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Kegdrawo 1
Evtoniouog ptldv moAL®wYOUOoU

O apriunTindg unohoylouds Twv ey evog Tohuwyluou efvar Eva ToAL evdtagépov Yéua oe
ToAhoUe Topeic e Aptdunuixic avdluorg 6nwe xotd Ty enfhuon dlagopindy eElomoewy (1
CUCTNUATWY DLAPOPLAWY eZlOMOEOY), 1 6mou ahhol amanteiton 1) eVpeon Twv EWWY TOU Yopa-
XTNEIOTIX0U TOAUWYOUOU evog Tivaxa (TpdBAnuo oTIHGY).

[o Tov aptiunmind UTOAOYIOUS TWY TEAYUATIXGOY PGV TOAUWVOUOU UTOROVY VOl EQUQUO-
odoly oL Yvewotég uédodot dtyotounore, tTéuvoucac, Newton-Raphson. Ewdwdtepa, Aoyw tou
EVOLAPEPOVTOS TOU TEOPBAAUATOC X TNG avdyxng var avamtuyVoly uéYodol Yo ToV UTOAOYIGUO

XL TV Utyadody plldv eVOg TOAWVIPOU UEAETOVUE AVIAUTIXOTERA TO TEOBANUAL AUTO.

1.1 IToAvovuua

‘Eotw 10 mohuwvuyo n Podupod
P(z) = ap2™ + ap12™ -+ a1x + ag

omoun > 1, a, # 0 xu a; € C. Avagépouue 61 ouvéyeta oplopéves Baotxés TpoTdoels yio Ta
TONUGYUUA, TOND YEHOUWES YL TOY aptduNTIXd UTOAOYIOUS TWY POV AUTOVY.
ITpétaoy 1.1. To noAvdrupo P(z) éyer tovddyioror uta pila ovo C. Enopérwg el akpipog
n pileS p1, P2, - .., pn € C and ng onoles pepikés 1 axdun kar Ae§ umopel va ovunirtovr. To
ToAvY U0 Ypdpetal

P(z) = an(r = p1)(x = p2) -+ (x = pn)
Avoytea P(x) = (x—p)*Q(z) ne Q(p) # 0,k € N*, tére Aéue dui n p efvar pila ToAkamAdTnTag
k.
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Ipoétaoyn 1.2. Av py, pa, ..., py €lvar 01 piles tov P(x), tdéte 1woydovr o1 yvwotol timor Vieta:
ap—1
prvpatec e =m0
an—Qn
p1p2 + p1p3+ -+ Puo1pPn = .

O
pipaps - pn = (—1)"=

an
ITpbtaom 1.3. Kde molvovuuo e mpaypatikols owvtedeotés, av éyea a uryadixn pila
p=a+ pi, B#0 téte Da éyer ws pila ka1 tn ovlvyn avtig p = a — Pi. Enouévag éva

roAvr o mepittol Paliot éyer tovkdyiotor wa mpaypatikn pia.

ITpétaoy 1.4. Kavévag tov Descarte: ‘Eotw to noAvévuvpo P(z) = a,x™ + Q1™
a1x + ag pe a; € R Av p o apiduds twrv petafoddy tov mpoonuov otny axokovdia twv ouv-
TEACOTAY G,y Ap1, Ap_2,..., A1, Qo (01 UNOEVIKOl CVVTEACOTES, av undpyovy, Tapaieimortal),
téte 0 aptuds twr Jetikdy pildy tov toAvwripov P(z) 1wooltar pe k = p— 2\, érov X puotkds

pe 0 <A< 8.

Egappoy? 1.1. Eotw P(z) = 2" —22°%+ 2* — 32° + 4. No Beeite 10 péyioto aprdud Jetixdv

X oEVNTIXWY EtlKY Tou.

‘Eyouye:
ary; Qg Az a4 a3 QA A1 Qg
1 -2 0 1 -3_0 0 4
1 2 3 4

Apo pp =4 % 0 <A<2, ondte A=0,1,2.
eTwA=0 = k=p—21=4-2-0=[4]
el \=1= k=p—-2A=4-2-1=2
e A=2 = k=p—-2A=4-2-2=0
Enopévac 1o P(z) éyet 1o mohl 4 Yetixée pilec.
IMapatienon 1.1. H Hpdéraon 1.4 unogel vo egapuociel yio vo dwoet TAnpogoplec oyeTind
e Tov apidud TV apvnTixedv pldv evog Tohuewvouou, apxel va Vécouge oto P(z) énov = to

—x: Ebvaw P(z) =0 < Pi(z) = P(—x) =0, ondte av p eivar detind pila tou Py toHTE TO

—p ebvou apvntixt| pila tou P(z).
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Egoappoy? 1.2. O¢roupe Pi(z) = P(—x) = —2" —22% + 2* 4 32° + 4. Téte otny axohoudia
TV CUVTEAESTOY —1 —2 0 1 3 0 0 4 €youpe p =1 adhoy?) tpooruou xou 0 < A < %,
on6te A\=0. Apa k=1-2-0=]1],

Enopévwe 1o P(x) éyet pio to mohd Yetixd pila, ondte 1o P(x) éyet ula to ok apvntixd

ofCa *.

ITpotaoy 1.5. [a kdOe pila p tov P(z) = AT+ ap_ 12" M Farz+ag 1wy vel o Tapakdtw
TUTOS @pdyHatos:
|ao| + |a1| + - + |an|

|an|

Ip| <

1.2 Alucidoa tTou Sturm

Optouwde 1.1. Av o1 owaptijoes fo(x), fi(x), fo(z),..., fu(x) evar opopéves oo [a, f]

Ka1 tcavomoty T TpoiTotéae:
@) fi € C(le, B]), Vi=0(1)n

B) fole) #0, fo(B) # 0 kar fu(z) #0, Va € [a, f]

y) Av y € € o, Bl wxda fi(§) =0, tére fi1(€) - fira(§) <0, bmovl <i<n-—1

0) Av ya & € [a, ] wyva fo(§) = 0 téte vndpyer h > 0 ocodnmote pikpd tétow Gote
Jo(€ = h)f1(§) <0 kar fo(€ + ) f1(§) > 0.

Tére Oa Aépe 6nr o1 ovvaptrioes fi(z), i = 0(1)n anoreAoly pua advoida Sturm oo [a, ).

Ilpétaoy 1.6. Av ot owvaptrioers fi(x), ¢ = 0(1)n arotedoty pua aAvoida Sturm oo SidoTnua
[, B] kar ovpBorioovpe e p(§) to mAndos twy petafoddy tou mpooripov otny akodovdia twy

aprfucv:
fO(g)a f1(§)7 R fn(£>

oTe laO(Z,U,Oé—/L 1oovtai € TOY api O TwY piLwy T ol\r) OTO Oé, .
Tére 1 dwapopd p(a) — p(B) wovlrar p1pd twv pilcv s fo(z) [ev, B]

*To ev Aoyw moALGYLYO €xel oTny TeaypaTxoTnTa Vo Lebyn culuydy wryodixwy plloy, 2 Jetinée tpayua-

Tixég pilec xou wa opvnTLe.
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IMpétaoy 1.7. Fow fo(z) = P,(x) éva modvdvupo n—Baduotl xwpls toAkatAés pileg. Oé-
toupe fi(z) = fli(z) ka1 kataokevdlovpe tnr axodovdia twy Gadoyikdy UVTOAOITWY e TOV

alydpiiuo tov EvkAeidn wg €6ng:

fo2(@) = foor(x)mpa(z) — fulz)

orov ta () efvar oAvdvupa mpdtov Baduov.
Téve n axokovdia wwy ovuaptioewy fo(z), fi(x),..., fu(x) arotedel pua advoida Sturm oe

kdOe didotnua [a, ] pe fola) # 0 kar fo(B) # 0.

IMopathpnon 1.2. Av 1o tohuedvuuo fo(z) éyet oto (a, B) nohhankéc pileg té1e unopolue
VO XUTAGAEVACOUPE OTWE TUPATAV® TG GUVORTNOES fi, fo,..., fi 6mou k < n xa fry = 0.
Téte dpwe dev oynuotileton ahuoida Sturm. Ioyver duwe mdht Tt 1 dragopd p(a) — pu(B)
wwolton pe 1o mhfdog twv pilodv e fo(z) oto [a, B], dnou 1 xdde wa pilo AauPdvetar pwévo o
(popd ave€dpTNTA amd TNV TOANATAGTNT TNC.
Egoppoy+ 1.3. 'Eotw P(z) = 2* — 22?2 + 3z — 1. Téte éyoupe:

foz) = Pla)=a"—22*+32—1

filz) = fi(x) =42 —dax +3

folz) = 2% — g:zt—l— 1

4
49
331
Jie) = a1
X0l Gpat EYOUUE TOV TLIVO(AL:
v | fo(z) | fi(z) | fol@) | fo(o) | fa(z) | pu(z) Suprépacya
—00 | +00 | —00 | 400 | +oo | —2L | 3
2401 3 — 3 = 0 xopia pila 610 (—00, —2)
-2 13 | —-21| 2 | =& -2 3
2 2 2401 3—2=1pila oto [-2,0]
0| 1| 3 | 1| 6 |-3]| 2 ,
2—1=1pila oo [0, 1]
1 1 3 L -z 38
! 4 2401 1 —1 =0 xayio pila o710 (1, +00)
+o0o | +00 | 400 | 400 | —o0 | =L | 1
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Mot T BleuxdhuveT 0Ty EXTERECT) TV Bladoyxwy dlatpécewy Tou Euxhedeiou alyopituov,

divouue €vay alydprduo Ue Tov ontolo exteheltar 1) Sldpeoy) EvHS TOALWVEHOU
f(@) = anz™ + ap 12"+ 4+ arz + ag
UE €V GARO TOAUKYUUO:
g(2) = bpa™ + by 2™+ biw+ by btou m<n
Ayopuipoc 1.1. Awipeon HoAvwriuowy.
1. AwdPace n, a;, i =0(1)n, m, b;, i =0(1)m

2. a k=n—-—m(-1)0

21 ¢p = a;”*’“

22 Taj=m+k—1(-1)k

(lj = aj — Ckbj—k:
3. Tonwoe[llnAiko: ¢, k =n —m(—1)0, Trékomo: aj, j =m — 1(—1)0/

110V avetépw ahyoprluo YETOVUE TOUC CUVTEAEGTEC TV DLABOYIX®Y UTOAOITWY GTIC VEOELS
TWY GUVTEAESTOV a; Yiot Adyoug owxovouiag uvAung. Etot mpoxdntouv tTeAixd ot GUVTEAEGTES
aj, j =m — 1(—1)0 tou tehixol urohoinov. Ta ¢i, k =n —m(—1)0 eivar oL cuvtErECTES TOU

Tnhixov.

1.3 ®Ppedypoata twv ellodV ToOALGVOULOU

'Eotw 10 tohvédvugo P(x) = 2" + a12™ ' 4 -+ + ap_12 + ay, 610U a € R 4 ay, € C. N
NV eVpeoT dracTiwatog Tou R ¥ dioxou tou C, yéoa oto onolo Peloxovton dheg ot pileg py Tou
P(x), éyet dolel éva mhidoc tonwy. Togaxdtw napadétoupe optouévous otadepois aptiuoic

r tétooug wote vaoyler |pi| <7, Yk =1(1)n

Lr=1+A4, A=
r=1+4, Jmax {laxl}

2. r =1+ + -+ |an)?)?

3. r=|ay| + /|az| + las| + -+ an]
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B ,B>1
1 v = max {B, VB} = . B=lail+ las] + -+ ]

VB ,B<1

5. r=min{C, D}, C=max{l,B}, D =max{l+ |ai|,1+ |azs|,...,1+ |an_1],|a.|}

6. 7 = max {\k/n|ak|}

k=1(1)n

1
=3 (1+VITEE), B max flow—all o =0

k=1(1

8. r=1+VF, F—knié(ix {1 —ay)ag — ag41|}, an-1=0

1
9. 7= (1 + |ag] + /(1 — ap)? +4A1) , A= e {lax}

1
10. r=1 1——— A A=
v +( (1+A)n) C A= s )
Extog and 1o avetépw @pdyuata, mou opillovia uéow twv otadepdy aptdumy r, éva (dvw
%ol X4tw) pedyua Toh) yeRotuo oty Tedln, To onolo QEACoEL TO UETEO GV TwY POV p TOU

Tohvwvopou P(z) = apz™ + ax™ '+ - 4 a1 + ap, a, € R fay, € C, ap # 0 ebvan 10 €€

_an] | |<"LO’—+A1
|an| + A2 — |aol

; A = A

omou Ay kr:%é(%l}){nﬂak”’ 2=, max {lal}-

Av 10 S00év Ttohuwvugo P(x) = 2" + ayz"” Ly ta, 1z +a, EYEL TEAYUATIXOUE CUVTE-
AecTéC ot OAEC Tou o pileg ebvor mpayuaTixé ToTE auTéc Bploxovtal Yéca GTO BIAGTYUA, TOU

ornofou Ta dxpa elvon ot pilec g edloworng
nz? 4+ 2a12 +2(n — 1)ag — (n — 2)at = 0

IMopathpnon 1.3. Av Jewpricouue 10 rohudvuuo Q(z) = 2"P(1) = a2 + -+ ayx + 1

61 Yoo xde pila p Tou P(x) oy le

S|

<lpxl , Vk=11)n

omou 1 1 otadepd Tou TpoctoplleTon and Toug aveTépw TUToug 1 €wg 10 ot oyéon e To
roluovupo Q(x).

‘Etot howndv n.y. olpgwva pe tov tono 1 xa yio 1o tohudvupo Q(x) o éyoupe:

},CL():]_

ay

Qn

re=1+A4, o6mouv A, = k:lg(%}éq {
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onote i xde pila ty Tou Q(z) Vo toylel

lts] <7y , VE=1(1)n

1
eved yio xde pila tou P(x), agol py = o EneTon
k
el > L1
Pil = r, L1+A4,

1.4 MéJdoooc tou Bernoulli

Me ) yédodo Bernoulli uropolue vo unoloylcoude TiC BUO TEWTES UXPOTERES XATA UETEO

pilec evog moALWVLPOU. Oewpolue 10 TOAUGYLUO N—[Loduol
Py(z) =cpz" +cpoa" P+ dr e, GEC, cn A0

xo UTOUETOUNE Ywelc TEPLOPIOUO TNC YEVIXOTNTUC, OTL TO TOAUWYUUO dUTO €Yl axplie n
OLO(EXPLIEVES P undevixég plleg, TIC p1, P2, - - -, Pn-

H opidunon éyet yiver xat ablouoa oelpd we mpog 1o Yétpo, dnhadh 0 < |p1| < |po| < --- <
|pn|. Oewpolye T onth cuvdpTtnon

Hpogavawg ot TohoL g R(zx) etvon ot pileg tou moduwviuou P, (z) %o avticTpoga. ‘Apa TO

TEOBATUO avdyETaL OTNY EUPETT TWY TOAWY NG cuvdpeTnone R(x).
Alyopuipoc 1.2, Mébodos Bernoulli
1. Avartiooovpue o€ duvapooepd pe kévtpo to 0 kar axtiva p; tn ouvdptnon R(x) kai
éyovpe:

1
Co+Cax+ -+ cpx

R(I):Zﬁkwk n=50+61$+ﬁgx2+---
k=0

Emeaiory P,(0) # 0 éyouue ¢y # 0 kar ywpls mepiopiopd s yevikétnrag vrolétoupe
Co = 1.

Apal= (1+c1x+ coa® + -+ cyz™)(Bo + 1z + Boz® + - - - ). E&wodvovag toug ouvte-

A€0TES Ty opoofaluivy dpwv TpokUnTel
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Bo=1

B1+ Bocr =0

B2+ Bicr + Boca =0

B3 + Bacy + Pica + Pocz =0

Bn + Bn-1€1 + Bn—2ca + -+ + Boc, =0
yie k>n B + Br—1¢1 + Br—a2c2 + -+ + PBr_nCn =0

To ovotnua avtd Advetar edkoda ws mpos Py, Bi, ... kai efvar
w
Br = — E c\Br—xr  O6mov g = min{k,n}
A=1

2. Trmodoyilovue Tovg 6povs gy, €k, Pr ATO TOUS TUTOUS

B Ek
qr = ) €k = qk+1 — 4k 5, Pk = —(qk ’ k:1727
Br-1 €k—1
3. Or axodovies qi, pr oUYKATvouy avtiotolya Tpos TS avTioTPoPeS TINES Twy Pilwv: pil, p%.

Ay emmAéov wyder |pa| < |ps| n o¥yrhion elvar ypappuxr pe ovvtereot) olyrhiong £

IMopathpnon 1.4. Av ot pilec p1 xon po elvon pryadixée ouluyeic, dnhadr toydet 0 < |pi| =
|pa] < -+ < |pnl| TéTE O axohovieC gi xon i BEV GUYXAIVOLY TEOC TIC AVTIGTEOYES TWES TWY
ooy pr, pe (BéT Bev woylet [p1| < |p2|), 0dAd amodewvieton 6Tt ot pilec e BeutepoBdiutoc
e&lowong

Qo162 — (@ +pr)z+1=0
ouyxAivouy yio kK — 00 mpog Tig pilec p1 xon py aviioTolya.

AZiler va avageptel 6Tt o akybpriuoc QD (TInhixwv-Atagopdy) elvor wior enéxtaon tne
ued6dou Bernoulli yio tov unohoyiopd dhwv twv pilley evog Tohuwvipou(ue Ty urddeon 0 <
lp1] < lpal <+ <lpul).

Av avahboouye tn ouvdptnon R(z) = %(I) o€ amhd XNAoUUTA EYOUUE:

Rz)=—2— 42 4.4
r—p1 T — P2 T = Pn
[a xdde z pe |z| < |pi] woyder (and tov TOno e yewuetpixhc oelpdc)

a; a; a; 1 a; A 1 T 2
= — = . = 1_|___|__2_|_... = —a; _|__2_|__3_|_...
T = pi pi— pi 1—- Pi Pi :

omouv  a; €C, a; #0
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Enopévae yia [z < |p1] n R(z) avartiooetar ot Suvauooelpd

. , ay 45) Qn
R(z) =) " bmou Bk:_<k_+1+k_+1+'”+ k+1) (1)
k=0 P1 P2 n

Eotw tdpa 61t toylet [p1| < |p2| t61€ and v (1.1) éyouye:

o k+1 o k+1
ai _a2 _An_ az an ( PL
Ffh ot g 14 (2) 4o (2) o)

o= Be AT
k= = =
B Y4+% 4. o p1 ar (o0)" an (o)
T P3 pr 1+H P +---+a—1 o
L < 1y xdde 1 = 2,3,...,n xou dpa:

Pi

Enewd?| |p1] < |pi| éyouye

lim ¢ = —
k—00 pl

Ac pehethicoupe topa Y TayTNTA GUYXALOTS TNS axoloudiag g, 1) omola etvon klim ——, 6ToL
=00 €1
€k = Qo1 — Q- A TV (1.2) éyoupe

P1 Plk 1 1k P1 Plk

az —_ A P1 as —_ A P1 an — P1 £1

voa(-g)(8) ra(-p)(8) corn(-n) (2)
k

1 ai p2 p2 1
,0_1_%:E % %
a 1 a 1 an P1
1+a—?(p—2> +a—1(p—3> + +a1<pn)
T/] k k
a2 PL a _ P P2 an _ pP1 P2
% a1 ai (1 p;) +ﬁ (1 p;) (pi) ot (1 pi) (pi) 1
o )" _E. o )" p )" o )" (1:3)
P1 a2 ( P1 as ( PL an [ P1
(Pz) 1+ al (Pz) + ai <P3) + + ai (Pn>

Av unodéooupe 6t emnhéov wylel |po| < |ps| xon Véooupe oty (1.3) énov k 10 k + 1 tdte

OLOLEWVTAS XAUTd UEAT) o TadpvovTag 10 0plo xadwe k — 0o Eyouue:

1_
lim 24— Bt _p
k— 1 a
o o T4k P2

‘Apa 1 cUYxAOY Elvan YeauULXT UE GUVTEAESTY| GUYXAONC %. Av ¥ooupe € = Qi1 — qr TOTE

pe amholg UeTasy NUaTIools Peloxouue otL:
. €k P1
lim — = —
k=oo €p—1 P2

‘Apa yioo Ty axoloudia

Ek
P = —4qk
€k—1
Loy Vel
lim pp = —
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1.5 Medodoc QD (IInAixwv-Atlopopdrv)

H olyxhion e pedddou QD eivan ypopuix (xoaw ouverde opyh) xot evaiolnTn o¢ mpog
NV enidpaoT) CPIAUATWY GTEOYYUAEUOTS, aAAd elvar TOAD yerown Yl TNV EURECT] dpyIX®V
TpooeYYIoEWY TwY TpayuaTix®y ploy xot Twy deutepolaluiny TapaydVTWY TOU AVTIOTOL 00V
oe xde Lebyog ouluymy uryadwy pilwy. Autéc ol tpooeyyioelg elvon amapaitnTes wg apyLxég
TWES oF W Two YpeNyopa cuyxhivouoa ueévodo, m.y. 1N uédodo Newton-Raphson.

Yt yédodo QD vy v mpocéyyion twv pillev e nohvwvuwixic eglowong  P,(z) =

apt” + ap_ 12" '+ +axr+ay=0 OTNULOVPYOUVTAL Ol TAPAXATE ax0hoVH{EC TEAYHATIXWY

aprduedy
{egk)} VkE=1,2,....n+1 (n + 1 to midoq)
i=1
{qgk)} Vk=1,2,...,n (n to mAoc)
i=1
6TOY
egl) =0 vy =12 ...
€§n+1) =0 vy =1,2,...
M :aai—;il yiok=23,....n
¢ =
q%k) =0 viok=23,...,n
qi@l = egkﬂ) + q§k) — egk) viok=1,2,... ,nxui=1,2 ...
(k) g el
el = viok=23,...,nxut=12 ...
i1

14 7. 2. 7 Ié ’ 7’
Av xon 1 xatooxeuy| TwY axohouidy QofveTal TOAOTAOXY), 0TV TEdln urnopel vo vhomoundel

TOAD amhd Ue TN yeRom EVOS TV TOU XATAOKEUALOUUE ELOAYOVTIS apytxd OAEC TIC TES Yia

TA qgk), e§k), 651) xou €§n+1):

IR R T N T i
1l 0 —a1 a2 g as g . w 0
an an—1 Qn—2 al
21 0 0
31 0 0

To enduevo Brpa xatacxevdlel T EL66B0UC qék) oTn 0e0teEpn) Yeauur TalpvovTtag To oTolyelo

4 7 6 E 7 6 )\ 6 4 (k:+1) ,8 4 4 4 7 7 (k)
QUECKC TAVW XUl OECLA, ONALOY] TO €4 ; TROOVETOVTUC TO QUECKC ATO TAVW OTOLYELD ¢ ~ XAl
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APUUEOVTAC TO OTOLYEID VW aploTeRd 6§k)1
JCUN LT S ST U T O O
=l Ul ver S @ 00
N
2 0 ¢ ¢ ¢’ ¢" 0
310 0

k) _, . (k
Or eloodot eé ) TP TEOXUTTOLY Tafpvovtag To dedlo oTotyElo qé ), rolhamhacldlovTog Ye To

amd Tave cTolyelo egk) X0 DLaLpWVTAC UE TO APLOTERO GTOLYElD qék_l).
il gV D @ e ¢® e g D
11 0 %=1 2 an—3 0 ag 0 0
Qan, Ap—1 Ap_2 a1
- / y\x
2 0 Y e P = |l Y O R
310 0

ITapathenon 1.5. Av

: k : k+1
hmeg): hme§+):()
1—00 1—00
z k _ 1 2 4 6 4 4 z 1' (k.) 7 7 4
i xdmoto k = 1,2,...,n tote anodenvietar 6T undpyer To lim ¢;, o omoto etvau i ola
1—>00

Tou Tohuewvipou P(z). Emmiéov, av 1 axohoudia {egk)} oev cuyxhivel oto 0 yia xdmoo k
i=1

o0 o
t61e oL axoroudieg {Ti(k)}‘ HOU {sgk)} 6Tov

i=1 i=1
T (RN
s =gV g® L =23

oLYxAVoLY TEo¢ Toug dpriuoic 75 yon s, avtiototya, 6TOU 1O
x? — Wz 4 %)

elvon €vag deutepoldiiutog Tapdyovtaug Tou P,(x) mou avuototyel oe éva Lebyog ouluy®dy pryo-

OtV pLlv.
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Alryopripog 1.3. Mébodos QD
1. AwdBacen , a;,i=0(1)n, M

2 eV =0, " =0, ¢! =-m1 =2

an

IND, =1, IND,;; =1 (IND; =1 énAdva olyxhion tng el(-k) oo 0)

3. Ia k=2(1)n
@) =0, V=t IND =0, 7Y =0, sV =0

An—k+1

4. Ooo i < M enavdiaPe

41 ¢V =0, "™ =0, ¢V = + ¢ — e
4.2. Ta k =2(1)n

¢ =5V + g — e
e = (¢ -2 /g

S k1) (k)

i =4 +4;

k k- k
W =g g
4.3. Ta k =2(1)n

Ay eﬁ»k) — 0 wéte IND, =1

S

Ay eg-k) # 0 téte INDy, = —1 (av n exhoyn dev eivar paveprj téte INDy, = 0)
44. NS=0 (onAdve éu dheg on egk) oUyKkAivouy)
4.5. Ta k =2(1)n, Av INDy, =0 tére NS =1
4.6. Ay NS =0 tdre

4.6.1. Te k=2(1)n+1
Av INDy, =1 ka1 INDy_; = 1 téte Trwoe(” lpooeyyonxij pila: *, ¢F ')
auds Torwoe(” [pooeyyionikds devtepoPdOuog napdyorvtag”, x* — Py +

%

si™)
4.6.2. Té)og.
4.7 i=1+1

5. Tonwoe(” TrnépPaon puéyotov apiipot enavakippewrv.” | M), Téog.
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IMapatrenon 1.6. Eivo goavepd ot 1 pédodoc QD amontel vor uny undpyouy undevixol cuv-

k

TeAecTéc 670 Tohuwvuuo. ‘Eotw P,(x) = g apr” xou umdpyet Oetxtng k TéTolog wote ay = 0.

k=0
Av dewprioouye to avdntuyua Taylor tou P,(x) ye xévtpo xdnow xy € R td1e 1oy et

Pn(l’) = Zakxk = ch(iﬁ — l’o)k = pn<x - l’o) = pn(y)

k=0 y

1 “ o , o
omou ¢ = EPT(L'“) (zg) = Ty_r(mo) (ta uTOAOITA TV JradoyY dnpéoewy tou P, (x) o
T — T, T.Y. ¢ = Yo(20)).
Enopévwg 6tay umdpyouv undevixol cuvtekeotés 1 pédodog QD unopel va egopuooctel oto

TOAUGDVULO Pn(y), ue ouvtereotés ¢, # 0.

1.6 Elpeon pillodv TeayUoTixoy TOALVOVOUWY - MEé-
Joooc Bairstow

H euotdieia twv NAEXTEIXOY # UNYOVIXOY CUCTIUATGY OYeTI(ETOL UE TO TEAYHATIXG UEROC
TWY WYadoy etlloy 0pouévmy ToAunVIUwY Baduold Touldytotov 30 Ue mpayUaTixolg Cuv-
teheotéc. ‘Eyer anoderydel 6Tt dev umdpyouv yevixol TOTOL Yo TOV UTOAOYIOUO TwV EllwV
TohuwYOULY Padpol peyahitegou and 4. ‘Etot dev undpyer dAAn emhoyy| mapd uévo 1 yenom
wag aprdunTxAc LeVEooU Yio TNV EUPECT TV LMY,

Av yetotpédouye Tic mporypatixée YETOBANTEC OE WyadixéC (TPOTOTOWYTIAC XUTIMNAAL TIC
Topaypdpouc el06dou/eZ6dou) o éva tpdypopups FORTRAN tne petdédou Newton-Raphson,
uropoluEe va Bpolue TpooeY Yo TiXES TWES T pllwv. ‘Ouws auty 1 epyacta etvon apxetd exinovn
av Oev elvon autoéuaTa dtodéotun pior optunTIxX? Wyadxwy. X1 CUVEYELL TUPOUCLAlOUUE [id
TEPLOCOTERO emtiuun T Sladtxaoia.

H Boaow wéa etvon va Beolue toug deutepoBddutouc TapdyoVTEC TOU AVTIGTOLYOUY GTIC
wryadués pileg xon émerta va Bpolue Tic plleg aut®V Twv deutepoBaiuiny TOAWYIUWY UE TOUC
YVOOTOUC TUTOUS.

I'vopiCouue 0Tt av war Tohuwvuuxt| egiowon
P(z) = a1x" +agz™ -+ ap12* + apt + ap =0
Eyel wa wryader plla o+ Bi tote Vo €yer piCa xou 0 ouluyt g o — B, OTOTE TO TOANUGVUYO:

R(z) = (v — a — Bi)(z — a + Bi) = 2* — 2ax + o® + B2
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elvan mopdyovtac tou P(x).
Enedr to R(x) éyet uévo mpayuatixolc cuviehecstés, eivat xatahhnhotepo va epyoacfolye
HE auTo Tapd e g ptleg Tou.

H rautétnta g Swipeone evoc mohuwvipou P(x) ye éva devtepoBdiuo moluwvupo R(z)

elvou

6mou Y (z) = ax + b xau Q(x) éva mohudvupo Baduod n — 2. Av otny mapandve TouTéTHTOL

Suaipeane tou P(z) ye 1o deutepofBdiuo napdyovia R(z) cuuBolicouye:

R(z) = 2°—rz—s
Y(l‘) = bn(x - ’l“) + bn—i—l
Q(r) = bix" 24 b 3+ 4 byox + byy

TOTE 1) TUVTOTNTA YRAPETOL:

"+ A+ Ay = (2* —rx — sz-gblw”‘Q + A bnox + byy) + 00 (@ — 1) 4 by

P(x) R(x) Q(x) Y (z)

E&iodvovtag Toug GUVTERESTEC TV 0pofBaluiwy 6pwY TEOXUTTOUY Ol LOOTTES:

ap = bl bl =

ay = by — 1by by = as + by
agzbg—er—Sbl b3:a3+7"bg+3b1

as = by — rbs — sby < by = ay + rb3 + sby

an = bn - rbn—l - Sbn—Z bn = an + rbn—l + 3bn—2

Apy1 = bn-{—l - Tbn - Sbn—l bn+1 = Qpt1 + rbn + Sbn—l
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YynuoTind €youpe

ai as as Q4 ce Ap—1 Qp, An+1
xs 0 0 sby sby e sb,_3 sb,,_o sb,_1
e s s e s
xr 0 rby rbs rbs e 1b,_2 rbp_1 rby,
s e a a e
by by b3 by e b1 by, bry1

IMopddevypa 1.1. Eotww P(z) = 2° — 22* + 72® — 42* + 11 — 2,  R(z) = 2* — 22 + 3.

Eivaw r =2, s = —3.

1 =2 7 —4 11 —2
x(=3) 0 0 -3 0 —12  —12
X2 0 2 0 8 8 14

1 4 7 0

) ) ) + t 0

b1 bQ b3 b4 b5 bﬁ

Apo Q)= +4x+4, Y(x)=T(x—-2)+0="Tz— 14

H pédodoc tou Bairstow Bpioxet deutepofdiutous nopdyoviec R(z) tou moluwvigou P(x).
Tt vaebvon 10 Y () = by (@ — 1) + byy1 = 0, ondte 10 R(x) = 22 —ra — s efvon deutepoBdihutoc
nopdyovtag tou P(z) mpénet va feedolv oL cuvteheaTtéc 1 xat S €tot Gate: by, = 0 xou byyq = 0.
‘Eotw T xar 5 ot Tigéc mou undeviCouy ta by, byy1 %o ag utodécouye OTL T, s elvar TEOGEYYIoELS
TWV T, S.

Av ot Slopopéc dr =T —1 xan ds = 5 — s elvon «UIxEECy TOTE UTOROVUE VA Y PT|OHOTO|COUUE
TOL OAXAL BLopoEUd TV by, byiq Yol VO THPOUUE TIC TROCEYYIoE:

ob ob

0 = bn<7’,8) = bn(r—i-dr,s—i—ds) = bTL(r?S)—f—Wdr‘i‘gdS
by, b,
0 = bpn1(F,5) = bopa(r+drs+ds) = bn+1(r>s)+aa;1dr+aa;1ds

6mou o ueptxéc mapdywyol utoloyilovtat 6To (r, s).
Enopéveg av 7y, s, ebvan oL TS Twv 7 xaw s oty k exavaindr xou cupfolicouvye e dry, dsy

7. 4 4 4 ~J _ 4 7 I4
B )\UGT] TOU TURATAVGL CUOTNUATOQ (O(V AVTIXATACTYIOOVUE TA = UE —), TOTE OPLCOVTO(L Ol ETO-
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UEVES TPOCEYYIOTIXES TUIES

The1 = Tr+dry

Sk1 = Sp+dsy
oL omolec mpEnel va elvon xahOTEPES TpooeYYioE TwV T, 5. [l vau ypnotuomojcoupe auty| T
uédodo mpénet vo yvwpilouye Tic TEGGERIC TIES TWV UERIXWOY TapayOdY®Y oTo anueio (1, s).

Av egopubdoouue T ouvietixd| dadpeon tou P(z) St R(z), avuxadiotdviag to a; e o b,

TOTE TEOXUTTOUY Ol VEOL GUVTEAEGTES €1, Ca, . . . , Gy WS EEAC:

b b bs ... b,,
xr 0 0 C1S ... Cp_2S
xs 0 cir Cor ... Cp_1T

C1 Cy C3 e Cn

Anodemxvietar (e emoywyh) OTL ot UEPIXES TApdY®YOL UTopoUy VA UTOAOYIGTOUV amd TOUC

thnoug:
Obn by _
or =Cp—1 , s = Cnp—2
bt . b1 0
ar n ) 88 n—1

Tehxd to dry, xan dsg, TEoxOTTOLY amd TN AUCT|, TOU YRUUMIXOD GUCTHUTOS:

Cp1dr + c,_9ds = —b,

Cndr + cp1ds = —byy

7 omola etvou
dr bncn—l _'bn+1cn—2 o ds bn+1cn—1 _'bncn
k = k =

2
CnCpn—2 — Cr_;

2
CnCpn—2 — Cr_4

Ov apyixeg Teég 1o, So hauBdvovtar cuvideg ioeg pe 0. Kaidtepeg npoceyyioeig emtuyydvovon

emAEYOVTAC

7 7 7 7 7 a2 a3
o T peydhec xotd pétpo oilec (xor epboov ay #0), g = —— %o §9 = ——.
aq a1
Id 7 z ’ 7 a a +1
o D' pixpéc xatd pétpo pilec (xow €pbo0oy an—1 # 0), 17 = ——— % §9 = ——
Apn—1 Ap—1

Auto ol yia mohd peydheg pflec T Yo toy et

0= P(@) = a17" +ayz" ' + 7" 2 2 @2y 253>
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2o TopoUota Yol ToAD wxeés ofleg Yo etvau:

_ _ TA) an _  Gpg1
an_1x2+anx+an+1%’0 = 74+ tzg4+

Ap—1 Ap—1
Ay oprdpoc 1.4. Médodos Bairstow (elpeon devtepofdipuov napdyorta R(z) = a® —rz—s
tov n—Patuod roAvwrduov P(r) = ayz™ + agz™ ' + -+ 4+ a,x + apy1, a1 #0)

1. AwdBacen, a;, i=11)n+1, M, NS, 1o, so

2 bh=a, ci=b, r=rg, s=59, e=107" k=1

3. Ooo k < M enavdiafe

3.1. by =as + bir, co =by+ i1
3.2. ai=3(1)n+1
b; =a; +rb_1 + sb;_»
¢ =b;+rci_1 + sci_o
3.3. D =cpcpo—c2
dr = (bpcp—1 — bpsr1¢n—2)/D
ds = (bpt1¢n_1 — bpcn) /D
r=r-+dr, s=s+ds

3.4. Ay |dr| <e-max{l,|r|} xai |ds| < e-max{l,|s|} tdre

3.4.1. Tirwoe(R(z) = a? —rx — s efvar devtepofdiuios mapdyovtag tov P(x) kai
Q(z) = byz" ' + -+ by_ox + b,y efvar To TAiK0 TNG daipeong P(x)/R(z))
3.4.2. Térog.

35 k=k+1

4. Tirnwoe(” Ox1 olykhion petd and M enavaAippes” ), Téros.
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ANyopuipoc 1.5. Terpaywrikés vropiBaoudo(Quadratic Deflation yia tov vroAoyioud o-

Awr twr pildy evés mpaypatikol toAvwripov P(z) = a " +asx™ '+t a,rtang, a; #0)
1. AwdPacen, a;, i=1(1)n+1
2. Ooon > 2 enavdlaPe
2.1. Edpeon evds mpayuatikol devtepoPdiinov mapdyovta R(x) dote P(r) = Q(x)R(x)
(néfodog Bairstow)
2.2. Ymohoyiouds twv pildv pr, p2 tov R(x) (tinor devtepopdlinag ekiowong)
2.3. Tinwoe(py, p2)
24. P(z) «+ Q(z), n+n—2

Z 7 7 7 anfl
3. Av n =1 tére Tonwoe(” teAecvraia pila:”, p= — )

IMopdderypa 1.2. 'Eotww 1 edlowon az? + be + ¢ = 0. Av b — 4ac > 0 t61€ ot pllec tne

dlvovtor amd Tov tOTo
—b+Vb? — 4dac

2a

‘Eotw b > 0 xot éotw 611 VEAOUUE Vo UTOAOYIGOUPE T1) WUixpoTeRY xaT andiuto Tir oila

T2 =

/ 4
eQappolovTag Tov TUTo

_ —b+ Vb —4ac
N 2a

Av 0 dac ebvon uxpd ouyxprtind Pe 1o b? 161 1) tocdtnTo V2 — dac wpooeyyileton and to b

T

e axp{Bela oplouévwy dexadixwy dnoiny. Erouévawe, dodévtog ot umohoyiloupe e authiy TNy
TEOGEYYIOT, TO P06, GUUTERAVOUUE OTL 0 aPIIUNTAC TOU AVWTER® TUTOU X0t XUTd GUVETEL 1)
umohoytlouevr) piCa Yo elvon axpl3ric o€ optopéveg Yéoeic. T'a va to avtidngdolue autd, divouue
10 €€7C TOPOELY oL

®+ 11111z + 1.2121 = 0

Av yenotuonotficoupe aprduntixy| )avnTic UTOBIAOTOA S UE S onuayTxd Ynglo xar otpoyyUAeuo

TOTE €Y OUUE:

2 = 12345

P2 —dac = /12345 —4-1-(1.2121) = v/12340 = 111.09

—b+/b? — 4ac B _0.02
2a 21

= —0.01

r1 =
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eved 1) axpBhc Th e pilac (ue b onuavtid Ynoia) ebvar 21 = —0.01091.
H andieio onuavtixay dnoiov eivor duvatd va anogeuydel av ypnotuoToGoupe Yia Tov
UTOAOYLOUO TG xeoTepNS Xt amohuto Tiur pllag Tov Timo

B —2c o —2-(12121) 24242
b4+ VD2 —4dae 111114 111.09  222.2

H petddoon opdhuoatog yeretdron xatdhhna e tn Bordeta twv evvoidy ourdiin(condition)

= —0.01091

X1

xou aotdOaa(instability). H kéZn ovviiikn yenowonoteiton yio vor neptypdier tny evoncdnoia

e nphe f(z) wag ouvdptnone oe uetoBoréc tne petaintic . H ouviixn cuvidog yetpetto

/

YNy medln YenOoYLOTOWUUE TNY TEOGEYYLON

fl@) = f@@*) = fi(z) - (x — 27)

w¢ e&he:

*

r— T

flz) — f(a7)

r — x*

zf'(x)

r —x*

12

cond(f) = max {

|z — 2¥| < 1}

T

H évvowr trg aotdietag meptypdpet v evaodnota wog aprduntixrc dwodixactog yio Tov
uTohoYtou6 tou f(x) oe avamb@euXTA GPANIATA GTEOYYOAEUOTC TOU UETAPEROVTOL(DtadidovTat)

XATY TN OLPXEL TNG EXTEAECTG AUTHG O apLiunTIXY| TETEPACPEVNS axplPelag.

1.7  Muwyadixég pileg xou pédodoc Miiller

O pédodol mou e€etdoaye u€ypt Tpa Pploxouy wia anogovwpévn pila uag cuvdpTnong, av
elvon Yvwoth wa tpocéyyiorn tng plCac. Ov pédodol autéc dev elval apxeTd IXAVOTOTIXES OTAY
AmOUTE(TOL O UTOAOYLOUOS OAWY TwV MY ULog cUVAETNOTS 1) 6Tay Oy dtatidevtan Xahég apytxéc
mpooceyyioec. ‘Onwg eldaye oe TponyoUUeveS TapaYEdPOUS YId TIC TOAUWYUUIXES CUVILTACELS
undpyouv pédodot Tou divouv cuYYEOVKE TeoceYYioel bAwY Twv ptlwy (T.y. pévodoc QD). X
OUVEYELL UTOPOUY Vo EQappocdoly ot YVwoTég enavolnmuxéc uédodot (1.y. Newton-Raphson,
TéuvoucacSecant) yio Vo nieThyouue mo axpiBelc tpooeyyioels Twv pilwy.

Mo evoragépouca uédodog, €yet tpotadel and tov Miller xou €yer eqapuociel e aloon-
pelwtn emtuyia. H pédodog auth yenowwonoteiton yio tnyv elpeon oplopévou aptiuol piley,
TEOYUATIXGY 1) IYadxwv oG onotacdhrote cuvdptnong. H pédodog eivan emavainmtind, ouy-
uhver Tepimou TeTpaywiXd oTny TEpLoy | Wiag pilag, DEV anauTel TOV UTOAOYIOUS TNG TORAY (Y OU
NG CUVAPTNONG XAt ETULTUYYAVEL TNV EUPECT] XAl TLV Uyadmy eilmV, axouo XL 6TNY TEPITTWON

mou ot pilec dev elvan amhés (Snhady| €youv molamidtnta k > 1).
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Enlonc 1 pédodoc elvar yevixy) uné v €yvota 0Tt 0 YeroTre O YpeldleTal dpyixt| TEo-
ceyyon. XNy Topdypapo auTyh teptypdpouue clvToua TN pédodo, TUpUAElToVTaC TN UEAETT
oOYXNONC TNE xou oLINTOVUE TN Yerion TNG Yiol TNV EUPECT] TWY TEAUYUATIXWY X0l ULy oDV
ooy, Ou eletdoouye ewdnd T0 TEOBATI TNE €0PECTIC Y UdIXWY PLLWY TOAUWVOUWY UE TEOLY-
HOTIX0UG CUVTEAECTES, xoig auTod To TEABANUA EYEL UEYAAO EVOLUPEROY GE TOAAOUE XAADOUC
e Mrnyavixrc.

H pédodoc Miiller eivon par guotny| enéxtacy tng uevdoou tng Téuvoucas. Treviuuillouue
ot ot puéYodo tng Téuvoucag mpocdopiCouue and T TEOCEYYIOES T, Tip1 oG pilag Tng
f(x) = 0, ™ véa tpocéyyion we T pila Tou TewToRdduiou Tokuwvipou p(x), To onolo SEpyeTL
and ta duo onuela (x;, f(z;)) xon (Tig1, f(zig1)).

Y wédooo Miiller, n emnduevr mpocéyyion x11 Peloxetar wg 1 pila tng mapaBoirc mou

oiépyetan and To Tpio onueia

(5% f(%)) ) (951'—1, f(%‘—l)) ) <Ii—2, f(%‘—Q))

Yopgpova pe tov 1Omo TapeuBoiric Tou Newton 1 mapaBoly
p(x) = fz;) + floi, wia](x — x;) + flog, w1, wio)(x — 23) (0 — 25-1)

elvat 1) povadx) tou mpooeyyilel Tn ouvdptnon f(x) ota Tpla onpela =, -1, T—o.
Enewor| etvou

(x—2)(xr —mi1) = (x — 23)° + (2 — 2) (2; — 75_1)

10 p(x) YedypeTar wC

p(:l:) = f(xz) + f[l‘iv %—1](90 - %) + f[Ii, Ti—1, 371‘—2] ((IE - %)2 + (x - %)(% - %‘—1))

= fl@) + (f[xu Ti1) + flas, xim, i) (i — $i—12> (x — x;) + floi, wicy, zioo(w — ;)

N~
Cq

= f(x;) + (x —x)e + flag, v, ximo)(x — ;)

2

‘Apa pior pila p e mopaBorrc p(x) tavomolel T oyéor

p—x = —2/ (@) (1.4)

¢ = (CZQ — 4 f () flzi, i1, $i2]>1/2

UMWY UE TO YVWOTO TOTO Yio TNV EVRECT| TNG MxpOTERTS %atd Uétpo oflag.



Kegdlono 1. Evtomoudc pillddv molvwyiuou 25

Av emhéZoupe to mpdonuo oty (1.4) étol wote o mopovouasTrhc Vo eival 660 1o duvatd
HEYUAUTERPOS XL oV OVOUAOOUUE hit1 To Ol uéhog Tng (1.4), t6te 1) ETOUEVY] TPOGEYYIOT| TN
f etvar

Tiv1 = T + hipq

H draduacio emavohouBdveTon YenouloToimyTag Ti¢ TeE Baotxés TpooeyYIoes i1, Ti, Tiy1.
Av ot pilec mou npoxintouy and Ty (1.4) ebvor TpayUaTIXES, 1) XUTEOTAOT, QUVETOL YRUPIXS OTO

TOEXATW Oy AU

7
/miﬂ/ Tiq x; XTi_o AN X
\
\

ToviCoupe 6L axdpa o av ot pileg elvan TparyUaTnés, umopet var TpoxdPouy uryadixés TeoceY-

yioeg, Adyw Tou 6TL o1 Aol Tou Bivel 7 (1.4) etvon pryodixée. OnwodrToTe, OTIC TEPITTWOELS
auTég 1 gavtaoTix ouvtetayuévry Yo etvar 1600 pxer| wote vo pmopel vo Yewpnldel aueinté-
o. LNy medln, otoy olyoprduo Tou BIVETUL TUpUXATe XATOLES UYUDIXES CUVTETUYUEVES TOU
CLUVAVT@YTOL XoTd TNV avalhTnor wag Tpoyuatixhs pilag TapaieinovTa.

Alvoupe topa Tov ahyoprduo g uedodou tou Miiller.

Aryopripog 1.6. Médooos Miiller

1. AwdPaoe
T, 1, Ta ( apxikés mpooeyyloes tng pilas £ s f)
€1, €9 (avextikdTnTes)

M (Hépotog emtpentds apiuds eravakiipewr)
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2. hy =21 — w0, ho =29 — 19,
fz2)—f(x1)

h1

f(z2)—f(z1)

f[l'l,l'(]] = s f[xg,l'l] = e 1 =2

3. Ermavdlafe

f[CCi, 357;71] - f[%eh 56%2]
h; + hi_1
3.2. ¢; = flry, wia] 4+ hifxi, vim1, 252
—2f ()
ci £/ —Af(z) flmi, i1, 2 o)

z z / 7/ z Z. ¢ V4
(67'[1/\0)/1’] TOU TPOTTIMOU €TO1 WOTE 0 TAPOVOUAOT TS Va €1val Ka‘L',CUTO/\Ul'T] TIMT) HeEYI-

3.1. f[flf“ Ti—1, '1’?7;—2} =

3. 3 hi+1 =

otog)

f(@iv1) — f(x)

hi+l

3.4. Tiy1 = T4 + hi+17 f[xi'i‘l’ ‘/L‘l] =

35 1=1+1
Eowg otov |x; — x| < ev- x| 1 [f(z)|<ea 17 i>M

4. Av i < M Tinwoe(” Ilpooeyywonikn tiun g picag:”, x;)
aAlids Torwoe(” Oyt ovykiion petd ané M emavaAripes”)



Kegpdhawo 2
Mn IN'eopuixd XvocTriuata

‘Eotw fi(x1,22,...,2,), i =1,2,...,n, ntonhilog uyodixéc cuvapTRoELS N HETABANTEY

T1, %2, ..., T, OpIOUEVES ot W Teptoyh) B C R™. Oewpolye 10 clotnua

fl(Il,ZL‘27 e ,In) = O

fo(x1, 0, .. 2) = 0

fn(beQP"JIn) =0

1) UTO LOP@Y) DLUVUCUATWY

OTOU

X:(.Tl,.flfg,---,xn)T ) fz(flaf?a'--afn)T

Ovopdlouvye pila (f undevind ornueio) tou cuothuatoc x8de onuelo € = (&,&,...,&,)" € B
étow ote f(€) = 0.

Mo edwxy) mepintwon cuotnudtwy e popehc (2.1) eivor to ypouuxd cvothuata. o ta
U1 Yeouuxd cucthuata 1) ebpeoT) xpitnelwy mou e€acpaiiouy tny Omapdn xat To LOVOCHUAVTO
TV Aoewy eivon éva eConpeTind BUoX0A0 TEOPBATUA Xan AVTWETOTILE Tl ATOTEAEOUATIXY UOVO
oe eWdwéc mepmtwoelc. ARRG xou av oxoua eacgaiiciel n Onapln hiong, n ebpecy| Tng ebvor

apxeT 8UGKONO TEOBAT L.

27
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2.1 Mevodog anaholpnig

H mhéov yvwoth pédodoc eniluong ouotnudtoy tne wopghc (2.1) etvon 1 pédodoc tne amo-
rowptic. Kotd tn uédodo autr) amakeipovton oL dyvewoTol YETHED TV eEIOMOENMY Xl TO dpyIxd

oUOTNUO UETATPETETAUL OF EVA TETECACUEVO GUVOANO CUCTNUATWY TNS LOLONC
Mo |4 P pac nu Te Hopon

o1(1, 29, ... x,) = 0
po(Ta, x3,...,x,) = 0
Son(mn) =0

X0 OTY) OUVEYEL AOvovToc autd ta (amholoTepa) cuoTAUATA XaTd To YVwotd. Anhady| Bel-
oxoupe TpeTa TG pilec TNg TeheuTaiag e€icwong O () = 0 pe wa and g Yvootés uedddouvw.
Me avtixatdotoon twy plldv aUTOY GTIC TEOTYOUUEVES EEIOWOELS, TEOXUTTOUY ERIONC GUOTH-
potor Tie {Slae popenc, odhd ue n — 1 ellovoelc/ayvaotouc. Epyalduevor pe tov tp6émo autd

Beloxouye tehnde Oheg Tic pileg TOU CUOTAUATOC.

IMTopdderyua 2.1. 'Eotww 10 chotnua

2rai—-1 =0

202 — 25— 1 = 0
Me amahoipt| Tou x1 and Tig e€IGWOE TPOXVTTEL TO IGOOUVIUO GUGTIUAL
2 2
xi+z;—1 = 0
205+ 15 —1 = 0

7 ’ ’ ’ 1 2 7 ’
Amo Tt Oebtepn edlowon mpoximTouy Ty = 5 1) Tz = —1. AV avTUIXQTUOTHOOUPE OTNY TEOTN

TEOXOTTOVY TEAXS Ol ToRUXATW AUGELS TOU 0Py LXOU GUOTAUATOS:

331:0 N .1'2:—1
xlzﬁ :L'Qzl
2 ’ 2
V3 1
$1=—7 ) $2:§

H pédodoc tne anahrowpric mopouctdlerl yevixd ToAEC DUOXOMEC MOTE Vo yprotdonoteito

HOVO GE ELDIXEC TEQIMTWOELS XAl YO CUCTAUATA UE PO dpliUd oy VOoTWY.
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2.2 Tpapuxn uedodog
‘Eotw 10 clotnua

filwy,z) = 0
fQ(CL'Q,ng) = 0

Ocwpolue Eva cLoTNUA 0pY0YWVIWY CUVTETAYUEVRDY 210Xy xot oYEDIALOVUE TIC YRUPIXES TUQO-
OTACEL TWV TURATAVE CUVARTACEWY 610 TEdio oplonol Toug. TTpogavde ot cuvTETaYUEVES TwY
onuetwy TuRg Twv duo yeauuwy opilouv Tig Tpayuatxéc Aboeg Tou oucthuatog. H pédodog

oty elvon QT EPOGOV Efvar BuVATH Vo YEVOUY OL YRUPIXES AUTEC TORAGTAGELS.

IMopdderypo 2.2. Na Audel ypagpixd to chotnua

922 + 1622 —25 = 0
200 —x2—1 = 0

H 1 and TiC eCIOWOELS TAPIOTA EAAEUYT UE xEVTRO TNV apy 1) TV ACOVELY X NUACOVES
0el

7,
TEWT
5
o 3. H oe

wlot

Utepn maploTtd pa evdeta.

X1

Ané to oyfua patveton 6Tt oL AUCEIC TOU GUGTAUATOC EfVOL OL GUVTETAYUEVES TwV ONUEIWY TOURC

A(1,1), B(—%,-2).

737 73
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2.3 Ernavainniixeg pedoodol

Trodétouue 6Tt 10 oloTnua (2.1) umopel Vo HETACY NUATIOTEL UE XATEAANAOUC UETUCY NUALTL-
oUoUC GTNY LGOBLYAUY| HOPYN

x = ¢p(x)

6mou X = (21, T2, ..., 7). @ = (01,02, .., Pn)

OptCouye Tig mapaxdtw enavaAnmTinés peddooug:

Enavolnntuixr wédodoc ohxol BAnatog: xMD = p(x™) | m =0,1,2,...
6mou 1o x0 efvor wa TN TPOGEYYioN Tou INTolpevou oTalepol orueiou Trg ¢ (X).

Enoavainntixy pédodog anhol Bruatoq:

X§m+1) = goi(xgmH),x(QmH), . 7X§T_n1+1),XZ(-T1), . ,x,({”))7 i = 1(1)n, 6mov m = 0,1,2,... xou
OlveTow Lol oy LxY) TEOCEYYLOT x(0) = (asgo), xgo), e ,x%o)).

Y11 ouvéyela divoule YL TedTAoT) PE TNV onola eac@aiileTon 1 ol Xl TO LOVOSTHIAVTO

evoc otalepot anueiou tNg ¢ (x) xodde xat ToV TPOTO UTOAOYIOUOU auTOU.
ITgbtaom 2.1. Ocwpoljie to kAeiotd oploydvio n—owotdocwy
Ap={a <z <8 , i=12...,n}
Ka1 TS N TPAYUATIKES TUVapTioeS N LetaPAnNTay
vi = pi(r1,T2,...,2,) , 1=1,2...,n
mov opilovtar oto A, kai ikavorooly Ti§ napakdtw tpolrodéoes:
1) @; A owvexels, i =1,2...,n

2) Ta kdde x = (z1,79,...,2,)" € A, wylea p(x) € A,

3) Trdpya e owlepd L < 1 térowe dote ya kde x1,x2 € A, 1w0yvder n ouviikn wou

Lipschitz [p(x1) = ¢ (x2) || < Llx1 — Xa|
Tére 10y ovr ta maparxdtw

a) Trdpyer axpifds éva § € A, térow dote § = p(§)
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B) Ta kdde xo € A, n axodovdia x,,, m = 0,1,2,... mov opiletar pe tnr eraveAnmuikij
HEG0O0 X1 = @(Xy), m=0,1,2,... éxer vénua, 6nAadn x,, € A,, Vm =0,1,2,...

kar lim x,, = & ka1 emnAéor 1wy Vel n avicdtnta
m—0o0

m

— <
e — €]l < ——

%1 — o]

Y1 ouvéyela Yoo Adyoug ouvtopiag xar amhric Topouciaong TEQLOPILOUUCTE GTO YMEO R2.
Efvar autovénto ot dha o cuumepdopata utopoly va exextadoly oto yneo R™ ywelc peydin

duoxoMa. 'Eotw hotndy 1) dravuouatin| cuvdptnor

T
p(x) = (@1($17$2) , 2(1, T2) )
Yl TNy omola UTOVETOUUE 6TL UTAPYOUV Ol UEPXEC TORAYWYOL TRPWOTNE TAENS

9¢;

1 =1,2, 7=1,2
afEi y v ) 7.] )

ot pa teployh evoc onueiou € = (£1,&)7T.
Optloupe topa tov TaxwPlavd nivaxa (Jacobian) twv @1, @2 010 § w¢ e€hc:

dip1 (517 52) dp1 (&, 52)
0, 0xs

J(p(§)) =
002(&1,62)  Opa(&1,&2)
0, 0xs

Atvoupe e pa dAAn medTaoT, 1 omolo elvor ETEXTAOT TNG YVWOTHS TROTACTS 0ToEQOU

' > Ié 7’
onpeiov, 0To OLOLICTATO YKEO.

ITpétaoy 2.2. Eotww to olotnua x = ¢(x), w0 omoio vrodétouue dtr éyer éva otaleps onueio

€ = (&,8%)T. Trodérouue du vndpyer § > 0 dote ya kdbe x € R? e ||x — €| < § vrdpyour
Pj

01 UEPIKES Tapaywyol %

)

, 4,] = 1,2 ka1 n pacuatikny axtiva tov lakwPiavol mivaka twy

1, P2 0T0 X €lvar pukpdtepn tns povdodag, dnAadn) S(J(go(E))) < 1. Tére, ya kde xo € R?
pe ||xo — &|| < 0 n emavaAnmurr pédodos Xpmi1 = P(Xy), m = 0,1,2,... éga évvowr kar
lim x,, =&.
m— 00

Eriong n p(x) éyea to povadixd otalepd anueio € atnr mepoyn) ||x — & < 6.

M dhAn yehoun Tedtaocy Yo Ti¢ €QupUoYES elvon 1) Topodtw, 1) omola TpoxUTTeL ElX0Ad

ATO TNV TEONYOUUEVT).
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IMpétaocy 2.3. Eow to mapandve ovotnue X = @(X) kai o1 ouvaptioes @1, Qo OPIOUEVES
oto oploywvio

AQZ{%’S%S@ ) i:172}

HE TUVEXELS HEPIKES TTapayyous TpawTns Tdéng.
Eotw &€ = (£1,&)" otalepd onueto tng p(x) mov Ppioketar oto eowtepikd Tov Ay, TéTowo

0 0

0 0
Tére vndpyer 6 > 0 dote n emavaAnmukr) péfodog Xmi1 = P(Xy), m = 0,1,2,... éye

sote J(p(€)) =

évvoa yia kdle xg € Ay e || xg — €| < 0 ka1 wydea lim x,, =§&.
m—0o0

IMTopdderypa 2.3. 'Eotww 10 clotnua

T = xf — x%
2 2
To = X7+ 25

Srhadty p(x) = (21 — 23, =+ 23).
Hpogavae wybet ¢(0) = 0, dnhadr 1o (0,0) ebvar otadepd onueio e p(x). Eivor

2ZE1 —21'2
J(p(x)) =
2371 21’2
doa J((0)) = . Bewpolye Ty emavaknrTixy uédodo
00
m+1 m m
A= @) - )
2 = @MY @2 om=0,1,2,.
11
Av dpoue b¢ apyxd ddvuopa xV = (x§0>, xéo)) = (5, 5) TOTE €Y OVUE

m
0 0.5 0.5
1 0 0.5
2 —0.25 0.25
3
4
5

0 0.125
—0.015625  0.015625
0 0.00048826125
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2.4  Eravoinntixy nédodoc Newton-Raphson(N-R)

I Aéyoug amhdroc dewpolpe x = (z,y) € R* | f = (f,g9). Eoctw howndv 7

OLVUOUATIXY) CLVAETNOT)
T
f(x) = ( fz,y), g(z,y) )

optopévr oto opoywvio Ay = {a<z<p,y<y<d} Trodtoupe 6L ot f, g éyouv

ouveyelc puepéc Tapaydyoug uéypet 6elTepng TaENg oto Ag. Av To oloTrua

éxer wa Woor € = (£,1)7 o070 eowtepind Tou Ay xou emnhéov woyler |J(£(€))| # 0 tote ebvon
YVWOT6 AR6 TOV ATELROCTIXG hOYIOHO OTL TO GUOTNUA OEV EYEL GAAN MOOT) OE Uil dpXETd UiXp
Teployry Tou §.

Me Tic avwtépw tpoinodéocic opllouue Ty enavainmtixd wédodo N-R:
X1 = Xm — J HE(xp)) - f(xn) , m=0,1,2,... (2.2)

omou J 1 (£(x4,)) 0 avtiotpogoc tou LaxwBoavol tivaxa J(f(X;,)).

Anodemvietar 6t undpyer 6 > 0 wote v xdde X9 € Ay pe ||xg — &l < I 1 avotépw

emavolnmTixr, uédodog €yel évvota xou opilel TV axohovdia X, €tot Wote lim x, = &.
m—00

[oe Ty xoAOTepT xaTavoneT Tng UEVOO0U TN YedQOUUE avaAUTIXS UTO HOp@T CUVTETAYUE-

voy. Eote X, = (Tm, Ym)? o

Of @i Ym)  Of (Tm, Ym)
ox dy

J(£(xm)) =
99(Tm, ym) 99(Tm, ym)
ox dy

Av avuotpédoude Tov Tivaxa autd xoL oy TIXATAOTHCOUPE 0TV (2.2) TOTE TEOXUTTOUY YETE T



34 Troloyiotixed Modnuotixd

OldoTaoT) OE CUVTETAYUEVES 0L axdhouleg elowaoelc Tng €.0. N-R

0 Ty Ym 0 Ty Ym
g(xma ym)% - f(ljn*uym)%
m =Ty +

e T O s ) 09 Y)  OF @ Ym) 09 (s Yon)

ox oy dy ox

0 Tms Ym 9, Ty Ym

f(xma ym)% - g(a/’m)ym)%

Ymt+1 = Ym + = L

Of (@m,Ym) 09(@m,Ym)  Of (Tms Ym)  O9(@m, Yim)

ox oy dy ox

IMopdderypa 2.4. Egappocte v emavoinmtixr uévodo Newton-Raphson yia T Aor tou

GUCTAUATOC:

flay) = z—a"—y

g(z,y) = y—a°+y°

xou Ye oyt T Xo = (2o, yo) = (0.8,0.4).
Av avtixataotioouue 6TIc avetépn edlowaoelg g ueodou N-R mpoxintouy ot axoloudeg

e€lOOOEIC CUVTETAYUEVWY
(Ym — 23+ Ym) - (=2Um) — (@m — 23, —y2) - (1 + 2y)

(1= 22) - (14 2ym) — (—2ym) - (—22)
(T — 17%1 - yg@) (—27) = (Ym — :Eg@ + yg@) (1 —2z,,)
Ym+1 = YUm +

(1 =22) - (1 + 2ym) — (—2ym) - (—22)

Av e@apudcGouE TOUE TAPATEVE TUTOUC GUVTETAYUEVLDY TPOXUTTOUV:

Tm+1 = Tm +

0.8 0.4

0.772881359  0.420338983
0.771845967  0.419644283
0.771844506  0.419643377
0.771844506  0.419643377

B~ w o o~ O |3

2.5 To dlAnuua otny enthoyr, peyedoug Briuatog h

To mpayuatind o@diua e(h) o wa aprduntixr Abon tpoépyetar and duo TopdyovTes: To

o@éiua aroxonhc T(h) xou 10 o@diua otpoyylieuong p(h):

e(h) =7(h) + p(h)
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To 7(h) eZoptdron and Tov om0 e aptdunuxic uedédou tou yenowonoteitor, xou eivor 7(h) =
O(h™) vy wa n—14€ne wédodo, dnhad| 7(h) — 0 xadde b — 0. To p(h) eCoptdtar and Tov
TOTo xS X Tov EMECEQYAOTH Tou Yenotuonoteiton, eved avidvel xadoe h — 0. Emouévwc

Vo undpyet xdmoto Th hr—, této HGote T(h) = p(h) xou yw h < hy—, va ebvouw 7(h) < p(h)).

To mpbéPhnua tne ebpeone evoc yeyédous Pruatoc h apxetd uxpol Gote to 7(h) va eivor
“wxpd” xon 1o p(h) vo uny urepéyel autot (Snhadyh 7(h) < p(h)) avagépetar we T0 dIAnuua
peyétovs Pripatog. Synuatind:

€min

O hr=p h

Trdpyouv duo TPOTOL EAJTTWGNS TOU Emin. Llp®TOV 1) Yphior evoc Timou udhnidTepne Tédlng
(a0&non tou n). Autd EAATTOVEL TO Epin YE EAdTTWON TN xoumlAne 7(h) o 71(h), omwe
gafveton oTto yedgrnuo. Acdtegov 1 yeron opwduntixic ubnhotepng axpiBelac. Autd ehatTodvet
v p(h) mpog ta xdtew xou apiotepd (p2(h) oto yedenua). Kot ot Suo autof tpémot éyouv wa
atéhetor amoutoly va yivel enavaindn Tov utoloyioudy. O Seltepog TpdTog Propel Vo ypetaoTEL

2o DLAPORETING ENMECEQYATTY).
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2.6 BeAtiwTtixdce tURoc tou Richardson

Ocwpovye To avdntuyua g f oe Tohuwvupo Taylor n—[Loduold wg mpog To g (n dptoc)
xon umohoyiCouue g Twée f(xo + h) xa f(zg — h), ondte €youye:

hn—l—l
(n+1)!

2 n
Flroth) = f(a0)+ hy'(r0) + o f"(eo) -4 o f ) e e

hn+1
(n+1)!

hn

flwo—h) = ﬂm%#ﬁmm+%%%m%~~+«4vm-W@w— Fr (e

omou xg —h < &1 <xg <& < x9+ h.
Agonphvtog xatd u€hn xou epapuélovtag 1o Oewpnua Evdidueong Ty mpoxintel

hn=2 f(”_l)(l’ )+ "
(n—1)! YT+ 1)

~~

—7(h)

flzo+ h) — f(xg—h)
2h

h? ht
= ['(wo)+57 f" (o) + af“")(wo) ot FARI(3)

émou € € (xg — h,zo+ h), 1
f'(x0) = Du(f(w0)) +7(h)
—_——  N—
Q F(h)
Trodétouue 6t F'(h) eivan o tpocéyyion t8Ene O(h™) tng npooeyyilduevnc tocétntoc
xou mafpvoupe duo mpooeyyioes F(h), F(hmax). Tote diveton wo Behtiwuévn npocéyyion tne

() pe tov TUTO:
_ q"F(h) — F(hmax)
q" —1

Fi(h) , OO hpax = qh (2.3)

Av eivon yvwoté 6t 7(h) = ch™ + O(h™) t61€ 0 Fi(h) eivon t8&ng m > n, Snhady:
Q — Fi(h) = D™ + (6pot uhnhdtepne tééne) = O(R™)

L1y meplnTtwo auTh unopoUUE Vo YeNoOTOoOVUE Tov TUTto (2.3) Yia v ndpouue udnioTeRTC

Té4E1¢ mpooeyyioelg

O

IMopatienon 2.1. 'Otav egapuoletar o TOnog Behtiwong opdipatog Tou Richardson yia éva
TOTO TEMEQUOUEVRY DLUPOLKY (Tcpog oL EUTEOC 1) TEOG T Tiow) 1 TAEN oQdhUaTog auEdveL xatd

1, eved yior Evay TOTO XEVTRGY OLpop®Y 1) TALT oGdAuaTog auidvel xatd 2.
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Egoppoyy 2.1. Ac dolue v Tteyvint| Beitiwone ogpdiyatoc tou Richardson ye évo mopd-
oetypo. ['vwptlouye 611

fle+h)— flz—h)

f(x) = +O(h?) (2.4)
—~— . 2h L~
Q F(h)=Dn(f(x)) (k)

Oewpolye 0 cuvdptnon f(x) = e* xau Yéhoupe v mpoceyyioouvue v f'(1) = e = 2.718282.
AV yenolHOTO|COUUE TOV TEOCEYYIOTIXG TUTO TWV XEVTIPXGY OLopopny UE aptduntixy, 7 or-

Hov TV Prglwy mpoxintel o axdroudog mivaxag:

o | F(h) = 252" | e(h) = f'(x) = Da(f(@)) | r(h) = =S5 0n2 = — 112
0.2 2.736440 —0.018158 —1.8-1072

0.02 2.718475 —0.000193 ~1.8-107*

0.002 2.718250 —0.000032 —1.8-10°

Mnogolue va exgpedooupe 10 Beltiwtind TOR0 tou Richardson yia n = 2, m = 4 mafpvovtag

q = 10. Tote éyouue

_ 10%°F(h) — F(10h)
N 102 —1

_ 10'Fy(h) — Fy(10)

F
() 104 — 1

Fy(h)

(2.5)

Av egapudoouue toug TOmoug (2.5) v Tic Twée tou F(h) ota onuela h = 0.2, h =0.02, h =

0.002 otov mo mhvew mivaxa TOTE TEOXUTTEL

h | F(h) [00)]| Fi(h) [O0Y] | Fa(h)  [O(°)]
0.2 |2.736440
N
0.02 | 2.718475 — | 2.718294
N N
0.002 | 2.718250 — |2.718248 — |2.718248

Hopatnpotue 6t 1 F1(0.02) eivor mo axpiffc and tic F1(0.002) xan F5(0.002). Autd ogeileton
oto ot 1 1ur F(0.002) mou €yel 1o mxpoTERO GQAAU GTROYYVAEUONS BaptiveTal TEPLOGOTERO

and v tpR £(0.02) otoug tonoug (2.4) xou (2.5).
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2.7 Ilpooceyyiotixol TOROL LYNAOTERPNS TAENS YA TG
rapaydyous fH(z)
Af(z)

h
O(h) xau epapuéoouye Tov tOno Bedtiworne tou Richardson yw ¢ = 2 t6te hapPdvouye Ttov

Apyiloupe pe my f'(x). Av Yewpfooupe tov tpoceyylotxd tino F(h) =

TaENg

TpooeyYoTxd tino Fi(h) téne O(h?) étol dote

Py Ry = PO ZFED) _fleh) =) e e = i

SN

1
['(w) = 5 (=3f(x) + 4f (v + h) = f(x +2h)),  7(h) = O(h*)
0 omofog elvan 0 TOTOG TETEPAOUEVWY (Tcpog T tlow) OLUPOPMY TELWY OTUElWY.
o
Av t6pa Yewphooupe Tov mpooeyylotind tono F(h) = %‘r) t8Znc O(h?) xou epapu6GOUPE
Tov TUTO Bertiwong ogdipatog tou Richardson yia ¢ = 2 hauPdvouue tov npoceyylotind tOmo

Fi(h) t8&nc O(h?) étor dote

Vo _22F(h)—F(2h) 1/ fle+h)—flx—h) f(z+2h)— f(z —2h)
fi(z) = Fi(h) = 22 _ 1 _§<4 oh - 2h )
Y/] 1
f/(x)gﬁ[f(m—%)—Sf(x—h)+8f($+h)—f($+2h)]7 7(h) = O(h?)

Tou efvon 0 THTOC xEVTEGY dlawopny T8Znc O(hY).
Hpoo¥étovtag xatd péhn tic oepéc twv f(z + h) xou f(x — h) xou Movoviag wg tpoc f(x)

TEOXUTTEL O TPOCEYYIOTIXOG TUTOC TWV XEVIPIGY BlAQopwY TAENC O(hQ):

Pf@) _ fla—h) 2@+ fath) R ,
) m - ) = =550 @) + O

12

f"(z)

Av egappécoupe tov timo Beltivong ogdipatoc tou Richardson yia ¢ = 2 mpoxintel o
tonoc Fi(h) té&nc O(h*) étol wote

1
12A2

F(z) = Fi(h) [~ f(x — 2h) + 16f(x — h) — 30f(x) + 16f(x + h) — f(x + 2h)]

mou efvon 0 TOTOC xEVTEGOY dlawopty T8Znc O(h?).
‘AXhot TpoceyyioTol Timor UPNATS TdENg Ytopoly va TeoxUouy UE avTIXATACTACT TOTWY

&nc O(h) oe wo mpooéyyion Taylor e f(x + h).



Kegpalaio 2. Mn Loouuwed Yuotiuata 39

TMopdderypa 2.5. Av dewpfiooupe Ty npocéyyion Taylor e f(z + h) té&ne O(h*)
1 h2 1" h3 " 4
fla+h) = f2) + hf'(2) + 5 @) + o f7 () + O(R7) (2.6)

xou v TIXaTacThHoouuE oty (2.6) Ti¢ tpooeyyioe tédéng O(h):

flz)=2f(x+h)+ f(x+ 3h)

/(@) = 2 — hf"(z) + O(h?)
7 " A3f($) 4 4 ! ’ 4 4
omov* f"(z) = 3 +O(h), t61e Movovtog we tpoc f'(x) mpoxintel 0 TONOC TENEPACUEVLDV

OLLPOPGY TEGTUPWY GNUElWV:

Fz) = % C11f(z) — 18F(z + B) — 9f(x + 20) + 2f(x + 3h)], 7(h) = O(H®)

ITapatrenon 2.2. Biénouyue 6Tt egapudlovtag Tov Timo Bedtinong Tou Richardson yia évay
T0mo Slapopdv (Tpoc to eunpdc K mpog o Tiow) auddver 1) TéEn axpifetoc xatd 1, eved Yo évay

TOTO AEVTEXAOY OLopopwy 1) TEEN axpifelag auldvel xatd 2.

1%

* ATodewvieTon ETaywyXd 0T f(k)(x)

AF Ak—1 h AF—1
]{k(m) _ % ( hjli(_ml+ ) — hk_fl(x)) ue o@dhua O(h)



Kegpdiawo 3

Aptduntixeg pedoool yia 2LVHRUeLg
Avogopixec ESlowoelg

Ou meploptoTolUe e cuoTAuaTa ot omola dhec ov e€aptnuéves yetofintés (oupB. y) e-
Eaptvtan and wa onhy aveldotnty petointh (oupB. t), dnhadh otic ownidag dtagopixéc
eiodoeic. To mo amhé HpéBinua Apyixdv Twaov (ILA.T.) eivon to

4y = f(t,y)

t) =
dt Z/(O) Yo

11><12’

orov y : Iy = I napaywyiowrn oto ;.

Oa eZetdooupe Tic apriuntixéc uedodoug Euler, Taylor, Runge-Kutta, [TpéBiedno-Aibpdwong
(Predictor-Corrector) xau oTn cuvEyeta Yo YEVIXEUoOUUE aUTEC TIC UeUdBoUC Yia TNV ETLAUOT)
CUOTIUATOY N—TEOTOPoIUIWY Dlapopix®y EEIOWOEWY EIGAYOVTAS N eEUPTNUEVES UETUBANTES.

Kotomy Yo tig ypnowonothooupe yio Ty enthuor tou n—tddng ILA.T. tng yopgrc:

v = flty, oy ) Y™ (k) = o, k=0(1)n -1

Téhog Va neprypddouye Tic ped6douc Bolie (¥ oxdmeuonc) (shooting) xon tic uédédouc meme-
PUoPEVWY Dlapopdy Yl Ty exfAuorn Ao tou npofBAfuotoc cuvoptax@y Ty (ILE.T.) dvo-

onueEtwyY

Yy
Vi — f(t, ’ /)’
! PO =8

211 oLVEYEL TOPOUGIALOVUE EVal OYEDLSYPUUUA TNG DOURE TNS UANG OTO TaROY XEGIALO.

40
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HedBrnuo apyedv tpodv (ILAT.) HedBAnuo cuvoplaxay tuedv(ILYE.T.)

dy_ o "no__ / y(a):a
E—f(t,y) xn y(to) = Yo ' =ftyy) , o) = 3

orov y : Iy — I napaywylowrn oto 1)

Apuntixég puédodot: Aprduntiég uédodot:
e Euler e Bolfio(f oxdnevone)
e Runge-Kutta o Ilenepacpévmy dLapop®y

e Predictor-Corrector
Moo AMpata

(TEYVIXE-ETIOTNUOVIXG-OXOVOULX )

Avagpopixéc EEiowmoele
(h OS)PGTPY’WOWOL A%)

- Yuvhldec ALE. Megwxéc ALE.
AYVWOTEC OUYIPTYOELS PE Gy VWOTEC CUVIPTHOEIC UE TEPLOGOTEQRES
pLor aveSdpTNTn PETABANTA om6 war aveEdoTNTn UETUBANTY

pofBrAuara Unapdng Aoewy
Oewpla A.<

AvdmTuln uedddwy edpeong Acewy

H mogoxdtw npdtact e€acparilet Ty Unupdn xou To povoohuavto tne Abong evog ILAT.

d
Ilpdétaoy 3.1. Eoww n dagopikn ekiowon d—‘z = f(t,y) , y(to) = yo ka1
B={|t—t] <, ly—uyo| < B} évas térog, drov

a) f(t,y)‘B oUYEXS Kat gpayuévn
B) f(t, y)‘B mAnpotf tn tn owdnkn tov Lipschitz pe otalepd L > 0, onAaon

‘f(t7y1) - f(t7y2)’ < L|y1 - y2| yiua (t7y1)7 (tay2> €B

Tére vrdpyer akpifdds a Avon y = y(t) opiopérn oto didotnua |t —to| < .
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3.1 MeéJdodoc Euler

‘Eotw [to, t,] éva Sidotnua oto ontolo avalntolue 0 AoT) ToU TROBAALITOC ARYIXDY TIWY

dy
-1
Av unodugéooupe 10 [to, t,] o n Swothuata Thdtoug h = 0 T{PVOUUE To LOATEYOVTY
onuela t1,te, ..., th_1 OTWS QafveTan 0TO oYU
h h h
[ : : : | ]
tO tl t2 P t] = to + ]h LRI tn_l tn

Mo aprdunminy| pétodog yio ) eniduon tou ILAT. Eexwd ue yo = y(to) xou otn cuvéyeia
ONUIOURYEL TS TWES Y1, Y2, - - - 5 Yn ETOL OOTE 1) TWN Y5 VoL TpooeyYilel TN axplf T tng Aborng
y(t;) yoj = 1(1)n.

[ uxpd h, 1 xourihn tne Morne y = y(t) mpooeyyileton oto didotnua [t;,tj41] pe ™y

epantouévn eudeio oto onuelo (¢, y(t;)), 6nwe gaivetar 610 oyfua K:Z = tanw = f(t;,y;)

Y

Yt i """"" S ;

(RS N > (D 7

Ay = hf(t;,y;)

0 tj tj+1 t

O avaywydg tOmog mou Bacileton o auth T otpatnywd etvon 1 uédodog Tou Euler:
yir1 =y +hf(ty) . J=01)n-1

To ohx6 o@dhpo anoxomhc oty Véon j + 1 eivon Ejpq(h) = y(tjs1) — Y-
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IMopdderypa 3.1. Xpnowonoifote 11 uédodo tou Euler yta v exfivon tou ILA.T.
dy
dt

070 [2,3] ye Phua h = 0.1 xou h = 0.05. E&etdote tny emtuyyavopevn axpifeia, dedouévou ot

=—ty®, y(2)=1

n oxpiBhc hoor ebvan y(t) = ot
Enedr| f; = —t;y7 o tonog tou Euler yio auté 10 npbBhnua eiva
Y1 =y +h(—t;y]) = yltin)

omou t; =24 jh.
ZexvavTog PE to = 2 xou Yo = 1 xan tadpvovtag h = 0.1 pe aptduntiny TE60dpwy OTUAVTIXWY

dnolev etvow:

7=0 : y1=1y0— h(toyy) = 0.8000 = y(2.1)
j=1 : ya=y —h(tiy;) = 0.6656 = y(2.2)
J=2 : y3=1y2— h(tay;) = 0.5681 = y(2.3)
J=3 : ya=ys— h(lsys) = 0.4939 = y(2.4)
Hapopora yio b = 0.05 €youue
=0 : yi =1y — h(teyd) = 0.9000 = 4(2.05)
j=1 : ya=y1 —h(ty;) = 0.8170 = y(2.10)
J=2 : ys =1y — h(lays) = 0.7469 = y(2.15)
J=3  yi=ys— h(tsy?) = 0.6869 = y(2.20)

To anoteréopata mvoxonoovyton Yot = 2,2.1,2.2,...,3 xar h = 0.1,0.05 émouv ov axpifeic
2

Twéc y(t;) mpoximtouy ané Ty axpn Mo y(t) = 4.
Mo e&étaon 1wy opoiudtoy £(0.1) xou £(0. ()5) TO TOV TIVOUXO ATOTEAECUATWY DElyVEL OTL
unodtmhaotdlovtag To h UTOOITAAGIALETAL TROGEYYIGTIXG TO GOHIAUIL E(h).
Autéd gavepdver 6tL 1 pédodoc Euler éyer ogdhua td&ne O(h). YTrodétovtag ot autd
aAndelet, unopolue va ecpocppéooups 0 Bektiwtind tOno tou Richardson pe F(h) = y;(h),
h=0.05, n=1, xu qg = 005 = 2 Y100 VoL Thpouye BEATIWPEVES TPOCEYYIoE:

29,(0.05) — y;(0.1)
2—1

Y;(0.05)gens. = = 2y;(0.05) = ;(0.1)

Ou téc mou mpoxdTTouy eivon mo axplBeic and Tic avtiotoryes y;(0.05) TouldyioTov xaTd €va

dexadO Prnolo.
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3.2 H tadn wmoc aprduntixng neodou

[ va e€etdooupe v axpifelar wag aprduntixnic ueddoou dluxetvoupe 6o EWBWY oQIAIUTA

amoxoTAS GTO tjq1:

ej+1(h) =y(tin) —yjrr, vy =y(t;)  tomxo (f avd Bhua) opdhua
ot Eiq(h) =y(tjm) — vy, avy; = ylt;) OUCOWEEVUEVO (1 OMXd) o@dhua
[t wédodo tou Euler o ej41(h) elvon amhd to undroirno tou avoartiyuatog Taylor npdrou
Boduol tne v, OnAady
y(ty+h) =y(ty) +hy'(t;)  omou  y(ty) = f(t;,y(t)))
Apo 10 €j41(h) elvon dEne O(h?), eved to Ejq1(h) ebvor O(h) xodag n = 20 xa
t, — 1
Eji(h Z ejr1(h) =mn- O(hZ) = TO : O(hQ) = O(h)
YNy enduevn napdypapo Yo avantiZouue duo udmidTepnc TAENE ueBodoug, Tic uedodoug Taylor
xou Runge-Kutta.

3.3 MeOodog Taylor
H pédodog Euler urogel vo npoxtidet and 1o avdntuyua xotd Taylor tédgng O(hQ)

y(tis) = y(t; +h) = y(t;) + hy/(t;) (3.1)

avixadioTdvTag T dyvwotes axpiBelc Twée y(t;) xan v (t;) pe Tic Tpéyovoec mpooeyyioe
y(t;) = y; x y'(t;) = f; = f(t,y;). 'Etor o tinog e (npdtne tédng) uedddou Euler
YedpeTon:

Yir1 =Y; +h®pry  omov Py = f; (3.2)

H guow| eméxtaon g (3.2) v woe n—TdEng uévodo elvon vor EEXVAGOUPE UE TO AVATTUYUA
Taylor t8Znc O(h™1)

h? h"
y(tien) = y(ty) + hy' () + 509 (8) + -+ oy () (3:3)

o avieahoTdvToc TiC dyveotes axpiBelc Twéc y(t), v (t), v (), -, y™(t;) e T uno-

hoyloweg mpooeyYIoew Y, Uiy Yy, y](") TpoxUTTEL 0 TUTog g uedodou Taylor n—tdine:
n—1

Yjr1 =y + h®p,  bémou =fi+ 2' j cee Ty](-n) (3.4)
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Mo vo tdipoupe Tic emuunTéc anuTOUUEVES TPOOEYYIGE TWVY TUpUYWYWY TNS Y EQUEUOLOUUE
TOV xavovaL TNE ahucidac* Yo ouVapTHOEL Buo UETOPANTOY, KOTE v dtagopioovye Ty i =

f(t,y) 6mouv y = y(t) wc mpog t. Mo dlapdplor diver

V'=fhtfy=rf+ff (3.5)

of (t,y)

0
f(tvy)’ fy: &y XO(Lf:f(tuy)'

ot

omou f; =

Hapbuora

V' = S+ ) = Gt )+ (F+ o W)

Me tnv undieon 6t oL pepués mapdywyol etvar cuveyelc mpoxintel fi, = f,i. 'Etol €youpe

V"= Ju 2Ly + (W) + Ly (3.6)

Ané (3.5) xou agol y' = f(t,y) n (3.6) divel

y/// = fu+ thyf + fyyf2 + fy(ft + fyf)

Tehxd xdde mopdywyoc ¥ propel va exppaotel pévo cuVopTAGEL TS f %o TV UEPIXGMY TTS
TopaYOYwY. AUTEC 0L EXPEATELS UTOPOLY Va yprowotordoly yio Vo TooGEY YIGOUUE TG y®) ()
oty (3.4).

[Mo mapdderypa, oand v (3.5) 1 y"(t;) unopel va npoceyyiotel and tov THnO

yi = Ufe + fufly = felty, u) + fu(ty,u5) - f(t5,95)

Vétovtac authy TNy mpocéyyion atny (3.4) xau yion = 2 tpoxintel o tinoc tne ued6dou Taylor

delTERNC TAENG:
, h
Yirr =Yy +h®ry onou  ra=fi+ Slfi + fy fl; (3.7)

HMapdbuota propel va tpoxdder o tOmog tng pedodou Taylor teltng tdng

h2
Yir1 =Y +hPrs  omov  Ppsz = Dy + E?/;H

6mou 1o ¥ uroloyileton and tov tHno (3.6) oto onueio (t;,y;).

*Kavovag ahvoidag: Av f(z1,x2,...,T,) dagoplown cuvdpmon we mpog x8Ve x;(u1, U, . . ., Upy,) TOTE
vy xdle j =1,2,...,m oydel
af of Oxy  Of Oxo of Ox,

Ou; _axl'auj 8:52'811]- +'”+8xn ' ou;

OTOU 0L UEPES TAUPGYMYOL TV T; KOG TROS U; UTHPYOUV Yiol €Vl oTadepd v = (U1, V2, .. ., Up,) XL OL UEQXES

Topdywyol Te f we Tpog x; uTdpyouv oto avticTtowyo x(v) = (x1(v), z2(v),. .., z,(v)).



46 Troloyiotixed Modnuotixd

3.4 MeYodog Runge-Kutta d6edtepne tadnc
‘Orwe eldaye o tonog g pedddou Taylor dedtepng tding etvan

] h
Yjir1 =Y; + h®ra  oOmov  Pro=f; + §<ft(tj= yi) + fi - fu(t, yj)) (3.8)

IMowtog 0 yepuavog podnuoatixde Runge nopatienoe 6t 1 éxgpaor Pro poldlel Ye Ty mpo-
oéyyton O(h?) tou avantiyuoatoc Taylor:

[t +ph, y;+qhf;) = (L) +df (4, y5) = f +phfilty yy) + ahfify (L y;) (3.9)

6mou df (t,y) to ohix6 dagopxd’ e f. Oewpdvrag p = ¢ = 5 oty (3.9) xon ouyxpivovtag

ue TNV €xpeoot Tou Pry mpoxdTTEL
Pro = f(tj+ph, y;+qhf;), e opdlya O(h?) (3.10)

Av avtixataothioouvde Ty (3.10) otn (3.7) mpoxintel 0 TOnog Tne TponoToMuévng ueEdodou Tou

Euler:
1 1 )
yj+1:yj+hf (t]+§h’7 y]+§h’f]) s J :071727"'77*_1 (311)

Hapatnpolye 6Tt To opdhpa tre pedddou authc o€ xdde Prua (tomxd opdhua) etvor tééne O(h?)
onhaoY| ) uédodog auth etvar dedtepnc TAlng. Xe xdie Brpa yeerdlovton duo UTOAOYLoUOL TNG
[+ mpwto 010 onpelo (t;,y;) w éreta oto (t; + 3h,y; + shi;).

Axdbya, eivon duvatd va mpoxilouv dikeg uédodor debtepng 1ding mpooeyyilovtag to Pry

e éva dpoloua Ye ouvteleoTég Bdpoug oTic xAloelg, dnAadt

Pro = ar f(t;, yj) + aof(t; +ph, y; +qhf;) (3.12)

TAV x = (71,22,...,%,) %0u UTEYOUV OL PEPXEC TOPAYOYOL fr, (X), fup(X),.-., fo, (X) TéTE TO OMXS

dlapopd e f oto x opiletan we €A

df (x) = fa, (X)dw1 + fo, (X)dws + - + fo, (X)dp

onou 1o dzy, dzg, . . ., dx, pnopoly vo Yeweniolv we YETHBOAEC TWV X1, L2, . . . , T, ovTioTOlyOL

I'vwpetlouye dti umopel va ypnowonowniel 1 ypouwxy tpocéyylon
f(x+dx) = f(z1 + dr1, 22 + dxa, ..., 2y + doy) = f(X) + df (%)

ooy 1 petoor dx = (dx1,dxzs, . . ., dz,) elvon apxolvTee wixet, ud TNV évvola 6Tl 1) vopu. ||dx| s = 0, étou

ldx[|co = max {|dz1], |dzal, ..., [dza]}.
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omou T Bden aq, o xat ol THEAYOVTES p, ¢ Tpoodlopllovtal £T0L WOTE 1) TEOCEYYIOT| VoL Efval
6&nc O(h?). Ot akydprduol tov Bacilovton oe auth Tn otpatnyxh Aéyovtar pédodor Runge-
Kutta.

Av avuxataothicouge Ty (3.9) oty (3.8) xa e€lo®oouye Toug cuvtEeoTES TV fi(t, vj),

fy(tj,y;) ve exeivoue g (3.7) mpoxintel
fit (ft( L ys) (L, 55) - fy(t ],yj)> = o f(ty, y5) o f (b, ;) Foophfilty, y;)+asghf (t5, y5) fy(t5, y5)
OnAaon
ar+ag =1 pao ) agp:agq:%
Eméyovtag auvdalpeta 0 ap €youue
a;=1—as Xl p=q=—
omou ag # 0.
o o ap = 1 mpoxmtel 1) Tponomolnuévr uévodoc Euler

o [a ap = %, OnhadY|) aq = l xou p = q = 1, mpoxmtel o THnog Tng uevddou Huen:

Yoo = v+ S+ F b gy hE)] G =000 -1 (3.13)

3.5 MeYodor Runge-Kutta avotepne tdng

Mo va méipoupe Tov tUTo g uedodou Runge-Kutta tétaptng tddng exwvolye ye tov tno
¢ uevdoou Taylor tétaptng Téddng

2 3
h h 1"

, h
Yjir1 =y; +h®ry  omov  Pry = f; + §y}' + gy;” + 21Yi (3.14)
xou €nerta mpooeyyiCoupue 10 Ory e Eva dbpotopa Ue ocuVTEAESTES [Bdpoug
Or 4 = wimy + wamg + wsmg + wamy

OTOU OL YPTOWOTOOVUEVES XAIOEIS Ty, Ma, M3, My 0pilovTon avaywyixd o¢ e€hc:

my = f(t;, y;) =

meo = f(t +p2h Y; +hq21m1)

ms = f(tj +psh, y; + h(gzimy + 613277?2)) (3.15)

my = f(tj +h, y; + h(gumi + qamse + Q43m3))



48 Troloyiotixed Modnuotixd

To Bden w; xa ot napdyoviea(scale factors) p xou ¢ mpoodopiloviar Ue AVTIXATAGTIOY TWYV

exppdoewy (3.15) otov timo tov avtictoyo tou (3.9) yio 10 Pr4 e mpooéyyione Taylor
Ta4ENC O(h%).

H mo ocuyvd yenoworowiuevny pédodog ebvar 1 puédodoc Runge-Kutta tétaptng tdlng

7 7’ 4 1 4 I 1 J— J— 1 — J—
OTOW TEOXVTTEL TMALPVOVTAUC Py = P3 = 5 (OTCOTE q21 = 9 qs31 = O, Q32 = 2 q41 = (a2 =

O, 443 = 1), 67’])\0(87,]

h
Yj1 =Yj + 3 (ml + 2(mgy + mg3) + m4> (3.16)

OTOU

my = f(t]+h, yj+hm3>

H yévodoc autr Yo cugPorileton olvtopo pe RK4. O xhiceic my, mo, ms, my elvan ol Tipéc tne

ota onueio Pr, Py, P, Py, 61w¢ autd 0oivovtal 6T THeaxdTte oy AL
) y 43y b P

Yj+1

Yj

O tj t;+14 ljt+1 ¢
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Y10 oyfua Jewpolue 6T 1 y; elvon 1 oxplBric tur y(t;). Ot xhioec mou unohoyilovton efvon

Py =(t, ;) =f(P1) = f(t;, y) =y (t;) =m

Py :(tj+g, yj+gm1) =f(P2) :f(tj+g7 yj + 5ma) = my
Py —(tj+ga yj+gm2) =f(F3) —f(tj+g7 yj+gm2) =mg
Py =(tj+h, y;j+ hms) =f(Py) = f(t;j+h, y;+hmz)=my

Yruetdvetar 6t av 1 f(t,y) eCoptdton wévo and 1o t, dnhady f(t,y) = g(t) t61€ YENOWO-

TOWUUE TOV xavova Tou Simpson yior va ohoxkne®ooupe v ' () = g(t) and t; uéypt tq.

IMTopdderypa 3.2. Xpnowonowjote ty RK4 ye h = 0.1 v v enthuon tou ILAT.

dy 2
oy 92) =1
= v, y(2)
Ié 4 /4 7 x> x> / 7 7 V4 2
xo oUYXEIVETE Tol amoTEAEGUOTA UE TNV oxpiPh ADoT), Bedopévou dtL auth elvon y(t) = 5

Eexwvovtog Ye tg = 2, yo = 1 1 (3.16) diver

m = f(2,1)=-2-1"= -2

me = f(2.05, 14+0.05-(=2)) = —(2.05)-(0.9)> = —1.6605

ms = £(2.05, 14 0.05-(=1.6605)) = —(2.05) - (0.916975)% = —1.72373
my = f(2.1, 1+0.1-(=1.72373)) = —(2.1) - (0.82763)* = —1.43843

0.1
Y1 =Yo + ?< — 2+ 2(—1.6605 — 1.72373) — 1.43843) = (.829885

H axpiBric T ebvan y(t) = 0.829876.
Hopatneotye 6t 1 RK4 diver eZoupetind oxpiPeic twée tou y(tj11). Autd dot v f(t,y)
elvon Tohuwvugo Baduol uxpdtepou and TECoEpa e Tpog T xat Y, ondTE To avdmtuyua Taylor

tetdptou Paduol t8inc O(h°) efvor oxpiBéc.

Trdpyouv BéBara opropeveg atéheteg otny RK4. M and autég efvan to yeyovdg ot oe xdie
Brua mpénet vo unoloyiCovTon téooeplc TWES xhioewy. Auty| 1 atéhela uropel va ebvan cofup
otav 1 ouvdeTtnor-xhion etvar TohOTAOXY 1) 0 Bladéaiuog Yedvog Yid TOV UTOAOYIoUO TNg AUOTC
elvow teploptogévog. Mia avTiuet®nior autol etvar var otapatd xdie pueptxd Bruata xon vor ETovo-
AowBdver Ty aprduntixd Abom and To t; 6To tj1 yenoorowwvtas v RK4 unotimhacidlovtag

0 uéyedog Puatoa(nidroc) h.
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H dopopd petall twv duo mpooeyyioewy tou y(tj11) umopel vo yenowonomdel yio vo
EXTWACEL TO oAU xou av efvan amapaltnTo Vo ueTofdher 10 h. OnwodrmoTe yio va Yiver autd
yeewdlovta 8 emmhéov UTOAOYIGUOL avd EAEYYO.

Mot evahhoxTixy) AV TIETOTION EVOL VOL Y PTOWOTOIACOUUE TEPIOGOTERES and Téooepls (AhhS
Oy hyotepeg and 8) tpée f(t,y) avd Bruc xou Ue auThY TV emmAéoy Thnpogopio vor TépouUE
duo extiuroeic Tou Y(t41). Do vaebvon pra pédodog Tétoptne TaENg TEENeL 1 TRMTN EXTIUNGCT, YLol
T0 Yj41 VoL ExEL TOTXG 0@dhuat €41 (h) = O(R®). Tt deltepn extiunor, évoc ToToc uPnhdTepnC
Té4Ene, ouvitng O(h6) MO EMITEETEL VOL TAQOUNE Lol UTOAOY{GWUT ExTiUNoT Yiol TO TOTXS QAU
anoxormhc ot Véor J + 1.

Auty| 1 extlunon tou e;1(h) uropel va yenowonowmdel yio va avordétel o h yio 10 €nd-
uevo Bripo: O otdyog eivan va malpvoude ueyolbtepo Bruc 6tay 1 y'(t) petaBddieton opyd xou
wxpoTEPO Briua oy 1 Y/ (t) uetoBdhhetar Yeriyopa (m.y. AGY® TOAEYTWOTNS 1 UL XATAXORUPTS
ACOUTTOWING OTo ¢ = ;).

M and 1i¢ o anoteeouaTinég PEVOO0UE TOU YENCLOTOW0Y aUTY| TN GTEAUTNYXY Efvar 1

uédodoc Runge-Kutta-Fehlberg tétaptne 16€nc (RKF4), n onola ypnowonotel €21 exavolripe
ovd Briua.

3.6 MeéVodotl tohhanhol BAuatoc (oTpatnyixéc [lpdBredno-
Atbedwong)

Ytic mponyolpeves uedodouc (Taylor xon Runge-Kutta) éhec ov anawtoldpeves extyufioeic
e f(t,y) Tov umohoyioud Tou Yj1 Yivovtal agol TEonyouREveS UTOAOYIGTEL TO Y;.

Ou pédodot ye v Widtnta awth Aéyovton avto-exkivolpeveg(self-starting) uédodor diott
UTopolV vau €QopuocVoly EEXVMVTISC UE THY apy X! TWY Yo. AuoTuy®e auTtéc ot uévodol deV

YETNOWOTO0V TI¢ TeoTYoUUEVES emiteuyVeloes TS, dnhady Tig

oy Yj—as Yj-3, Yj—2, Yj—1 Omou  y; = y(t;)
oy fi—a, fizss fimas fi=1 omou  f; = f(t,y5) =y (t;)

Ou pédodot mou yenolponooly Tic TAnpogopiec Twv TWoY y(t), y'(t) pe t < t; yio Tov unoho-
Yoo TN TROoEY Yo TS TWAS Yjq1 AéyovTton péfodor moAamdot Bripatos(multistep).
Ov tino yo dheg Tic yedddouc (self-starting xon multistep) umopolv vo TpoxOouy e-

popudlovtag o Oguehwdes Oewpnua tou Anepootinol Aoyiopol. Ilpdypatt, mpoxinTetl o
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axdrovdog TOROC OAOXNAEWONE YLot Vo Tdpouue ThY T y(tj41) and v y(t;):

/ttjﬂ Y (t)dt = [y(t)]% = y(t) =yt;) + /t o . y())dt (3.17)

, t; ;
Ened yevixd Sev ebvon yvwoth n y(t) de unopel va epopuociel dueca o tomog (3.17).
Egocov dunc yvwpilouye tic twée v; = y(t;) o f; = y/(t;) pnopolue vo yenollonoticoude
auTé o€ évay TOmo aptdunTixic ohoxhpwone yio 1o ohoxAfipwue Tou (3.17), yia va tpoxiiel

N T Y1 = Y(tj+1). To anotéreopa Yo eivor évag TOmog NG HOPPNS

yj-i-l :’yj+hq)(h,tj,yj,fj7...) (318)

6mou 1  unopel vo etvon cuvdeTNoT X0t GAAWY TV TS Y xou TS f(E, ¥) xat TOANImAAGLUGUEVT
ue 1o h exgpdler évav timo ohoxhfpwons tne f(t,y) oto Sidotnua [t;, t;41] té&ne O(R").
Evbuwgépov napouctdlouv ot tinot aprduntixfic ohoxifpworng tou Adams:

9 37 __ 59 55

24 24 ‘24 24

e Adams O(h”) Predictor: Tj-s T2 mj_1 T Ty

/:ﬂf(:c)dx = (= 9 aa) + 3T 2) = 5905 (eya) + 555 (2)) (319

251
7(h) = %iﬁ fW(E) omou x5 3 <E<aip

5 _ 1o 9
1

sk
Blon

)|

N

00|

‘
-2 Tj-1 T Tt

e Adams O(h%) Corrector:

/xjo flx)dx = %(f(l’]ﬁ —5f(zj—1) +19f(x;) + 9f(xj+1)> (3.20)
_ B sy gmon .
7(h) = 720h5f (&) 6mov w9 <€ < i

H yprion evég (n+ 1)—1é&ng timou apriuntixic oloxhfpwong otr Véon tou hd odnyel oe wa
n—1éns uédodo.

3.7 MeYooog IlpdBAedno-Aldbpdwong Tou Adams

Av otov tino (3.18) ndpoupe 10 hd va elvon 0 TOmog apriunTixtic ohoxhipworng tou Adams

t4Znc O(h®) téTe TpoxLTTOLY:
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e TUnoc mpdPrednc tou Adams (Adams predictor)

h
Pjv1 = Y+ ﬂ( —9fj_3 +37fj—2 = 59fj—1 + 55fj> (3.21)

251 ,
ejir1(h)p = y(tjz1) —pjy1 = %9(5)(5})) -h° bmou tj3 < & <t

e TUnog dibpdwong tou Adams (Adams corrector)

h
Ciy1 = Yj + ﬂ <fj_2 - 5fj_1 + 19fj + 9fj+1) (3.22)
19 ,
ejri(h)e = ytjm) — ¢ = —%y@(fc) B bmou tig < & <t

O t0mog (3.21) unopet vo yenotwonoinlel yior o Topdyet Wil TpoBAEROUEVY EXTIUNGT Pjiy1.
H i f(tjs1, pjs1) unopel vo yenowonomiel w¢ fj11 otov tomo (3.22) yio vor teTdyoude
dloptwuevn extiunorn cjri. O pedodol mou axoroutolyv auth 0 oTpatny AcyovTon uédodot
IpéPrepno-Aidpdwons(Predictor-Corrector).

Av ou timol Y To pjpr %o ¢jpq ebvon Tng (Bl TAENg, TOTE Ol TWES TOUS PmopolV Vo
Yenoworontoly Ylo Vo EXTILACOUY TO TOTUXO GQIAIA TOU ¢jyq. ol mopddelypa, av 10 h
otic (3.21),(3.22) elven wpxetd wxps, étor dote 1 y©) va etvon mepimou otodepr oo [t 1],

TOTE SLap®vTag xatd wéhn to opdipata otic (3.21),(3.22) npoxinte

19(y(tj+1) - pj+1) + 251(y(75j+1> - Cj+1) =0

xon hovovtac we mpoc y(tj41) Peloxouue

- 251 19 19
Yi+1 = ﬁCjJrl + ﬁijrl = Cj+1 — %(Cjﬂ — Dj+1) (3.23)

Yuyxpivovtog 1o o@dhpo oty (3.22) xou Ty (3.23) mopatneolue OtL N RocdTTA

19

0jr1 = _%(Cj—H - Pj+1)

elvar o umohoyiown extiunon tou ejy1(h). Av 10 041 Oelyver 6T 1 TWH ¢j41 Oev ebvan op-
xetd axpBric tote unohoyiloupe Eavd to cjyq yenowonowwvtoc TV wuh f(tj41,¢jr1) oTov
tomo (3.22) oav wo oxpBéotepn extiunon tou fiy. H pédodoc mpdfBredno-dibpdwone mou
Siveton and toug thmoug (3.21) xau (3.22) Aéyetan uédodog Adams tétaptne té€nc () Adams-
Bashforth ¥ Adams-Moulton), cuvtopoypagd APC4. H yewuetpuh epunvela e uedddou

TS QAUVETOL OTO TUEAUX AT GY AR
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Ol tis tiz b & ta O] tji—s tj—2 tja i tin
(¢) Adams Predictor (B) Adams Corrector

H »aunOin mou gaivetar oto (a) eivon 10 moAvdvupo napepforic ota Pi_g, Pj_a, Pj_1, P evo
auTh mou €yel oyediaoTel oo (B) elvar To moAuwvupo TapeuBoric ot P, Pj_1, P;, Pj+1, 6mou
Py = (ti, fi).

IMopdderypa 3.3. Xenowonoiote tny APC4 ye h = 0.1 yia v exiduon tou ILA.T.

QU

Y

t——ty, y(2) =1

Q‘

o710 (2, 3] ye axpifela teaodpwy onpovtixay gnelwy. H oaxeBric Ao eivar y(t) = ot
o va Eexaviioer 1 pédodog yenowonoolue Tig axoloudeg axpyPelc Tég (ue 7 oMUY TS

eplor):

lo=20 : yo= = 1.0000000, = —toya = —2.0000000

to=22 : Yy = = 1.7042254,

y(2.

to=21 : y1 =yl
y(2. ) = —tyy2 = —1.0910530
y(2.

) fo=

1) = 0.8298755, f1 = —ty? = —1.4462560
) f
) f

to=23 : y3= = 1.6079027, f3 = —t3y; = —2.8499552

o [la j =3 elvar

h
P = ys+ 24(— 9fo + 37 — 59 + 55f3) — 0.5333741
yi = s+ ﬂ(f1 —5fy+19f5 + 9(—t4pi)) — 0.5317149 (= cy)
19
= = (s — p4) = 0.0001144
04 720(?44 pa) = 0.000

Enedr o 04 oetyver moavy| avaxplBeta 6To TétapTo Sexadnd Yngio Tou Y4, TalpvoulE To ¢y GOV

BeATIUEYT THUY) TOU Dy Yo VoL TROXUDEL 1) BEATIOUEVT TIUY| TOU V4!

Y o= Y3+ — (f1 — 5fy+19f5 + 9(— t4(0.5317149)2)> = 0.5318739
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H extiunom tou tomxo) c@dAIaToC anoxoTiS 6Ty TWH Ys €lvor

19
0y = —%(0.5318739 —0.5317149) = 0.0000112

Tou delyvetl 6Tt €youue meTUYEL TNV emtdupnTh axpiBelo 4 dnolev.

o [la j =4 elvar

fs = flts, ya) = —(2.4) - (0.5318739)* = 0.6789358
h
ps = wat o= (= 9N+ 3Th —59fs +55f1) = 0.4712642

24
h
v = uit gy (fo = 5fs+19f1+9(~tspd)) = 04704654 (= c3)
19
5 = —mgg(ys — ps) = 0.0000562

‘Onwe mponyouuéveng To 05 delyvel mboavy| avaxpiBeia oto méunto dexadixd dnglo Tou ys, dpa

emTuyYaveTon axplBela tecodpwy Pnplwy. Av mopdho autd BEATIOCOUYE TO Y5 WS ECHC:
h
Ys = Yq+ 21 (f2 —b5f3 +19f, + 9(—t5(0.4704654)2)> = 0.4705358
H extiunomn tou tomxol) c@diuatoc anoxonis oTny Wi ys elvor

19
05 = —%(0.4705358 — 0.4704654) = 0.0000050

xou Oelyvel 0Tt 1) véa T €yel axpifela mepinou 5 dnolwv.

IMTapathenon 3.1. Eyel anodetydel 6TL 0L TWES TOU TPOXUTTOUY EXTEAMVTAC TO TOAD Lol SLoE-
Ywon) Tou yjq1 efvar miavo va elvon tng {Blog axpifetoag ue exciveg mou mpoximTouy and TN yerion
WIS YEVIXAC OTRATNYIXAC UE eRavaAn)n Tou Timou Sbpdwone. Av yeeldloviol TEQIGOOTEPES
oo W 01opYwoY TOTE EAATTWVOLUE TO TAdTOS h.

ITapatrenon 3.2. Onwe xa ot yédodo RK4 €tot xan oty APC4 uropotye vo yenotuo-

[0i41]

TOWROOUUE TO 0541 WS APITARLO Y1 var YeTaBdAAouue 0 h. ‘Otav 10 =

efvow TOAD peydio

EAATTWVOLUE TO h, eV 6Ty elvon TOhG wxpd auldvouye To Thdtog h.

3.8 XOyxplon twv pedodwyv RK xa PC

Av 1 govadwédtnta tne y(t) elvon duvath 6to [to, t,] 16T cuvicTatan wo wédodog e xaTdA-
Anho éheyyo tou Phuatog, 6mwe n RKF4. Av v f(t,y) eivor Samavrpr ato va extundel, t6te
neénet vo npotiunel n APC4 (2-3 extyufioeic avd Brua).
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Téhoc oe wa epapuoyy mporypatieol yeovou (real time), 6mou ula TOGOTNTA Y1 TEETEL VOl
umohoytoVel oe xdmoto otadepd clvioyo yeovixd SldoTud, TEENEL va tpoTiuniel 1 uédodog Tou
Euler xou xatd npotiunom n tpononoinuévn uédodog Euler (&:(pécov 0 YpPOVOS TO 8mrpénsn).

Yyetnd ue tg pedodoug PC aliler va avageplel 6Tt emeidt| 1o 6541 ebvon piar extiynoy tou
ej+1(h)e, pmopel va mpootedel 670 ¢jyq Y Vo Bwoet yiot BeEATIoUEVY Sdplwon ¢y + dj41.
‘Ouwe auth n otpatnyd elvon napamiavntxd. Eurcipd teot anodetxviouy 61t ot pédodot mou
Vv axohouvdoiy Tefvouy va elvan actadelc kot eTOUEVKDS YEVIXE eV TEOTIHOVVTAL.

O mopaxdte mivaxag cuvodilel to xdpla yapoxTneloTixd xdie uedosou:

Self Tomxo Olixé Trohoyiopot ‘Eleyyoc ueye-
Médodoc
Starting oQdhuaL OQPSAL e f avd Briua Youg Bruatog
Euler Naou O(h?) O(h) 1 duvatog
Teor. Euler Nou O(h?) O(h?) 2 duVaTOHS
Huen Nou O(h?) O(h?) 2 Suvatog
RK4 Nou O(h?) O(h?) 4 duvatde
RKF4 Nau O(h?) O(h*) 6 £0X0NOC
APC4 Oyt O(h?) O(h*) 2-3 glxoloc

3.9 Xvotiuata dagopixwyv eiowocewy xa IT.A.T.
n—tagng

Pevixd ta uoixd custiuata yeetdlovial uepés UeTaBANTES Yo var Teptypddouy Ty xatd-
oTact| Toug o€ xdie ypovie otiyur| t. Do Tapddeypa, 1 xatdoTacT UeTUSANT®Y evog YepUodU-
Vool cuothuatog teptiaufdvel Yepuoxpaota, nieor, oyxo xa eviponia. Enlong n xotdotaon
HETOPBANTWY EVOC Uy ovino) GUOTAUUTOS TEQLAAUBAVEL TIC UETATOTIOELS OPLOUEVWY ONUEiwY, | 1)
AATACTAOT| TWV UETABANTOV EVOS NAEXTELXOU XUXAWOUAUTOS TEQLAUBAVEL TIC TUOES X TIC EVTY-

OEIC TOU TPOGDI0pIloUY TNV EVEQYELX TOU XUTAVEUETAUL OF OLAPOpa NAEXTELXS GpYIVAL.

3.9.1 YvpPoiicuodg xal opoloyia

H xotdotacn uetofintov evég custiuatog cUuBolleTon UE Y1, Y2, ..., Yn OTOU xoepla
HETOPGAAETAL WG TEOC Ui OTAY) pETOBANTY ¢ (ouw’]ﬁwg YpOVoC) oUUPWVL JE XATOO QUGIXD
vopo. Yuvilwe autol ot vouol tafpvouy tn pwopgy cuvothuatog n to tAfvog ILAT. npwtng
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TdENC TN popYrc:

dy

ZAI% = filtbyn, vz, un),  i(to) = yo

/ dy?

3/2:% = folt,y1,y2,-- -, ¥n)s  Y2(to) = Yoo (3.24)
dyn

QLZE = fult,y1,%2, - Un),  Un(to) = Yon

Anhadt), yvwptloupe Ty apytxh xatdoTacy o€ xdmolo ty o Yvwpllouvue To pulud Ue Tov onolo
peToBdAleTan xdle UETABANTY 6Tay TO GUCTNUA PploxeTal GE YL CUYXEXPWIEVT XUTACTACT).

IMapdderypa 3.4. 'Eotww

Yy = 3tya + n1y2,01 (o) = —1

1
Ys :21n(1+y§)+y—792(t0) 1
3

ys =5 — e + Lys(to) = 1
Hoapatnpolue 61t ot puduol UeTUBOAAS TWY Y1, Yo ot Y3 ECURTOVTAL XU ATO TIC TPELS YETABANTES
w¢ mpog t. ot autd o Moyo cuyvd avagépetal wg Eva ovoTnua (eVENg Te®TNE TAENS ECLOMOEMY.
Mo Moom tou ILAT. oty (3.24) anotedetton ond n cuvapthoeis
vi=ul) , =y, ..., Y=yt

mou avorowly to ILA.T., onhadh vy i = 1,2,...,n woylbouv

vit) = £t (®m) o a®)  xn pilto) = o

3.9.2 ToOnot UTS BLAVLCUATIXY LORYPN TWV AELIUNTIXOY UEDO-

dwv enihvong tou II.LA.T. n—Tdénc

Av Yewphioouye To Bldvuopa xatdotaons T wetaBntovy = y(t) = (y1, 92, ..., yn)’ T1E

o ILA.T. oty (3.24) ypdgetar und Ty Stavuouatixy| Loper

y =f(t,y) ., y(to) =yo (3.25)
OTOU _ ; ) _ ) )
Y1 fit,y) Yot
, yé f2(t7 Y) Yo2

y=1" . f(ty) = . o yo =

Y, fa(ty) Yon
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Mo oprduntixdy Aon tou (3.25) oto ddotnua [to,t,] eivar o oxohoudior Stavuoudtmy
Y0,¥1,---,Yn OTOU T0 y; mpoceyyilet Ty axp3h Ao y(¢;) v j = 0(1)n.

Mrogotue ebxoha vo mapatnericoupe 6t and éva ILA.T. mpotng 1d8ne mpoximtel éva
ILAT. n—td&nc e wopprc (3.25) av avtxataothoouue ta v,y , f(t,y) xa yo pe o Swa-
voopata y,y', f(t,y) xou yo. Av extehécoupe auTéS TIC AVTIXATAOTAOES GTOV TUTO oG AooTG
evoc ILA.T. mpoximtel o tOnog Aorng tou ILAT. oty (3.24). Ewdwd and v RK4 pédodo
evog ILA.T. npoximtel n avtiotoryn pédodog :

h
Yi+1 =Y+ 5 <m1 + 2(mg + m3) + m4>

OTOU My, Mo, Mz, My TOL SLYOOUATO XAIGEWY TOU TEOXVITTOUY AVAY WYX ATd TOUG TUTOUG

m; = f( J’y])

h
mo = flt; ,y] §m1>

(
o+

m = 1+ b+ b
¢

m, — f(t; +h y]—i—hmg)

3.9.3 ExniAvon evog n—tdénc IILA.T.

To n—1d&nc ILAT. €yet tn uope

y™ = flt,y, "y Y) (3.26)

xdn amb n apyueés ouvdies ylto) = o ¥ (fo) = b,y (t) = 55",
H yevixr uédodog yia v enthuon tou n—tdéng ILA.T. ebvar va to yetatpédouye oe éva

100dLUYIPo cloTNUA antd n— TéENe e&lonocic. Ta va to meTdyouue autd Yewpolue

hn =y
Yo Y2 =y
y = : émou (3.27)
Yn—1 Yn—1 = y(n—2)
Yn Yo =y
dy(n_l)
Av avtxataothoovye i (3.27) oty (3.26) xou oupBohilovtac pe v = = 3™ moox)-



58 Troloyiotixed Modnuotixd

TTEL TO t6oduvopo clotnua and n ITAT medtne tding:

Yi = Y2 y1(to) = vo
Yy = Y3 Y2 (to) = y;,
OTOU :
Yn_1 = Yn Yn—1(to) = y(()an)
n—1
Y = fty1, 02, -, Un) Yalto) = yo" "

Autéd topa ebvor NG uoperic (3.25) xou unopel va hudel ue utor and T TEOTYOUUEVA UVAPEE-
Veloec pyedboouc.

3.10 IlpoBiApata Xuvoptaxoy Twoy (IT.3.T.)

Oa egetdooupe To TEOBANUA TN Alomg Tng n—Tddng dagoplxnc eéiowong

(n) = f(t7 y’ y/7 y//J ttt 7y(n71)) (3'28)

Y
HE TOUG N TERLOPLOUOUG TNG ¥/ xou/v'] TWYV TAPAYOYWY TNG LOPPHC
y* () = Br, y* ) (ta) = By .. y* (t) = B

o Aviy =ty = =1, =1y 161 avdyeton oc éva n—talng ILA.T.

o Av o1 cuvoplaxéc ouvfixec tepLéyouy m dtaxexptuéva t;, 6mou m > 1 té1e o (3.28) efva

eva n—1déng ILY.T. m—onuceiwy.

Oa pehethoouye to dettepng tdng I1L.E.T. duo onpeinv:

y'=ftyy), wyla)=a, yb)=7p (3.29)

3.10.1 Médodog tnc Borvo(h oxdnevonc)(shooting)

Ocwpotiue To ITAT dedtepne téEng

(MAT). = y"=fty.y), wla)=a, Y=z

‘Eotw y,(t) n Mon tou. Téte, n ruh @ elvon v apynh xhion (670 t = a) ™g yu(t). Znreiton va
Beedel tun T yioe v onola ) yz(b) = B elvon 1 cuvoptoxty cuvdhxn oto t = b.
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Av 7 xaumOn Mon yz(t) eivan o tooytd forfic dnou 1 ouvdhxn y,(b) = S avtiototyel otny
Tpoytd Boric Tne epantopévng Twhc B oto t = b, ToTE 1) yz(t) wavornowet to ILE.T. (3.29) xou
emopévag elvon 1) emduunty| y(t).

Mo v vhonotfiooupe T pédodo Polfc elodyouue Tr cUVIETNOT GOANIATOS

Tou efvol 1 ToodTNTO XAt THY omolo 1) T Y, (D) Stopépet and Ty egantouevn Ty B oto t = b.

Y

Y ()

0 a b .

Etot 1o npéPBhnuo tne Aorg tou ILE.T. (3.29) avdyetor otny ebpeon woc piloc T e E(z),
Snhadr oty Aon e E(z) = 0. Egboov xdie vrnohoyiopds e E(x) amoutel onuovtixd u-
TohoytoTix, epyaocia, dnhadr oroxhipwon tou (ILA.T.), oo [t,t,] = [a,b] eivor avdyxn va
yenowonotniel o uédodoc mou va ouyxhiver Yeryopa otny emduunth eila tne E(x).

H pédodoc Newton-Raphson (N-R) efvar n tayitepn oe abyxhion odhd Sev efvon xatdAinhn
Yo auTAY TV EQapuoyy, 1Tt Yevixd i E(x) Sev éyet avohutind éxgpacy,. H mAéov xatdhhnin
pédodog oe authy TNV Tepintwon elvon 1 uédodog tng Téuvouscag:

Thy1 = Tf — E(xy) - (zx — 2p-1)
: E(xy) — E(vp_q) ’

Hapdderypa 3.5. Xpnowonoiote ) uédodo Porfc (shooting) yia Ty enthuon tou un yeou-

k=012,
mxo0 devtepng té<ng IL.X.T. duo onueiny

1 2y
y' =y (; + 7) y(l) =4, y(2) =8,
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ue oxpifBeta 5 onpoavtixwy Ynolwy.

Avalnrotype wa pila T e E(z) = y.(b) — B = y.(2) — 8 émou y,(t) ebvar 1 hor tou
avtiototyou ILA.T.

1 2
(ITAT), - Mzd(;kg),MUZQ y (1) ==

Mot guotxr) urorotor THur yio o apy e Tiur Tou ' (1) ebvor 1) xhior e eudeiog mou cuvdéet

o onueia (a, ) xou (b, B):
_pf-—a 8—-4
Cb—a 2—-1

Mot mpoomdeio yioo T Abon tou (IIAT), ye x = 4 delyver 6tL 1 y.(t) éxer wa xovovixdTnTa

x 4

petall a = 1 xou b = 2. LUVETODS OXOTEUOUPE YoUNAGTERA, ONAAOY TaipVOUUE TO WO TNg

xhone (z = 2) ooy apyxh tuh. Tote
r=2 = y,(2)=16 = E(z)=y.(2)—8=38

Enewor| n uédodog tng TéUvoucas anottel Duo apytnec TUWES xot E(2) > 0 nafpvouye pa pxpoTEEN
xhon, Ty x = 1. Xpnotworowdvtog évay axptBr Aotn n—tdfewe yia ) hor tou (ILA.T.), ue

xr =1 mpoximteL 6Tt

Mmnogolue T®pa Vo eQapuocouUe TNV emavaknmuix wédodo tng Téuvovoag nafpvovtog we og-
YWEC TWEC T1 = 2, o = 1 xou

E(Zl?k) . (ZBk — Ik—l)
E((L’k) — E(l‘k_l) ’

Tpr1 = Tp + Axy OTOU Axy = k=0,1,2,...

k| z,=x Yz (2) E(z) =y.(2) —8 Axy, Tpi1 = T + Axy,

-1 2 16 8
0 1 6.4 —1.6 0.1666667 1.1666667
1 ]1.6666667 | 7.1111111 —0.8888889 0.2083333 1.3750000

2 1 1.3750000 | 8.2580645 0.2580645 —0.0468750 1.3281250
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3.10.2 Meédodog twv Ilenepacpuévoy Alagpoptdv

Mot G otpatnyd yioo v oprduntx enidvon tou ILE.T. oty (3.29) elvor vor Sroepi-

oouye 1o [a,b] oe n unodlothdata pe n + 1 wonéyovto onueiu

h h=1ts h

n !

1 \ i
:to tl t]:a‘f—]h tj+1 tnfl tn:b

o T

xon vou ovuxataotiooupe Tic tuée ¥ (t5), ¥y (t;) Ue TiC TPOCEYYIOTIXES TWWES TOUS TOU TEOXV-

TTOLY OO TOUG TPOTYOUUEVOUS TUTOUG XEVTRXWY BLaPop®Y TAENS O(h2):

o . e
Z/”<tj) ~ Yj+1 hy; + Yj-1 ol y’(tj) _ Yi+1 — Yj-1

2h

yioj =1,2,...,n— 1. Aut 1 otpatnyue) Aéyetan uéVodog twy meETepacuévwy O1apopwy.
‘Etot 10 avaiutind mpdBinua tng Aborng tou ILY.T. otny (3.29) avéyetou oTn hOoT evog
TEOCEYYIoTX00 ahYEPELX0) TpoBhAuatog n — 1 eQlohoEwy Ye 1 — 1 ayvOoTOUS Y1, Y2, - - - 5 Yn—1

omov y; Zy(t;), j=1,2,...,n—1xu 1y =y(a) = a xu y, = y(b) = [ vt yvwotd.
yi Eylty), j=1,2,..., Yo =1y Yn =Y Y

IMTopdderypa 3.6. Xenowonotiote 11 p€Y000 WV TETEQUCUEVRY BLapop®Y Yo T1 AOoT Tou

un veouuod 1LE.T. debtepne tdéng

Av avtixataothooupe Tic ¥ xon Y Ue Tic avtioTotyec TpooeYYIoEIC XEVTPIXDY BLapop®Y

w9Znc O(h?) ot ty, j=1,2,...,n — 1 mpoxinten:

tj i 2hy;

Yirr =205 Y1 Y — Y (1 2y — Y1)
h? 2h

)7 y0:47 yn:8

[Holarhaociédlovtac enl 2h2tj AU UETAPEQOVTAG TOUG YRUUUIXOUEC OpOUS TWV Yj_1, Y, Yj1 OTO

AP0 TEPS UEAOG TPOXOTTEL
(2t + h)yj-1 —4Aty; + (2t — R)yja =dj, Yo =4, yp =38

pidei
t; .
dj = y_J»<yj+1 —y)% i=12...,n-1
J

H unepoyn tou cuvteheot| —4t; e€acpaurilel 6L uropet va hudel 1 j— ellowor ue

new 1 ]
vy ):E[(Qtj+h)?/j—1+(2tj—h)yj+1—dj , J=12..,n-1
J
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xou EMELTA Yenowonololue Ty enavaknmtixy uédodo Gauss-Seidel.

1
gt = Y =Ry - | =12 -

7 m

6ToU TaPVOUUE T y(»o) va ebvan enl tng evdelac e Tpoyde Porfc and to onuelo (a,a) oo

(b,B), Snhadh gy —a = i_;:(t — ), dpo ebvon

—
y§0):a+ﬂbTa(tj—Oé), j:O,l,...,n

H meonyoluevn uyédodog héyeton diadixacio Liebmann.

3.10.3 MéJ060¢ TwV NENEQACUEVLY BLAPOR WV,

otav to I1.3.T. elvan ypauuixd

To yoouud LIXT deltepns 1ding €yel T Yevixr woper:

Y =iy +et)y + F(t), yla)=a, yb) =7 (3.30)

Av avtixataothooupe Tic mpooeyyioec 18Enc O(h?) twv y”(t;) xou y'(t;) mpoxintel

Yit1 — 2Y; + Y
12

= p1(ty)y; + @2(%)% + F(t))

Av mohhamhactdcoupe xotd UEAT) ex 2h? xou UETAPEQOUPE TOUS OPOUS TWV Yj—1,Yj, Yj+1 OTO

aptoTepd wéhog Yo j = 1,2,...,n — 1 161 mpoxinTel

(2 + hepa(t;) >yj—1 - <4 + 2021 (t;) )yj + (2 — hepa(t5) >?JJ+1 = 2h°F (t))

a; b; cj dj

epboov Yo = y(ty) = y(a) = a xou y,, = y(t,) = y(b) = B €youue 0 TEWBLYOVIO GOGTNUA

by Y1 dy — a1«
as by Co Y2 dsy
Ap—2 bn72 Cn—2 Yn—2 dn72
L Ap—1 bn—l i | Yn—1 i | dn—l - Cn—lﬁ i

émov y; ~y(t;) =yla+jh), 7j=0,1,2,---n—1
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3.10.4 XUOyxpion tng nevodou Borng xou TNng Heddd0uL TWYV TE-
TEQACUEVWLY BLALPOR LV
Yuvénaa tng ypappkotntag:

o Av 7o TLX.T. deltepng tdng ebvon ypouuxd, tote 1 pédodog Bohvc amoutel povo duo
ohoxhnpwoeic tou (1ILAT.), 670 [a,b), evéd 1 uédodoc nenepacpévmy Sapopy diver éva
YEUUULXO GUCTNUO UE Lol DLy VLA UTEROYT| Xl @TVOXA GUVTEAEGTWY UORPNG DECUNE TOU
umopel va hudel olvtopa xou axpBoc pe ) pédodo anahoipric tou Gauss yio apxeTd

HEYSNO n.

o Av 1o ILX.T. dev etvan ypauuxd, n uédodog Borhc odnyel o Wi enavanmtiy uédodo
(Onhadh tny enavaknmier) uédodo e Téuvoucac), eved 1 HEY0BOC TV METEQUCUEV®Y
DLapop®Y Blvel Eva Uun Yeuuuxd cUCTAUA ToU uTtopel vor AUUEl e Ty eTtavolnmTixy| u€odo

Gauss-Seidel (Stadixacio Liebmann).

Aftia opdAuatog:

o Otav 1o TLE.T.efvon ypouuxd 1 un yeouuwxo, 1 Aor tou mpoxVnTel e 1 uévodo me-
TEQPUCUEVWY DLAPOLWY TEPIEYEL TO GPIAIN UTOXOTAC TWV TEOGEYYIOEWY TEMEQUOUEVWY
Sroupopddv Twv ¥ xan y'. H axpiBeto extiudton ye obyxpion v UTOAOYIGUEICOY TGV ;)

e exelveg mou TEoxOTTOUY UE BIMAOLO n.

o H axpiBeia mou emtuyydveton pe ) wédodo tng Boirc meplopileton oty axpiBela twy

UTOAOYIoVELEOY TGV Yy (D).



