SOME THEOREMS ON FOURIER COEFFICIENTS
WALTER RUDIN!

1. Trigonometric polynomials with coefficients +1. Consider the
trigonometric polynomial

N
(1.1) P(ei®) = D et

n=1
where €,= + 1. If we set || P|| =max, | P(¢?)|, the Parseval theorem
shows that || P||,= N'/%, and the following problem arises: does there
exist an absolute constant A with the property that for each N one can
find €, - - -, ex, equal to +1, so that

(1.2) [Pl = 4,

where P is given by (1.1)?

If one allows the coefficients €, to be complex numbers of absolute
value 1, an affirmative answer to the question is furnished by the
partial sums of the series )7 ei"lsn¢i?; this example is due to Hardy
and Littlewood [4, pp. 116-118]. A theorem of Salem and Zygmund
[2, pp. 270, 278] shows, roughly speaking, that (N log N)!/2 is the
“most probable” order of magnitude for ||P||, if €,= +1.

During the summer of 1958, Salem drew my attention to the prob-
lem stated in the first paragraph. It turns out that an affirmative
answer can be given by a construction which uses nothing more
sophisticated than the parallelogram law

(1.3) la+ B[P+ |a—g82=2]al?+2]|8].

After I found this construction I learned that the problem had been
solved earlier, by essentially the same method, in the 1951 Master’s
Thesis of H. S. Shapiro [3]. Since the result is needed in Part II of
this paper, I am publishing the proof here, with Shapiro’s consent.
As in the Hardy-Littlewood example, the polynomials (1.1) may
actually be taken as the partial sums of a fixed series D7 e,ei™:

THEOREM 1. There exists a sequence {e,,} (n=1,2,3,--.), with
e,=1o0r —1, such that

N
Z e"ein0

n=1

(1.4)

< SN2 0=6<2r;N=1,23,---).
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PrOOF. Set Po(x) =Qo(x) =x, and define polynomials P; and Qi in-
ductively by

(1.5)

{P,,_,_l(x) = Pk(x) + x2ka(x), (k - 0, 1, 2, e ).

Or1(x) = Pi(x) — 22°Qu(a),

Then P.(e®) is of the form (1.1), with N=2*, and P; is a partial
sum of Pi.1. Hence we can define a sequence {e,} by setting e, equal
to the nth coefficient of P, where 2* > n; this sequence will be shown
to have the desired properties.

For |x| =1, (1.3) and (1.5) imply
| Pesa(®) [+ | Qera(@) [* = | Pu(@) + 20u(®) [ + | Pulw) — 2¥Qu(=) |*

=2| P() [* + 2] Q) |1,

and since !Po(x) I 24| Qo(x) | 2=2, we conclude that

(1.6) l Pi(ei) l2 + | Qx(e™) iz = Qk+1,
Hence
(1.7) | Pi(eit)| < 2v2.28r2,

which proves (1.4) for N =2%,

If now s.(Px) and s.(Qx) denote the nth partial sums of P; and Q;
respectively, where 1 <7 <2*, then
| 52(Pe)(e®) |
| 5n(Qu) (e |
This is obviously true if £=0. Suppose (1.8) holds for some k&, and

consider s,(Pry1) and s,(Qk41), with 1 Sn < 28+1 If n < 2%, (1.5) shows
that

(1.8) } é (2 + 21/2)2k/2 (k — 0’ 1’ 2, e ).

| sa(Prs1) | = | sa(Qrrr) | = | sa(P)| < (2 + 21/2)204D12,
If 2 <n 2%+, (1.5) and (1.7) show that
k
l Sn(Pk+1) ‘ | Pkl + | sn—2(Qk) l
2 &+1)/2 + (2 + 21/2)21:/2 — (2 + 21/2)2(lc+1)/2_

The same estimate holds for Is,,(Qk+1) l , and (1.8) is proved by induc-
tion.

To complete the proof of (1.4), suppose 2¥-1< N <2% By (1.8), we
have

IA A

| sN(P,,)(e"")[ < (2 4 212)2k2 < 2(1 + 2UP) N2 < SN2,
II. Transformations of Fourier coefficients. In this section, p and
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g will always denote conjugate exponents, i.e., 1/p+1/¢=1. For
1=p< », L? denotes the usual Lebesgue space of complex functions
on the unit circle, normed by

@.1) Ul = o= [ Lt ras}

27

L= is the space of all essentially bounded measurable functions on the
circle. The Fourier coefficients of any f&L! will be denoted by

(2.2) f(n) = ziwf;f(e”)e“""do (n=0,+1,42,---).

If Fis a complex function defined in the plane, we say that F maps
A into B, where 4 and B are function spaces on the circle, if to every
fEA there corresponds a g& B (we shall write: g=F o f) such that
2=F(f). In other words, it is required that the series D F(c,)ei"
should be the Fourier series of a function in B whenever Zc,.e‘"’ is
the Fourier series of a function in 4.

The functions F which map L' into L! have recently been deter-
mined [1]; they are precisely those which are real-analytic near the
origin (i.e., in some neighborhood of the origin); of course we must
also have F(0)=0. For the other Lebesgue spaces, the situation is
quite different. We first state some sufficient conditions:

THEOREM I1. Suppose 1 <p =2, and suppose there is a constant A
such that | F(z)| < A|z|9* near the origin. Then F maps L» into L2

Proor. If fEL?, the Hausdorff-Young theorem [4, p. 190] shows
that 2| f(n)| 1< ®, so that 2| F(}(n))|2< .

TrEOREM III. Suppose 1 <p=2. If | F(z)| __<_A|z| P near the origin,
then F maps L9 into LI,

Proor. If fELY, then D |F(n)|2< =, so that | F(}(n))|?< «,
and the Hausdorff-Young theorem implies that F o fE L9,

REMARKS. 1. For ¢=2, this condition is necessary as well as suffi-
cient.

2. For g= =, the hypothesis of Theorem 111 is: | F(z)| <4|s|2 It
follows that F maps L® (even L?) into the class of functions which
are sums of absolutely convergent trigonometric series.

3. If F is of the form

(2.3) F(z) = a1z + a2 + | z|2/1’b(z),

where b is a function which is bounded near the origin, then F also
maps L?into L2 Note that no smoothness conditions are imposed on
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b (not even measurability is needed), in strong contrast to the results
in [1].

I do not know whether (2.3) holds whenever F maps L?into L2
However, if we restrict ourselves to even functions F, Theorem I
can be used to show that Theorem 111 states a condition which is nec-
essary as well as sufficient. In fact, the following stronger assertion
holds:

THEOREM IV. Suppose 1<p< =, F is an even function, and
| 2| =2»| F(2)| is not bounded near the origin. Then there is a continuous
function f on the circle to which corresponds no g&Le with §=F(f).

In other words, F does not map the space of all continuous func-
tions into L¢, hence it does not map L? into L2

Proor. The hypothesis implies the existence of numbers 2,70
(m=1, 2,3, ), such that m?s,—0 and |F(z,,.)| >m5|z,,.|2/1’. De-
fine N,,=[mz,%]. These choices produce the relations

(2.4) 3 | 2| M- <
m=1
and
(2.5) IF(z,,,)|N,1,./p——>oo as m— o,

Now choose integers #,, so that

(2.6) nm+Nm<nm+l—Nm+l
and define
2.7 Twm(e®) = zme™m®(ere®® + - - - + en,e¥"f),

where {e,} is the sequence of Theorem I. The series
(2.8) f(e%) = 2 Tn(e®)
m=1

converges uniformly, by (2.4) and Theorem I, so that f is continuous.
Define the kernels K,, by

2Nm "
(2.9) Kn(ei®) = eitamt¥me 3~ min (1’ 92— IN I ) ginf .

ne=—2Np, m

Suppose there is a function g&€L? such that g=F(f), i.e., g=Fo .
Our choice of {#,} implies that g ¥ Kn=F 0 T, where

2.10) (g% Kn)(e¥) = % " (6 O) Kn(c)dg.

-
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Since || K./|: <3, we see that

(2.11) [FoTull, <3llgl.  m=1,23---).

On the other hand, the assumption that F(—z,) = F(2,) shows that
(2.12) (F o Tw)(e*) = F(zm)einm®(e?? 4 « - - + ¢ilmt),
so that

) sin (Nn,0/2)
(2.13) | (FoTw(e?)| = | Flam) | -|————]
sin (6/2)

An easy computation now yields
(2.14) IF o Tully > Co| Flam) | N2,

where C, is a positive constant, depending only on ¢. By (2.5), (2.14)
implies that ||F o T,||;— » as m— o, and this contradicts (2.11).
The theorem follows.
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