drk kai dsk prokÔptoun apì th lÔsh tou grammikoÔ sust matoc:

cn−1dr + cn−2ds = −bn

cndr + cn−1ds = −bn+1

h opoÐa eÐnai

drk =
bncn−1 − bn+1cn−2

cncn−2 − c2
n−1

kai dsk =
bn+1cn−1 − bncn
cncn−2 − c2

n−1

Oi arqikèc timèc r0, s0 lamb�nontai sun jwc Ðsec me 0. KalÔterec proseggÐseic epitugq�nontai

epilègontac

• Gia meg�lec kat� mètro rÐzec (kai efìson a1 6= 0), r0 = −a2

a1

kai s0 = −a3

a1

.

• Gia mikrèc kat� mètro rÐzec (kai efìson an−1 6= 0), r0 = − an
an−1

kai s0 = −an+1

an−1

.

Autì giatÐ gia polÔ meg�lec rÐzec x ja isqÔei:

0 = P (x) ∼= a1x
n + a2x

n−1 + xn−2 x 6=0
=⇒ x2 +

a2

a1

x+
a3

a1

∼= 0
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kai parìmoia gia polÔ mikrèc rÐzec ja eÐnai:

an−1x
2 + anx+ an+1

∼= 0
x 6=0
=⇒ x2 +

an
an−1

x+
an+1

an−1

∼= 0

Algìrijmoc 1.4. Mèjodoc Bairstow (eÔresh deuterob�jmiou par�gonta R(x) = x2−rx−s
tou n−bajmoÔ poluwnÔmou P (x) = a1x

n + a2x
n−1 + · · ·+ anx+ an+1, a1 6= 0)

1. Di�base n, ai, i = 1(1)n+ 1, M, NS, r0, s0

2. b1 = a1, c1 = b1, r = r0, s = s0, ε = 10−NS, k = 1

3. 'Oso k ≤M epan�labe

3.1. b2 = a2 + b1r, c2 = b2 + c1r

3.2. Gia i = 3(1)n+ 1

bi = ai + rbi−1 + sbi−2

ci = bi + rci−1 + sci−2

3.3. D = cncn−2 − c2
n−1

dr = (bncn−1 − bn+1cn−2)/D

ds = (bn+1cn−1 − bncn)/D

r = r + dr, s = s+ ds

3.4. An |dr| ≤ ε ·max{1, |r|} kai |ds| ≤ ε ·max{1, |s|} tìte

3.4.1. TÔpwse(R(x) = x2 − rx − s eÐnai deuterob�jmioc par�gontac tou P (x) kai

Q(x) = b1x
n−1 + · · ·+ bn−2x+ bn−1 eÐnai to phlÐko thc diaÐreshc P (x)/R(x))

3.4.2. Tèloc.

3.5. k = k + 1

4. TÔpwse(”'Oqi sÔgklish met� apì M epanal yeic”), Tèloc.
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Algìrijmoc 1.5. Tetragwnikìc upobibasmìs(Quadratic Deflation gia ton upologismì ì-

lwn twn riz¸n enìc pragmatikoÔ poluwnÔmou P (x) = a1x
n+a2x

n−1+· · ·+anx+an+1, a1 6= 0)

1. Di�base n, ai, i = 1(1)n+ 1

2. 'Oso n ≥ 2 epan�labe

2.1. EÔresh enìc pragmatikoÔ deuterob�jmiou par�gonta R(x) ¸ste P (x) = Q(x)R(x)

(mèjodoc Bairstow)

2.2. Upologismìc twn riz¸n ρ1, ρ2 tou R(x) (tÔpoi deuterob�jmiac exÐswshc)

2.3. TÔpwse(ρ1, ρ2)

2.4. P (x)← Q(x), n← n− 2

3. An n = 1 tìte TÔpwse(”teleutaÐa rÐza:”, ρ = −an−1

an
)

Par�deigma 1.2. 'Estw h exÐswsh ax2 + bc + c = 0. An b2 − 4ac > 0 tìte oi rÐzec thc

dÐnontai apì ton tÔpo

x1,2 =
−b±

√
b2 − 4ac

2a

'Estw b > 0 kai èstw ìti jèloume na upologÐsoume th mikrìterh kat' apìluto tim  rÐza

efarmìzontac ton tÔpo

x1 =
−b+

√
b2 − 4ac

2a

An to 4ac eÐnai mikrì sugkritik� me to b2 tìte h posìthta
√
b2 − 4ac proseggÐzetai apì to b

me akrÐbeia orismènwn dekadik¸n yhfÐwn. Epomènwc, dojèntoc ìti upologÐzoume me aut n thn

prosèggish to rizikì, sumperaÐnoume ìti o arijmht c tou anwtèrw tÔpou kai kat� sunèpeia h

upologizìmenh rÐza ja eÐnai akrib c se orismènec jèseic. Gia na to antilhfjoÔme autì, dÐnoume

to ex c par�deigma:

x2 + 111.11x+ 1.2121 = 0

An qrhsimopoi soume arijmhtik  kinht c upodiastol c me 5 shmantik� yhfÐa kai stroggÔleush

tìte èqoume:

b2 = 12345
√
b2 − 4ac =

√
12345− 4 · 1 · (1.2121) =

√
12340 = 111.09

x1 =
−b+

√
b2 − 4ac

2a
= −0.02

2.1
= −0.01
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en¸ h akrib c tim  thc rÐzac (me 5 shmantik� yhfÐa) eÐnai x1 = −0.01091.

H ap¸leia shmantik¸n yhfÐwn eÐnai dunatì na apofeuqjeÐ an qrhsimopoi soume gia ton

upologismì thc mikrìterhc kat' apìluto tim  rÐzac ton tÔpo

x1 =
−2c

b+
√
b2 − 4ac

=
−2 · (1.2121)

111.11 + 111.09
= −2.4242

222.2
= −0.01091

H met�dosh sf�lmatoc melet�tai kat�llhla me th bo jeia twn ennoi¸n sunj kh(condition)

kai ast�jeia(instability). H lèxh sunj kh qrhsimopoieÐtai gia na perigr�yei thn euaisjhsÐa

thc tim c f(x) miac sun�rthshc se metabolèc thc metablht c x. H sunj kh sun jwc metreÐtai

wc ex c:

cond(f) = max

{∣∣∣∣f(x)− f(x∗)

x− x∗

∣∣∣∣/∣∣∣∣x− x∗x

∣∣∣∣ : |x− x∗| � 1

}
∼=

∣∣∣∣xf ′(x)

x− x∗

∣∣∣∣
Sthn pr�xh qrhsimopoioÔme thn prosèggish

f(x)− f(x∗) ∼= f ′(x) · (x− x∗)

H ènnoia thc ast�jeiac perigr�fei thn euaisjhsÐa miac arijmhtik c diadikasÐac gia ton

upologismì tou f(x) se anapìfeukta sf�lmata stroggÔleushc pou metafèrontai(diadÐdontai)

kat� th di�rkeia thc ektèleshc aut c se arijmhtik  peperasmènhc akrÐbeiac.

1.7 Migadikèc rÐzec kai mèjodoc Müller

Oi mèjodoi pou exet�same mèqri t¸ra brÐskoun mia apomonwmènh rÐza miac sun�rthshc, an

eÐnai gnwst  mia prosèggish thc rÐzac. Oi mèjodoi autèc den eÐnai arket� ikanopoihtikèc ìtan

apaiteÐtai o upologismìc ìlwn twn riz¸n miac sun�rthshc   ìtan den diatÐjentai kalèc arqikèc

proseggÐseic. 'Opwc eÐdame se prohgoÔmenec paragr�fouc gia tic poluwnumikèc sunart seic

up�rqoun mèjodoi pou dÐnoun sugqrìnwc proseggÐseic ìlwn twn riz¸n (p.q. mèjodoc QD). Sth

sunèqeia mporoÔn na efarmosjoÔn oi gnwstèc epanalhptikèc mèjodoi (p.q. Newton-Raphson,

TèmnousacSecant) gia na petÔqoume pio akribeÐc proseggÐseic twn riz¸n.

Mia endiafèrousa mèjodoc, èqei protajeÐ apì ton Müller kai èqei efarmosjeÐ me axiosh-

meÐwth epituqÐa. H mèjodoc aut  qrhsimopoieÐtai gia thn eÔresh orismènou arijmoÔ riz¸n,

pragmatik¸n   migadik¸n miac opoiasd pote sun�rthshc. H mèjodoc eÐnai epanalhptik , sug-

klÐnei perÐpou tetragwnik� sthn perioq  miac rÐzac, den apaiteÐ ton upologismì thc parag¸gou

thc sun�rthshc kai epitugq�nei thn eÔresh kai twn migadik¸n riz¸n, akìma kai sthn perÐptwsh

pou oi rÐzec den eÐnai aplèc (dhlad  èqoun pollaplìthta k > 1).
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EpÐshc h mèjodoc eÐnai genik  upì thn ènnoia ìti o qr sthc de qrei�zetai arqik  pro-

sèggish. Sthn par�grafo aut  perigr�foume sÔntoma th mèjodo, paraleÐpontac th melèth

sÔgklis c thc kai suzhtoÔme th qr sh thc gia thn eÔresh twn pragmatik¸n kai migadik¸n

riz¸n. Ja exet�soume eidik� to prìblhma thc eÔreshc migadik¸n riz¸n poluwnÔmwn me prag-

matikoÔc suntelestèc, kaj¸c autì to prìblhma èqei meg�lo endiafèron se polloÔc kl�douc

thc Mhqanik c.

H mèjodoc Müller eÐnai mia fusik  epèktash thc mejìdou thc Tèmnousac. UpenjumÐzoume

ìti sth mèjodo thc Tèmnousac prosdiorÐzoume apì tic proseggÐseic xi, xi+1 miac rÐzac thc

f(x) = 0, th nèa prosèggish wc th rÐza tou prwtob�jmiou poluwnÔmou p(x), to opoÐo dièrqetai

apì ta duo shmeÐa (xi, f(xi)) kai (xi+1, f(xi+1)).

Sth mèjodo Müller, h epìmenh prosèggish xi+1 brÐsketai wc h rÐza thc parabol c pou

dièrqetai apì ta trÐa shmeÐa(
xi, f(xi)

)
,

(
xi−1, f(xi−1)

)
,

(
xi−2, f(xi−2)

)
SÔmfwna me ton tÔpo parembol c tou Newton h parabol 

p(x) = f(xi) + f [xi, xi−1](x− xi) + f [xi, xi−1, xi−2](x− xi)(x− xi−1)

eÐnai h monadik  pou proseggÐzei th sun�rthsh f(x) sta trÐa shmeÐa xi, xi−1, xi−2.

Epeid  eÐnai

(x− xi)(x− xi−1) = (x− xi)2 + (x− xi)(xi − xi−1)

to p(x) gr�fetai wc

p(x) = f(xi) + f [xi, xi−1](x− xi) + f [xi, xi−1, xi−2]
(

(x− xi)2 + (x− xi)(xi − xi−1)
)

= f(xi) +
(
f [xi, xi−1] + f [xi, xi−1, xi−2](xi − xi−1)︸ ︷︷ ︸

ci

)
(x− xi) + f [xi, xi−1, xi−2](x− xi)2

= f(xi) + (x− xi)ci + f [xi, xi−1, xi−2](x− xi)2

'Ara mia rÐza ρ thc parabol c p(x) ikanopoieÐ th sqèsh

ρ− xi =
−2f(xi)

ci ±
(
c2
i − 4f(xi)f [xi, xi−1, xi−2]

)1/2
(1.4)

sÔmfwna me to gnwstì tÔpo gia thn eÔresh thc mikrìterhc kat� mètro rÐzac.
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An epilèxoume to prìshmo sthn (1.4) ètsi ¸ste o paronomast c na eÐnai ìso to dunatì

megalÔteroc kai an onom�soume hi+1 to dexÐ mèloc thc (1.4), tìte h epìmenh prosèggish thc

f eÐnai

xi+1 = xi + hi+1

H diadikasÐa epanalamb�netai qrhsimopoi¸ntac tic treic basikèc proseggÐseic xi−1, xi, xi+1.

An oi rÐzec pou prokÔptoun apì thn (1.4) eÐnai pragmatikèc, h kat�stash faÐnetai grafik� sto

parak�tw sq ma:

x

y = f(x)

y

xi−2xixi−1

y = p(x)

xi+1

f(xi−1)

TonÐzoume ìti akìma kai an oi rÐzec eÐnai pragmatikèc, mporeÐ na prokÔyoun migadikèc proseg-

gÐseic, lìgw tou ìti oi lÔseic pou dÐnei h (1.4) eÐnai migadikèc. Opwsd pote, stic peript¸seic

autèc h fantastik  suntetagmènh ja eÐnai tìso mikr  ¸ste na mporeÐ na jewrhjeÐ amelhtè-

a. Sthn pr�xh, ston algìrijmo pou dÐnetai parak�tw k�poiec migadikèc suntetagmènec pou

sunant¸ntai kat� thn anaz thsh miac pragmatik c rÐzac paraleÐpontai.

DÐnoume t¸ra ton algìrijmo thc mejìdou tou Müller.

Algìrijmoc 1.6. Mèdodoc Müller

1. Di�base

x0, x1, x2 ( arqikèc proseggÐseic thc rÐzac ξ thc f)

ε1, ε2 (anektikìthtec)

M (mègistoc epitreptìc arijmìc epanal yewn)
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2. h1 = x1 − x0, h2 = x2 − x1,

f [x1, x0] = f(x2)−f(x1)
h1

, f [x2, x1] = f(x2)−f(x1)
h2

, i = 2

3. Epan�labe

3.1. f [xi, xi−1, xi−2] =
f [xi, xi−1]− f [xi−1, xi−2]

hi + hi−1

3.2. ci = f [xi, xi−1] + hif [xi, xi−1, xi−2]

3.3. hi+1 =
−2f(xi)

ci ±
√
c2
i − 4f(xi)f [xi, xi−1, xi−2]

(epilog  tou pros mou ètsi ¸ste o paronomast c na eÐnai kat,apìluth timh mègi-

stoc)

3.4. xi+1 = xi + hi+1, f [xi+1, xi] =
f(xi+1)− f(xi)

hi+1

3.5. i = i+ 1

'Ewc ìtou |xi − xi−1| < ε1 · |xi|   |f(xi)| < ε2   i > M

4. An i ≤M TÔpwse(”Proseggistik  tim  thc rÐzac:”, xi)

alli¸c TÔpwse(”'Oqi sÔgklish met� apì M epanal yeic”)
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Mh Grammik� Sust mata

'Estw fi(x1, x2, . . . , xn) , i = 1, 2, . . . , n, n to pl joc migadikèc sunart seic n metablht¸n

x1, x2, . . . , xn orismènec se mia perioq  B ⊆ Rn. JewroÔme to sÔsthma

f1(x1, x2, . . . , xn) = 0

f2(x1, x2, . . . , xn) = 0

...

fn(x1, x2, . . . , xn) = 0

  upì morf  dianusm�twn

f(x) = 0 (2.1)

ìpou

x = (x1, x2, . . . , xn)T , f = (f1, f2, . . . , fn)T

Onom�zoume rÐza (  mhdenikì shmeÐo) tou sust matoc k�je shmeÐo ξ = (ξ1, ξ2, . . . , ξn)T ∈ B
tètoio ¸ste f(ξ) = 0.

Mia eidik  perÐptwsh susthm�twn thc morf c (2.1) eÐnai ta grammik� sust mata. Gia ta

mh grammik� sust mata h eÔresh krithrÐwn pou exasfalÐzoun thn Ôparxh kai to monos manto

twn lÔsewn eÐnai èna exairetik� dÔskolo prìblhma kai antimetwpÐzetai apotelesmatik� mìno

se eidikèc peript¸seic. All� kai an akìma exasfalisjeÐ h Ôparxh lÔshc, h eÔres  thc eÐnai

arket� dÔskolo prìblhma.

27
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2.1 Mèjodoc apaloif c

H plèon gnwst  mèjodoc epÐlushc susthm�twn thc morf c (2.1) eÐnai h mèjodoc thc apa-

loif c. Kat� th mèjodo aut  apaleÐfontai oi �gnwstoi metaxÔ twn exis¸sewn kai to arqikì

sÔsthma metatrèpetai se èna peperasmèno sÔnolo susthm�twn thc morf c

ϕ1(x1, x2, . . . , xn) = 0

ϕ2(x2, x3, . . . , xn) = 0

...

ϕn(xn) = 0

kai sth sunèqeia lÔnontac aut� ta (aploÔstera) sust mata kat� ta gnwst�. Dhlad  brÐ-

skoume pr¸ta tic rÐzec thc teleutaÐac exÐswshc φn(xn) = 0 me mia apì tic gnwstèc mejìdouw.

Me antikat�stash twn riz¸n aut¸n stic prohgoÔmenec exis¸seic, prokÔptoun epÐshc sust -

mata tic Ðdiac morf c, all� me n − 1 exis¸seic/agn¸stouc. Ergazìmenoi me ton trìpo autì

brÐskoume telik¸c ìlec tic rÐzec tou sust matoc.

Par�deigma 2.1. 'Estw to sÔsthma

x2
1 + x2

2 − 1 = 0

2x2
1 − x2 − 1 = 0

Me apaloif  tou x1 apì tic exis¸seic prokÔptei to isodÔnamo sÔsthma

x2
1 + x2

2 − 1 = 0

2x2
2 + x2 − 1 = 0

Apì th deÔterh exÐswsh prokÔptoun x2 = 1
2
  x2 = −1. An antikatast soume sthn pr¸th

prokÔptoun telik� oi parak�tw lÔseic tou arqikoÔ sust matoc:

x1 = 0 , x2 = −1

x1 =

√
3

2
, x2 =

1

2

x1 = −
√

3

2
, x2 =

1

2

H mèjodoc thc apaloif c parousi�zei genik� pollèc duskolÐec ¸ste na qrhsimopoieÐtai

mìno se eidikèc peript¸seic kai gia sust mata me mikrì arijmì agn¸stwn.
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2.2 Grafik  mèjodoc

'Estw to sÔsthma

f1(x1, x2) = 0

f2(x2, x3) = 0

JewroÔme èna sÔsthma orjogwnÐwn suntetagmènwn x1Ox2 kai sqedi�zoume tic grafikèc para-

st�seic twn parap�nw sunart sewn sto pedÐo orismoÔ touc. Profan¸c oi suntetagmènec twn

shmeÐwn tim c twn duo gramm¸n orÐzoun tic pragmatikèc lÔseic tou sust matoc. H mèjodoc

aut  eÐnai efikt  efìson eÐnai dunatì na gÐnoun oi grafikèc autèc parast�seic.

Par�deigma 2.2. Na lujeÐ grafik� to sÔsthma

9x2
1 + 16x2

2 − 25 = 0

2x1 − x2 − 1 = 0

H pr¸th apì tic exis¸seic parist� èlleiyh me kèntro thn arq  twn axìnwn kai hmi�xonec
5
3
kai 5

4
. H deÔterh parist� mia eujeÐa.

x1

5
4

5
3

B

A

x2

−91
73

1

1

− 9
73

Apì to sq ma faÐnetai ìti oi lÔseic tou sust matoc eÐnai oi suntetagmènec twn shmeÐwn tom c

A(1, 1), B(− 9
73
,−91

73
).
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2.3 Epanalhptikèc mèjodoi

Upojètoume ìti to sÔsthma (2.1) mporeÐ na metasqhmatisteÐ me kat�llhlouc metasqhmati-

smoÔc sthn isodÔnamh morf 

x = ϕ(x)

ìpou x = (x1, x2, . . . , xn)T , ϕ = (ϕ1, ϕ2, . . . , ϕn).

OrÐzoume tic parak�tw epanalhptikèc mejìdouc:

Epanalhptik  mèjodoc olikoÔ b matoc: x(m+1) = ϕ(x(m)) , m = 0, 1, 2, . . .

ìpou to x(0) eÐnai mia pr¸th prosèggish tou zhtoÔmenou stajeroÔ shmeÐou thc ϕ(x).

Epanalhptik  mèjodoc aploÔ b matoc:

x
(m+1)
i = ϕi(x

(m+1)
1 ,x

(m+1)
2 , . . . ,x

(m+1)
i−1 ,x

(m)
i+1, . . . ,x

(m)
n ), i = 1(1)n, ìpou m = 0, 1, 2, . . . kai

dÐnetai mia arqik  prosèggish x(0) = (x
(0)
1 , x

(0)
2 , . . . , x

(0)
n ).

Sth sunèqeia dÐnoume mia prìtash me thn opoÐa exasfalÐzetai h Ôparxh kai to monos manto

enìc stajeroÔ shmeÐou thc ϕ(x) kaj¸c kai ton trìpo upologismoÔ autoÔ.

Prìtash 2.1. JewroÔme to kleistì orjog¸nio n−diast�sewn

∆n = { αi ≤ xi ≤ βi , i = 1, 2, . . . , n }

kai tic n pragmatikèc sunart seic n metablht¸n

ϕi = ϕi(x1, x2, . . . , xn) , i = 1, 2 . . . , n

pou orÐzontai sto ∆n kai ikanopoioÔn tic parak�tw proôpojèseic:

1) ϕi

∣∣∣
∆n

suneqeÐc, i = 1, 2 . . . , n

2) Gia k�je x = (x1, x2, . . . , xn)T ∈ ∆n isqÔei ϕ(x) ∈ ∆n

3) Up�rqei mia stajer� L < 1 tètoia ¸ste gia k�je x1,x2 ∈ ∆n isqÔei h sunj kh tou

Lipschitz ‖ϕ(x1)−ϕ(x2)‖ ≤ L‖x1 − x2‖

Tìte isqÔoun ta parak�tw

a) Up�rqei akrib¸c èna ξ ∈ ∆n tètoio ¸ste ξ = ϕ(ξ)
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b) Gia k�je x0 ∈ ∆n h akoloujÐa xm, m = 0, 1, 2, . . . pou orÐzetai me thn epanalhptik 

mèjodo xm+1 = ϕ(xm), m = 0, 1, 2, . . . èqei nìhma, dhlad  xm ∈ ∆n, ∀m = 0, 1, 2, . . .

kai lim
m→∞

xm = ξ kai epiplèon isqÔei h anisìthta

‖xm − ξ‖ ≤
Lm

1− L
‖x1 − x0‖

Sth sunèqeia gia lìgouc suntomÐac kai apl c parousÐashc periorizìmaste sto q¸ro R2.

EÐnai autonìhto ìti ìla ta sumper�smata mporoÔn na epektajoÔn sto q¸ro Rn qwrÐc meg�lh

duskolÐa. 'Estw loipìn h dianusmatik  sun�rthsh

ϕ(x) =
(
ϕ1(x1, x2) , ϕ2(x1, x2)

)T
gia thn opoÐa upojètoume ìti up�rqoun oi merikèc par�gwgoi pr¸thc t�xhc

∂ϕj
∂xi

, i = 1, 2 , j = 1, 2

se mia perioq  enìc shmeÐou ξ = (ξ1, ξ2)T .

OrÐzoume t¸ra ton Iakwbianì pÐnaka (Jacobian) twn ϕ1, ϕ2 sto ξ wc ex c:

J(ϕ(ξ)) =


∂ϕ1(ξ1, ξ2)

∂x1

∂ϕ1(ξ1, ξ2)

∂x2

∂ϕ2(ξ1, ξ2)

∂x1

∂ϕ2(ξ1, ξ2)

∂x2


DÐnoume t¸ra mia �llh prìtash, h opoÐa eÐnai epèktash thc gnwst c prìtashc stajeroÔ

shmeÐou, sto didi�stato q¸ro.

Prìtash 2.2. 'Estw to sÔsthma x = ϕ(x), to opoÐo upojètoume ìti èqei èna stajerì shmeÐo

ξ = (ξ1, ξ2)T . Upojètoume ìti up�rqei δ > 0 ¸ste gia k�je x ∈ R2 me ‖x− ξ‖ < δ up�rqoun

oi merikèc par�gwgoi
∂ϕj
∂xi

, i, j = 1, 2 kai h fasmatik  aktÐna tou IakwbianoÔ pÐnaka twn

ϕ1, ϕ2 sto x eÐnai mikrìterh thc mon�dac, dhlad  S
(
J(ϕ(ξ))

)
< 1. Tìte, gia k�je x0 ∈ R2

me ‖x0 − ξ‖ < δ h epanalhptik  mèjodoc xm+1 = ϕ(xm), m = 0, 1, 2, . . . èqei ènnoia kai

lim
m→∞

xm = ξ.

EpÐshc h ϕ(x) èqei to monadikì stajerì shmeÐo ξ sthn perioq  ‖x− ξ‖ < δ.

Mia �llh qr simh prìtash gia tic efarmogèc eÐnai h parak�tw, h opoÐa prokÔptei eÔkola

apì thn prohgoÔmenh.
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Prìtash 2.3. 'Estw to parap�nw sÔsthma x = ϕ(x) kai oi sunart seic ϕ1, ϕ2 orismènec

sto orjog¸nio

∆2 = { αi ≤ xi ≤ βi , i = 1, 2 }

me suneqeÐc merikèc parag ģouc pr¸thc t�xhc.

'Estw ξ = (ξ1, ξ2)T stajerì shmeÐo thc ϕ(x) pou brÐsketai sto eswterikì tou ∆2, tètoio

¸ste J(ϕ(ξ)) =

 0 0

0 0

.
Tìte up�rqei δ > 0 ¸ste h epanalhptik  mèjodoc xm+1 = ϕ(xm), m = 0, 1, 2, . . . èqei

ènnoia gia k�je x0 ∈ ∆2 me ‖x0 − ξ‖ < δ kai isqÔei lim
m→∞

xm = ξ.

Par�deigma 2.3. 'Estw to sÔsthma

x1 = x2
1 − x2

2

x2 = x2
1 + x2

2

dhlad  ϕ(x) = (x2
1 − x2

2, x2
1 + x2

2).

Profan¸c isqÔei ϕ(0) = 0, dhlad  to (0, 0) eÐnai stajerì shmeÐo thc ϕ(x). EÐnai

J(ϕ(x)) =

 2x1 −2x2

2x1 2x2


�ra J(ϕ(0)) =

 0 0

0 0

. JewroÔme thn epanalhptik  mèjodo

x
(m+1)
1 = (x

(m)
1 )2 − (x

(m)
2 )2

x
(m+1)
2 = (x

(m)
1 )2 + (x

(m)
2 )2, m = 0, 1, 2, . . .

An p�roume ¸c arqikì di�nusma x(0) = (x
(0)
1 , x

(0)
2 ) =

(
1

2
,

1

2

)
tìte èqoume

m x
(m)
1 x

(m)
2

0 0.5 0.5

1 0 0.5

2 −0.25 0.25

3 0 0.125

4 −0.015625 0.015625

5 0 0.00048826125
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2.4 Epanalhptik  mèjodoc Newton-Raphson(N-R)

Gia lìgouc aplìthtac jewroÔme x = (x, y) ∈ R2 , f = (f, g). 'Estw loipìn h

dianusmatik  sun�rthsh

f(x) =
(
f(x, y) , g(x, y)

)T
orismènh sto orjog¸nio ∆2 = { α ≤ x ≤ β , γ ≤ y ≤ δ }. Upojètoume ìti oi f, g èqoun

suneqeÐc merikèc parag¸gouc mèqri deÔterhc t�xhc sto ∆2. An to sÔsthma

f(x, y) = 0

g(x, y) = 0

èqei mia lÔsh ξ = (ξ, η)T sto eswterikì tou ∆2 kai epiplèon isqÔei |J(f(ξ))| 6= 0 tìte eÐnai

gnwstì apì ton apeirostikì logismì ìti to sÔsthma den èqei �llh lÔsh se mia arket� mikr 

perioq  tou ξ.

Me tic anwtèrw proôpojèseic orÐzoume thn epanalhptik  mèjodo N-R:

xm+1 = xm − J−1(f(xm)) · f(xm) , m = 0, 1, 2, . . . (2.2)

ìpou J−1(f(xm)) o antÐstrofoc tou IakwbianoÔ pÐnaka J(f(xm)).

ApodeiknÔetai ìti up�rqei δ > 0 ¸ste gia k�je x0 ∈ ∆2 me ‖x0 − ξ‖ < δ h anwtèrw

epanalhptik  mèjodoc èqei ènnoia kai orÐzei thn akoloujÐa xm ètsi ¸ste lim
m→∞

xm = ξ.

Gia thn kalÔterh katanìhsh thc mejìdou th gr�foume analutik� upì morf  suntetagmè-

nwn. 'Estw xm = (xm, ym)T kai

J(f(xm)) =


∂f(xm, ym)

∂x

∂f(xm, ym)

∂y

∂g(xm, ym)

∂x

∂g(xm, ym)

∂y



An antistrèyoume ton pÐnaka autì kai antikatast soume sthn (2.2) tìte prokÔptoun met� th
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di�spash se suntetagmènec oi akìloujec exis¸seic thc e.m. N-R

xm+1 = xm +

g(xm, ym)
∂f(xm, ym)

∂y
− f(xm, ym)

∂g(xm, ym)

∂y
∂f(xm, ym)

∂x
· ∂g(xm, ym)

∂y
− ∂f(xm, ym)

∂y
· ∂g(xm, ym)

∂x

ym+1 = ym +
f(xm, ym)

∂g(xm, ym)

∂x
− g(xm, ym)

∂f(xm, ym)

∂x
∂f(xm, ym)

∂x
· ∂g(xm, ym)

∂y
− ∂f(xm, ym)

∂y
· ∂g(xm, ym)

∂x

Par�deigma 2.4. Efarmìste thn epanalhptik  mèjodo Newton-Raphson gia th lÔsh tou

sust matoc:

f(x, y) = x− x2 − y2

g(x, y) = y − x2 + y2

kai me arqik  tim  x0 = (x0, y0) = (0.8, 0.4).

An antikatast soume stic anwtèrw exis¸seic thc mejìdou N-R prokÔptoun oi akìloujec

exis¸seic suntetagmènwn

xm+1 = xm +
(ym − x2

m + y2
m) · (−2ym)− (xm − x2

m − y2
m) · (1 + 2ym)

(1− 2xm) · (1 + 2ym)− (−2ym) · (−2xm)

ym+1 = ym +
(xm − x2

m − y2
m) · (−2xm)− (ym − x2

m + y2
m) · (1− 2xm)

(1− 2xm) · (1 + 2ym)− (−2ym) · (−2xm)

An efarmìsoume touc parap�nw tÔpouc suntetagmènwn prokÔptoun:

m x
(m)
1 x

(m)
2

0 0.8 0.4

1 0.772881359 0.420338983

2 0.771845967 0.419644283

3 0.771844506 0.419643377

4 0.771844506 0.419643377

2.5 To dÐlhmma sthn epilog  megèjouc b matoc h

To pragmatikì sf�lma ε(h) se mia arijmhtik  lÔsh proèrqetai apì duo par�gontec; to

sf�lma apokop c τ(h) kai to sf�lma stroggÔleushc ρ(h):

ε(h) = τ(h) + ρ(h)
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To τ(h) exart�tai apì ton tÔpo thc arijmhtik c mejìdou pou qrhsimopoieÐtai, kai eÐnai τ(h) =

O(hn) gia mia n−t�xhc mèjodo, dhlad  τ(h) → 0 kaj¸c h → 0. To ρ(h) exart�tai apì ton

tÔpo kaj¸c kai ton epexergast  pou qrhsimopoieÐtai, en¸ aux�nei kaj¸c h → 0. Epomènwc

ja up�rqei k�poia tim  hτ=ρ tètoia ¸ste τ(h) = ρ(h) kai gia h < hτ=ρ na eÐnai τ(h) < ρ(h)).

To prìblhma thc eÔreshc enìc megèjouc b matoc h arket� mikroÔ ¸ste to τ(h) na eÐnai

"mikrì� kai to ρ(h) na mhn uperèqei autoÔ (dhlad  τ(h) ≤ ρ(h)) anafèretai wc to dÐlhmma

megèjouc b matoc. Sqhmatik�:

ε

hhτ=ρO

εmin

τ(h)

τ1(h)

ρ2(h)

ρ(h)

ε(h)

Up�rqoun duo trìpoi el�ttwshc tou εmin. Pr¸ton h qr sh enìc tÔpou uyhlìterhc t�xhc

(aÔxhsh tou n). Autì elatt¸nei to εmin me el�ttwsh thc kampÔlhc τ(h) se τ1(h), ìpwc

faÐnetai sto gr�fhma. DeÔteron h qr sh arijmhtik c uyhlìterhc akrÐbeiac. Autì elatt¸nei

thn ρ(h) proc ta k�tw kai arister� (ρ2(h) sto gr�fhma). Kai oi duo autoÐ trìpoi èqoun mia

atèleia: apaitoÔn na gÐnei epan�lhyh twn upologism¸n. O deÔteroc trìpoc mporeÐ na qreiasteÐ

kai diaforetikì epexergast .
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2.6 Beltiwtikìc tÔpoc tou Richardson

JewroÔme to an�ptugma thc f se polu¸numo Taylor n−bajmoÔ wc proc to x0 (n �rtioc)

kai upologÐzoume thc timèc f(x0 + h) kai f(x0 − h), opìte èqoume:

f(x0 + h) = f(x0) + hf ′(x0) +
h2

2!
f ′′(x0) + · · ·+ hn

n!
f (n)(x0) +

hn+1

(n+ 1)!
f (n+1)(ξ1)

f(x0 − h) = f(x0)− hf ′(x0) +
h2

2!
f ′′(x0)− · · ·+ (−1)n

hn

n!
f (n)(x0)− hn+1

(n+ 1)!
f (n+1)(ξ−1)

ìpou x0 − h < ξ−1 < x0 < ξ1 < x0 + h.

Afair¸ntac kat� mèlh kai efarmìzontac to Je¸rhma Endi�meshc Tim c prokÔptei

f(x0 + h)− f(x0 − h)

2h
= f ′(x0)+

h2

3!
f ′′′(x0) +

h4

5!
f (5)(x0) + · · ·+ hn−2

(n− 1)!
f (n−1)(x0) +

hn

(n+ 1)!
f (n+1)(ξ)︸ ︷︷ ︸

−τ(h)

ìpou ξ ∈ (x0 − h, x0 + h),  

f ′(x0)︸ ︷︷ ︸
Q

= Dh(f(x0))︸ ︷︷ ︸
F (h)

+τ(h)

Upojètoume ìti F (h) eÐnai mia prosèggish t�xhc O(hn) thc proseggizìmenhc posìthtac Q

kai paÐrnoume duo proseggÐseic F (h), F (hmax). Tìte dÐnetai mia beltiwmènh prosèggish thc

Q me ton tÔpo:

F1(h) =
qnF (h)− F (hmax)

qn − 1
, ìpou hmax = qh (2.3)

An eÐnai gnwstì ìti τ(h) = chn +O(hm) tìte o F1(h) eÐnai t�xhc m > n, dhlad :

Q− F1(h) = Dhm + (ìroi uyhlìterhc t�xhc) = O(hm)

Sthn perÐptwsh aut  mporoÔme na qrhsimopoi soume ton tÔpo (2.3) gia na p�roume uyhlìterhc

t�xhc proseggÐseic

F2(h) =
qmF1(h)− F1(hmax)

qm − 1
, t�xhc O(hm+2)

Parat rhsh 2.1. 'Otan efarmìzetai o tÔpoc beltÐwshc sf�lmatoc tou Richardson gia èna

tÔpo peperasmènwn diafor¸n (proc ta emprìc   proc ta pÐsw) h t�xh sf�lmatoc aux�nei kat�

1, en¸ gia ènan tÔpo kentrik¸n diafor¸n h t�xh sf�lmatoc aux�nei kat� 2.
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Efarmog  2.1. Ac doÔme thn teqnik  beltÐwshc sf�lmatoc tou Richardson me èna par�-

deigma. GnwrÐzoume ìti

f ′(x)︸ ︷︷ ︸
Q

=
f(x+ h)− f(x− h)

2h︸ ︷︷ ︸
F (h)=Dh(f(x))

+O(h2)︸ ︷︷ ︸
τ(h)

(2.4)

JewroÔme th sun�rthsh f(x) = ex kai jèloume na proseggÐsoume thn f ′(1) = e ∼= 2.718282.

An qrhsimopoi soume ton proseggistikì tÔpo twn kentrik¸n diafor¸n me arijmhtik  7 sh-

mantik¸n yhfÐwn prokÔptei o akìloujoc pÐnakac:

h F (h) = e1+h−e1−h

2h
ε(h) = f ′(x)−Dh(f(x)) τ(h) = −f (3)(ξ)

6
h2 ∼= −1

6
h2

0.2 2.736440 −0.018158 −1.8 · 10−2

0.02 2.718475 −0.000193 −1.8 · 10−4

0.002 2.718250 −0.000032 −1.8 · 10−6

MporoÔme na ekfr�soume to beltiwtikì tÔpo tou Richardson gia n = 2, m = 4 paÐrnontac

q = 10. Tìte èqoume

F1(h) =
102F (h)− F (10h)

102 − 1
kai F2(h) =

104F1(h)− F1(10h)

104 − 1
(2.5)

An efarmìsoume touc tÔpouc (2.5) gia tic timèc tou F (h) sta shmeÐa h = 0.2, h = 0.02, h =

0.002 ston pio p�nw pÐnaka tìte prokÔptei:

h F (h) [O(h2)] F1(h) [O(h4)] F2(h) [O(h6)]

0.2 2.736440

↘
0.02 2.718475 −→ 2.718294

↘ ↘
0.002 2.718250 −→ 2.718248 −→ 2.718248

ParathroÔme ìti h F1(0.02) eÐnai pio akrib c apì tic F1(0.002) kai F2(0.002). Autì ofeÐletai

sto ìti h tim  F (0.002) pou èqei to mikrìtero sf�lma stroggÔleushc barÔnetai perissìtero

apì thn tim  F (0.02) stouc tÔpouc (2.4) kai (2.5).
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2.7 ProseggistikoÐ tÔpoi uyhlìterhc t�xhc gia tic

parag¸gouc f (k)(x)

ArqÐzoume me thn f ′(x). An jewr soume ton proseggistikì tÔpo F (h) =
∆f(x)

h
t�xhc

O(h) kai efarmìsoume ton tÔpo beltÐwshc tou Richardson gia q = 2 tìte lamb�noume ton

proseggistikì tÔpo F1(h) t�xhc O(h2) ètsi ¸ste

f ′(x) ∼= F1(h) =
2F (h)− F (2h)

2− 1
= 2

f(x+ h)− f(x)

h
− f(x+ 2h)− f(x)

2h

 

f ′(x) ∼=
1

2h
(−3f(x) + 4f(x+ h)− f(x+ 2h)), τ(h) = O(h2)

o opoÐoc eÐnai o tÔpoc peperasmènwn (proc ta pÐsw) diafor¸n tri¸n shmeÐwn.

An t¸ra jewr soume ton proseggistikì tÔpo F (h) =
δf(x)

2h
t�xhc O(h2) kai efarmìsoume

ton tÔpo beltÐwshc sf�lmatoc tou Richardson gia q = 2 lamb�noume ton proseggistikì tÔpo

F1(h) t�xhc O(h4) ètsi ¸ste

f ′(x) ∼= F1(h) =
22F (h)− F (2h)

22 − 1
=

1

3

(
4
f(x+ h)− f(x− h)

2h
− f(x+ 2h)− f(x− 2h)

2h

)
 

f ′(x) ∼=
1

12h
[f(x− 2h)− 8f(x− h) + 8f(x+ h)− f(x+ 2h)] , τ(h) = O(h2)

pou eÐnai o tÔpoc kentrik¸n diafor¸n t�xhc O(h4).

Prosjètontac kat� mèlh tic seirèc twn f(x+ h) kai f(x− h) kai lÔnontac wc proc f ′′(x)

prokÔptei o proseggistikìc tÔpoc twn kentrik¸n diafor¸n t�xhc O(h2):

f ′′(x) ∼=
δ2f(x)

h2
=
f(x− h)− 2f(x) + f(x+ h)

h2
, τ(h) = −h

2

12
f (4)(x) +O(h4)

An efarmìsoume ton tÔpo beltÐwshc sf�lmatoc tou Richardson gia q = 2 prokÔptei o

tÔpoc F1(h) t�xhc O(h4) ètsi ¸ste

f ′′(x) ∼= F1(h) =
1

12h2
[−f(x− 2h) + 16f(x− h)− 30f(x) + 16f(x+ h)− f(x+ 2h)]

pou eÐnai o tÔpoc kentrik¸n diafor¸n t�xhc O(h4).

'Alloi proseggistikoÐ tÔpoi uyhl c t�xhc mporoÔn na prokÔyoun me antikat�stash tÔpwn

t�xhc O(h) se mia prosèggish Taylor thc f(x+ h).
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Par�deigma 2.5. An jewr soume thn prosèggish Taylor thc f(x+ h) t�xhc O(h4)

f(x+ h) = f(x) + hf ′(x) +
h2

2
f ′′(x) +

h3

6
f ′′′(x) +O(h4) (2.6)

kai antikatast soume sthn (2.6) tic proseggÐseic t�xhc O(h):

f ′′(x) =
f(x)− 2f(x+ h) + f(x+ 3h)

h2
− hf ′′′(x) +O(h2)

ìpou∗ f ′′′(x) =
∆3f(x)

h3
+O(h), tìte lÔnontac wc proc f ′(x) prokÔptei o tÔpoc peperasmènwn

diafor¸n tess�rwn shmeÐwn:

f ′(x) ∼=
1

6h
[−11f(x)− 18f(x+ h)− 9f(x+ 2h) + 2f(x+ 3h)] , τ(h) = O(h3)

Parat rhsh 2.2. Blèpoume ìti efarmìzontac ton tÔpo beltÐwshc tou Richardson gia ènan

tÔpo diafor¸n (proc ta emprìc   proc ta pÐsw) aux�nei h t�xh akrÐbeiac kat� 1, en¸ gia ènan

tÔpo kentrik¸n diafor¸n h t�xh akrÐbeiac aux�nei kat� 2.

∗
Αποδεικνύεται επαγωγικά ότι f (k)(x) ∼=

∆kf(x)

hk
=

1

h

(
∆k−1f(x + h)

hk−1 − ∆k−1f(x)

hk−1

)
με σφάλμα O(h)



Kef�laio 3

Arijmhtikèc mèjodoi gia Sun jeic

Diaforikèc Exis¸seic

Ja perioristoÔme se sust mata sta opoÐa ìlec oi exarthmènec metablhtèc (sumb. y) e-

xart¸ntai apì mia apl  anex�rthth metablht  (sumb. t), dhlad  stic sun jeic diaforikèc

exis¸seic. To pio aplì Prìblhma Arqik¸n Tim¸n (P.A.T.) eÐnai to

dy

dt
= f(t, y)

∣∣∣
I1×I2

, y(t0) = y0

ìpou y : I1 → I2 paragwgÐsimh sto I1.

Ja exet�soume tic arijmhtikèc mejìdouc Euler, Taylor, Runge-Kutta, Prìbleyhs-Diìrjwshc

(Predictor-Corrector) kai sth sunèqeia ja genikeÔsoume autèc tic mejìdouc gia thn epÐlush

susthm�twn n−prwtobajmÐwn diaforik¸n exis¸sewn eis�gontac n exarthmènec metablhtèc.

Katìpin ja tic qrhsimopoi soume gia thn epÐlush tou n−t�xhc P.A.T. thc morf c:

y(n) = f(t, y, . . . , y(n−1)), y(k)(t0) = yok, k = 0(1)n− 1

Tèloc ja perigr�youme tic mejìdouc Bol c (  skìpeushc) (shooting) kai tic mèjìdouc pepe-

rasmènwn diafor¸n gia thn epÐlush lÔsh tou probl matoc sunoriak¸n tim¸n (P.S.T.) duo-

shmeÐwn

y′′ = f(t, y, y′),
y(a) = α

y(b) = β

Sth sunèqeia parousi�zoume èna sqedi�gramma thc dom c thc Ôlhc sto parìn kef�laio.

40
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Prìblhma arqik¸n tim¸n (P.A.T.) Prìblhma sunoriak¸n tim¸n(P.S.T.)

dy

dt
= f(t, y)

∣∣∣
I1×I2

, y(t0) = y0

ìpou y : I1 → I2 paragwgÐsimh sto I1

y′′ = f(t, y, y′) ,
y(a) = α

y(b) = β

Arijmhtikèc mèjodoi:

• Euler

• Runge-Kutta

• Predictor-Corrector

Arijmhtikèc mèjodoi:

• Bol s(  skìpeushc)

• Peperasmènwn diafor¸n

Probl mata

JewrÐa D.E.

Probl mata Ôparxhc lÔsewn

An�ptuxh mejìdwn eÔreshc lÔsewn

Sun jeic D.E.

(teqnik�-episthmonik�-oikonomik�)

Merikèc D.E.
�gnwstec sunart seic me perissìterec�gnwstec sunart seic me

Diaforikèc Exis¸seic
(  sust mata D.E.)

apì mia anex�rthth metablht mia anex�rthth metablht 

H parak�tw prìtash exasfalÐzei thn Ôparxh kai to monos manto thc lÔshc enìc P.A.T.

Prìtash 3.1. 'Estw h diaforik  exÐswsh
dy

dt
= f(t, y) , y(t0) = y0 kai

B = {|t− t0| < α, |y − y0| < β} ènac tìpoc, ìpou

a) f(t, y)
∣∣∣
B
suneq c kai fragmènh

b) f(t, y)
∣∣∣
B
plhroÐ th th sunj kh tou Lipschitz me stajer� L > 0, dhlad 

|f(t, y1)− f(t, y2)| ≤ L|y1 − y2| gia (t, y1), (t, y2) ∈ B

Tìte up�rqei akrib¸c mia lÔsh y = y(t) orismènh sto di�sthma |t− t0| < α.
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3.1 Mèjodoc Euler

'Estw [t0, tn] èna di�sthma sto opoÐo anazhtoÔme th lÔsh tou probl matoc arqik¸n tim¸n

(P.A.T.)
dy

dt
= f(t, y), y(t0) = y0

An upodiairèsoume to [t0, tn] se n diast mata pl�touc h =
tn − t0
n

paÐrnoume ta isapèqonta

shmeÐa t1, t2, . . . , tn−1 ìpwc faÐnetai sto sq ma

][
t0 tn

h h h

t1 . . .t2 tn−1tj = t0 + jh . . .

Mia arijmhtik  mèjodoc gia th epÐlush tou P.A.T. xekin� me y0 = y(t0) kai sth sunèqeia

dhmiourgeÐ tic timèc y1, y2, . . . , yn ètsi ¸ste h tim  yj na proseggÐzei thn akrib  tim  thc lÔshc

y(tj) gia j = 1(1)n.

Gia mikrì h, h kampÔlh thc lÔshc y = y(t) proseggÐzetai sto di�sthma [tj, tj+1] me thn

efaptomènh eujeÐa sto shmeÐo (tj, y(tj)), ìpwc faÐnetai sto sq ma
∆y

∆t
= tanω = f(tj, yj)

ttj+1tj

∆t = h

∆y = hf(tj, yj)

Ej+1(h)

O

y(tj+1)

y′(tj) = f(tj, yj)

y

y = y(t)

ω

yj+1

yj

O anagwgikìc tÔpoc pou basÐzetai se aut  th strathgik  eÐnai h mèjodoc tou Euler:

yj+1 = yj + hf(tj, yj) , j = 0(1)n− 1

To olikì sf�lma apokop c sth jèsh j + 1 eÐnai Ej+1(h) = y(tj+1)− yj+1.
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Par�deigma 3.1. Qrhsimopoi ste th mèjodo tou Euler gia thn epÐlush tou P.A.T.

dy

dt
= −ty2, y(2) = 1

sto [2, 3] me b ma h = 0.1 kai h = 0.05. Exet�ste thn epitugqanìmenh akrÐbeia, dedomènou ìti

h akrib c lÔsh eÐnai y(t) =
2

t2 − 2
.

Epeid  fj = −tjy2
j o tÔpoc tou Euler gia autì to prìblhma eÐnai

yj+1 = yj + h(−tjy2
j )
∼= y(tj+1)

ìpou tj = 2 + jh.

Xekin¸ntac me t0 = 2 kai y0 = 1 kai paÐrnontac h = 0.1 me arijmhtik  tess�rwn shmantik¸n

yhfÐwn eÐnai:

j = 0 : y1 = y0 − h(t0y
2
0) = 0.8000 ∼= y(2.1)

j = 1 : y2 = y1 − h(t1y
2
1) = 0.6656 ∼= y(2.2)

j = 2 : y3 = y2 − h(t2y
2
2) = 0.5681 ∼= y(2.3)

j = 3 : y4 = y3 − h(t3y
2
3) = 0.4939 ∼= y(2.4)

Parìmoia gia h = 0.05 èqoume

j = 0 : y1 = y0 − h(t0y
2
0) = 0.9000 ∼= y(2.05)

j = 1 : y2 = y1 − h(t1y
2
1) = 0.8170 ∼= y(2.10)

j = 2 : y3 = y2 − h(t2y
2
2) = 0.7469 ∼= y(2.15)

j = 3 : y4 = y3 − h(t3y
2
3) = 0.6869 ∼= y(2.20)

Ta apotelèsmata pinakopoioÔntai gia t = 2, 2.1, 2.2, . . . , 3 kai h = 0.1, 0.05 ìpou oi akribeÐc

timèc y(tj) prokÔptoun apì thn akrib  lÔsh y(t) = 2
t2−2

.

Mia exètash twn sfalm�twn E(0.1) kai E(0.05) apì ton pÐnaka apotelesm�twn deÐqnei ìti

upodiplasi�zontac to h upodiplasi�zetai proseggistik� to sf�lma E(h).

Autì faner¸nei ìti h mèjodoc Euler èqei sf�lma t�xhc O(h). Upojètontac ìti autì

alhjeÔei, mporoÔme na efarmìsoume to beltiwtikì tÔpo tou Richardson me F (h) = yj(h),

h = 0.05, n = 1, kai q = 0.1
0.05

= 2 gia na p�roume beltiwmènec proseggÐseic:

yj(0.05)belt. =
2yj(0.05)− yj(0.1)

2− 1
= 2yj(0.05)− yj(0.1)

Oi timèc pou prokÔptoun eÐnai pio akribeÐc apì tic antÐstoiqec yj(0.05) toul�qiston kat� èna

dekadikì yhfÐo.
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3.2 H t�xh miac arijmhtik c mejìdou

Gia na exet�soume thn akrÐbeia miac arijmhtik c mejìdou diakrÐnoume duo eid¸n sf�lmata

apokop c sto tj+1:

ej+1(h) = y(tj+1)− yj+1, an yj = y(tj) topikì (  an� b ma) sf�lma

kai Ej+1(h) = y(tj+1)− yj+1, an yj ∼= y(tj) susswreumèno (  olikì) sf�lma

Gia th mèjodo tou Euler to ej+1(h) eÐnai apl� to upìloipo tou anaptÔgmatoc Taylor pr¸tou

bajmoÔ thc y, dhlad 

y(tj + h) ∼= y(tj) + hy′(tj) ìpou y(tj) = f(tj, y(tj))

'Ara to ej+1(h) eÐnai t�xhc O(h2), en¸ to Ej+1(h) eÐnai O(h) kaj¸c n = tn−t0
h

kai

Ej+1(h) =
n∑
i=1

ej+1(h) = n ·O(h2) =
tn − t0
h

·O(h2) = O(h)

Sthn epìmenh par�grafo ja anaptÔxoume duo uyhlìterhc t�xhc mejìdouc, tic mejìdouc Taylor

kai Runge-Kutta.

3.3 Mèjodoc Taylor

H mèjodoc Euler mporeÐ na prokÔyei apì to an�ptugma kat� Taylor t�xhc O(h2)

y(tj+1) = y(tj + h) ∼= y(tj) + hy′(tj) (3.1)

antikajist¸ntac tic �gnwstec akribeÐc timèc y(tj) kai y′(tj) me tic trèqousec proseggÐseic

y(tj) ∼= yj kai y′(tj) ∼= fj = f(tj, yj). 'Etsi o tÔpoc thc (pr¸thc t�xhc) mejìdou Euler

gr�fetai:

yj+1 = yj + hΦT,1 ìpou ΦT,1 = fj (3.2)

H fusik  epèktash thc (3.2) gia mia n−t�xhc mèjodo eÐnai na xekin soume me to an�ptugma

Taylor t�xhc O(hn+1)

y(tj+1) ∼= y(tj) + hy′(tj) +
h2

2!
y′′(tj) + · · ·+ hn

n!
y(n)(tj) (3.3)

kai antikajist¸ntac tic �gnwstec akribeÐc timèc y(tj), y
′(tj), y

′′(tj), . . . , y
(n)(tj) me tic upo-

logÐsimec proseggÐseic yj, y′j, y
′′
j , . . . , y

(n)
j prokÔptei o tÔpoc thc mejìdou Taylor n−t�xhc:

yj+1 = yj + hΦT,n ìpou ΦT,n = fj +
h

2!
y′′j + · · ·+ hn−1

n!
y

(n)
j (3.4)
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Gia na p�roume tic epijumhtèc apaitoÔmenec proseggÐseic twn parag¸gwn thc y efarmìzoume

ton kanìna thc alusÐdac∗ gia sunart seic duo metablht¸n, ¸ste na diaforÐsoume thn y′ =

f(t, y) ìpou y = y(t) wc proc t. Mia diafìrish dÐnei

y′′ = ft + fyy
′ = ft + fy · f (3.5)

ìpou ft =
∂f(t, y)

∂t
, fy =

∂f(t, y)

∂y
kai f = f(t, y).

Parìmoia

y′′′ =
d

dt
(ft) +

d

dt
(fyy

′) = (ftt + ftyy
′) +

(
fyy
′′ + (fyt + fyyy

′)y′
)

Me thn upìjesh ìti oi merikèc par�gwgoi eÐnai suneqeÐc prokÔptei fty = fyt. 'Etsi èqoume

y′′′ = ftt + 2ftyy
′ + fyy(y

′)2 + fyy
′′ (3.6)

Apì (3.5) kai afoÔ y′ = f(t, y) h (3.6) dÐnei

y′′′ = ftt + 2ftyf + fyyf
2 + fy(ft + fyf)

Telik� k�je par�gwgoc y(k) mporeÐ na ekfrasteÐ mìno sunart sei thc f kai twn merik¸n thc

parag¸gwn. Autèc oi ekfr�seic mporoÔn na qrhsimopoihjoÔn gia na proseggÐsoume tic y(k)(tj)

sthn (3.4).

Gia par�deigma, apì thn (3.5) h y′′(tj) mporeÐ na proseggisteÐ apì ton tÔpo

y′′j = [ft + fyf ]j = ft(tj, yj) + fy(tj, yj) · f(tj, yj)

jètontac aut n thn prosèggish sthn (3.4) kai gia n = 2 prokÔptei o tÔpoc thc mejìdou Taylor

deÔterhc t�xhc:

yj+1 = yj + hΦT,2 ìpou ΦT,2 = fj +
h

2
[ft + fyf ]j (3.7)

Parìmoia mporeÐ na prokÔyei o tÔpoc thc mejìdou Taylor trÐthc t�xhc

yj+1 = yj + hΦT,3 ìpou ΦT,3 = ΦT,2 +
h2

6
y′′′j

ìpou to y′′′j upologÐzetai apì ton tÔpo (3.6) sto shmeÐo (tj, yj).

∗
Κανόνας αλυσίδας: Αν f(x1, x2, . . . , xn) διαφορίσιμη συνάρτηση ως προς κάθε xi(u1, u2, . . . , um) τότε

για κάθε j = 1, 2, . . . ,m ισχύει

∂f

∂uj
=

∂f

∂x1
· ∂x1

∂uj
+

∂f

∂x2
· ∂x2

∂uj
+ · · ·+ ∂f

∂xn
· ∂xn

∂uj

όπου οι μερικές παράγωγοι των xi ως προς uj υπάρχουν για ένα σταθερό v = (v1, v2, . . . , vm) και οι μερικές

παράγωγοι της f ως προς xj υπάρχουν στο αντίστοιχο x(v) = (x1(v), x2(v), . . . , xn(v)).
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3.4 Mèjodoc Runge-Kutta deÔterhc t�xhc

'Opwc eÐdame o tÔpoc thc mejìdou Taylor deÔterhc t�xhc eÐnai

yj+1 = yj + hΦT,2 ìpou ΦT,2 = fj +
h

2

(
ft(tj, yj) + fj · fy(tj, yj)

)
(3.8)

Pr¸toc o germanìc majhmatikìc Runge parat rhse ìti h èkfrash ΦT,2 moi�zei me thn pro-

sèggish O(h2) tou anaptÔgmatoc Taylor:

f(tj + ph, yj + qhfj) ∼= f(tj) + df(tj, yj) = fj + phft(tj, yj) + qhfjfy(tj, yj) (3.9)

ìpou df(t, y) to olikì diaforikì† thc f . Jewr¸ntac p = q = 1
2
sthn (3.9) kai sugkrÐnontac

me thn èkfrash tou ΦT,2 prokÔptei

ΦT,2
∼= f(tj + ph, yj + qhfj), me sf�lma O(h2) (3.10)

An antikatast soume thn (3.10) sth (3.7) prokÔptei o tÔpoc thc tropopoihmènhc mejìdou tou

Euler:

yj+1 = yj + hf

(
tj +

1

2
h, yj +

1

2
hfj

)
, j = 0, 1, 2, · · ·n− 1 (3.11)

ParathroÔme ìti to sf�lma thc mejìdou aut c se k�je b ma (topikì sf�lma) eÐnai t�xhc O(h3)

dhlad  h mèjodoc aut  eÐnai deÔterhc t�xhc. Se k�je b ma qrei�zontai duo upologismoÐ thc

f ; pr¸ta sto shmeÐo (tj, yj) ki èpeita sto (tj + 1
2
h, yj + 1

2
hfj).

Akìma, eÐnai dunatì na prokÔyoun �llec mèjodoi deÔterhc t�xhc proseggÐzontac to ΦT,2

me èna �jroisma me suntelestèc b�rouc stic klÐseic, dhlad 

ΦT,2
∼= α1f(tj, yj) + α2f(tj + ph, yj + qhfj) (3.12)

†
Αν x = (x1, x2, . . . , xn) και υπάρχουν οι μερικές παράγωγοι fx1

(x), fx2
(x), . . . , fxn

(x) τότε το ολικό

διαφορικό της f στο x ορίζεται ως εξής:

df(x) = fx1(x)dx1 + fx2(x)dx2 + · · ·+ fxn(x)dxn

όπου τα dx1, dx2, . . . , dxn μπορούν να θεωρηθούν ως μεταβολές των x1, x2, . . . , xn αντίστοιχα.

Γνωρίζουμε ότι μπορεί να χρησιμοποιηθεί η γραμμική προσέγγιση

f(x + dx) = f(x1 + dx1, x2 + dx2, . . . , xn + dxn) ∼= f(x) + df(x)

όταν η μεταβολή dx = (dx1, dx2, . . . , dxn) είναι αρκούντως μικρή, υπό την έννοια ότι η νόρμα ‖dx‖∞ ∼= 0, όπου

‖dx‖∞ = max {|dx1|, |dx2|, . . . , |dxn|}.
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ìpou ta b�rh α1, α2 kai oi par�gontec p, q prosdiorÐzontai ètsi ¸ste h prosèggish na eÐnai

t�xhc O(h2). Oi algìrijmoi pou basÐzontai se aut  th strathgik  lègontai mèjodoi Runge-

Kutta.

An antikatast soume thn (3.9) sthn (3.8) kai exis¸soume touc suntelestèc twn ft(tj, yj),

fy(tj, yj) me ekeÐnouc thc (3.7) prokÔptei

fj+
h

2

(
ft(tj, yj)+f(tj, yj)·fy(tj, yj)

)
= α1f(tj, yj)+α2f(tj, yj)+α2phft(tj, yj)+α2qhf(tj, yj)fy(tj, yj)

dhlad 

α1 + α2 = 1 kai α2p = α2q =
1

2

Epilègontac aujaÐreta to α2 èqoume

α1 = 1− α2 kai p = q =
1

2α2

ìpou α2 6= 0.

• Gia α2 = 1 prokÔptei h tropopoihmènh mèjodoc Euler

• Gia α2 = 1
2
, dhlad  α1 = 1

2
kai p = q = 1, prokÔptei o tÔpoc thc mejìdou Huen:

yj+1 = yj +
h

2

[
fj + f(tj + h, yj + hfj)

]
, j = 0(1)n− 1 (3.13)

3.5 Mèjodoi Runge-Kutta an¸terhc t�xhc

Gia na p�roume ton tÔpo thc mejìdou Runge-Kutta tètarthc t�xhc xekinoÔme me ton tÔpo

thc mejìdou Taylor tètarthc t�xhc

yj+1 = yj + hΦT,4 ìpou ΦT,4 = fj +
h

2
y′′j +

h2

6
y′′′j +

h3

24
y′′′′j (3.14)

kai èpeita proseggÐzoume to ΦT,4 me èna �jroisma me suntelestèc b�rouc

ΦT,4
∼= w1m1 + w2m2 + w3m3 + w4m4

ìpou oi qrhsimopoioÔmenec klÐseic m1,m2,m3,m4 orÐzontai anagwgik� wc ex c:

m1 = f(tj, yj) = fj

m2 = f(tj + p2h, yj + hq21m1)

m3 = f
(
tj + p3h, yj + h(q31m1 + q32m2)

)
(3.15)

m4 = f
(
tj + h, yj + h(q41m1 + q42m2 + q43m3)

)
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Ta b�rh wi kai oi par�gontes(scale factors) p kai q prosdiorÐzontai me antikat�stash twn

ekfr�sewn (3.15) ston tÔpo ton antÐstoiqo tou (3.9) gia to ΦT,4 thc prosèggishc Taylor

t�xhc O(h4).

H pio suqn� qrhsimopoioÔmenh mèjodoc eÐnai h mèjodoc Runge-Kutta tètarthc t�xhc h

opoÐa prokÔptei paÐrnontac p2 = p3 = 1
2
(opìte q21 = 1

2
, q31 = 0, q32 = 1

2
, q41 = q42 =

0, q43 = 1), dhlad 

yj+1 = yj +
h

6

(
m1 + 2(m2 +m3) +m4

)
(3.16)

ìpou

m1 = f(tj, yj)

m2 = f
(
tj +

1

2
h, yj +

1

2
hm1

)
m3 = f

(
tj +

1

2
h, yj +

1

2
hm2

)
m4 = f

(
tj + h, yj + hm3

)
H mèjodoc aut  ja sumbolÐzetai sÔntoma me RK4. Oi klÐseic m1,m2,m3,m4 eÐnai oi timèc thc

f sta shmeÐa P1, P2, P3, P4, ìpwc aut� faÐnontai sto parak�tw sq ma:

m4m2m1

yj + h
6

(
m1 + 2(m2 +m3) +m4

)

f(P2)

f(P3)

f(P4)

m3

yj+1

y

tO tj

yj
P1

tj + h
2

tj+1

P2

P3

P4

O(h4)

y(t)
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Sto sq ma jewroÔme ìti h yj eÐnai h akrib c tim  y(tj). Oi klÐseic pou upologÐzontai eÐnai

P1 =(tj, yj) ⇒f(P1) = f(tj, yj) = y′(tj) = m1

P2 =(tj +
h

2
, yj +

h

2
m1) ⇒f(P2) = f(tj +

h

2
, yj +

h

2
m1) = m2

P3 =(tj +
h

2
, yj +

h

2
m2) ⇒f(P3) = f(tj +

h

2
, yj +

h

2
m2) = m3

P4 =(tj + h, yj + hm3) ⇒f(P4) = f(tj + h, yj + hm3) = m4

Shmei¸netai ìti an h f(t, y) exart�tai mìno apì to t, dhlad  f(t, y) = g(t) tìte qrhsimo-

poioÔme ton kanìna tou Simpson gia na oloklhr¸soume thn y′(t) = g(t) apì tj mèqri tj+1.

Par�deigma 3.2. Qrhsimopoi ste thn RK4 me h = 0.1 gia thn epÐlush tou P.A.T.

dy

dt
= −ty2, y(2) = 1

kai sugkrÐnete ta apotelèsmata me thn akrib  lÔsh, dedomènou ìti aut  eÐnai y(t) =
2

t2 − 2
.

Xekin¸ntac me t0 = 2, y0 = 1 h (3.16) dÐnei

m1 = f(2, 1) = −2 · 12 = −2

m2 = f(2.05, 1 + 0.05 · (−2)) = −(2.05) · (0.9)2 = −1.6605

m3 = f(2.05, 1 + 0.05 · (−1.6605)) = −(2.05) · (0.916975)2 = −1.72373

m4 = f(2.1, 1 + 0.1 · (−1.72373)) = −(2.1) · (0.82763)2 = −1.43843

y1 = y0 +
0.1

6

(
− 2 + 2(−1.6605− 1.72373)− 1.43843

)
= 0.829885

H akrib c tim  eÐnai y(t1) = 0.829876.

ParathroÔme ìti h RK4 dÐnei exairetik� akribeÐc timèc tou y(tj+1). Autì diìti h f(t, y)

eÐnai polu¸numo bajmoÔ mikrìterou apì tèssera wc proc t kai y, opìte to an�ptugma Taylor

tet�rtou bajmoÔ t�xhc O(h5) eÐnai akribèc.

Up�rqoun bèbaia orismènec atèleiec sthn RK4. Mia apì autèc eÐnai to gegonìc ìti se k�je

b ma prèpei na upologÐzontai tèsseric timèc klÐsewn. Aut  h atèleia mporeÐ na eÐnai sobar 

ìtan h sun�rthsh-klÐsh eÐnai polÔplokh   o diajèsimoc qrìnoc gia ton upologismì thc lÔshc

eÐnai periorismènoc. Mia antimet¸pish autoÔ eÐnai na stamat� k�je merik� b mata kai na epana-

lamb�nei thn arijmhtik  lÔsh apì to tj sto tj+1 qrhsimopoi¸ntac thn RK4 upodiplasi�zontac

to mègejoc b matos(pl�toc) h.
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H diafor� metaxÔ twn duo proseggÐsewn tou y(tj+1) mporeÐ na qrhsimopoihjeÐ gia na

ektim sei to sf�lma kai an eÐnai aparaÐthto na metab�lei to h. Opwsd pote gia na gÐnei autì

qrei�zontai 8 epiplèon upologismoÐ an� èlegqo.

Mia enallaktik  antimet¸pish eÐnai na qrhsimopoi soume perissìterec apì tèsseric (all�

ìqi ligìterec apì 8) timèc f(t, y) an� b ma kai me aut n thn epiplèon plhroforÐa na p�roume

duo ektim seic tou y(tj+1). Gia na eÐnai mia mèjodoc tètarthc t�xhc prèpei h pr¸th ektÐmhsh gia

to yj+1 na èqei topikì sf�lma ej+1(h) = O(h5). Sth deÔterh ektÐmhsh, ènac tÔpoc uyhlìterhc

t�xhc, sun jwc O(h6) mac epitrèpei na p�roume mia upologÐsimh ektÐmhsh gia to topikì sf�lma

apokop c sth jèsh j + 1.

Aut  h ektÐmhsh tou ej+1(h) mporeÐ na qrhsimopoihjeÐ gia na anajètei to h gia to epì-

meno b ma: O stìqoc eÐnai na paÐrnoume megalÔtero b ma ìtan h y′(t) metab�lletai arg� kai

mikrìtero b ma ìtan h y′(t) metab�lletai gr gora (p.q. lìgw tal�ntwshc   miac katakìrufhc

asÔmptwthc sto t ∼= tj).

Mia apì tic pio apotelesmatikèc mejìdouc pou qrhsimopoioÔn aut  th strathgik  eÐnai h

mèjodoc Runge-Kutta-Fehlberg tètarthc t�xhc (RKF4), h opoÐa qrhsimopoieÐ èxi epanal yeic

an� b ma.

3.6 Mèjodoi pollaploÔ b matoc (strathgikèc Prìbleyhs-

Diìrjwshc)

Stic prohgoÔmenec mejìdouc (Taylor kai Runge-Kutta) ìlec oi apaitoÔmenec ektim seic

thc f(t, y) ton upologismì tou yj+1 gÐnontai afoÔ prohgoumènwc upologisteÐ to yj.

Oi mèjodoi me thn idiìthta aut  lègontai auto-ekkinoÔmenec(self-starting) mèjodoi diìti

mporoÔn na efarmosjoÔn xekin¸ntac me thn arqik  tim  y0. Dustuq¸c autèc oi mèjodoi den

qrhsimopoioÔn tic prohgoÔmenec epiteuqjeÐsec timèc, dhlad  tic

. . . , yj−4, yj−3, yj−2, yj−1 ìpou yj ∼= y(tj)

. . . , fj−4, fj−3, fj−2, fj−1 ìpou fj ∼= f(tj, yj) ∼= y′(tj)

Oi mèjodoi pou qrhsimopoioÔn tic plhroforÐec twn tim¸n y(t), y′(t) me t < tj gia ton upolo-

gismì thc proseggistik c tim c yj+1 lègontai mèjodoi pollaploÔ b matoc(multistep).

Oi tÔpoi gia ìlec tic mejìdouc (self-starting kai multistep) mporoÔn na prokÔyoun e-

farmìzontac to Jemeli¸dec Je¸rhma tou ApeirostikoÔ LogismoÔ. Pr�gmati, prokÔptei o
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akìloujoc tÔpoc olokl rwshc gia na p�roume thn tim  y(tj+1) apì thn y(tj):∫ tj+1

tj

y′(t)dt =
[
y(t)

]tj+1

tj
⇐⇒ y(tj+1) = y(tj) +

∫ tj+1

tj

f(t, y(t))dt (3.17)

Epeid  genik� den eÐnai gnwst  h y(t) de mporeÐ na efarmosjeÐ �mesa o tÔpoc (3.17).

Efìson ìmwc gnwrÐzoume tic timèc yj ∼= y(tj) kai fj ∼= y′(tj) mporoÔme na qrhsimopoi soume

autèc se ènan tÔpo arijmhtik c olokl rwshc gia to olokl rwma tou (3.17), gia na prokÔyei

h tim  yj+1
∼= y(tj+1). To apotèlesma ja eÐnai ènac tÔpoc thc morf c

yj+1 = yj + hΦ(h, tj, yj, fj, . . . ) (3.18)

ìpou h Φ mporeÐ na eÐnai sun�rthsh kai �llwn tim¸n thc y kai thc f(t, y) kai pollaplasiasmènh

me to h ekfr�zei ènan tÔpo olokl rwshc thc f(t, y) sto di�sthma [tj, tj+1] t�xhc O(hn+1).

Endiafèron parousi�zoun oi tÔpoi arijmhtik c olokl rwshc tou Adams:

• Adams O(h5) Predictor: xj xj+1

− 9
24

37
24 − 59

24
55
24

xj−2 xj−1xj−3∫ xj+1

xj

f(x)dx ∼=
h

24

(
− 9f(xj−3) + 37f(xj−2)− 59f(xj−1) + 55f(xj)

)
(3.19)

τ(h) =
251

720
h5f (4)(ξ) ìpou xj−3 ≤ ξ ≤ xj+1

• Adams O(h5) Corrector: xj+1

9
24

xj−1 xjxj−2

− 5
24

1
24 − 19

24

∫ xj+1

xj

f(x)dx ∼=
h

24

(
f(xj−2)− 5f(xj−1) + 19f(xj) + 9f(xj+1)

)
(3.20)

τ(h) = − 19

720
h5f (4)(ξ) ìpou xj−2 ≤ ξ ≤ xj+1

H qr sh enìc (n+ 1)−t�xhc tÔpou arijmhtik c olokl rwshc sth jèsh tou hΦ odhgeÐ se mia

n−t�xhc mèjodo.

3.7 Mèjodoc Prìbleyhs-Diìrjwshc tou Adams

An ston tÔpo (3.18) p�roume to hΦ na eÐnai o tÔpoc arijmhtik c olokl rwshc tou Adams

t�xhc O(h5) tìte prokÔptoun:
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• TÔpoc prìbleyhc tou Adams (Adams predictor)

pj+1 = yj +
h

24

(
− 9fj−3 + 37fj−2 − 59fj−1 + 55fj

)
(3.21)

ej+1(h)p = y(tj+1)− pj+1 =
251

720
y(5)(ξp) · h5 ìpou tj−3 ≤ ξp ≤ tj+1

• TÔpoc diìrjwshc tou Adams (Adams corrector)

cj+1 = yj +
h

24

(
fj−2 − 5fj−1 + 19fj + 9fj+1

)
(3.22)

ej+1(h)c = y(tj+1)− cj+1 = − 19

720
y(5)(ξc) · h5 ìpou tj−2 ≤ ξc ≤ tj+1

O tÔpoc (3.21) mporeÐ na qrhsimopoihjeÐ gia na par�gei mia problepìmenh ektÐmhsh pj+1.

H tim  f(tj+1, pj+1) mporeÐ na qrhsimopoihjeÐ wc fj+1 ston tÔpo (3.22) gia na petÔqoume th

diorjwmènh ektÐmhsh cj+1. Oi mèjodoi pou akoloujoÔn aut  th strathgik  lègontai mèjodoi

Prìbleyhs-Diìrjwshc(Predictor-Corrector).

An oi tÔpoi gia ta pj+1 kai cj+1 eÐnai thc Ðdiac t�xhc, tìte oi timèc touc mporoÔn na

qrhsimopoihjoÔn gia na ektim soun to topikì sf�lma tou cj+1. Gia par�deigma, an to h

stic (3.21),(3.22) eÐnai arket� mikrì, ètsi ¸ste h y(5) na eÐnai perÐpou stajer  sto [tj, tj+1],

tìte diair¸ntac kat� mèlh ta sf�lmata stic (3.21),(3.22) prokÔptei

19(y(tj+1)− pj+1) + 251(y(tj+1)− cj+1) ∼= 0

kai lÔnontac wc proc y(tj+1) brÐskoume

yj+1
∼=

251

270
cj+1 +

19

270
pj+1 = cj+1 −

19

270
(cj+1 − pj+1) (3.23)

SugkrÐnontac to sf�lma sthn (3.22) kai thn (3.23) parathroÔme ìti h posìthta

δj+1 = − 19

720
(cj+1 − pj+1)

eÐnai mia upologÐsimh ektÐmhsh tou ej+1(h). An to δj+1 deÐqnei ìti h tim  cj+1 den eÐnai ar-

ket� akrib c tìte upologÐzoume xan� to cj+1 qrhsimopoi¸ntac thn tim  f(tj+1, cj+1) ston

tÔpo (3.22) san mia akribèsterh ektÐmhsh tou fj+1. H mèjodoc prìbleyhs-diìrjwshc pou

dÐnetai apì touc tÔpouc (3.21) kai (3.22) lègetai mèjodoc Adams tètarthc t�xhc (  Adams-

Bashforth   Adams-Moulton), suntomografik� APC4. H gewmetrik  ermhneÐa thc mejìdou

aut c faÐnetai sto parak�tw sq ma
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∫ tj+1

tj
y′(t)dt

∫ tj+1

tj
y′(t)dt

O tj−3 tj−2 tj−1 tj tj+1

(a) Adams Predictor

Pj−3

Pj−2

Pj

y′ = f

Pj−1

O tj−3 tj−2 tj−1 tj tj+1

Pj−2

Pj

y′ = f

Pj−1

(b) Adams Corrector

Pj+1

H kampÔlh pou faÐnetai sto (a) eÐnai to polu¸numo parembol c sta Pj−3, Pj−2, Pj−1, Pj en¸

aut  pou èqei sqediasteÐ sto (b) eÐnai to polu¸numo parembol c sta Pj−2, Pj−1, Pj, Pj+1, ìpou

Pi = (ti, fi).

Par�deigma 3.3. Qrhsimopoi ste thn APC4 me h = 0.1 gia thn epÐlush tou P.A.T.

dy

dt
= −ty2, y(2) = 1

sto [2, 3] me akrÐbeia tess�rwn shmantik¸n yhfÐwn. H akrib c lÔsh eÐnai y(t) =
2

t2 − 2
.

Gia na xekin sei h mèjodoc qrhsimopoioÔme tic akìloujec akribeÐc timèc (me 7 shmantik�

yhfÐa):

t0 = 2.0 : y0 = y(2.0) = 1.0000000, f0 = −t0y2
0 = −2.0000000

t0 = 2.1 : y1 = y(2.1) = 0.8298755, f1 = −t1y2
1 = −1.4462560

t0 = 2.2 : y2 = y(2.2) = 1.7042254, f2 = −t2y2
2 = −1.0910530

t0 = 2.3 : y3 = y(2.3) = 1.6079027, f3 = −t3y2
3 = −2.8499552

• Gia j = 3 eÐnai

p4 = y3 +
h

24

(
− 9f0 + 37f1 − 59f2 + 55f3

)
= 0.5333741

y4 = y3 +
h

24

(
f1 − 5f2 + 19f3 + 9(−t4p2

4)
)

= 0.5317149 (= c4)

δ4 = − 19

720
(y4 − p4) = 0.0001144

Epeid  to δ4 deÐqnei pijan  anakrÐbeia sto tètarto dekadikì yhfÐo tou y4, paÐrnoume to c4 san

beltiwmènh tim  tou p4 gia na prokÔyei h beltiwmènh tim  tou y4:

y4 = y3 +
h

24

(
f1 − 5f2 + 19f3 + 9(−t4(0.5317149)2)

)
= 0.5318739
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H ektÐmhsh tou topikoÔ sf�lmatoc apokop c sthn tim  y4 eÐnai

δ4 = − 19

720
(0.5318739− 0.5317149) = 0.0000112

pou deÐqnei ìti èqoume petÔqei thn epijumht  akrÐbeia 4 yhfÐwn.

• Gia j = 4 eÐnai

f5 = f(t4, y4) = −(2.4) · (0.5318739)2 = 0.6789358

p5 = y4 +
h

24

(
− 9f1 + 37f2 − 59f3 + 55f4

)
= 0.4712642

y5 = y4 +
h

24

(
f2 − 5f3 + 19f4 + 9(−t5p2

5)
)

= 0.4704654 (= c5)

δ5 = − 19

720
(y5 − p5) = 0.0000562

'Opwc prohgoumènwc to δ5 deÐqnei pijan  anakrÐbeia sto pèmpto dekadikì yhfÐo tou y5, �ra

epitugq�netai akrÐbeia tess�rwn yhfÐwn. An parìla aut� belti¸soume to y5 wc ex c:

y5 = y4 +
h

24

(
f2 − 5f3 + 19f4 + 9(−t5(0.4704654)2)

)
= 0.4705358

H ektÐmhsh tou topikoÔ sf�lmatoc apokop c sthn tim  y5 eÐnai

δ5 = − 19

720
(0.4705358− 0.4704654) = 0.0000050

kai deÐqnei ìti h nèa tim  èqei akrÐbeia perÐpou 5 yhfÐwn.

Parat rhsh 3.1. 'Eqei apodeiqjeÐ ìti oi timèc pou prokÔptoun ektel¸ntac to polÔ mia diìr-

jwsh tou yj+1 eÐnai pijanì na eÐnai thc Ðdiac akrÐbeiac me ekeÐnec pou prokÔptoun apì th qr sh

miac genik c strathgik c me epan�lhyh tou tÔpou diìrjwshc. An qrei�zontai perissìterec

apì mia diìrjwsh tìte elatt¸noume to pl�toc h.

Parat rhsh 3.2. 'Opwc kai sth mèjodo RK4 ètsi kai sthn APC4 mporoÔme na qrhsimo-

poi soume to δj+1 wc krit rio gia na metab�lloume to h. 'Otan to |δi+1|
h

eÐnai polÔ meg�lo

elatt¸noume to h, en¸ ìtan eÐnai polÔ mikrì aux�noume to pl�toc h.

3.8 SÔgkrish twn mejìdwn RK kai PC

An h monadikìthta thc y(t) eÐnai dunat  sto [t0, tn] tìte sunÐstatai mia mèjodoc me kat�l-

lhlo èlegqo tou b matoc, ìpwc h RKF4. An h f(t, y) eÐnai dapanhr  sto na ektimhjeÐ, tìte

prèpei na protimhjeÐ h APC4 (2-3 ektim seic an� b ma).
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Tèloc se mia efarmog  pragmatikoÔ qrìnou (real time), ìpou mia posìthta yj+1 prèpei na

upologisjeÐ se k�poio stajerì sÔntomo qronikì di�sthma, prèpei na protimhjeÐ h mèjodoc tou

Euler kai kat� protÐmhsh h tropopoihmènh mèjodoc Euler (efìson o qrìnoc to epitrèpei).

Sqetik� me tic mejìdouc PC axÐzei na anaferjeÐ ìti epeid  to δj+1 eÐnai mia ektÐmhsh tou

ej+1(h)c, mporeÐ na prostejeÐ sto cj+1 gia na d¸sei mia beltiwmènh diìrjwsh cj+1 + δj+1.

'Omwc aut  h strathgik  eÐnai paraplanhtik . Empeirik� test apodeiknÔoun ìti oi mèjodoi pou

thn akoloujoÔn teÐnoun na eÐnai astajeÐc kai epomènwc genik� den protimoÔntai.

O parak�tw pÐnakac sunoyÐzei ta kÔria qarakthristik� k�je mejìdou:

Mèjodoc
Self

Starting

Topikì

sf�lma

Olikì

sf�lma

UpologismoÐ

thc f an� b ma

'Elegqoc megè-

jouc b matoc

Euler Nai O(h2) O(h) 1 dunatìc

Trop. Euler Nai O(h3) O(h2) 2 dunatìc

Huen Nai O(h3) O(h2) 2 dunatìc

RK4 Nai O(h5) O(h4) 4 dunatìc

RKF4 Nai O(h5) O(h4) 6 eÔkoloc

APC4 'Oqi O(h5) O(h4) 2-3 eÔkoloc

3.9 Sust mata diaforik¸n exis¸sewn kai P.A.T.

n−t�xhc

Genik� ta fusik� sust mata qrei�zontai merikèc metablhtèc gia na perigr�youn thn kat�-

stas  touc se k�je qronik  stigm  t. Gia par�deigma, h kat�stash metablht¸n enìc jermodu-

namikoÔ sust matoc perilamb�nei jermokrasÐa, pÐesh, ìgko kai entropÐa. EpÐshc h kat�stash

metablht¸n enìc mhqanikoÔ sust matoc perilamb�nei tic metatopÐseic orismènwn shmeÐwn,   h

kat�stash twn metablht¸n enìc hlektrikoÔ kukl¸matoc perilamb�nei tic t�seic kai tic ent�-

seic pou prosdiorÐzoun thn enèrgeia pou katanèmetai se di�fora hlektrik� ìrgana.

3.9.1 Sumbolismìc kai orologÐa

H kat�stash metablht¸n enìc sust matoc sumbolÐzetai me y1, y2, . . . , yn ìpou kajemÐa

metab�lletai wc proc mia apl  metablht  t (sun jwc qrìnoc) sÔmfwna me k�poio fusikì

nìmo. Sun jwc autoÐ oi nìmoi paÐrnoun th morf  sust matoc n to pl joc P.A.T. pr¸thc



56 Upologistik� Majhmatik�

t�xhc thc morf c:

y′1 =
dy1

dt
= f1(t, y1, y2, . . . , yn), y1(t0) = y01

y′2 =
dy2

dt
= f2(t, y1, y2, . . . , yn), y2(t0) = y02 (3.24)

...

y′n =
dyn
dt

= fn(t, y1, y2, . . . , yn), yn(t0) = y0n

Dhlad , gnwrÐzoume thn arqik  kat�stash se k�poio t0 kai gnwrÐzoume to rujmì me ton opoÐo

metab�lletai k�je metablht  ìtan to sÔsthma brÐsketai se mia sugkekrimènh kat�stash.

Par�deigma 3.4. 'Estw

y′1 = 3ty2 + y1y2,y1(t0) = −1

y′2 = 2 ln(1 + y2
2) +

1

y3

,y2(t0) = 1

y′3 = y2
3 − y1e

y2 + 1,y3(t0) = 1

ParathroÔme ìti oi rujmoÐ metabol c twn y1, y2 kai y3 exart¸ntai kai apì tic treic metablhtèc

wc proc t. Gia autì to lìgo suqn� anafèretai wc èna sÔsthma zeÔxhc pr¸thc t�xhc exis¸sewn.

Mia lÔsh tou P.A.T. sthn (3.24) apoteleÐtai apì n sunart seic

y1 = y1(t) , y2 = y2(t) , . . . , yn = yn(t)

pou ikanopoioÔn to P.A.T., dhlad  gia i = 1, 2, . . . , n isqÔoun

y′i(t) = fi

(
t, y1(t), y2(t), . . . , yn(t)

)
kai yi(t0) = y0i

3.9.2 TÔpoi upì dianusmatik  morf  twn arijmhtik¸n mejì-

dwn epÐlushc tou P.A.T. n−t�xhc

An jewr soume to di�nusma kat�stashc twn metablht¸n y = y(t) = (y1, y2, . . . , yn)T tìte

to P.A.T. sthn (3.24) gr�fetai upì thn dianusmatik  morf 

y′ = f(t,y) , y(t0) = y0 (3.25)

ìpou

y′ =


y′1

y′2
...

y′n

 , f(t,y) =


f1(t,y)

f2(t,y)
...

fn(t,y)

 kai y0 =


y01

y02

...

y0n


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Mia arijmhtik  lÔsh tou (3.25) sto di�sthma [t0, tn] eÐnai mia akoloujÐa dianusm�twn

y0,y1, . . . ,yn ìpou to yj proseggÐzei thn akrib  lÔsh y(tj) gia j = 0(1)n.

MporoÔme eÔkola na parathr soume ìti apì èna P.A.T. pr¸thc t�xhc prokÔptei èna

P.A.T. n−t�xhc thc morf c (3.25) an antikatast soume ta y, y′, f(t, y) kai y0 me ta dia-

nÔsmata y,y′, f(t,y) kai y0. An ektelèsoume autèc tic antikatast�seic ston tÔpo miac lÔshc

enìc P.A.T. prokÔptei o tÔpoc lÔshc tou P.A.T. sthn (3.24). Eidik� apì thn RK4 mèjodo

enìc P.A.T. prokÔptei h antÐstoiqh mèjodoc :

yj+1 = yj +
h

6

(
m1 + 2(m2 +m3) +m4

)
ìpou m1,m2,m3,m4 ta dianÔsmata klÐsewn pou prokÔptoun anagwgik� apì touc tÔpouc

m1 = f(tj,yj)

m2 = f
(
tj +

h

2
,yj +

h

2
m1

)
m3 = f

(
tj +

h

2
,yj +

h

2
m2

)
m4 = f

(
tj + h, yj + hm3

)

3.9.3 EpÐlush enìc n−t�xhc P.A.T.

To n−t�xhc P.A.T. èqei th morf 

y(n) = f(t, y, y′, y′′, . . . , y(n−1)) (3.26)

k�tw apì n arqikèc sunj kec y(t0) = y0, y
′(t0) = y′0, . . . , y

(n−1)(t0) = y
(n−1)
0 .

H genik  mèjodoc gia thn epÐlush tou n−t�xhc P.A.T. eÐnai na to metatrèyoume se èna

isodÔnamo sÔsthma apì n− t�xhc exis¸seic. Gia na to petÔqoume autì jewroÔme

y =



y1

y2

...

yn−1

yn


ìpou

y1 = y

y2 = y′

...

yn−1 = y(n−2)

yn = y(n−1)

(3.27)

An antikatast soume tic (3.27) sthn (3.26) kai sumbolÐzontac me y′ =
dy(n−1)

dt
= y(n) prokÔ-
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ptei to isodÔnamo sÔsthma apì n PAT pr¸thc t�xhc:

y′1 = y2

y′2 = y3

...

y′n−1 = yn

y′n = f(t, y1, y2, . . . , yn)

ìpou

y1(t0) = y0

y2(t0) = y′0
...

yn−1(t0) = y
(n−2)
0

yn(t0) = y
(n−1)
0

Autì t¸ra eÐnai thc morf c (3.25) kai mporeÐ na lujeÐ me mia apì tic prohgoÔmena anafer-

jeÐsec mejìdouc.

3.10 Probl mata Sunoriak¸n Tim¸n (P.S.T.)

Ja exet�soume to prìblhma thc lÔshc thc n−t�xhc diaforik c exÐswshc

y(n) = f(t, y, y′, y′′, . . . , y(n−1)) (3.28)

me touc n periorismoÔc thc y kai/  twn parag¸gwn thc morf c

y(k1)(t1) = β1, y
(k2)(t2) = β2, . . . , y

(kn)(tn) = βn

• An t1 = t2 = · · · = tn = t0 tìte an�getai se èna n−t�xhc P.A.T.

• An oi sunoriakèc sunj kec perièqoun m diakekrimèna ti, ìpou m > 1 tìte to (3.28) eÐnai

èna n−t�xhc P.S.T. m−shmeÐwn.

Ja melet soume to deÔterhc t�xhc P.S.T. duo shmeÐwn:

y′′ = f(t, y, y′), y(a) = α, y(b) = β (3.29)

3.10.1 Mèjodoc thc bol s(  skìpeushc)(shooting)

JewroÔme to PAT deÔterhc t�xhc

(PAT)x : y′′ = f(t, y, y′), y(a) = α, y′(a) = x

'Estw yx(t) h lÔsh tou. Tìte, h tim  x eÐnai h arqik  klÐsh (sto t = a) thc yx(t). ZhteÐtai na

brejeÐ tim  x gia thn opoÐa h yx(b) = β eÐnai h sunoriak  sunj kh sto t = b.
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An h kampÔlh lÔsh yx(t) eÐnai mia troqi� bol c ìpou h sunj kh yx(b) = β antistoiqeÐ sthn

troqi� bol c thc efaptomènhc tim c β sto t = b, tìte h yx(t) ikanopoieÐ to P.S.T. (3.29) kai

epomènwc eÐnai h epijumht  y(t).

Gia na ulopoi soume th mèjodo bol c eis�goume th sun�rthsh sf�lmatoc

E(x) = yx(b)− β

pou eÐnai h posìthta kat� thn opoÐa h tim  yx(b) diafèrei apì thn efaptìmenh tim  β sto t = b.

y

tO a b

yx(b)

β

y(t) = yx(t)

E(x) = yx(b)− β
yx(t)

α

x = y′x(a)

'Etsi to prìblhma thc lÔshc tou P.S.T. (3.29) an�getai sthn eÔresh miac rÐzac x thc E(x),

dhlad  sth lÔsh thc E(x) = 0. Efìson k�je upologismìc thc E(x) apaiteÐ shmantik  u-

pologistik  ergasÐa, dhlad  olokl rwsh tou (P.A.T.)x sto [t0, tn] = [a, b] eÐnai an�gkh na

qrhsimopoihjeÐ mia mèjodoc pou na sugklÐnei gr gora sthn epijumht  rÐza thc E(x).

H mèjodoc Newton-Raphson (N-R) eÐnai h taqÔterh se sÔgklish all� den eÐnai kat�llhlh

gia aut n thn efarmog , diìti genik� h E(x) den èqei analutik  èkfrash. H plèon kat�llhlh

mèjodoc se aut n thn perÐptwsh eÐnai h mèjodoc thc Tèmnousac:

xk+1 = xk −
E(xk) · (xk − xk−1)

E(xk)− E(xk−1)
, k = 0, 1, 2, · · ·

Par�deigma 3.5. Qrhsimopoi ste th mèjodo bol c (shooting) gia thn epÐlush tou mh gram-

mikoÔ deÔterhc t�xhc P.S.T. duo shmeÐwn

y′′ = y′
(

1

t
+

2y′

y

)
, y(1) = 4, y(2) = 8,
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me akrÐbeia 5 shmantik¸n yhfÐwn.

AnazhtoÔme mia rÐza x thc E(x) = yx(b) − β = yx(2) − 8 ìpou yx(t) eÐnai h lÔsh tou

antÐstoiqou P.A.T.

(PAT)x : y′′ = y′
(

1

t
+

2y′

y

)
, y(1) = 4, y′(1) = x

Mia fusik  upoy fia tim  gia mia arqik  tim  tou y′(1) eÐnai h klÐsh thc eujeÐac pou sundèei

ta shmeÐa (a, α) kai (b, β):

x =
β − α
b− a

=
8− 4

2− 1
= 4

Mia prosp�jeia gia th lÔsh tou (PAT)x me x = 4 deÐqnei ìti h yx(t) èqei mia kanonikìthta

metaxÔ a = 1 kai b = 2. Sunep¸c skopeÔoume qamhlìtera, dhlad  paÐrnoume to misì thc

klÐshc (x = 2) san arqik  tim . Tìte

x = 2 =⇒ yx(2) = 16 =⇒ E(x) = yx(2)− 8 = 8

Epeid  h mèjodoc thc tèmnousac apaiteÐ duo arqikèc timèc kai E(2) > 0 paÐrnoume mia mikrìterh

klÐsh, th x = 1. Qrhsimopoi¸ntac ènan akrib  lÔth n−t�xewc gia th lÔsh tou (P.A.T.)x me

x = 1 prokÔptei ìti

x = 1 =⇒ yx(2) = 6.4 =⇒ E(x) = yx(2)− 8 = −1.6

MporoÔme t¸ra na efarmìsoume thn epanalhptik  mèjodo thc Tèmnousac paÐrnontac wc ar-

qikèc timèc x−1 = 2, x0 = 1 kai

xk+1 = xk + ∆xk ìpou ∆xk =
E(xk) · (xk − xk−1)

E(xk)− E(xk−1)
, k = 0, 1, 2, . . .

k xk ≡ x yx(2) E(x) = yx(2)− 8 ∆xk xk+1 = xk + ∆xk

−1 2 16 8

0 1 6.4 −1.6 0.1666667 1.1666667

1 1.6666667 7.1111111 −0.8888889 0.2083333 1.3750000

2 1.3750000 8.2580645 0.2580645 −0.0468750 1.3281250
...

...
...

...
...

...
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3.10.2 Mèjodoc twn Peperasmènwn Diafor¸n

Mia �llh strathgik  gia thn arijmhtik  epÐlush tou P.S.T. sthn (3.29) eÐnai na diamerÐ-

soume to [a, b] se n upodiast mata me n+ 1 isapèqonta shmeÐa:

[
a = t0

. . . tn−1

h = b−a
n

]
tn = btj+1

hh

t1
. . . tj = a+ jh

kai na antikatast soume tic timèc y′(tj), y′′(tj) me tic proseggistikèc timèc touc pou prokÔ-

ptoun apì touc prohgoÔmenouc tÔpouc kentrik¸n diafor¸n t�xhc O(h2):

y′′(tj) ∼=
yj+1 − 2yj + yj−1

h2
kai y′(tj) =

yj+1 − yj−1

2h

gia j = 1, 2, . . . , n− 1. Aut  h strathgik  lègetai mèjodoc twn peperasmènwn diafor¸n.

'Etsi to analutikì prìblhma thc lÔshc tou P.S.T. sthn (3.29) an�getai sth lÔsh enìc

proseggistikoÔ algebrikoÔ probl matoc n− 1 exis¸sewn me n− 1 agn¸stouc y1, y2, . . . , yn−1

ìpou yj ∼= y(tj), j = 1, 2, . . . , n− 1 kai ta y0 = y(a) = α kai yn = y(b) = β eÐnai gnwst�.

Par�deigma 3.6. Qrhsimopoi ste th mèjodo twn peperasmènwn diafor¸n gia th lÔsh tou

mh grammikoÔ P.S.T. deÔterhc t�xhc

y′′ = y′
(

1

t
+

2y′

y

)
, y(1) = 4, y(2) = 8

An antikatast soume tic y′′ kai y′ me tic antÐstoiqec proseggÐseic kentrik¸n diafor¸n

t�xhc O(h2) sta tj, j = 1, 2, . . . , n− 1 prokÔptei:

yj+1 − 2yj + yj−1

h2
=
yj+1 − yj−1

2h

(
1

tj
+

2(yj+1 − yj−1)

2hyj

)
, y0 = 4, yn = 8

Pollaplasi�zontac epÐ 2h2tj kai metafèrontac touc grammikoÔc ìrouc twn yj−1, yj, yj+1 sto

aristerì mèloc prokÔptei

(2tj + h)yj−1 − 4tjyj + (2tj − h)yj+1 = dj, y0 = 4, yn = 8

kai

dj =
tj
yj

(yj+1 − yj−1)2, j = 1, 2, . . . , n− 1

H uperoq  tou suntelest  −4tj exasfalÐzei ìti mporeÐ na lujeÐ h j− exÐswsh me

y
(new)
j =

1

4tj

[
(2tj + h)yj−1 + (2tj − h)yj+1 − dj

]
, j = 1, 2, . . . , n− 1
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kai èpeita qrhsimopoioÔme thn epanalhptik  mèjodo Gauss-Seidel.

y
(k+1)
j =

1

4tj

[
(2tj + h)y

(k+1)
j−1 + (2tj − h)y

(k)
j+1 − dj

]
, j = 1, 2, . . . , n− 1

ìpou paÐrnoume ta y(0)
j na eÐnai epÐ thc eujeÐac thc troqi�c bol c apì to shmeÐo (a, α) sto

(b, β), dhlad  thc y − α =
β − α
b− a

(t− α), �ra eÐnai

y
(0)
j = α +

β − α
b− a

(tj − α), j = 0, 1, . . . , n

H prohgoÔmenh mèjodoc lègetai diadikasÐa Liebmann.

3.10.3 Mèjodoc twn peperasmènwn diafor¸n,

ìtan to P.S.T. eÐnai grammikì

To grammikì PST deÔterhc t�xhc èqei th genik  morf :

y′′ = ϕ1(t)y + ϕ2(t)y′ + F (t), y(a) = α, y(b) = β (3.30)

An antikatast soume tic proseggÐseic t�xhc O(h2) twn y′′(tj) kai y′(tj) prokÔptei

yj+1 − 2yj + yj−1

h2
= ϕ1(tj)yj + ϕ2(tj)

yj+1 − yj−1

2h
+ F (tj)

An pollaplasi�soume kat� mèlh epÐ 2h2 kai metafèroume touc ìrouc twn yj−1, yj, yj+1 sto

aristerì mèloc gia j = 1, 2, . . . , n− 1 tìte prokÔptei(
2 + hϕ2(tj)︸ ︷︷ ︸

aj

)
yj−1 −

(
4 + 2h2ϕ1(tj)︸ ︷︷ ︸

bj

)
yj +

(
2− hϕ2(tj)︸ ︷︷ ︸

cj

)
yj+1 = 2h2F (tj)︸ ︷︷ ︸

dj

efìson y0 = y(t0) = y(a) = α kai yn = y(tn) = y(b) = β èqoume to tridiag¸nio sÔsthma

b1 c1

a2 b2 c2

. . . . . . . . .

an−2 bn−2 cn−2

an−1 bn−1


·



y1

y2

...

yn−2

yn−1


=



d1 − a1α

d2

...

dn−2

dn−1 − cn−1β


ìpou yj ' y(tj) = y(a+ jh), j = 0, 1, 2, · · ·n− 1.
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3.10.4 SÔgkrish thc mejìdou bol c kai thc mejìdou twn pe-

perasmènwn diafor¸n

Sunèpeia thc grammikìthtac:

• An to P.S.T. deÔterhc t�xhc eÐnai grammikì, tìte h mèjodoc bol c apaiteÐ mìno duo

oloklhr¸seic tou (P.A.T.)x sto [a, b), en¸ h mèjodoc peperasmènwn diafor¸n dÐnei èna

grammikì sÔsthma me mia diag¸nia uperoq  kai •pÐnaka suntelest¸n morf c dèsmhc pou

mporeÐ na lujeÐ sÔntoma kai akrib¸c me th mèjodo apaloif c tou Gauss gia arket�

meg�lo n.

• An to P.S.T. den eÐnai grammikì, h mèjodoc bol c odhgeÐ se mia epanalhptik  mèjodo

(dhlad  thn epanalhptik  mèjodo thc tèmnousac), en¸ h mèjodoc twn peperasmènwn

diafor¸n dÐnei èna mh grammikì sÔsthma pou mporeÐ na lujeÐ me thn epanalhptik  mèjodo

Gauss-Seidel(diadikasÐa Liebmann).

AÐtia sf�lmatoc:

• 'Otan to P.S.T.eÐnai grammikì   mh grammikì, h lÔsh pou prokÔptei me th mèjodo pe-

perasmènwn diafor¸n perièqei to sf�lma apokop c twn proseggÐsewn peperasmènwn

diafor¸n twn y′′ kai y′. H akrÐbeia ektim�tai me sÔgkrish twn upologisjeis¸n tim¸n yj

me ekeÐnec pou prokÔptoun me dipl�sio n.

• H akrÐbeia pou epitugq�netai me th mèjodo thc bol c periorÐzetai sthn akrÐbeia twn

upologisjeis¸n tim¸n yx(b).


