
44 CHAPTER 1. INDUCTIONExer
ises1. Des
ribe a set A that satis�es properties (i) and (ii) of the indu
tion prin
iple (see Se
-tion 1.1.2, page 17) and is a proper superset of N .2. When we do an indu
tion proof, is it ne
essary to prove the basis before we prove theIndu
tion Step, or 
ould we prove the two steps in either order?3. Let P (n) be a predi
ate of natural numbers. Suppose we prove the following fa
ts:� P (0) holds� P (1) holds� for any i � 0, if P (i) holds then P (i+ 2) holdsDoes this 
onstitute a valid proof that P (n) holds for all n 2 N? Justify your answer.4. Let P (n) be a predi
ate of the integers. Suppose we prove the following fa
ts:� P (0) holds� for any i � 0, if P (i) holds then P (i+ 1) holds� for any i � 0, if P (i) holds then P (i� 1) holdsDoes this 
onstitute a valid proof that P (n) holds for all n 2 Z? Justify your answer.5. Let P (n) be a predi
ate of the integers. Suppose we prove the following fa
ts:� P (0) holds� for any i � 0, if P (i) holds then P (i+ 1) holds� for any i � 17, if P (i) holds then P (i� 1) holdsDoes this 
onstitute a valid proof that P (n) holds for all n 2 Z? Justify your answer.6. Let P (n) be a predi
ate of the integers. Suppose we prove the following fa
ts:� P (17) holds� for any i � 17, if P (i) holds then P (i+ 1) holds� for any i � �17, if P (i) holds then P (i� 1) holdsDoes this 
onstitute a valid proof that P (n) holds, for all integers n su
h that n � 17 orn � �17? Justify your answer.7. Use indu
tion to prove that, for any integers m � 2 and n � 1, Pnt=0mt = mn+1�1m�1 .8. Review the de�nitions of equality between sequen
es and the subsequen
e relationshipbetween sequen
es. Then prove that any two �nite sequen
es are equal if and only if ea
h is asubsequen
e of the other. Does this result hold for in�nite sequen
es? (Show that it does, orprovide a 
ounterexample proving that it does not.)



1.3. COMPLETE INDUCTION 459. Prove that every nonempty �nite set of natural numbers has a maximum element. Doesthe same hold for in�nite sets of natural numbers? Compare this with the Well-Orderingprin
iple.10. Use Proposition 1.6 to prove Propositions 1.3 and 1.5 without using indu
tion.11. Ea
h of the proofs of Proposition 1.9 (see Example 1.7, page 30, and Example 1.12,page 40) not only proves that we 
an make postage for any amount of n � 18 
ents using only4-
ent and 7-
ent stamps; it also (impli
itly) provides a re
ursive algorithm for determininghow to do so. Spe
i�
ally, starting from any n � 18 and \unwinding the indu
tion" ba
kwards(either in steps of 1 | as in the �rst proof | or in steps of 4 | as in the se
ond proof) we
an see how to re
ursively 
ompute the number of 4-
ent and the number of 7-
ent stampsfor making exa
tly n 
ents of postage. Do the two algorithms produ
e the same answer forea
h amount of postage? That is, for any value of n � 18, do both algorithms yield the samenumber of 4-
ent and 5-
ent stamps with whi
h to make n 
ents of postage? Justify youranswer!Note that, in prin
iple, this need not be the 
ase. For instan
e, postage of 56 
ents 
an beprodu
ed in any of the following ways:� seven 4-
ent stamps and four 7-
ent stamps� fourteen 4-
ent stamps� eight 7-
ent stamps.12. Use 
omplete indu
tion to prove that for ea
h nonempty full binary tree the number ofleaves ex
eeds the number of internal nodes by exa
tly one.13. Let P (n) be the predi
ate:P (n) : postage of exa
tly n 
ents 
an be made using only 4-
ent and 6-
ent stamps:Consider the following 
omplete indu
tion \proof" of the statement \P (n) holds for all n � 4".Basis: n = 4. Postage of exa
tly 4 
ents 
an be made using just a single 4-
ent stamp. SoP (4) holds, as wanted.Indu
tion Step: Let i � 4 be an arbitrary integer, and suppose that P (j) holds for all jsu
h that 4 � j < i. That is, for all j su
h that 4 � j < i, postage of exa
tly j 
ents 
an bemade using only 4-
ent and 6-
ent stamps. We must prove that P (i) holds. That is, we mustprove that postage of exa
tly i 
ents 
an be made using only 4-
ent and 6-
ent stamps.Sin
e i � 4 < i, by indu
tion hypothesis we 
an make postage of exa
tly i � 4 
ents usingonly 4-
ent and 6-
ent stamps. Suppose this requires k 4-
ent stamps and ` 6-
ent stamps;i.e., i� 4 = 4 � k + 6 � `. Let k0 = k + 1 and `0 = `. We have4 � k0 + 6 � `0 = 4 � (k + 1) + 6 � ` [by de�nition of k0 and `0 ℄= 4 � k + 6 � `+ 4= (i� 4) + 4 [by indu
tion hypothesis℄= i



46 CHAPTER 1. INDUCTIONThus, P (i) holds, as wanted.Clearly, however, we 
an't make an odd amount of postage using only 4-
ent and 6-
entstamps! Thus, the statement \P (n) holds for all n � 4" is 
ertainly false. Consequently, theabove \proof" is in
orre
t. What is wrong with it?14. De�ne the sequen
e of integers a0; a1; a2; � � � as follows:ai = (2; if 0 � i � 2ai�1 + ai�2 + ai�3; if i > 2Use 
omplete indu
tion to prove that an < 2n, for every integer n � 2.15. An n-bit Gray 
ode is a sequen
e of all 2n n-bit strings with the property that any twosu

essive strings in the sequen
e, as well as the �rst and last strings, di�er in exa
tly oneposition. (You 
an think of the 2n strings as arranged around a 
ir
le, in whi
h 
ase we 
ansimply say that any two su

essive strings on the 
ir
le di�er in exa
tly one bit position.)For example, the following is a 3-bit Gray 
ode: 111; 110; 010; 011; 001; 000; 100; 101: Thereare many other 3-bit Gray 
odes | for example, any 
y
li
al shift of the above sequen
e, orreversal thereof, is also a 3-bit Gray 
ode.Prove that for every integer n � 1, there is an n-bit Gray 
ode.16. Let n be any positive integer. Prove that(a) Every set S that 
ontains binary strings of length n su
h that no two strings in S di�erin exa
tly one position, 
ontains no more than 2n�1 strings.(b) There exists a set S that 
ontains exa
tly 2n�1 binary strings of length n su
h that notwo strings in S di�er in exa
tly one position.


