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Prìlogoc

Oi shmei¸seic autèc diafèroun apì tic paliìterec kat� polÔ.
1. 'Eqei prostejeÐ Ôlh kai èqoun gÐnei pollèc allagèc wc proc thn di�tax  thc.
Se merikèc peript¸seic èqei all�xei ousiastik� h parousÐash thc Ôlhc. Gia
par�deigma, dÐnetai o orismìc thc sump�geiac mèsw thc ènnoiac thc anoikt c
k�luyhc en¸ prin dinìtan o orismìc mèsw thc ènnoiac thc akoloujÐac. EpÐshc,
èqei afairejeÐ to kef�laio gia thn topologÐa tou R kai èqei aporrofhjeÐ mazÐ me
touc eukleÐdiouc q¸rouc Rn wc ektenèc par�deigma sto kef�laio twn metrik¸n
q¸rwn.
2. Arketèc apodeÐxeic èqoun all�xei rizik�.
3. 'Eqoun prostejeÐ p�ra poll� paradeÐgmata kai pollèc ask seic se ìla ta
epÐpeda duskolÐac. Oi ask seic den eÐnai pia sto tèloc k�je kefalaÐou all�
ekeÐ ìpou emfanÐzontai oi antÐstoiqec ènnoiec.
4. 'Eqoun diorjwjeÐ arket� l�jh (kai, m�llon, èqoun emfanisjeÐ kainoÔria).
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Kef�laio 1

Seirèc pragmatik¸n arijm¸n.

1.1 Genik�.
Orismìc 1.1 An èqoume mÐa akoloujÐa (an) sto R, mporoÔme na kataskeu�-
soume thn akoloujÐa (sn), epÐshc sto R, b�sei tou tÔpou:

sn = a1 + · · ·+ an =
n∑

k=1

ak , n ∈ N .

Dhlad , s1 = a1, s2 = a1 + a2, s3 = a1 + a2 + a3 kai oÔtw kajex c.
H akoloujÐa (sn) onom�zetai seir� twn an (n ∈ N) kai sumbolÐzetai

a1 + · · ·+ an + · · ·  

+∞∑
k=1

ak .

Pollèc forèc qrhsimopoioÔme kai to sÔmbolo a1 + a2 + · · · + an + · · ·   to
a1 + a2 + a3 + · · ·+ an + · · · klp, an�loga me to pìsouc arqikoÔc ìrouc jèloume
na emfanÐsoume. EpÐshc qrhsimopoioÔme kai to sÔmbolo a1 + a2 + · · ·   to
a1 + a2 + a3 + · · · klp, an o n-ostìc ìroc an eÐnai fanerìc apì touc arqikoÔc
ìrouc   apì ta sumfrazìmena.

Merikèc forèc emfanÐzetai kai ìroc a0 prin apì touc a1, a2, . . . , opìte, k�-
nontac tic kat�llhlec prosarmogèc, gr�foume s0 = a0, s1 = a0 + a1, s2 =
a0 + a1 + a2 kai, genikìtera, sn = a0 + · · ·+ an =

∑n
k=0 ak (n ∈ N0). EpÐshc,

qrhsimopoioÔme ton ìro seir� twn an (n ∈ N0) kai to sÔmbolo a0+· · ·+an+· · ·
  to

∑+∞
k=0 ak.

Merikèc forèc h akoloujÐa (an) xekin�ei apì ton ìro an0 gia k�poio n0 > 1. H
prosarmog  twn sumbìlwn gia thn antÐstoiqh seir� eÐnai profan c: an0 + · · ·+
an + · · ·  

∑+∞
k=n0

ak. EpÐshc, gia ta merik� ajroÐsmata gr�foume sn0 = an0 ,

sn0+1 = an0 + an0+1 kai, genikìtera, sn = an0 + · · · + an =
∑n

k=n0
ak (n ∈

N, n ≥ n0).

ParadeÐgmata:
1. H seir� ∑+∞

k=1 k eÐnai h akoloujÐa me ìrouc: 1, 1 + 2 = 3, 1 + 2 + 3 = 6 kai,
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genikìtera, 1 + · · ·+ n = n(n+1)
2 .

2. H seir� ∑+∞
k=1 k

2 eÐnai h akoloujÐa me ìrouc: 1, 1 + 4 = 5, 1 + 4 + 9 = 14
kai, genikìtera, 1 + 4 + · · ·+ n2 = n(n+1)(2n+1)

6 .
3. H seir� ∑+∞

k=1(−1) eÐnai h akoloujÐa me ìrouc: −1, −1 + (−1) = −2,
−1 + (−1) + (−1) = −3 kai, genikìtera, −1 + · · ·+ (−1) = −n.
4. H seir� ∑+∞

k=0 2k eÐnai h akoloujÐa me ìrouc: 1, 1 + 2 = 3, 1 + 2 + 4 = 7 kai,
genikìtera, 1 + 2 + · · ·+ 2n = 2n+1−1

2−1 = 2n+1 − 1.
5. H seir� ∑+∞

k=0
1
2k eÐnai h akoloujÐa me ìrouc: 1, 1 + 1

2 = 3
2 , 1 + 1

2 + 1
4 = 7

4

kai, genikìtera, 1 + 1
2 + · · ·+ 1

2n =
1

2n+1−1
1
2−1

= 2− 1
2n .

6. H seir� ∑+∞
k=0(−1)k eÐnai h akoloujÐa me ìrouc: 1, 1+(−1) = 0, 1+(−1)+1 =

1 kai, genikìtera, 1 + (−1) + · · ·+ (−1)n =
{

1, an o n eÐnai �rtioc,
0, an o n eÐnai perittìc.

Orismìc 1.2 To an onom�zetai n-ostìc prosjetèoc thc seir�c
∑+∞

k=1 ak. To
sn =

∑n
k=1 ak, dhlad  o n-ostìc ìroc thc akoloujÐac (sn)  , isodÔnama, thc

seir�c
∑+∞

k=1 ak, onom�zetai n-ostì merikì �jroisma twn an (n ∈ N).

Ac tonÐsoume ìti stouc prohgoÔmenouc orismoÔc den proüpotÐjetai tÐpota
se sqèsh me th sÔgklish eÐte thc akoloujÐac (an) eÐte thc akoloujÐac (sn).
Orismìc 1.3 An h seir�

∑+∞
k=1 ak  , isodÔnama, h akoloujÐa (sn) èqei ìrio

s ∈ R ∪ {+∞,−∞}, gr�foume

s = a1 + · · ·+ an + · · ·   s =
+∞∑
k=1

ak .

To s onom�zetai �jroisma thc seir�c
∑+∞

k=1 ak. An s ∈ R, lème ìti h seir�
sugklÐnei sto s, en¸, an s = +∞   s = −∞, lème ìti h seir� apoklÐnei sto
+∞   apoklÐnei sto −∞, antistoÐqwc.

Orismìc 1.4 An h seir�
∑+∞

k=1 ak  , isodÔnama, h akoloujÐa (sn) den èqei ìrio,
lème ìti h seir� apoklÐnei.

Ac doÔme ti mporoÔme na poÔme stic peript¸seic twn prohgoÔmenwn para-
deigm�twn.
ParadeÐgmata:
1. H akoloujÐa (n(n+1)

2

) apoklÐnei sto +∞, opìte h seir� ∑+∞
k=1 k apoklÐnei

sto +∞  , isodÔnama, èqei �jroisma +∞ kai gr�foume: ∑+∞
k=1 k = +∞.

2. OmoÐwc, epeid  n(n+1)(2n+1)
6 → +∞, h seir� ∑+∞

k=1 k
2 apoklÐnei sto +∞  ,

isodÔnama, èqei �jroisma +∞ kai gr�foume: ∑+∞
k=1 k

2 = +∞.
3. Epeid  −n→ −∞, h seir� ∑+∞

k=1(−1) apoklÐnei sto −∞  , isodÔnama, èqei
�jroisma −∞ kai gr�foume: ∑+∞

k=1(−1) = −∞.
4. Epeid  2n+1 − 1 → +∞, h seir� ∑+∞

k=0 2k apoklÐnei sto +∞  , isodÔnama,
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èqei �jroisma +∞ kai gr�foume: ∑+∞
k=0 2k = +∞.

5. Epeid  2 − 1
2n → 2, h seir� ∑+∞

k=0
1
2k sugklÐnei sto 2  , isodÔnama, èqei

�jroisma 2 kai gr�foume: ∑+∞
k=0

1
2k = 2.

6. Epeid  h akoloujÐa (sn) me tÔpo sn =
{

1, an o n eÐnai �rtioc,
0, an o n eÐnai perittìc den èqei

ìrio, h seir� ∑+∞
k=0(−1)k apoklÐnei kai, m�lista, den apoklÐnei oÔte sto +∞

oÔte sto −∞.
'Askhsh 1: UpologÐste ta merik� ajroÐsmata kai ta ajroÐsmata, an aut� ta
teleutaÐa up�rqoun, twn seir¸n ∑+∞

k=1(−1)k−1k, ∑+∞
k=1(−1)k−1k2, ∑+∞

k=0(−3)k

kai ∑+∞
k=0

(
− 1

3

)k.
Apì to gegonìc ìti mÐa seir� eÐnai mÐa akoloujÐa (h akoloujÐa twn merik¸n

ajroism�twn mÐac proüp�rqousac akoloujÐac) eÐnai profanèc ìti h exètash thc
sÔgklishc mÐac seir�c den eÐnai tÐpota �llo apì thn exètash thc sÔgklishc mÐac
akoloujÐac. Epeid , ìmwc, oi seirèc emfanÐzontai polÔ suqn� sth Majhmatik 
An�lush kai stic efarmogèc thc, ja tic melet soume xeqwrist� apì tic akolou-
jÐec.
ParadeÐgmata:
1. H gewmetrik  seir�: ∑+∞

k=0 x
k (x ∈ R).

To x ∈ R eÐnai par�metroc kai onom�zetai lìgoc thc gewmetrik c seir�c.
Dhlad , ousiastik�, up�rqoun �peirec gewmetrikèc seirèc, mÐa gia k�je tim  tou
x. O arqikìc prosjetèoc thc seir�c eÐnai o x0, o opoÐoc èqei thn tim  1 gia k�je
x 6= 0. 'Opwc gnwrÐzoume, h par�stash 00 eÐnai aprosdiìristh, all�, eidik� sthn
perÐptwsh thc gewmetrik c seir�c (ìpwc kai sthn genikìterh perÐptwsh twn
dunamoseir¸n pou ja melet soume argìtera), k�noume thn paradoq : 00 = 1.

O n-ostìc prosjetèoc thc gewmetrik c seir�c eÐnai o x0 = 1, an n = 0, kai
o xn, an n = 1, 2, . . . . 'Ara, to n-ostì merikì �jroisma eÐnai to

sn = 1 + x+ x2 + · · ·+ xn =
{

xn+1−1
x−1 , an x 6= 1,

n+ 1, an x = 1.
DiakrÐnontac peript¸seic wc proc thn tim  tou x, èqoume ta parak�tw su-

mper�smata.
(i) An x = 1, tìte sn = n+ 1 → +∞, opìte h seir� apoklÐnei sto +∞.
(ii) An x > 1, tìte xn+1 → +∞, opìte sn → +∞ kai, epomènwc, h seir� apo-
klÐnei sto +∞.
(iii) An x = −1, tìte sn =

{
1, an o n eÐnai �rtioc,
0, an o n eÐnai perittìc. Epomènwc, h (sn) oÔte

sugklÐnei oÔte apoklÐnei sto +∞   sto −∞.
(iv) An x < −1, tìte sn = xn+1−1

x−1 =

{
|x|n+1−1

x−1 → −∞, an n eÐnai perittìc.
−|x|n+1−1

x−1 → +∞, an n eÐnai �rtioc.
'Ara, h (sn) oÔte sugklÐnei oÔte apoklÐnei sto +∞   sto −∞.
(v) An |x| < 1, tìte xn+1 → 0, opìte sn = xn+1−1

x−1 → 1
1−x . Epomènwc, h seir�

sugklÐnei sto 1
1−x .
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To genikì sumpèrasma gia th gewmetrik  seir� eÐnai
+∞∑
k=0

xk =
{

1
1−x , an |x| < 1.
+∞, an x ≥ 1.

Se k�je �llh perÐptwsh, dhlad , an x ≤ −1, h gewmetrik  seir� oÔte sugklÐnei
oÔte apoklÐnei sto +∞   sto −∞.
2. Thleskopikèc seirèc.

An èqoume thn akoloujÐa (an) kai gnwrÐzoume mÐa �llh akoloujÐa (bn) ¸ste
na isqÔei an = bn+1−bn gia k�je n ∈ N, lème ìti h ∑+∞

k=1 ak =
∑+∞

k=1(bk+1−bk)
eÐnai thleskopik . Sthn perÐptwsh aut  h seir� ∑+∞

k=1 ak sugklÐnei   apoklÐneisto +∞   apoklÐnei sto −∞ an kai mìnon an h akoloujÐa (bn) sugklÐnei  
apoklÐnei sto +∞   apoklÐnei sto −∞, antistoÐqwc.

H apìdeixh basÐzetai ston tÔpo:
sn = a1 + · · ·+ an = (b2 − b1) + (b3 − b2) + · · ·+ (bn+1 − bn) = bn+1 − b1 .

EÐnai fanerì ìti: bn → b ( , isodÔnama, bn+1 → b) an kai mìnon an sn → b− b1.Ac doÔme, gia par�deigma, th seir� ∑+∞
k=1

1
k(k+1) . MporoÔme na gr�youme

1
n(n+1) = 1

n −
1

n+1 kai, epomènwc,

sn =
(
1− 1

2

)
+

(1
2
− 1

3

)
+ · · ·+

( 1
n
− 1
n+ 1

)
= 1− 1

n+ 1
→ 1.

Dhlad ,
+∞∑
k=1

1
k(k + 1)

= 1.

'Askhsh 2: Gr�yte tic ∑+∞
k=1

√
k+1−

√
k√

k
√

k+1
, ∑+∞

k=1
1√

k+1+
√

k
kai ∑+∞

k=1
1

k(k+1)(k+2)wc thleskopikèc, kai upologÐste ta merik� ajroÐsmata kai ta ajroÐsmat� touc.
Prìtash 1.1 1. An oi seirèc

∑+∞
k=1 ak kai

∑+∞
k=1 bk èqoun ajroÐsmata ta opoÐa

den eÐnai +∞ kai −∞   −∞ kai +∞, h seir�
∑+∞

k=1(ak + bk) èqei �jroisma kai

+∞∑
k=1

(ak + bk) =
+∞∑
k=1

ak +
+∞∑
k=1

bk .

2. An λ ∈ R, λ 6= 0 kai h seir�
∑+∞

k=1 ak èqei �jroisma, h seir�
∑+∞

k=1(λak) èqei
�jroisma kai

+∞∑
k=1

(λak) = λ
+∞∑
k=1

ak .

An λ = 0, h isìthta aut  isqÔei kat� profan  trìpo, ektìc an to �jroisma
thc

∑+∞
k=1 ak eÐnai +∞   −∞, opìte h arister  meri� eÐnai Ðsh me 0 kai h dexi�

eÐnai aprosdiìristh morf .
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Apìdeixh: 'Estw s =
∑+∞

k=1 ak kai t =
∑+∞

k=1 bk.1. An sn =
∑n

k=1 ak, tn =
∑n

k=1 bk kai un =
∑n

k=1(ak + bk) eÐnai ta n-ost�
merik� ajroÐsmata twn an, bn kai an + bn, antistoÐqwc, èqoume un = sn + tn.Epeid  sn → s kai tn → t, sunep�getai un → s+ t.
2. An sn =

∑n
k=1 ak kai un =

∑n
k=1(λak) eÐnai ta n-ost� merik� ajroÐsmata

twn an kai λan, antistoÐqwc, èqoume un = λsn. Epeid  sn → s, sunep�getai
un → λs. O.E.D.
'Askhsh 3: UpologÐste ta ajroÐsmata twn seir¸n ∑+∞

k=0

(
2
3k − 3(−1)k 1

2k

),∑+∞
k=0

(
− 2k + 4

2k

), ∑+∞
k=0(2

k + 4k) kai ∑+∞
k=0(2

k − 3k).
Prìtash 1.2 SÔgkrish seir¸n, I. An oi seirèc

∑+∞
k=1 ak kai

∑+∞
k=1 bk èqoun

ajroÐsmata kai an an ≤ bn gia k�je n ∈ N, tìte

+∞∑
k=1

ak ≤
+∞∑
k=1

bk .

An, epiplèon, ta dÔo ajroÐsmata eÐnai Ðsoi pragmatikoÐ arijmoÐ, tìte an = bn gia
k�je n ∈ N.

Apìdeixh: 'Estw s =
∑+∞

k=1 ak kai t =
∑+∞

k=1 bk.1. An sn =
∑n

k=1 ak kai tn =
∑n

k=1 bk eÐnai ta n-ost� merik� ajroÐsmata twn
an kai bn, antistoÐqwc, èqoume sn ≤ tn gia k�je n ∈ N. Epeid  sn → s kai
tn → t, sunep�getai s ≤ t.
2. 'Estw ∑+∞

k=1 ak =
∑+∞

k=1 bk kai h koin  tim  twn dÔo ajroism�twn eÐnai
pragmatikìc arijmìc. PaÐrnoume opoiod pote m ∈ N kai parathroÔme ìti gia
k�je n ≥ m isqÔei tn − sn =

∑n
k=1(bk − ak) ≥ bm − am ≥ 0, afoÔ to bm − ameÐnai ènac apì touc ìrouc tou ajroÐsmatoc kai ìlec oi �llec parenjèseic eÐnai

mh-arnhtikèc. PaÐrnoume ìrio kaj¸c n→ +∞ kai, epeid  oi (sn) kai (tn) èqoun
wc ìrio ton Ðdio pragmatikì arijmì, sumperaÐnoume ìti bm − am = 0. 'Ara,
am = bm gia opoiod pote m ≥ 1. O.E.D.
Prìtash 1.3 SÔgkrish seir¸n, II. 'Estw an ≤ bn gia k�je n ∈ N.
1. An

∑+∞
k=1 ak = +∞, tìte

∑+∞
k=1 bk = +∞.

2. An
∑+∞

k=1 bk = −∞, tìte
∑+∞

k=1 ak = −∞.

Apìdeixh: An sn =
∑n

k=1 ak kai tn =
∑n

k=1 bk eÐnai ta n-ost� merik� ajroÐ-
smata twn an kai bn, antistoÐqwc, èqoume sn ≤ tn gia k�je n ∈ N.
1. Epeid  sn → +∞, sunep�getai tn → +∞.
2. Epeid  tn → −∞, sunep�getai sn → −∞. O.E.D.
'Askhsh 4: Na sugkrÐnete tic seirèc ∑+∞

k=1 k, ∑+∞
k=1 k

2 kai ∑+∞
k=1 2k me mÐa

polÔ apl  seir� gia na apodeÐxete ìti kai oi treic apoklÐnoun sto +∞.
Prìtash 1.4 1. An apaleÐyoume peperasmènou pl jouc arqikoÔc prosjetèouc
miac seir�c, den ephre�zetai h sÔgklis  thc.
2. An all�xoume peperasmènou pl jouc prosjetèouc miac seir�c, den ephre�ze-
tai h sÔgklis  thc.
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Apìdeixh: 1. JewroÔme th seir� ∑+∞
k=1 ak kai apaleÐfoume touc prosjetèouc

a1, a2, . . . , an0−1, opìte h kainoÔria seir� gr�fetai ∑+∞
k=n0

ak. An sn eÐnai to
n-ostì merikì �jroisma twn an (n = 1, 2, . . .), tìte sn = a1 + · · ·+an. OmoÐwc,an tn eÐnai to n-ostì merikì �jroisma twn an (n = n0, n0 + 1, . . .), tìte tn =
an0 + · · ·+ an. Epomènwc, an n ≥ n0,

sn = a1 + a2 + · · ·+ an0−1 + an0 + · · ·+ an = a1 + · · ·+ an0−1 + tn .

'Ara, h (sn) sugklÐnei an kai mìnon an h (tn) sugklÐnei. Epiplèon, an sn →
s kai tn → t, paÐrnontac ìrio sthn prohgoÔmenh isìthta kaj¸c n → +∞,
sumperaÐnoume ìti s = a1 + a2 + · · ·+ an0−1 + t. Dhlad ,

+∞∑
k=1

ak = a1 + · · ·+ an0−1 +
+∞∑

k=n0

ak .

2. JewroÔme th seir� ∑+∞
k=1 ak kai all�zoume peperasmènou pl jouc prosje-

tèouc. Ja up�rqei, tìte, n0 ¸ste ta an (n = n0, n0 + 1, . . .) na parameÐnoun
Ðdia. Epomènwc, tìso h arqik  ìso kai h kainoÔria seir� èqoun to Ðdio komm�ti∑+∞

k=n0
ak kai, apl¸c, efarmìzoume to apotèlesma tou mèrouc 1. O.E.D.

'Askhsh 5: Melet ste wc proc th sÔgklish tic seirèc ∑+∞
k=7 2k, ∑+∞

k=1
1

2k+15 ,∑+∞
k=3 2k−7 kai ∑+∞

k=8
1

k(k+1) , k�nontac anagwg  se �llec aploÔsterec.
Prìtash 1.5 'Estw ìti h seir�

∑+∞
k=1 ak sugklÐnei. Tìte

1. an → 0 kai
2. gia k�je ε > 0 up�rqei n0 = n0(ε) ∈ N ¸ste:

n ≥ n0 ⇒
∣∣∣ +∞∑

k=n+1

ak

∣∣∣ < ε .

Apìdeixh: 'Estw s =
∑+∞

k=1 ak kai s ∈ R. An sn =
∑n

k=1 ak, tìte sn → s kai,
epomènwc,
1. an = sn − sn−1 → s− s = 0 kai
2. ∑+∞

k=n+1 ak =
∑+∞

k=1 ak −
∑n

k=1 ak = s− sn → 0. O.E.D.
Prèpei na tonisjeÐ me èmfash ìti to antÐstrofo thc Prìtashc 1.5.1 den isqÔ-

ei. LÐgo parak�tw ja melet soume par�deigma seir�c ∑+∞
k=1 ak (thn armonik 

seir�) h opoÐa apoklÐnei en¸ an → 0.
Par�deigma:
An |x| ≥ 1, mporoÔme na doÔme kai me deÔtero trìpo ìti h gewmetrik  seir�∑+∞

k=0 x
k apoklÐnei. Pr�gmati, |xn| = |x|n ≥ 1 kai, epomènwc, xn 6→ 0.

'Askhsh 6: ApodeÐxte ìti oi ∑+∞
k=1

(
1+(−1)k

), ∑+∞
k=1

k2−k+1
k2+1 , ∑+∞

k=1
2k+3k

2k+1+3k+1

kai ∑+∞
k=1

1
k log(1+ 1

k )
apoklÐnoun.
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Je¸rhma 1.1 Krit rio tou Cauchy. H seir�
∑+∞

k=1 ak sugklÐnei an kai
mìnon an gia k�je ε > 0 up�rqei n0 = n0(ε) ∈ N ¸ste:

n0 ≤ m < n ⇒
∣∣∣ n∑

k=m+1

ak

∣∣∣ = |am+1 + · · ·+ an| < ε .

Apìdeixh: 'Estw sn = a1 + · · · + an to n-ostì merikì �jroisma. H seir�
sugklÐnei an kai mìnon an h (sn) sugklÐnei  , isodÔnama, an kai mìnon an h (sn)
eÐnai akoloujÐa Cauchy. 'Omwc, to ìti h (sn) eÐnai akoloujÐa Cauchy isodunameÐ,
ex orismoÔ, me to ìti gia k�je ε > 0 up�rqei n0 = n0(ε) ∈ N ¸ste: n0 ≤ m <
n ⇒ |am+1 + · · · + an| = |(a1 + · · · + an) − (a1 + · · · + am)| = |sn − sm| < ε.
O.E.D.

To krit rio tou Cauchy ekfr�zetai kai wc ex c: h seir�
∑+∞

k=1 ak sugklÐnei
an kai mìnon an

∑n
k=m+1 ak → 0 kaj¸c m,n→ +∞.

Par�deigma:
H armonik  seir�: ∑+∞

k=1
1
k .

Kat' arq n, an m < n, isqÔei 1
m+1 + · · ·+ 1

n ≥
1
n + · · ·+ 1

n = (n−m) 1
n .

Efarmìzoume, t¸ra, to krit rio Cauchy. An h armonik  seir� sugklÐnei,
tìte, paÐrnontac ε = 1

4 , ja up�rqei k�poio n0 ∈ N ¸ste: n0 ≤ m < n ⇒∣∣ 1
m+1 + · · · + 1

n

∣∣ < 1
4 . Eidik¸tera, paÐrnontac m = n0 kai n = 2n0, ja isqÔei

1
n0+1 + · · · + 1

2n0
< 1

4 . Autì, ìmwc, antif�skei me to ìti 1
n0+1 + · · · + 1

2n0
≥

(2n0 − n0) 1
2n0

= 1
2 .

'Ara, h armonik  seir� apoklÐnei kai ètsi apodeiknÔetai ìti to antÐstrofo
thc Prìtashc 1.5.1 den isqÔei.
'Askhsh 7: Efarmìste to krit rio tou Cauchy gia na katal xete sta  dh
gnwst� apotelèsmata wc proc th sÔgklish twn seir¸n ∑+∞

k=1 1, ∑+∞
k=1(−1)k,∑+∞

k=1 k, ∑+∞
k=1(−2)k, ∑+∞

k=1
1
2k , ∑+∞

k=1
1

k(k+1) kai ∑+∞
k=1

1
k2 .

1.2 Seirèc me mh arnhtikoÔc prosjetèouc.
Je¸rhma 1.2 'Estw

∑+∞
k=1 ak me an ≥ 0 gia k�je n ∈ N kai sn =

∑n
k=1 ak.

1. An h akoloujÐa (sn) eÐnai �nw fragmènh, h seir� sugklÐnei.
2. An h (sn) den eÐnai �nw fragmènh, tìte

∑+∞
k=1 ak = +∞.

Apìdeixh: Kat' arq n parathroÔme ìti h (sn) eÐnai aÔxousa. Pr�gmati, sn+1 =
sn+an+1 ≥ sn. 'Ara, an h (sn) eÐnai �nw fragmènh, tìte sugklÐnei kai, epomènwc,
h seir� sugklÐnei. Antijètwc, an h (sn) den eÐnai �nw fragmènh, tìte sn → +∞
kai, epomènwc, ∑+∞

k=1 ak = +∞. O.E.D.
Prèpei na tonisjeÐ ìti, sÔmfwna me to Je¸rhma 1.2, k�je seir� ∑+∞

k=1 ak me
mh-arnhtikoÔc prosjetèouc eÐte sugklÐnei eÐte apoklÐnei sto +∞ kai, se k�je
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perÐptwsh, èqei �jroisma. M�lista, apì thn Prìtash 1.2 èqoume ∑+∞
k=1 ak ≥∑+∞

k=1 0 = 0. MporoÔme, loipìn, na sumper�noume ìti k�je seir� ∑+∞
k=1 ak me

mh-arnhtikoÔc prosjetèouc èqei opwsd pote �jroisma to opoÐo eÐnai eÐte mh
arnhtikìc arijmìc eÐte +∞. Dhlad ,

0 ≤
+∞∑
k=1

ak ≤ +∞.

'Etsi, h sÔgklish thc seir�c eÐnai isodÔnamh me thn anisìthta ∑+∞
k=1 ak < +∞,

en¸ h apìklish thc seir�c eÐnai isodÔnamh me thn isìthta ∑+∞
k=1 ak = +∞.

EpÐshc prèpei na epishm�noume ìti, an èqoume mÐa genik  seir� ∑+∞
k=1 ak,

mporoÔme na gr�youme thn anisìthta ∑+∞
k=1 ak ≤ +∞, mìnon an gnwrÐzoume ìti

h seir� èqei �jroisma, dhlad  an to
∑+∞

k=1 ak èqei upìstash wc stoiqeÐo tou
R ∪ {−∞,+∞}. Aut  h proüpìjesh eÐnai ek twn protèrwn exasfalismènh, an
h seir� èqei mh-arnhtikoÔc prosjetèouc.
Prìtash 1.6 SÔgkrish seir¸n, III. 'Estw 0 ≤ an ≤ bn gia k�je n ∈ N.
Tìte
1. 0 ≤

∑+∞
k=1 ak ≤

∑+∞
k=1 bk kai

2. an h
∑+∞

k=1 bk sugklÐnei, tìte kai h
∑+∞

k=1 ak sugklÐnei.

Apìdeixh: Epeid  oi seirèc ∑+∞
k=1 ak kai ∑+∞

k=1 bk èqoun mh-arnhtikoÔc prosje-
tèouc, èqoun kai oi dÔo ajroÐsmata.
1. Apì thn Prìtash 1.2 sunep�getai 0 ≤

∑+∞
k=1 ak ≤

∑+∞
k=1 bk.2. Epeid  ∑+∞

k=1 bk < +∞, sumperaÐnoume ∑+∞
k=1 ak < +∞. O.E.D.

ParadeÐgmata:
1. 'Opwc eÐdame, h armonik  seir� ∑+∞

k=1
1
k apoklÐnei. Epeid  eÐnai seir� me

mh-arnhtikoÔc prosjetèouc, sumperaÐnoume ìti apoklÐnei sto +∞:
+∞∑
k=1

1
k

= +∞.

2. H seir� ∑+∞
k=0

1
k! = 1 + 1

1! + 1
2! + 1

3! + · · · .
Gia k�je k ≥ 1 isqÔei k! = 1 · 2 · 3 · · · k ≥ 1 · 2 · · · 2 = 2k−1 kai, epomènwc,

0 ≤ 1
n! ≤

1
2n−1 gia k�je n ≥ 1. SÔmfwna me thn Prìtash 1.2, ∑+∞

k=0
1
k! =

1 +
∑+∞

k=1
1
k! ≤ 1 +

∑+∞
k=1

1
2k−1 = 1 +

∑+∞
k=0

1
2k = 1 + 1

1− 1
2

= 3. 'Ara h ∑+∞
k=0

1
k!sugklÐnei.

H epìmenh Prìtash 1.7 lèei ìti to �jroisma thc seir�c ∑+∞
k=0

1
k! eÐnai to Ðdio me

to ìrio thc akoloujÐac (
(1 + 1

n )n
), ton gnwstì arijmì e.

Prìtash 1.7
+∞∑
k=0

1
k!

= e .
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Apìdeixh: 'Estw sn = 1 + 1
1! + · · ·+ 1

n! kai tn =
(
1 + 1

n

)n. Tìte
tn = 1 +

(n
1

) 1
n

+
(n

2

) 1
n2

+ · · ·+
(n
k

) 1
nk

+ · · ·+
(n
n

) 1
nn

= 1 +
1
1!

+
1
2!

(
1− 1

n

)
+ · · ·+ 1

k!

(
1− 1

n

)(
1− 2

n

)
. . .

(
1− k − 1

n

)
+ · · ·

· · ·+ 1
n!

(
1− 1

n

)
. . .

(
1− n− 1

n

)
.

Epeid  ìlec oi parenjèseic eÐnai jetikèc kai mikrìterec apì to 1, sunep�getai
tn ≤ 1+ 1

1! + · · ·+ 1
n! = sn gia k�je n ≥ 1. Akìmh, an 1 ≤ k ≤ n, paraleÐpontac

touc (jetikoÔc) ìrouc met� apì ton k-ostì, èqoume
tn ≥ 1 +

1
1!

+
1
2!

(
1− 1

n

)
+ · · ·+ 1

k!

(
1− 1

n

)(
1− 2

n

)
. . .

(
1− k − 1

n

)
.

PaÐrnontac ìria kaj¸c n → +∞, èqoume e ≥ 1 + 1
1! + 1

2! + · · · + 1
k! = sk gia

k�je k ≥ 1 kai, me allag  sumbolismoÔ, e ≥ sn gia k�je n ≥ 1.
'Ara, tn ≤ sn ≤ e gia k�je n ≥ 1 kai, epomènwc, sn → e. O.E.D.

'Askhsh 8: 'Estw ρ ≤ 1. SugkrÐnontac me mÐa gnwst  seir�, apodeÐxte ìti∑+∞
k=1

1
kρ = +∞.

'Askhsh 9: 1. Na sugkrÐnete (me k�poio trìpo) th seir� ∑+∞
k=1

1
k2 me th seir�∑+∞

k=1
1

k(k+1) = 1 ¸ste na apodeÐxete ìti ∑+∞
k=1

1
k2 < +∞.

2. 'Estw ρ ≥ 2. SugkrÐnontac me gnwst  seir�, apodeÐxte ìti ∑+∞
k=1

1
kρ < +∞.

'Askhsh 10: 'Estw an ≥ 0 gia k�je n ∈ N. An h ∑+∞
k=1 ak sugklÐnei, apodeÐxte

ìti h ∑+∞
k=1

√
akak+1 sugklÐnei. (Upìdeixh: xy ≤ 1

2x
2 + 1

2y
2.) An, epiplèon, h

(an) eÐnai fjÐnousa, apodeÐxte ìti alhjeÔei kai to antÐstrofo.
'Askhsh 11: 'Estw h akoloujÐa n1 < n2 < n3 < . . . twn fusik¸n arijm¸n oi
opoÐoi den perièqoun to yhfÐo 0 sth dekadik  touc par�stash. ApodeÐxte ìti h∑+∞

k=1
1

nk
sugklÐnei se arijmì mikrìtero apì 90. (Upìdeixh: BreÐte pìsoi ìroi

thc (nk) brÐskontai an�mesa se dÔo diadoqikèc dun�meic tou 10.)
'Askhsh 12: 'Estw an > 0 gia k�je n ∈ N kai h ∑+∞

k=1 ak sugklÐnei. OrÐzoume
rn =

∑+∞
k=n ak gia k�je n ∈ N.

1. An 1 ≤ m < n, apodeÐxte ìti am

rm
+ · · · + an

rn
≥ 1 − rn+1

rm
(Upìdeixh: H

(rn) eÐnai fjÐnousa.) kai sumper�nate ìti h ∑+∞
k=1

ak

rk
apoklÐnei. (Upìdeixh:

Qrhsimopoi ste to krit rio tou Cauchy kai to ìti rn → 0.)
2. ApodeÐxte ìti an√

rn
< 2(

√
rn −

√
rn+1) gia k�je n ∈ N kai sumper�nate ìti h∑+∞

k=1
ak√
rk

sugklÐnei.
'Askhsh 13: 'Estw an > 0 kai sn = a1 + a2 + · · · + an gia k�je n ∈ N kai h∑+∞

k=1 ak apoklÐnei.
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1. ApodeÐxte ìti h ∑+∞
k=1

ak

1+ak
apoklÐnei. (Upìdeixh: Upojèste ìti h ∑+∞

k=1
ak

1+aksugklÐnei, opìte an

1+an
→ 0. ApodeÐxte ìti an → 0. 'Ara h (an) eÐnai �nw

fragmènh, opìte an ≤ M gia k�poio M kai, epomènwc, an ≤ (1 + M) an

1+an
.

Qrhsimopoi ste to Je¸rhma SÔgkrishc.)
2. An 1 ≤ m < n, apodeÐxte ìti am+1

sm+1
+ · · · + an

sn
≥ 1 − sm

sn
(Upìdeixh: H

(sn) eÐnai aÔxousa.) kai sumper�nate ìti h ∑+∞
k=1

ak

sk
apoklÐnei. (Upìdeixh:

Qrhsimopoi ste to krit rio tou Cauchy kai to ìti sn → +∞.)
3. ApodeÐxte ìti an

s2
n
≤ 1

sn−1
− 1

sn
gia k�je n ∈ N (Upìdeixh: an = sn − sn−1 .)

kai sumper�nate ìti h ∑+∞
k=1

ak

s2
k

sugklÐnei.
Pollèc forèc sunant�me seirèc ∑+∞

k=1 ak twn opoÐwn oi prosjetèoi an fjÐ-
noun proc to 0: an+1 ≤ an gia k�je n ∈ N kai an → 0. Ja doÔme dÔo krit ria
sÔgklishc qr sima se tètoiec peript¸seic.
Prìtash 1.8 Krit rio sumpÔknwshc tou Cauchy. 'Estw seir�

∑+∞
k=1 ak

me prosjetèouc oi opoÐoi fjÐnoun proc to 0. H seir� aut  sugklÐnei an kai mìnon
an h seir�

∑+∞
k=0 2ka2k sugklÐnei.

Apìdeixh: 'Estw ìti h ∑+∞
k=0 2ka2k sugklÐnei. Tìte ta merik� ajroÐsmata a1 +

2a2 + 4a4 + · · · + 2na2n eÐnai �nw fragmèna, èstw apì ton arijmì M . ArkeÐ,
sÔmfwna me to Je¸rhma 1.2, na apodeÐxoume to Ðdio gia ta merik� ajroÐsmata
thc ∑+∞

k=1 ak. 'Estw sm = a1 + · · · + am. O arijmìc m brÐsketai an�mesa se
dÔo diadoqikèc dun�meic tou 2, èstw 2n ≤ m < 2n+1. Qrhsimopoi¸ntac ìti h
(an) eÐnai fjÐnousa,
sm = a1 + (a2 + a3) + (a4 + a5 + a6 + a7) + · · ·+ (a2n−1 + · · ·+ a2n−1)+

+(a2n + · · ·+ am) ≤ a1 + 2a2 + 4a4 + · · ·+ 2n−1a2n−1 + 2na2n ≤M.

Antistrìfwc, èstw ìti h ∑+∞
k=1 ak sugklÐnei. Tìte h (sm) eÐnai �nw fragmè-

nh, opìte up�rqei k�poio M ¸ste sm ≤M gia k�je m ∈ N. Sunep�getai
a1 + 2a2 + 4a4 + · · ·+ 2na2n

≤ 2a1 + 2a2 + 2(a3 + a4) + · · ·+ 2(a2n−1+1 + · · ·+ a2n)

= 2s2n ≤ 2M.

'Ara, ta merik� ajroÐsmata thc seir�c ∑+∞
k=0 2ka2k eÐnai �nw fragmèna, opìte,

sÔmfwna me to Je¸rhma 1.2, h ∑+∞
k=0 2ka2k sugklÐnei. O.E.D.

ParadeÐgmata:
1. ∑+∞

k=1
1
kρ (ρ ∈ R).

DiakrÐnoume peript¸seic wc proc tic timèc tou ρ.
(i) An ρ ≤ 0, tìte 1

nρ ≥ 1, opìte, b�sei thc Prìtashc 1.5.1, h seir� de sugklÐnei.
Epeid  h seir� èqei mh-arnhtikoÔc prosjetèouc, apoklÐnei sto +∞.

Enallaktik�, ∑+∞
k=1

1
kρ ≥

∑+∞
k=1 1 = +∞ kai, epomènwc, ∑+∞

k=1
1
kρ = +∞.

(ii) An ρ > 0, h akoloujÐa (
1

nρ

) fjÐnei proc to 0. Exet�zoume th seir�
14



∑+∞
k=0 2k 1

(2k)ρ =
∑+∞

k=0

(
1

2ρ−1

)k. H teleutaÐa seir� eÐnai gewmetrik  me lìgo
1

2ρ−1 . H seir� aut  sugklÐnei, an 1
2ρ−1 < 1, dhlad  an ρ > 1, kai apoklÐnei sto

+∞, an 1
2ρ−1 ≥ 1, dhlad  an 0 < ρ ≤ 1.

'Ara, h seir� ∑+∞
k=1

1
kρ sugklÐnei, an ρ > 1, kai apoklÐnei sto +∞, an ρ ≤ 1.

'Askhsh 14: 'Estw an > 0 gia k�je n ∈ N. An h ∑+∞
k=1 ak sugklÐnei, apodeÐxte

ìti h ∑+∞
k=1

√
ak

k sugklÐnei. (Upìdeixh: xy ≤ 1
2x

2 + 1
2y

2.)
2. ∑+∞

k=2
1

k(log k)ρ (ρ ∈ R).
DiakrÐnoume peript¸seic wc proc to ρ.

(i) An ρ ≤ 0, gia k�je n ≥ 3 èqoume 1
n(log n)ρ = (log n)|ρ|

n ≥ 1
n kai, epomènwc,∑+∞

k=3
1

k(log k)ρ ≥
∑+∞

k=3
1
k = +∞. 'Ara, ∑+∞

k=2
1

k(log k)ρ = +∞.
(ii) An ρ > 0, h akoloujÐa (

1
n(log n)ρ

) fjÐnei proc to 0. B�sei tou prohgoÔmenou
paradeÐgmatoc, h seir� ∑+∞

k=1 2k 1
2k(log(2k))ρ = 1

(log 2)ρ

∑+∞
k=1

1
kρ sugklÐnei, an ρ >

1, kai apoklÐnei sto +∞, an 0 < ρ ≤ 1.
'Ara, h ∑+∞

k=2
1

k(log k)ρ sugklÐnei, an ρ > 1, kai apoklÐnei sto +∞, an ρ ≤ 1.
'Askhsh 15: Exet�ste th sÔgklish thc seir�c ∑+∞

k=3
1

k log k
(

log(log k)
)ρ , an�-

loga me thn tim  thc paramètrou ρ ∈ R.
Ja melet soume, t¸ra, èna deÔtero krit rio sÔgklishc seir¸n ∑+∞

k=1 ak me
prosjetèouc oi opoÐoi fjÐnoun proc to 0.

Ac upojèsoume ìti gnwrÐzoume mÐa sun�rthsh f : [1,+∞) → R gia thn
opoÐa isqÔei ìti:
(i) h f eÐnai fjÐnousa sto [1,+∞) kai
(ii) f(n) = an gia k�je n ∈ N.

Gia par�deigma, gia thn ∑+∞
k=1

1
k mporoÔme na epilèxoume th sun�rthsh

f(x) = 1
x (1 ≤ x < +∞). EÐnai polÔ eÔkolo na apodeÐxoume k�poiec epiplèon

idiìthtec thc f . MÐa tètoia idiìthta eÐnai h
(iii) f(x) ≥ 0 gia k�je x ≥ 1.

Pr�gmati, gia tuqìn x ≥ 1 paÐrnoume opoiond pote fusikì n ≥ x, opìte
f(x) ≥ f(n) = an ≥ 0. MÐa deÔterh idiìthta eÐnai h
(iv) limx→+∞ f(x) = 0.

Gia na thn apodeÐxoume paÐrnoume ε > 0 kai, epeid  an → 0, up�rqei n0 ∈ N
¸ste: 0 ≤ an < ε gia k�je n ≥ n0. Sunep�getai ìti gia k�je x ≥ n0 isqÔei
0 ≤ f(x) ≤ f(n0) = an0 < ε.

Katìpin, jewroÔme th sun�rthsh ∫ x

1
f(t) dt (1 ≤ x < +∞). Parathr ste

ìti, epeid  h f eÐnai fjÐnousa, eÐnai Riemann oloklhr¸simh se k�je di�sthma
[a, b] ⊆ [1,+∞). H sun�rthsh ∫ x

1
f(t) dt tou x eÐnai aÔxousa sto [1,+∞).

Pr�gmati, an 1 ≤ x < y, tìte ∫ y

1
f(t) dt =

∫ x

1
f(t) dt +

∫ y

x
f(t) dt ≥

∫ x

1
f(t) dt.

To teleutaÐo isqÔei diìti f(t) ≥ 0 gia k�je t ∈ [x, y], opìte ∫ y

x
f(t) dt ≥ 0.

Epeid  h ∫ x

1
f(t) dt eÐnai aÔxousa, sunep�getai ìti to limx→+∞

∫ x

1
f(t) dt

up�rqei kai, m�lista, èqoume akrib¸c dÔo endeqìmena:
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(i) an h ∫ x

1
f(t) dt eÐnai �nw fragmènh, dhlad  up�rqeiM ∈ R ¸ste ∫ x

1
f(t) dt ≤

M gia k�je x ≥ 1, tìte to limx→+∞
∫ x

1
f(t) dt eÐnai pragmatikìc arijmìc,

(ii) an h ∫ x

1
f(t) dt den eÐnai �nw fragmènh, tìte limx→+∞

∫ x

1
f(t) dt = +∞.

Prìtash 1.9 Krit rio oloklhr¸matoc. 'Estw
∑+∞

k=1 ak me prosjetèouc oi
opoÐoi fjÐnoun proc to 0 kai sun�rthsh f : [1,+∞) → R gia thn opoÐa isqÔei:
(i) h f eÐnai fjÐnousa sto [1,+∞) kai
(ii) f(n) = an gia k�je n ∈ N.
To sumpèrasma eÐnai:
1. an to limx→+∞

∫ x

1
f(t) dt eÐnai pragmatikìc arijmìc, h seir�

∑+∞
k=1 ak su-

gklÐnei kai
2. an limx→+∞

∫ x

1
f(t) dt = +∞, tìte

∑+∞
k=1 ak = +∞.

EpÐshc, se k�je perÐptwsh

lim
x→+∞

∫ x

1

f(t) dt ≤
+∞∑
k=1

ak ≤ a1 + lim
x→+∞

∫ x

1

f(t) dt.

Apìdeixh: PaÐrnoume tuqaÐo k ∈ N kai parathroÔme ìti, epeid  h f eÐnai fjÐ-
nousa, gia k�je t ∈ [k, k + 1] isqÔei ak+1 = f(k + 1) ≤ f(t) ≤ f(k) = ak.Sunep�getai

ak+1 ≤
∫ k+1

k

f(t) dt ≤ ak .

AjroÐzontac autèc tic anisìthtec gia k = 1, . . . , n, brÐskoume a2 + · · ·+ an+1 ≤∫ n+1

1
f(t) dt ≤ a1 + · · ·+ an gia k�je n ∈ N. IsodÔnama,∫ n+1

1

f(t) dt ≤ a1 + · · ·+ an ≤ a1 +
∫ n

1

f(t) dt , n ∈ N.

Epeid  up�rqei to limx→+∞
∫ x

1
f(t) dt, up�rqei kai to limn→+∞

∫ n

1
f(t) dt kai

limn→+∞
∫ n

1
f(t) dt = limx→+∞

∫ x

1
f(t) dt. EpÐshc, h ∑+∞

k=1 ak èqei �jroisma,
diìti èqei mh-arnhtikoÔc prosjetèouc. PaÐrnontac ìria kaj¸c n → +∞ sthn
teleutaÐa dipl  anisìthta, sumperaÐnoume limx→+∞

∫ x

1
f(t) dt ≤

∑+∞
k=1 ak ≤

a1 + limx→+∞
∫ x

1
f(t) dt.

T¸ra ta sumper�smata (1) kai (2) eÐnai �mesa. O.E.D.
Par�deigma:
JewroÔme, p�li, thn armonik  seir� ∑+∞

k=1
1
k .

Epilègoume th suneq  kai fjÐnousa sun�rthsh f(x) = 1
x (1 ≤ x < +∞) kai

upologÐzoume limx→+∞
∫ x

1
1
t dt = limx→+∞ log x = +∞. 'Ara, ∑+∞

k=1
1
k = +∞.

'Askhsh 16: 'Estw ρ > 0. Qrhsimopoi ste to krit rio tou oloklhr¸matoc gia
na melet sete wc proc th sÔgklish tic seirèc ∑+∞

k=1
1
kρ kai ∑+∞

k=2
1

k(log k)ρ .
'Askhsh 17: 1. 'Estw ρ > 0 kai ρ 6= 1. ApodeÐxte ìti gia k�je n ∈ N

1
ρ−1

(
1 − 1

(n+1)ρ−1

)
≤ 1 + 1

2ρ + · · · + 1
nρ ≤ 1 + 1

ρ−1

(
1 − 1

nρ−1

). (Upìdeixh:
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Qrhsimopoi ste thn anisìthta ∫ n+1

1
f(t) dt ≤ a1 + · · · + an ≤ a1 +

∫ n

1
f(t) dt

pou emfanÐzetai sthn apìdeixh thc Prìtashc 1.9.)
2. ApodeÐxte ìti log(n+ 1) ≤ 1 + 1

2 + · · ·+ 1
n ≤ 1 + log n gia k�je n ∈ N.

3. An ρ > 1, apodeÐxte ìti 1
ρ−1 ≤

∑+∞
k=1

1
kρ ≤ ρ

ρ−1 .
4. ApodeÐxte ìti limρ→1+(ρ− 1)

∑+∞
k=1

1
kρ = 1.

1.3 Apìluth sÔgklish seir¸n.
Orismìc 1.5 Lème ìti h

∑+∞
k=1 ak sugklÐnei apolÔtwc, an h

∑+∞
k=1 |ak| su-

gklÐnei. Lème ìti h
∑+∞

k=1 ak sugklÐnei upì sunj kh, an sugklÐnei all� de
sugklÐnei apolÔtwc.

EÐnai profanèc ìti gia seirèc me mh-arnhtikoÔc prosjetèouc h ènnoia thc
apìluthc sÔgklishc tautÐzetai me thn ènnoia thc sÔgklishc.
Prìtash 1.10 An h

∑+∞
k=1 ak sugklÐnei apolÔtwc, tìte sugklÐnei. EpÐshc

∣∣∣ +∞∑
k=1

ak

∣∣∣ ≤ +∞∑
k=1

|ak| .

Apìdeixh: Efarmìzoume to krit rio tou Cauchy. 'Estw ε > 0. AfoÔ h ∑+∞
k=1 |ak|sugklÐnei, up�rqei n0 ∈ N ¸ste: n0 ≤ m < n ⇒

∑n
k=m+1 |ak| < ε. Sunep�-

getai: n0 ≤ m < n ⇒
∣∣ ∑n

k=m+1 ak

∣∣ ≤ ∑n
k=m+1 |ak| < ε. 'Ara, h ∑+∞

k=1 akikanopoieÐ to krit rio tou Cauchy kai, epomènwc, sugklÐnei.
H anisìthta ∣∣ ∑+∞

k=1 ak

∣∣ ≤ ∑+∞
k=1 |ak| prokÔptei apì tic stoiqei¸deic anisì-

thtec ∣∣ ∑n
k=1 ak

∣∣ ≤ ∑n
k=1 |ak|, paÐrnontac ìrio kaj¸c n→ +∞. O.E.D.

H anisìthta ∣∣ ∑+∞
k=1 ak

∣∣ ≤ ∑+∞
k=1 |ak| onom�zetai trigwnik  anisìthta.

H Prìtash 1.10 lèei ìti, an ∑n
k=1 |ak| < +∞, to ∑+∞

k=1 ak eÐnai pragmatikìc
arijmìc kai isqÔei h trigwnik  anisìthta ∣∣ ∑+∞

k=1 ak

∣∣ ≤ ∑+∞
k=1 |ak|. Autì to

apotèlesma sumplhr¸netai wc ex c: an ∑n
k=1 |ak| = +∞ kai an h

∑+∞
k=1 ak èqei

�jroisma, to ∑+∞
k=1 ak eÐnai stoiqeÐo tou R ∪ {−∞,+∞}, opìte to ∣∣ ∑+∞

k=1 ak

∣∣
eÐnai stoiqeÐo tou [0,+∞] kai, epomènwc, h trigwnik  anisìthta isqÔei kat�
profan  trìpo. Prèpei, ìmwc, na tonisjeÐ me èmfash ìti h trigwnik  anisìthta∣∣ ∑+∞

k=1 ak

∣∣ ≤ ∑+∞
k=1 |ak| isqÔei mìno me thn proüpìjesh ìti h

∑+∞
k=1 ak èqei

�jroisma.
ParadeÐgmata:
1. H ∑+∞

k=1
(−1)k−1

k2 sugklÐnei, afoÔ sugklÐnei apolÔtwc: ∑+∞
k=1

∣∣ (−1)k−1

k2

∣∣ =∑+∞
k=1

1
k2 < +∞.

2. H ∑+∞
k=1

(−1)k−1

k de sugklÐnei apolÔtwc, afoÔ ∑+∞
k=1

∣∣ (−1)k−1

k

∣∣ =
∑+∞

k=1
1
k =

+∞. Ja deÐxoume t¸ra ìti aut  h seir� sugklÐnei, dhlad  ìti sugklÐnei upì
sunj kh. An sn =

∑n
k=1

(−1)k−1

k , tìte s2m = 1 − 1
2 + 1

3 −
1
4 + · · · + 1

2m−1 −
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1
2m =

(
1 − 1

2

)
+

(
1
3 −

1
4

)
+ · · · +

(
1

2m−1 −
1

2m

). Sunep�getai s2m+2 − s2m =
1

2m+1−
1

2m+2 ≥ 0 kai, epomènwc, h upoakoloujÐa (s2m) eÐnai aÔxousa. Epiplèon,
h Ðdia upoakoloujÐa eÐnai kai �nw fragmènh, diìti s2m = 1 − 1

2 + 1
3 −

1
4 +

· · · + 1
2m−1 −

1
2m = 1 −

(
1
2 −

1
3

)
− · · · −

(
1

2m−2 −
1

2m−1

)
− 1

2m < 1. 'Ara,
h upoakoloujÐa (s2m) sugklÐnei, opìte s2m → s gia k�poio s ∈ R. 'Omwc,
s2m+1 = s2m + 1

2m+1 → s+ 0 = s. 'Ara, sn → s.
Je¸rhma 1.3 SÔgkrish seir¸n, IV. 'Estw ìti gia tic seirèc

∑+∞
k=1 ak kai∑+∞

k=1 bk isqÔei eÐte to (i) eÐte to (ii):
(i) up�rqei mh arnhtikìc arijmìc M ¸ste |an| ≤Mbn gia k�je n ∈ N  
(ii) isqÔei bn > 0 gia k�je n ∈ N kai h akoloujÐa

(
an

bn

)
sugklÐnei.

Tìte, an h
∑+∞

k=1 bk sugklÐnei, h
∑+∞

k=1 ak sugklÐnei apolÔtwc.

Apìdeixh: (i) An h ∑+∞
k=1 bk sugklÐnei, h ∑+∞

k=1(Mbk) sugklÐnei, epÐshc. Apì
thn Prìtash 1.6 sunep�getai ìti kai h ∑+∞

k=1 |ak| sugklÐnei.
(ii) H (

an

bn

) sugklÐnei kai, epomènwc, eÐnai fragmènh. 'Ara, up�rqei mh arnhtikìc
arijmìc M ¸ste |an|

bn
=

∣∣an

bn

∣∣ ≤ M gia k�je n ∈ N kai katal goume sthn
perÐptwsh (i). O.E.D.
ParadeÐgmata:
1. ∑+∞

k=1
3k−k2

k4−k2+3 .
ParathroÔme ìti 3n−n2

n4−n2+3 = 1
n2

3
n−1

1− 1
n2 + 3

n4
. 'Ara, 3n−n2

n4−n2+3
1

n2
→ −1 kai, afoÔ h∑+∞

k=1
1
k2 sugklÐnei, h ∑+∞

k=1
3k−k2

k4−k2+3 sugklÐnei apolÔtwc.
2. ∑+∞

k=1
2k+1

3k+2k+5
.

T¸ra, 2n+1
3n+2n+5 = 2n

3n

1+ 1
2n

1+ 2n

3n + 5
3n

, opìte 2n+1
3n+2n+5

2n

3n
→ 1. Epeid  h ∑+∞

k=1

(
2
3

)k

sugklÐnei, h ∑+∞
k=1

2k+1
3k+2k+5

sugklÐnei.
'Askhsh 18: 'Estw an > 0 gia k�je n ∈ N. An h ∑+∞

k=1 ak sugklÐnei, apodeÐxte
ìti oi ∑+∞

k=1 a
2
k, ∑+∞

k=1
ak

1+ak
kai ∑+∞

k=1
a2

k

1+a2
k

sugklÐnoun.

'Askhsh 19: Melet ste tic ∑+∞
k=1(

√
1 + k2−k), ∑+∞

k=1

√
k+1−

√
k

k , ∑+∞
k=1

1

k
1+ 1

k
,∑+∞

k=1 k
p
(

1√
k
− 1√

k+1

)
(p ∈ R), ∑+∞

k=1 k
p(
√
k + 1 − 2

√
k +

√
k − 1) (p ∈ R),∑+∞

k=2
1

kp−kq (0 < q < p) kai ∑+∞
k=1

1
pk−qk (0 < q < p) wc proc th sÔgklish,

sugkrÐnont�c tic me seirèc thc morf c ∑+∞
k=1

1
kρ   ∑+∞

k=0 ρ
k gia kat�llhla ρ.

'Opou emfanÐzontai oi par�metroi p, q breÐte tic timèc touc gia tic opoÐec h a-
ntÐstoiqec seirèc sugklÐnoun.
'Askhsh 20: BreÐte tic timèc tou x 6= −1 gia tic opoÐec h ∑+∞

k=1
1

1+xk sugklÐ-
nei. (Upìdeixh: DeÐte pìte 1

1+xn → 0 kai sugkrÐnate th seir� me kat�llhlh
gewmetrik  seir�.)
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Je¸rhma 1.4 Krit rio lìgou tou d’ Alembert. 'Estw seir�
∑+∞

k=1 ak me
an 6= 0 gia k�je n ∈ N.
1. An lim sup

∣∣an+1
an

∣∣ < 1, h
∑+∞

k=1 ak sugklÐnei apolÔtwc.

2. An lim inf
∣∣an+1

an

∣∣ > 1, h
∑+∞

k=1 ak apoklÐnei.

3. An lim inf
∣∣an+1

an

∣∣ ≤ 1 ≤ lim sup
∣∣an+1

an

∣∣, den up�rqei genikì sumpèrasma.

Apìdeixh: 1. PaÐrnoume x ¸ste lim sup
∣∣an+1

an

∣∣ < x < 1. Tìte up�rqei n0 ∈ N
¸ste ∣∣an+1

an
| ≤ x gia k�je n ≥ n0. Sunep�getai |an0+1| ≤ x|an0 |, |an0+2| ≤

x|an0+1| ≤ x2|an0 | kai, epagwgik�, |an| ≤ xn−n0 |an0 | gi� k�je n ≥ n0.SugkrÐnoume tic seirèc ∑+∞
k=n0

|ak| kai ∑+∞
k=n0

xk. IsqÔei |an| ≤Mxn, ìpou
M = |an0 |

xn0 . H ∑+∞
k=n0

xk sugklÐnei, diìti proèrqetai apì th gewmetrik  seir�∑+∞
k=0 x

k met� apì apaloif  twn n0− 1 arqik¸n prosjetèwn thc kai 0 ≤ x < 1.
'Ara, h ∑+∞

k=n0
|ak| sugklÐnei kai, epomènwc, h ∑+∞

k=1 |ak| sugklÐnei.
2. Up�rqei n0 ∈ N ¸ste ∣∣an+1

an

∣∣ ≥ 1 gia k�je n ≥ n0. Dhlad , |an| ≥ |an−1| ≥
. . . ≥ |an0 | > 0 gia k�je n ≥ n0. 'Ara, an 6→ 0 kai, epomènwc, h ∑+∞

k=1 ak de
sugklÐnei.
3. Gia thn ∑+∞

k=1
1
k , h opoÐa de sugklÐnei, isqÔei

∣∣∣ 1
n+1

1
n

∣∣∣ = n
n+1 → 1. Gia thn∑+∞

k=1
1
k2 , h opoÐa sugklÐnei, isqÔei

∣∣∣ 1
(n+1)2

1
n2

∣∣∣ = n2

(n+1)2
→ 1. O.E.D.

ParadeÐgmata:
1. H ekjetik  seir�: ∑+∞

k=0
xk

k! .
IsqÔei

∣∣∣ xn+1
(n+1)!

xn

n!

∣∣∣ = |x| n!
(n+1)! = |x|

n+1 → 0. 'Ara lim sup
∣∣∣ xn+1

(n+1)!
xn

n!

∣∣∣ = 0 < 1 kai,
epomènwc, h seir� sugklÐnei.
2. H gewmetrik  seir�: ∑∞

k=0 x
k.

IsqÔei ∣∣xn+1

xn

∣∣ = |x| → |x|. An |x| < 1, lim sup
∣∣xn+1

xn

∣∣ = |x| < 1 kai h
seir� sugklÐnei. An |x| > 1, lim inf

∣∣xn+1

xn

∣∣ = |x| > 1 kai h seir� apoklÐnei. An
|x| = 1, dhlad  x = ±1, to krit rio lìgou de dÐnei sumpèrasma, opìte melet�me
th seir� me �llo trìpo. Autì èqei  dh gÐnei kai eutuq¸c, diìti h gewmetrik 
seir� qrhsimopoi jhke sthn apìdeixh tou Jewr matoc 1.4.

Je¸rhma 1.5 Krit rio rÐzac tou Cauchy. 'Estw seir�
∑+∞

k=1 ak.

1. An lim sup n
√
|an| < 1, h seir� sugklÐnei apolÔtwc.

2. An lim sup n
√
|an| > 1, h seir� apoklÐnei.

3. An lim sup n
√
|an| = 1, den up�rqei genikì sumpèrasma.

Apìdeixh: 1. Dialègoume x ¸ste lim sup n
√
|an| < x < 1. Tìte up�rqei n0 ∈ N

¸ste: n ≥ n0 ⇒ n
√
|an| ≤ x ⇒ |an| ≤ xn. SugkrÐnoume tic seirèc ∑+∞

k=n0
|ak|

kai ∑+∞
k=n0

xk. AfoÔ x < 1, h deÔterh seir� sugklÐnei. 'Ara, h ∑+∞
k=n0

|ak|
sugklÐnei kai, epomènwc, h ∑+∞

k=1 ak sugklÐnei apolÔtwc.
2. Up�rqoun �peiroi ìroi thc akoloujÐac (

n
√
|an|

) oi opoÐoi eÐnai ≥ 1. Dhlad ,
gia �peira n isqÔei |an| ≥ 1. 'Ara, an 6→ 0 kai, epomènwc, h ∑+∞

k=1 ak de
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sugklÐnei.
3. Gia tic seirèc ∑+∞

k=1
1
k kai ∑+∞

k=1
1
k2 isqÔei n

√∣∣ 1
n

∣∣ → 1 kai n

√∣∣ 1
n2

∣∣ → 1. H
pr¸th seir� apoklÐnei en¸ h deÔterh sugklÐnei. O.E.D.
ParadeÐgmata:
1. ∑+∞

k=1
xk

k (x ∈ R).
IsqÔei n

√∣∣xn

n

∣∣ = |x|
n
√

n
→ |x| kai, epomènwc, lim sup n

√∣∣xn

n

∣∣ = |x|. An |x| < 1,
h seir� sugklÐnei apolÔtwc. An |x| > 1, h seir� apoklÐnei. An |x| = 1, to
krit rio rÐzac de dÐnei sumpèrasma. An x = 1, h seir� eÐnai h ∑+∞

k=1
1
k , h

opoÐa apoklÐnei. An x = −1, h seir� eÐnai h ∑+∞
k=1

(−1)k

k , h opoÐa sugklÐnei
upì sunj kh. 'Ara, h ∑+∞

k=1
xk

k sugklÐnei mìno ìtan −1 ≤ x < 1 kai sugklÐnei
apolÔtwc mìno ìtan −1 < x < 1.
2. ∑+∞

k=1
x2k

k2 (x ∈ R).
T¸ra, n

√∣∣x2n

n2

∣∣ = x2

n√
n2 → x2. 'Ara, lim sup n

√∣∣x2n

n2

∣∣ = x2. An |x| > 1, h
seir� apoklÐnei. An |x| < 1, h seir� sugklÐnei apolÔtwc. An |x| = 1, to krit rio
rÐzac de dÐnei sumpèrasma. 'Omwc, ìtan x = ±1, h seir� eÐnai h ∑+∞

k=1
1
k2 kai

sugklÐnei. 'Ara, h seir� sugklÐnei apolÔtwc, ìtan |x| ≤ 1, kai apoklÐnei, ìtan
|x| > 1.
'Askhsh 21: Exet�ste th sÔgklish thc seir�c ∑+∞

k=1(
k
√
k − 1)k.

'Askhsh 22: BreÐte tic timèc twn paramètrwn p, q ∈ R gia tic opoÐec h seir�∑+∞
k=1 p

kkq sugklÐnei.
'Askhsh 23: Exet�ste th sÔgklish twn seir¸n 1

2 + 1
3 + 1

22 + 1
32 + 1

23 + 1
33 +

1
24 + 1

34 + · · · kai 1
2 + 1 + 1

8 + 1
4 + 1

32 + 1
16 + 1

128 + 1
64 + · · · , efarmìzontac ta

krit ria lìgou kai rÐzac.
'Iswc anarwthjeÐ kaneÐc an up�rqei k�poia sqèsh an�mesa sto krit rio lì-

gou kai sto krit rio rÐzac sthn perÐptwsh pou mporoÔn na efarmosjoÔn kai ta
dÔo tautoqrìnwc, dhlad , an èqoume seir� ∑+∞

k=1 ak me an 6= 0 gia k�je n. H
ap�nthsh eÐnai ìti to krit rio rÐzac eÐnai isqurìtero apì to krit rio lìgou. Dh-
lad , an to krit rio lìgou dÐnei k�poio apotèlesma gia th sÔgklish thc seir�c,
tìte kai to krit rio rÐzac dÐnei to Ðdio apotèlesma kai up�rqoun paradeÐgmata
seir¸n gia ta opoÐa to krit rio lìgou de dÐnei apotèlesma en¸ to krit rio rÐzac
dÐnei. Apì thn �llh meri�, merikèc forèc, ìpwc sto epìmeno par�deigma, eÐnai
pio eÔkolo na efarmosjeÐ to krit rio lìgou apì to na efarmosjeÐ to krit rio
rÐzac.
Par�deigma:
H ekjetik  seir�: ∑+∞

k=0
xk

k! .
Melet same th sÔgklish thc seir�c aut c me to krit rio lìgou. Gia na

efarmìsoume to krit rio rÐzac, qreiazìmaste thn tim  tou lim sup n

√∣∣xn

n!

∣∣ =
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lim sup |x|
n√

n!
. Gia na thn upologÐsoume ja apodeÐxoume pr¸ta to ìrio

n
√
n! → +∞,

to opoÐo eÐnai qr simo all� ìqi arket� gnwstì. 'Eqoume n
√
n! = n

√
1 · 2 · · ·n ≥

n
√

([n
2 ] + 1) · · ·n > n

√
n
2 · · ·

n
2 = n

√
(n

2 )n−[ n
2 ] ≥ n

√
(n

2 )n−n
2 =

√
n
2 gia k�je n ≥ 2.

Epeid  √
n
2 → +∞, sunep�getai n

√
n! → +∞.

'Ara, |x|
n√

n!
→ 0 kai, epomènwc, lim sup n

√∣∣xn

n!

∣∣ = 0 < 1. SumperaÐnoume,
loipìn, ìti h ekjetik  seir� sugklÐnei gia k�je x ∈ R.
'Askhsh 24: Efarmìste ta krit ria lìgou kai rÐzac stic seirèc ∑+∞

k=1 k
kxk,∑+∞

k=0
xk

k! , ∑+∞
k=1

xk

k2 , ∑+∞
k=0 k

3xk, ∑+∞
k=0

2k

k! x
k, ∑+∞

k=1
2kxk

k2 kai ∑+∞
k=0

k3

3k x
k. Ti

parathreÐte? MporeÐte na apofasÐsete th sÔgklish twn seir¸n aut¸n gia tic
timèc tou x gia tic opoÐec ta dÔo krit ria de dÐnoun ap�nthsh?
'Askhsh 25: An an > 0 gia k�je n, apodeÐxte ìti lim inf an+1

an
≤ lim inf n

√
an ≤

lim sup n
√
an ≤ lim sup an+1

an
. Sumper�nate ìti, ìtan to krit rio lìgou deÐqnei

sÔgklish   apìklish seir�c, to Ðdio sumbaÐnei kai me to krit rio rÐzac kai, ìtan
to krit rio rÐzac de deÐqnei tÐpota, to Ðdio sumbaÐnei kai me to krit rio lìgou.
(Upìdeixh: 'Estw x > lim sup an+1

an
. Up�rqei n0 ∈ N ¸ste: an+1

an
≤ x gia k�je

n ≥ n0. 'Ara, an n ≥ n0, an

an0
= an0+1

an0

an0+2

an0+1
· · · an

an−1
≤ xn−n0 . Opìte n

√
an <

xx−
n0
n n
√
an0 kai, epomènwc, lim sup n

√
an ≤ x. AfoÔ gia k�je x > lim sup an+1

ansunep�getai lim sup n
√
an ≤ x, sumperaÐnoume ìti lim sup n

√
an ≤ lim sup an+1

an
.)

1.4 SÔgklish upì sunj kh.
Sthn prohgoÔmenh enìthta melet same ta krit ria sÔgkrishc, lìgou kai

rÐzac, ta opoÐa, ìmwc, eÐnai krit ria gia na sumper�noume an mÐa seir� eÐnai
apolÔtwc sugklÐnousa. Qr simo ja  tan kai k�poio krit rio gia seirèc oi opoÐec
sugklÐnoun qwrÐc, ìmwc, na sugklÐnoun apolÔtwc (dhlad , gia seirèc oi opoÐec
sugklÐnoun upì sunj kh). Ja doÔme, t¸ra, mÐa arket� shmantik  mèjodo gi
autìn ton skopì.
L mma 1.1 'Ajroish kat� mèrh tou Abel. 'Estw akoloujÐec (an) kai (bn)
kai orÐzoume sn = a1 + · · ·+ an gia k�je n ∈ N. Gia k�je n ≥ 2 isqÔei

n∑
k=1

akbk =
n∑

k=1

sk(bk − bk+1) + snbn+1 .

Apìdeixh:
∑n

k=1 akbk = a1b1 +
∑n

k=2(sk − sk−1)bk = s1b1 +
∑n

k=2 skbk −∑n
k=2 sk−1bk =

∑n
k=1 skbk−

∑n−1
k=1 skbk+1 =

∑n
k=1 skbk−

∑n
k=1 skbk+1+snbn+1

=
∑n

k=1 sk(bk − bk+1) + snbn+1. O.E.D.
De qrei�zetai na jumìmaste aut n thn isìthta! ArkeÐ na katano soume thn

idèa: to �jroisma ∑n
k=1 akbk antikajÐstatai me èna �llo, sto opoÐo th jèsh
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twn ak paÐrnoun ta diadoqik� merik� ajroÐsmat� touc sk kai th jèsh twn bkpaÐrnoun oi diadoqikèc diaforèc touc bk − bk+1. EmfanÐzetai kai o {akraÐoc}
ìroc snbn+1.
Je¸rhma 1.6 Dirichlet. 'Estw dÔo akoloujÐec (an) kai (bn) me tic idiìthtec:
(i) h (bn) fjÐnei proc to 0 kai
(ii) h akoloujÐa (sn = a1 + · · ·+ an) eÐnai fragmènh. Dhlad , up�rqei M ¸ste
|a1 + · · ·+ an| ≤M gia k�je n ∈ N.
Tìte h seir�

∑+∞
k=1 akbk sugklÐnei.

Apìdeixh: H ∑+∞
k=1 sk(bk−bk+1) sugklÐnei apolÔtwc, diìti ∑+∞

k=1 |sk(bk−bk+1)|
=

∑+∞
k=1 |sk|(bk − bk+1) ≤ M

∑+∞
k=1(bk − bk+1) = Mb1 < +∞. H teleutaÐa

isìthta isqÔei, afoÔ h ∑+∞
k=1(bk − bk+1) eÐnai thleskopik  kai bn → 0.

'Ara, h ∑+∞
k=1 sk(bk−bk+1) sugklÐnei, opìte to limn→+∞

∑n
k=1 sk(bk−bk+1)eÐnai pragmatikìc arijmìc. EpÐshc, èqoume limn→+∞ snbn+1 = 0, afoÔ h (sn)

eÐnai fragmènh kai limn→+∞ bn = 0.
Apì to L mma 1.1 sunep�getai ìti to limn→+∞

∑n
k=1 akbk eÐnai pragmatikìc

arijmìc kai, epomènwc, h ∑+∞
k=1 akbk sugklÐnei. O.E.D.

Par�deigma:
JewroÔme opoiad pote seir� ∑+∞

k=1(−1)k−1bk, me thn (bn) na fjÐnei proc to 0.
Tupikì par�deigma apoteleÐ h seir� ∑+∞

k=1
(−1)k−1

k .
Ta merik� ajroÐsmata thc akoloujÐac (

(−1)n−1
) eÐnai fragmèna, afoÔ sn =∑n

k=1(−1)k−1 =
{

0, an o n eÐnai �rtioc.
1, an o n eÐnai perittìc. 'Ara, sÔmfwna me to Je¸rhma

tou Dirichlet, h ∑+∞
k=1(−1)k−1bk sugklÐnei.

'Askhsh 26: BreÐte tic timèc thc paramètrou ρ ∈ R gia tic opoÐec h seir�∑+∞
k=1

(−1)k−1

kρ sugklÐnei. Gia poiec apì tic timèc autèc h seir� sugklÐnei apolÔ-
twc kai gia poiec sugklÐnei upì sunj kh?
'Askhsh 27: Melet ste th sÔgklish thc seir�c ∑+∞

k=1(−1)k log k
k .

'Askhsh 28: 'Estw (bn) h opoÐa fjÐnei proc to 0 kai s =
∑+∞

k=1(−1)k−1bk.ApodeÐxte ìti 0 ≤ (−1)n(s− sn) ≤ bn+1 gia k�je n ∈ N.

1.5 Dekadikèc parast�seic.
JewroÔme seirèc thc morf c

+∞∑
k=1

ak

10k
=
a1

10
+

a2

102
+ · · · ,

ìpou an ∈ {0, 1, 2, 3, 4, 5, 6, 7, 8, 9} gia k�je n ≥ 1 kai ìpou den epitrèpetai
na eÐnai ìla ta an apì ènan deÐkth kai pèra Ðsa me to 9. K�je tètoia seir�
onom�zetai dekadik  seir�.
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K�je dekadik  seir� èqei mh-arnhtikoÔc prosjetèouc kai, epomènwc, èqei
�jroisma to opoÐo eÐnai eÐte mh arnhtikìc arijmìc eÐte +∞. 'Omwc, epeid 
0 ≤ an

10n ≤ 9
10n gia k�je n ∈ N kai epeid  ∑+∞

k=1
9

10k = 9
10

∑+∞
k=0

1
10k = 9

10
1

1− 1
10

=

1, sumperaÐnoume ìti 0 ≤
∑+∞

k=1
ak

10k ≤
∑+∞

k=1
9

10k = 1. An ∑+∞
k=1

ak

10k = 1,
sunep�getai, b�sei thc Prìtashc 1.2, ìti an = 9 gia k�je n ≥ 1, to opoÐo
antif�skei me mÐa apì tic paradoqèc mac gia tic dekadikèc seirèc. Epomènwc,
k�je dekadik  seir� sugklÐnei kai to �jroism� thc eÐnai arijmìc sto [0, 1):

0 ≤
+∞∑
k=1

ak

10k
< 1 .

Je¸rhma 1.7 Gia k�je x ∈ [0, 1) up�rqei akrib¸c mÐa dekadik  seir� thc
opoÐac to �jroisma eÐnai Ðso me ton x. Pio analutik�: gia k�je x ∈ [0, 1)
(i) up�rqoun an ∈ {0, 1, 2, . . . , 9} (n ≥ 1) ¸ste na mhn eÐnai ìla ta an apì ènan
deÐkth kai pèra Ðsa me to 9 kai ¸ste

x =
+∞∑
k=1

ak

10k
.

(ii) an, ektìc twn an, up�rqoun bn ∈ {0, 1, 2, . . . , 9} (n ≥ 1) ¸ste na mhn eÐnai
ìla ta bn apì ènan deÐkth kai pèra Ðsa me to 9 kai ¸ste x =

∑+∞
k=1

bk

10k , tìte
an = bn gia k�je n ≥ 1.

Apìdeixh: 'Estw x ∈ [0, 1).
(i) QwrÐzoume to di�sthma [0, 1) se dèka upodiast mata Ðsou m kouc 1

10 . To xbrÐsketai se èna apì aut�, opìte up�rqei a1 ∈ {0, 1, 2, . . . , 9} ¸ste
a1

10
≤ x <

a1 + 1
10

.

To di�sthma [a1
10 ,

a1+1
10 ) èqei m koc 1

10 kai to qwrÐzoume se dèka Ðsa upodiast -
mata m kouc 1

102 to kajèna. To x brÐsketai se èna apì aut�, opìte up�rqei
a2 ∈ {0, 1, 2, . . . , 9} ¸ste

a1

10
+

a2

102
≤ x <

a1

10
+
a2 + 1
102

.

SuneqÐzontac epagwgik�, blèpoume ìti gia k�je n ≥ 1 up�rqei an ∈ {0, 1, . . . , 9}¸ste
a1

10
+ · · ·+ an

10n
≤ x <

a1

10
+ · · ·+ an + 1

10n
.

Epomènwc, ta merik� ajroÐsmata sn twn an

10n (n ≥ 1) ikanopoioÔn thn sn ≤ x <
sn + 1

10n  , isodÔnama, thn 0 ≤ x− sn <
1

10n gia k�je n ≥ 1. 'Ara sn → x kai,
epomènwc,

x =
+∞∑
k=1

ak

10k
.
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Ac upojèsoume, gia na katal xoume se �topo, ìti ta an eÐnai apì ènan deÐkth
kai pèra ìla Ðsa me to 9. Dhlad , ìti up�rqei n0 ≥ 1 ¸ste an = 9 gia k�je
n ≥ n0 + 1. Tìte

x =
a1

10
+ · · ·+ an0

10n0
+

+∞∑
k=n0+1

9
10k

=
a1

10
+ · · ·+ an0

10n0
+

9
10n0+1

+∞∑
k=0

1
10k

=
a1

10
+ · · ·+ an0

10n0
+

9
10n0+1

1
1− 1

10

=
a1

10
+ · · ·+ an0

10n0
+

1
10n0

kai autì antif�skei me to ìti isqÔei a1
10 + · · · + an

10n ≤ x < a1
10 + · · · + an+1

10n gia
k�je n kai, epomènwc, kai gia to n0.
(ii) 'Estw ìti, ektìc twn an, up�rqoun bn ∈ {0, 1, 2, . . . , 9} (n ≥ 1) ¸ste na
mhn eÐnai ìla ta bn apì ènan deÐkth kai pèra Ðsa me to 9 kai ¸ste na isqÔei
x =

∑+∞
k=1

bk

10k . Ac upojèsoume, gia na katal xoume se �topo, ìti up�rqei
k�poio n ≥ 1 ¸ste an 6= bn. BaftÐzoume n0 to el�qisto n ∈ N gia to opoÐo
isqÔei an 6= bn, dhlad , a0 = b0, a1 = b1,. . . ,an0−1 = bn0−1 kai an0 6= bn0 . Ac
upojèsoume, qwrÐc bl�bh thc genikìthtac, ìti an0 < bn0 . Tìte apì thn isìthta∑+∞

k=1
ak

10k =
∑+∞

k=1
bk

10k sunep�getai h ∑+∞
k=n0

ak

10k =
∑+∞

k=n0

bk

10k kai apì aut n,
qrhsimopoi¸ntac kai to ìti an − bn ≤ 9 gia k�je n, sunep�getai

1
10n0

≤ bn0 − an0

10n0
=

+∞∑
k=n0+1

ak

10k
−

+∞∑
k=n0+1

bk
10k

=
+∞∑

k=n0+1

ak − bk
10k

≤
+∞∑

k=n0+1

9
10k

=
1

10n0
.

T¸ra, ìmwc, sunep�getai ìti k�je anisìthta sthn prohgoÔmenh allhlouqÐ-
a isot twn kai anisot twn prèpei na eÐnai isìthta, opìte ∑+∞

k=n0+1
ak−bk

10k =∑+∞
k=n0+1

9
10k kai, b�sei thc Prìtashc 1.2, an − bn = 9 gia k�je n ≥ n0 + 1.

Autì sumbaÐnei mìnon an an = 9 kai bn = 0 gia k�je n ≥ n0+1 kai katal goume
se antÐfash me ènan apì touc periorismoÔc gia tic dekadikèc seirèc. 'Ara, isqÔei
an = bn gia k�je n ≥ 1. O.E.D.
Orismìc 1.6 SÔmfwna me to Je¸rhma 1.7, gia k�je x ∈ [0, 1) up�rqei akrib¸c
mÐa dekadik  seir�

∑+∞
k=1

ak

10k ¸ste x =
∑+∞

k=1
ak

10k . Tìte lème ìti o x èqei th
dekadik  par�stash

x = 0, a1a2a3 . . . .

EpÐshc, to an onom�zetai n-ostì dekadikì yhfÐo tou x.

'Askhsh 29: ApodeÐxte ìti, an x ∈ [0, 1) kai x = 0, a1a2a3 . . . eÐnai h dekadik 
par�stash tou x, isqÔei an =

[
10nx− 10[10n−1x]

] gia k�je n ≥ 1.
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1.6 Dunamoseirèc.
Orismìc 1.7 An (an) eÐnai opoiad pote akoloujÐa sto R, h seir�

+∞∑
k=0

ak(x− x0)k

onom�zetai dunamoseir� me suntelestèc an (n = 0, 1, . . .), par�metro x ∈ R
kai kèntro x0 ∈ R.

'Opwc kai sto par�deigma thc gewmetrik c seir�c, k�noume thn paradoq 
ìti, an t = 0, h tim  tou t0 eÐnai Ðsh me to 1, ìpwc kai gia k�je t 6= 0. Pio
analutik�: ∑+∞

k=0 ak(x− x0)k = a0 +
∑+∞

k=1 ak(x− x0)k.
EÐnai fanerì ìti h gewmetrik  seir� ∑+∞

k=0 x
k eÐnai eidik  perÐptwsh duna-

moseir�c.
To ousiastikì prìblhma pou antimetwpÐzoume, dedomènhc miac dunamosei-

r�c, eÐnai na broÔme ìlec tic timèc thc paramètrou x gia tic opoÐec h dunamoseir�
sugklÐnei.

EÐnai, bèbaia, profanèc ìti k�je dunamoseir� ∑+∞
k=0 ak(x − x0)k sugklÐnei

ìtan h par�metroc x p�rei thn tim  x0. Pr�gmati, ∑+∞
k=0 ak(x0 − x0)k = a0 +∑+∞

k=1 ak(x0 − x0)k = a0.
Orismìc 1.8 'Estw dunamoseir�

∑+∞
k=0 ak(x − x0)k. An a = lim sup n

√
|an|

(opìte 0 ≤ a ≤ +∞), o arijmìc

R =
1
a

=
1

lim sup n
√
|an|

onom�zetai aktÐna sÔgklishc thc dunamoseir�c. (Deqìmaste ìti 1
0 = +∞ kai

1
+∞ = 0 kai, epomènwc, 0 ≤ R ≤ +∞.) EpÐshc, to di�sthma (x0 − R, x0 + R)
onom�zetai di�sthma sÔgklishc thc dunamoseir�c.

Aut  h onomasÐa tou R kaj¸c kai h onomasÐa tou (x0 − R, x0 + R) dikaio-
logoÔntai apì to parak�tw Je¸rhma 1.8.
Je¸rhma 1.8 'Estw dunamoseir�

∑+∞
k=0 ak(x−x0)k kai R = 1

a = 1

lim sup n
√
|an|

.

1. An R > 0 kai x ∈ (x0 −R, x0 +R), h dunamoseir� sugklÐnei apolÔtwc.
2. An R < +∞ kai x /∈ [x0 −R, x0 +R], h dunamoseir� apoklÐnei.
3. An R < +∞ kai x = x0±R, den up�rqei genikì sumpèrasma (ektìc, bèbaia,
apì thn perÐptwsh R = 0, opìte h seir� sugklÐnei apolÔtwc).

Apìdeixh: Gia ta 1 kai 2 efarmìzoume to krit rio thc rÐzac gia sÔgklish seir¸n.
1. 'Estw 0 < R ≤ +∞ ( , isodÔnama, 0 ≤ a < +∞) kai |x− x0| < R. Tìte

lim sup n
√
|an(x− x0)n| = |x− x0| lim sup n

√
|an| = |x− x0|a =

|x− x0|
R

< 1.
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2. 'Estw 0 ≤ R < +∞ ( , isodÔnama, 0 < a ≤ +∞) kai |x− x0| > R. Tìte
lim sup n

√
|an(x− x0)n| = |x− x0| lim sup n

√
|an| = |x− x0|a =

|x− x0|
R

> 1.

3. Gia th dunamoseir� ∑+∞
k=0(x− x0)k upologÐzoume R = 1. Pr�gmati, n

√
|1| =

1 → 1, opìte a = 1. An x = x0 ± 1, katal goume stic seirèc ∑+∞
k=0 1k kai∑+∞

k=0(−1)k oi opoÐec apoklÐnoun.
Gia th dunamoseir� ∑+∞

k=0
(x−x0)

k

(k+1)2 èqoume n

√∣∣ 1
(n+1)2

∣∣ = 1
( n
√

n+1)2
→ 1, opìte

a = 1 kai R = 1. An x = x0 ± 1, katal goume stic seirèc ∑+∞
k=0

1
(k+1)2 kai∑+∞

k=0
(−1)k

(k+1)2 oi opoÐec sugklÐnoun.
Gia th dunamoseir� ∑+∞

k=0
(x−x0)

k

k+1 èqoume n

√∣∣ 1
n+1

∣∣ = 1
n
√

n+1
→ 1, opìte

a = 1 kai R = 1. An x = x0 + 1, katal goume sth seir� ∑+∞
k=0

1
k+1 h opoÐa

apoklÐnei kai, an x = x0 − 1, sth seir� ∑+∞
k=0

(−1)k

k+1 h opoÐa sugklÐnei.
Gia th dunamoseir� ∑+∞

k=0(−1)k (x−x0)
k

k+1 èqoume n

√∣∣ (−1)n

n+1

∣∣ = 1
n
√

n+1
→ 1,

opìte a = 1 kai R = 1. An x = x0 + 1, katal goume sth seir� ∑+∞
k=0

(−1)k

k+1

h opoÐa sugklÐnei kai, an x = x0 − 1, sth seir� ∑+∞
k=0

1
k+1 h opoÐa apoklÐnei.

O.E.D.
Blèpoume, loipìn, ìti se k�je dunamoseir� ∑+∞

k=0 ak(x−x0)k antistoiqÐzetai
h aktÐna sÔgklis c thc R ∈ [0,+∞] kai ìti up�rqoun ta ex c apl� endeqìmena:
1. an R = +∞, h seir� sugklÐnei gia k�je x ∈ (−∞,+∞),
2. an R = 0, h seir� sugklÐnei, an x = x0, kai apoklÐnei gia k�je �llh tim  tou
x kai
3. an 0 < R < +∞, h seir� sugklÐnei gia k�je x ∈ A kai apoklÐnei gia
k�je x 6∈ A, ìpou A eÐnai to di�sthma (x0 − R, x0 + R) sto opoÐo mporeÐ na
èqoun prostejeÐ èna   kai ta dÔo �kra x0 ±R. Dhlad  A = (x0 −R, x0 +R)  
(x0−R, x0+R]   [x0−R, x0+R)   [x0−R, x0+R], an�loga me th sugkekrimènh
seir�.

Gr�fontac A = (−∞,+∞) sthn pr¸th perÐptwsh kai A = {x0} sth deÔterhperÐptwsh, blèpoume ìti se ìlec tic peript¸seic h ∑+∞
k=0 ak(x− x0)k sugklÐnei

gia k�je x ∈ A. 'Ara, se k�je x ∈ A antistoiqÐzetai o arijmìc

s(x) =
+∞∑
k=0

ak(x− x0)k

kai, epomènwc, orÐzetai mÐa sun�rthsh s : A → R. Lème ìti h dunamoseir�
orÐzei th sun�rthsh s : A → R   ìti h s : A → R orÐzetai apì th
dunamoseir�.

Gia par�deigma, h gewmetrik  seir� ∑+∞
k=0 x

k orÐzei thn s : (−1, 1) → R me
tÔpo s(x) = 1

1−x gia k�je x ∈ (−1, 1).
'Opwc faÐnetai kai sto par�deigma, eÐnai dunatìn h sun�rthsh s na epekteÐ-

netai kai ektìc tou sunìlou A. Dhlad  na up�rqei sun�rthsh f : B → R me
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B ⊇ A, B 6= A, ¸ste f(x) = s(x) gia k�je x ∈ A. Pr�gmati, sto par�deigma h
f : R \ {1} → R me tÔpo f(x) = 1

1−x gia k�je x ∈ R \ {1} eÐnai epèktash thc
s. 'Omwc, prosèxte ìti h dunamoseir� orÐzei thn s kai ìqi thn f .
ParadeÐgmata:
1. H ekjetik  dunamoseir�: ∑+∞

k=0
xk

k! .

GnwrÐzoume  dh ìti n

√∣∣ 1
n!

∣∣ = 1
n√

n!
→ 0, opìte a = 0 kai, epomènwc, h aktÐna

sÔgklishc thc ekjetik c dunamoseir�c eÐnai R = +∞. Dhlad , to di�sthma
sÔgklishc thc dunamoseir�c eÐnai to (−∞,+∞), opìte h ekjetik  dunamoseir�
sugklÐnei kai, m�lista, apolÔtwc gia k�je x ∈ R.

H onomasÐa aut c thc dunamoseir�c ofeÐletai sto epìmeno apotèlesma.
Prìtash 1.11

ex =
+∞∑
k=0

xk

k!
, x ∈ R.

Apìdeixh: 1. PaÐrnoume tuqìn x > 0 kai n ∈ N kai jewroÔme thn par�-
stash 1

n!

∫ x

0
et(x − t)n dt. Efarmìzontac diadoqikèc oloklhr¸seic kat� mèrh,

èqoume 1
n!

∫ x

0
et(x− t)n dt = −xn

n! + 1
(n−1)!

∫ x

0
et(x− t)n−1 dt = −xn

n! −
xn−1

(n−1)! +
1

(n−2)!

∫ x

0
et(x−t)n−2 dt = . . . = −xn

n! −· · ·−
x1

1! + 1
0!

∫ x

0
et dt = −xn

n! −· · ·−
x1

1! −1+

ex. 'Ara ∣∣ex−
∑n

k=0
xk

k!

∣∣ = 1
n!

∫ x

0
et(x− t)n dt ≤ ex

n!

∫ x

0
(x− t)n dt = xn+1

(n+1)!e
x → 0

kaj¸c n → +∞. To teleutaÐo isqÔei, diìti h seir� ∑+∞
k=0

xk

k! sugklÐnei kai,
epomènwc, xn

n! → 0.
'Ara, ∑+∞

k=0
xk

k! = ex gia k�je x > 0. H apìdeixh eÐnai parìmoia sthn perÐ-
ptwsh x < 0 kai to apotèlesma eÐnai profanèc, an x = 0.
2. Ac doÔme mÐa enallaktik  apìdeixh.

PaÐrnoume, p�li, tuqìn x > 0 kai opoiod pote n ∈ N kai jètoume A =
(n+1)!
xn+1

(
ex −

∑n
k=0

xk

k!

). OrÐzoume thn f(t) = et −
∑n

k=0
tk

k! − A tn+1

(n+1)! gia k�je
t ∈ [0, x]. ParathroÔme ìti f(0) = f ′(0) = f (2)(0) = . . . = f (n)(0) = 0 kai
f(x) = 0. Apì tic f(0) = f(x) = 0 sunep�getai ìti up�rqei x1 ∈ (0, x) ¸ste
f ′(x1) = 0. Apì tic f ′(0) = f ′(x1) = 0 sunep�getai ìti up�rqei x2 ∈ (0, x1) ⊆
(0, x) ¸ste f (2)(x2) = 0. Apì tic f (2)(0) = f (2)(x2) = 0 sunep�getai ìti
up�rqei x3 ∈ (0, x2) ⊆ (0, x) ¸ste f (3)(x3) = 0. SuneqÐzontac epagwgik�, apì
tic f (n)(0) = f (n)(xn) = 0 sunep�getai ìti up�rqei xn+1 ∈ (0, xn) ⊆ (0, x) ¸ste
f (n+1)(xn+1) = 0. Blèpoume ìti f (n+1)(t) = et−A gia k�je t, opìte h teleutaÐa
isìthta gr�fetai A = exn+1 . SumperaÐnoume ex −

∑n
k=0

xk

k! = xn+1

(n+1)!e
xn+1 kai,

epomènwc, ∣∣ex −
∑n

k=0
xk

k!

∣∣ = xn+1

(n+1)!e
xn+1 ≤ xn+1

(n+1)!e
x → 0 kaj¸c n→ +∞. 'Ara∑n

k=0
xk

k! → ex, opìte ∑+∞
k=0

xk

k! = ex gia k�je x > 0.
H apìdeixh eÐnai parìmoia sthn perÐptwsh x < 0 kai to apotèlesma eÐnai

profanèc, an x = 0. O.E.D.
'Askhsh 30: Sumplhr¸ste tic dÔo apodeÐxeic thc Prìtashc 1.11 sthn perÐptw-
sh x < 0.
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Argìtera, sto kef�laio gia seirèc sunart sewn, ja doÔme kai trÐth apìdeixh
thc Prìtashc 1.11.
2. H logarijmik  dunamoseir�: ∑+∞

k=1(−1)k−1 (x−1)k

k .

Epeid  n

√∣∣ (−1)n−1

n

∣∣ = 1
n
√

n
→ 1, sunep�getai a = 1 kai, epomènwc, R = 1.

'Ara to di�sthma sÔgklishc thc dunamoseir�c eÐnai to (1 − 1, 1 + 1) = (0, 2)
kai h seir� sugklÐnei apolÔtwc gia k�je x ∈ (0, 2). Blèpoume eÔkola ìti h
dunamoseir� sugklÐnei (upì sunj kh) ìtan x = 2 kai apoklÐnei ìtan x = 0.

H onomasÐa thc dunamoseir�c ofeÐletai sto epìmeno apotèlesma.
Prìtash 1.12

log x =
+∞∑
k=1

(−1)k−1 (x− 1)k

k
, x ∈ (0, 2].

Apìdeixh: 'Estw x ∈ (0, 2]. JewroÔme thn par�stash 1
n

∫ x

1
1
tn (x − t)n dt. Me

diadoqikèc oloklhr¸seic kat� mèrh: (−1)n
∫ x

1
1

tn+1 (x− t)n dt = (−1)n (x−1)n

n +

(−1)n−1
∫ x

1
1
tn (x − t)n−1 dt = . . . = (−1)n (x−1)n

n + (−1)n−1 (x−1)n−1

n−1 + · · · +
(x−1)2

2 −(x−1)+
∫ x

1
1
t dt = (−1)n (x−1)n

n +(−1)n−1 (x−1)n−1

n−1 +· · ·+ (x−1)2

2 −(x−1)+

log x. 'Ara, ∣∣ log x−
∑n

k=1(−1)k−1 (x−1)k

k

∣∣ =
∣∣ ∫ x

1
1

tn+1 (x−t)n dt
∣∣. All�zontac th

metablht  apì t se x
t , brÐskoume

∣∣ log x−
∑n

k=1(−1)k−1 (x−1)k

k

∣∣ =
∣∣ ∫ x

1
(t−1)n

t dt
∣∣.

An 1 ≤ x ≤ 2, tìte ∣∣ ∫ x

1
(t−1)n

t dt
∣∣ ≤ ∫ x

1
(t− 1)n dt = (x−1)n+1

n+1 ≤ 1
n+1 → 0 kaj¸c

n→ +∞. An 0 < x ≤ 1, tìte ∣∣ ∫ x

1
(t−1)n

t dt
∣∣ =

∫ 1

x
(1−t)n

t dt ≤ (1− x)n
∫ 1

x
1
t dt =

(1− x)n log 1
x → 0 kaj¸c n→ +∞.

'Ara, an x ∈ (0, 2], isqÔei ∣∣ log x−
∑n

k=1(−1)k−1 (x−1)k

k

∣∣ → 0 kaj¸c n→ +∞
kai, epomènwc, ∑+∞

k=1(−1)k−1 (x−1)k

k = log x. O.E.D.
'Opwc kai gia thn ekjetik  dunamoseir�, sto kef�laio gia seirèc sunart -

sewn ja doÔme mÐa akìmh apìdeixh thc Prìtashc 1.12.
Endiafèron parousi�zei h eidik  perÐptwsh tou apotelèsmatoc thc Prìtashc

1.12, dhlad :
+∞∑
k=1

(−1)k−1

k
= log 2 .

3. H dunamoseir� tou sunhmitìnou: ∑+∞
k=0(−1)k x2k

(2k)! .T¸ra, prèpei na prosèxoume lÐgo. H akoloujÐa twn suntelest¸n thc duna-
moseir�c aut c eÐnai

an =

{
(−1)

n
2

n! , an o n eÐnai �rtioc,
0, an o n eÐnai perittìc.

Sunep�getai n
√
|an| =

{
1

n√
n!
, an o n eÐnai �rtioc,

0, an o n eÐnai perittìc, opìte oi upoakoloujÐec
�rtiwn kai peritt¸n deikt¸n thc ( n

√
|an|) sugklÐnoun sto 0. 'Ara, a = 0 kai,
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epomènwc, R = +∞. Kai aut , loipìn, h dunamoseir� sugklÐnei apolÔtwc gia
k�je x ∈ R.

H onomasÐa aut c thc dunamoseir�c ofeÐletai sto ìti qrhsimeÔei gia na
orisjeÐ to sunhmÐtono tou x gia k�je x ∈ R.
Orismìc 1.9 Gia k�je x ∈ R orÐzoume to sunhmÐtono tou x, to opoÐo sumbo-

lÐzoume cosx, wc to �jroisma thc
∑+∞

k=0(−1)k x2k

(2k)! . Dhlad ,

cosx =
+∞∑
k=0

(−1)k x2k

(2k)!
, x ∈ R.

Autìc eÐnai, Ðswc, o aploÔsteroc trìpoc na orisjeÐ me austhr� majhmatikì
trìpo to sunhmÐtono enìc arijmoÔ. O sun jhc orismìc pou majaÐnei kaneÐc sto
lÔkeio exart�tai apì th gewmetrik  epopteÐa kai den eÐnai austhr� jemeliwmènoc
sta axi¸mata twn pragmatik¸n arijm¸n.

Apì ton orismì apodeiknÔontai orismènec aplèc idiìthtec tou sunhmitìnou.
(i) cos 0 = 1.
(ii) cos(−x) = cosx gia k�je x ∈ R.
(iii) H sun�rthsh cos eÐnai suneq c sto shmeÐo 0: limx→0 cosx = 1 = cos 0.

H apìdeixh basÐzetai stic gnwstèc mac anisìthtec n! ≥ 2n−1. Pr�gmati,
an |x| < 2, | cosx − 1| =

∣∣ ∑+∞
k=1(−1)k x2k

(2k)!

∣∣ ≤ ∑+∞
k=1

|x|2k

(2k)! ≤
∑+∞

k=1
|x|2k

22k−1 =

2
∑+∞

k=1

(
x2

4

)k = 2x2

4−x2 → 0 kaj¸c x→ 0.
(iv) limx→0

1−cos x
x2 = 1

2 .'Opwc kai sthn apìdeixh thc prohgoÔmenhc idiìthtac, an |x| < 2, èqou-
me ∣∣1 − cosx − 1

2x
2
∣∣ =

∣∣ − ∑+∞
k=2(−1)k x2k

(2k)!

∣∣ ≤ ∑+∞
k=2

|x|2k

(2k)! ≤
∑+∞

k=2
|x|2k

22k−1 =

2
∑+∞

k=2

(
x2

4

)k = x4

8−2x2 kai, epomènwc, ∣∣ 1−cos x
x2 − 1

2

∣∣ ≤ x2

8−2x2 → 0 kaj¸c x→ 0.
(v) H sun�rthsh cos eÐnai paragwgÐsimh sto shmeÐo 0 kai cos′ 0 = 0.

Pr�gmati, cos x−cos 0
x−0 = −x1−cos x

x2 → 0 · 1
2 = 0 kaj¸c x→ 0.

Ja doÔme lÐgo argìtera ìti h sun�rthsh cos eÐnai suneq c kai paragwgÐsimh
se k�je x ∈ R. MÐa apìdeixh ja parousiasjeÐ sthn epìmenh enìthta kai ja
qrhsimopoieÐ th sunèqeia kai thn paragwgisimìthta sto 0 pou mìlic apodeÐxame.
MÐa akìmh apìdeixh ja parousiasjeÐ sto kef�laio gia seirèc sunart sewn.
4. H dunamoseir� tou hmitìnou: ∑+∞

k=0(−1)k x2k+1

(2k+1)! .'Opwc kai sto prohgoÔmeno par�deigma, h akoloujÐa twn suntelest¸n thc
dunamoseir�c aut c eÐnai

an =

{
0, an o n eÐnai �rtioc,
(−1)

n−1
2

n! , an o n eÐnai perittìc.
'Ara, n

√
|an| =

{
0, an o n eÐnai �rtioc,

1
n√

n!
, an o n eÐnai perittìc, opìte oi upoakoloujÐec �rtiwn

kai peritt¸n deikt¸n thc ( n
√
|an|) sugklÐnoun sto 0. 'Ara, a = 0 kai, epomènwc,

R = +∞. H dunamoseir� sugklÐnei apolÔtwc, kai aut , gia k�je x ∈ R.
T¸ra, h dunamoseir� aut  qrhsimeÔei gia na orisjeÐ to hmÐtono tou x gia

k�je x ∈ R.
29



Orismìc 1.10 Gia k�je x ∈ R orÐzoume to hmÐtono tou x, to opoÐo sumbolÐ-

zoume sinx, wc to �jroisma thc
∑+∞

k=0(−1)k x2k+1

(2k+1)! . Dhlad ,

sinx =
+∞∑
k=0

(−1)k x2k+1

(2k + 1)!
, x ∈ R.

To sqìlio pou k�name met� apì ton orismì tou sunhmitìnou isqÔei kai gia
ton orismì tou hmitìnou. EpÐshc, eÐnai eÔkolo na apodeÐxoume merikèc aplèc
idiìthtèc tou.
(i) sin 0 = 0.
(ii) sin(−x) = − sinx gia k�je x ∈ R.
(iii) H sun�rthsh sin eÐnai suneq c sto shmeÐo 0: limx→0 sinx = 0 = sin 0.

Diìti, an |x| < 2, èqoume | sinx| =
∣∣ ∑+∞

k=0(−1)k x2k+1

(2k+1)!

∣∣ ≤ ∑+∞
k=0

|x|2k+1

(2k+1)! ≤∑+∞
k=0

|x|2k+1

22k = |x|
∑+∞

k=0

(
x2

4

)k = 4|x|
4−x2 → 0 kaj¸c x→ 0.

(iv) limx→0
sin x

x = 1.
OmoÐwc, an |x| < 2, tìte | sinx−x| = ∣∣ ∑+∞

k=1(−1)k x2k+1

(2k+1)!

∣∣ ≤ ∑+∞
k=1

|x|2k+1

(2k+1)! ≤∑+∞
k=1

|x|2k+1

22k = |x|
∑+∞

k=1

(
x2

4

)k = |x|3
4−x2 kai, epomènwc, ∣∣ sin x

x − 1
∣∣ ≤ x2

4−x2 → 0
kaj¸c x→ 0.
(v) H sun�rthsh sin eÐnai paragwgÐsimh sto shmeÐo 0 kai sin′ 0 = 1.

Pr�gmati, sin x−sin 0
x−0 = sin x

x → 1 kaj¸c x→ 0.
'Opwc kai me thn cos, ja doÔme lÐgo argìtera kai, m�lista, me dÔo apodeÐxeic

ìti h sun�rthsh sin eÐnai suneq c kai paragwgÐsimh se k�je x ∈ R.
'Askhsh 31: Efarmìste to krit rio lìgou gia na apodeÐxete th sÔgklish twn
dunamoseir¸n tou sunhmitìnou kai tou hmitìnou.
'Askhsh 32: 'Estw ρ ∈ R. BreÐte tic aktÐnec sÔgklishc twn ∑+∞

k=0 k
ρxk,∑+∞

k=0 ρ
kxk, ∑+∞

k=0 k!x
k kai ∑+∞

k=0(2k)!x
2k.

'Askhsh 33: 'Estw A,B ∈ R kai dunamoseir� ∑+∞
k=0 akx

k. Upojètoume ìti
an +Aan−1 +Ban−2 = 0 gia k�je n ≥ 2.
1. ApodeÐxte ìti gia k�je x sto di�sthma sÔgklis c thc h seir� èqei �jroisma
a0+(a1+Aa0)x

1+Ax+Bx2 . (Upìdeixh: Pollaplasi�ste thn an + Aan−1 + Ban−2 = 0 me
to xn, sqhmatÐste to ∑+∞

n=2 tou apotelèsmatoc kai lÔste wc proc to s(x) =∑+∞
k=0 akx

k.)
2. UpologÐste thn aktÐna sÔgklishc thc seir�c. (Upìdeixh: BreÐte ρ kai σ ¸ste
ρ + σ = −A kai ρσ = B kai parathr ste ìti an − ρan−1 = σ(an−1 − ρan−2)gia k�je n ∈ N. UpologÐste, epagwgik�, to an − ρan−1 kai, katìpin, p�li
epagwgik�, to an.)
'Askhsh 34: 'Estw ìti h aktÐna sÔgklishc thc ∑+∞

k=0 ak(x− x0)k eÐnai R. An
m ∈ N, breÐte tic aktÐnec sÔgklishc twn ∑+∞

k=0 a
m
k (x−x0)k, ∑+∞

k=0 ak(x−x0)mk

kai ∑+∞
k=0 akm(x− x0)k.
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1.7 Ginìmeno Cauchy seir¸n.
'Estw dÔo seirèc ∑+∞

k=0 ak kai ∑+∞
k=0 bk. SqhmatÐzoume mia kainoÔria seir�∑+∞

k=0 ck wc ex c:
c0 = a0b0

c1 = a1b0 + a0b1

c2 = a2b0 + a1b1 + a0b2

. . . . . . . . .

cn = anb0 + an−1b1 + · · ·+ a1bn−1 + a0bn =
n∑

m=0

an−mbm

. . . . . . . . .

Orismìc 1.11 H seir�
∑+∞

k=0 ck =
∑+∞

k=0

( ∑k
m=0 ak−mbm

)
onom�zetai ginì-

meno Cauchy twn
∑+∞

k=0 ak kai
∑+∞

k=0 bk.

H idèa gia tètoiou eÐdouc pollaplasiasmì proèrqetai apì tic dunamosei-
rèc, dhlad  tic seirèc thc morf c ∑+∞

k=0 akx
k. An pollaplasi�soume dÔo seirèc∑+∞

k=0 akx
k kai ∑+∞

k=0 bkx
k ìpwc pollaplasi�zoume dÔo polu¸numa, dhlad  oma-

dopoi¸ntac Ðdiec dun�meic tou x, blèpoume ìti sqhmatÐzetai h seir� ∑+∞
k=0 ckx

k,
thc opoÐac oi suntelestèc cn dÐnontai apì touc parap�nw tÔpouc.
Je¸rhma 1.9 1. An h mÐa apì tic seirèc

∑+∞
k=0 ak kai

∑+∞
k=0 bk sugklÐnei a-

polÔtwc kai h �llh, apl¸c, sugklÐnei, to ginìmeno Cauchy
∑+∞

k=0 ck twn dÔo
seir¸n sugklÐnei kai

+∞∑
k=0

ck =
+∞∑
k=0

ak

+∞∑
k=0

bk .

2. An kai oi dÔo seirèc
∑+∞

k=0 ak kai
∑+∞

k=0 bk sugklÐnoun apolÔtwc, to ginìmeno

Cauchy
∑+∞

k=0 ck twn dÔo seir¸n sugklÐnei apolÔtwc.

Apìdeixh: 1. Ac upojèsoume ìti h ∑+∞
k=0 ak sugklÐnei apolÔtwc, dhlad  ìti

h ∑+∞
k=0 |ak| sugklÐnei, kai ìti h ∑+∞

k=0 bk sugklÐnei. 'Estw s =
∑+∞

k=0 ak kai
t =

∑+∞
k=0 bk. JewroÔme ta merik� ajroÐsmata sn =

∑n
k=0 ak, tn =

∑n
k=0 bkkai un =

∑n
k=0 ck kaj¸c kai ta Sn =

∑n
k=0 |ak|. JewroÔme, epÐshc, ton mh

arnhtikì arijmì S =
∑+∞

k=0 |ak|.GnwrÐzoume ìti sn → s, tn → t kai ìti Sn ≤ S gia k�je n kai jèloume na
apodeÐxoume ìti un → st.
un = a0b0+(a1b0+a0b1)+(a2b0+a1b1+a0b2)+· · ·+(anb0+an−1b1+· · ·+a0bn)

= a0(b0 + b1 + · · ·+ bn) + a1(b0 + b1 + · · ·+ bn−1) + · · ·+ an−1(b0 + b1) + anb0

= a0tn + a1tn−1 + · · ·+ an−1t1 + ant0.
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'An orÐsoume t∗n = tn − t, tìte t∗n → 0 kai
un = a0(t∗n + t) + a1(t∗n−1 + t) + · · ·+ an−1(t∗1 + t) + an(t∗0 + t)

= a0t
∗
n + a1t

∗
n−1 + · · ·+ an−1t

∗
1 + ant

∗
0 + (a0 + a1 + · · ·+ an)t

= a0t
∗
n + a1t

∗
n−1 + · · ·+ an−1t

∗
1 + ant

∗
0 + snt.

'Afou snt→ st, arkeÐ na deÐxoume ìti
a0t
∗
n + a1t

∗
n−1 + · · ·+ an−1t

∗
1 + ant

∗
0 → 0.

Epeid  t∗n → 0, up�rqei k�poio M ¸ste |t∗n| ≤ M gia k�je n ∈ N. EpÐshc,
afoÔ t∗n → 0 kai afoÔ h ∑+∞

k=0 |ak| sugklÐnei, prokÔptei ìti gia opoiod pote
ε > 0 up�rqei n0 ∈ N ¸ste: |t∗n| < ε

2S kai ∑+∞
k=n+1 |ak| < ε

2M gia k�je n ≥ n0.
(Gia to deÔtero efarmìzoume thn Prìtash 1.5.2 sth seir� ∑+∞

k=0 |ak|.)'Ara, an n ≥ 2n0,
|a0t

∗
n + a1t

∗
n−1 + · · ·+ an−1t

∗
1 + ant

∗
0|

≤ |a0||t∗n|+ |a1||t∗n−1|+ · · ·+ |an−n0 ||t∗n0
|+ |an−n0+1||t∗n0−1|+ · · ·

· · ·+ |an||t∗0|

≤ ε

2S
(|a0|+ |a1|+ · · ·+ |an−n0 |) +M(|an−n0+1|+ · · ·+ |an|)

≤ ε

2S
S +M

+∞∑
k=n−n0+1

|ak|.

AfoÔ, ìmwc, n− n0 ≥ n0,
|a0t

∗
n + a1t

∗
n−1 + · · ·+ ant

∗
0| ≤

ε

2S
S +M

ε

2M
= ε.

ApodeÐxame, loipìn, ìti gia k�je ε > 0 up�rqei n0 ∈ N ¸ste |a0t
∗
n+a1t

∗
n−1+

· · ·+ ant
∗
0| ≤ ε gia k�je n ≥ 2n0. Autì shmaÐnei ìti

a0t
∗
n + a1t

∗
n−1 + · · ·+ an−1t

∗
1 + ant

∗
0 → 0.

2. T¸ra, upojètoume ìti kai h ∑+∞
k=0 bk sugklÐnei apolÔtwc kai jewroÔme ton mh

arnhtikì arijmì T =
∑+∞

k=0 |bk| kaj¸c kai ta merik� ajroÐsmata Tn =
∑n

k=0 |bk|kai Un =
∑n

k=0 |ck|. Tìte
Un = |a0b0|+ |a1b0 + a0b1|+ |a2b0 + a1b1 + a0b2|+ · · ·

· · ·+ |anb0 + an−1b1 + · · ·+ a1bn−1 + a0bn|

≤ |a0||b0|+ (|a1||b0|+ |a0||b1|) + (|a2||b0|+ |a1||b1|+ |a0||b2|) + · · ·

· · ·+ (|an||b0|+ |an−1||b1|+ · · ·+ |a1||bn−1|+ |a0||bn|)

= |a0|(|b0|+ |b1|+ · · ·+ |bn|) + |a1|(|b0|+ |b1|+ · · ·+ |bn−1|) + · · ·
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· · ·+ |an−1|(|b0|+ |b1|) + |an||b0|

= |a0|Tn + |a1|Tn−1 + · · ·+ |an−1|T1 + |an|T0

≤ |a0|T + |a1|T + · · ·+ |an−1|T + |an|T

= SnT ≤ ST

gia k�je n ∈ N. 'Ara h (Un) eÐnai �nw fragmènh kai, epomènwc, h ∑+∞
k=0 |ck|sugklÐnei. O.E.D.

ParadeÐgmata:
1. Ginìmeno Cauchy thc ∑+∞

k=0 x
k me ton eautì thc.

An |x| < 1, h seir� sugklÐnei apolÔtwc kai xn1+xn−1x+· · ·+xxn−1+1xn =
(n+ 1)xn. 'Ara, h seir� ∑+∞

k=0(k + 1)xk sugklÐnei apolÔtwc, an |x| < 1, kai
+∞∑
k=0

(k + 1)xk =
( +∞∑

k=0

xk
)2

=
1

(1− x)2
, |x| < 1.

2. JewroÔme opoiad pote x, y ∈ R kai tic seirèc ∑+∞
k=0

xk

k! kai ∑+∞
k=0

yk

k! , oiopoÐec sugklÐnoun apolÔtwc. UpologÐzoume
xn

n!
y0

0!
+

xn−1

(n− 1)!
y1

1!
+ · · ·+ x1

1!
yn−1

(n− 1)!
+
x0

0!
yn

n!

=
1
n!

( (n
n

)
xny0 +

(
n

n− 1

)
xn−1y1 + · · ·+

(n
1

)
x1yn−1 +

(n
0

)
x0yn

)
=

(x+ y)n

n!
.

Epomènwc,
+∞∑
k=0

(x+ y)k

k!
=

+∞∑
k=0

xk

k!

+∞∑
k=0

yk

k!
, x, y ∈ R.

SÔmfwna me thn Prìtash 1.11, h isìthta aut  epalhjeÔei th gnwst  idiìthta
thc ekjetik c sun�rthshc:

ex+y = exey , x, y ∈ R.

Ja doÔme argìtera, sto kef�laio gia tic seirèc sunart sewn, ìti h isìthta∑+∞
k=0

(x+y)k

k! =
∑+∞

k=0
xk

k!

∑+∞
k=0

yk

k! mporeÐ na qrhsimopoihjeÐ gia na dojeÐ enal-
laktik  apìdeixh thc Prìtashc 1.11.
3. JewroÔme opoiad pote x, y ∈ R kai tic seirèc cosx =

∑+∞
k=0(−1)k x2k

(2k)! kai
cos y =

∑+∞
k=0(−1)k y2k

(2k)! , oi opoÐec sugklÐnoun apolÔtwc. Jètoume

cn = (−1)n x2n

(2n)!
y0

0!
+ (−1)n−1 x2(n−1)

(2(n− 1))!
(−1)1

y2

2!
+ · · ·
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· · ·+ (−1)1
x2

2!
(−1)n−1 y2(n−1)

(2(n− 1))!
+
x0

0!
(−1)n y2n

(2n)!

=
(−1)n

(2n)!

( (
2n
2n

)
x2ny0 +

(
2n

2n− 2

)
x2n−2y2 + · · ·

· · ·+
(

2n
2

)
x2y2n−2 +

(
2n
0

)
x0y2n

)
.

Eidik¸tera, c0 = 1, opìte, b�sei tou Jewr matoc 1.9,

cosx cos y = 1 +
+∞∑
k=1

ck = 1 +
+∞∑
k=0

ck+1 .

Katìpin, k�noume to Ðdio me tic seirèc sinx =
∑+∞

k=0(−1)k x2k+1

(2k+1)! kai sin y =∑+∞
k=0(−1)k y2k+1

(2k+1)! . Dhlad , jètoume

c′n = (−1)n x2n+1

(2n+ 1)!
y1

1!
+ (−1)n−1 x2n−1

(2n− 1)!
(−1)1

y3

3!
+ · · ·

· · ·+ (−1)1
x3

3!
(−1)n−1 y2n−1

(2n− 1)!
+
x1

1!
(−1)n y2n+1

(2n+ 1)!

=
(−1)n

(2n+ 2)!

( (
2n+ 2
2n+ 1

)
x2n+1y1 +

(
2n+ 2
2n− 1

)
x2n−1y3 + · · ·

· · ·+
(

2n+ 2
3

)
x3y2n−1 +

(
2n+ 2

1

)
x1y2n+2

)
kai èqoume

sinx sin y =
+∞∑
k=0

c′k .

ParathroÔme, t¸ra, ìti
cn+1 − c′n =

(−1)n+1

(2n+ 2)!

( (
2n+ 2
2n+ 2

)
x2n+2y0 +

(
2n+ 2
2n+ 1

)
x2n+1y1 + · · ·

· · ·+
(

2n+ 2
1

)
x1y2n+1 +

(
2n+ 2

0

)
x0y2n+2

)
= (−1)n+1 (x+ y)2n+2

(2n+ 2)!
.

Epomènwc,

cosx cos y − sinx sin y = 1 +
+∞∑
k=0

(ck+1 − c′k) = 1 +
+∞∑
k=0

(−1)k+1 (x+ y)2k+2

(2k + 2)!

= 1 +
+∞∑
k=1

(−1)k (x+ y)2k

(2k)!
= cos(x+ y).
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Prìtash 1.13 1. cos(x+ y) = cosx cos y − sinx sin y gia k�je x, y ∈ R.
2. sin(x+ y) = sinx cos y + cosx sin y gia k�je x, y ∈ R.
3. cos(2x) = cos2 x − sin2 x, sin(2x) = 2 sinx cosx kai sin2 x + cos2 x = 1 gia
k�je x ∈ R.
4. | sinx| ≤ 1 kai | cosx| ≤ 1 gia k�je x ∈ R.
5. Oi sunart seic cos kai sin eÐnai suneqeÐc kai paragwgÐsimec sto R. EpÐshc,
cos′ x = − sinx kai sin′ x = cosx gia k�je x ∈ R.

6. | sinx| ≤ |x| kai 0 ≤ 1− cosx ≤ x2

2 gia k�je x ∈ R.

Apìdeixh: 1 kai 2. H pr¸th isìthta èqei  dh apodeiqjeÐ kai h deÔterh apodei-
knÔetai me parìmoio trìpo.
3. Jètoume y = x sthn isìthta thc 1, y = x sthn isìthta thc 2 kai y = −x
sthn isìthta thc 1, antistoÐqwc.
4. Apì thn sin2 x + cos2 x = 1 èqoume sin2 x ≤ 1 kai cos2 x ≤ 1 kai, epomènwc,
| sinx| ≤ 1 kai | cosx| ≤ 1.
5. Apì th sunèqeia thc cos sto 0, limy→x cos y = limy→x(cosx cos(y − x) −
sinx sin(y − x)) = cosx cos 0 − sinx sin 0 = cosx. EpÐshc, apì th sunèqeia
thc sin sto 0, limy→x sin y = limy→x(sinx cos(y − x) + cosx sin(y − x)) =
sinx cos 0 + cosx sin 0 = sinx.

Apì thn paragwgisimìthta thc cos kai thc sin sto 0, limy→x
cos y−cos x

y−x =

limy→x
cos x cos(y−x)−sin x sin(y−x)−cos x

y−x = limy→x

(
cosx cos(y−x)−1

y−x −sinx sin(y−x)
y−x

)
= cosx · 0− sinx · 1 = − sinx kai, epomènwc, cos′ x = − sinx.

Me ton Ðdio trìpo, limy→x
sin y−sin x

y−x = limy→x
sin x cos(y−x)+cos x sin(y−x)−sin x

y−x

= limy→x

(
sinx cos(y−x)−1

y−x + cosx sin(y−x)
y−x

)
= sinx · 0 + cosx · 1 = cosx kai,

epomènwc, sin′ x = cosx.
6. H sun�rthsh me tÔpo f(x) = x−sinx èqei par�gwgo f ′(x) = 1−cosx ≥ 0 gia
k�je x kai, epomènwc, eÐnai aÔxousa. 'Ara, f(x) ≥ f(0)  , isodÔnama, sinx ≤ x
gia k�je x ≥ 0. An 0 ≤ x ≤ 1 < π

2 , sunep�getai | sinx| = sinx ≤ x = |x|. An
1 < x, | sinx| ≤ 1 < x = |x|. 'Ara, | sinx| ≤ |x| gia k�je x ≥ 0. Tèloc, an
x ≤ 0, | sinx| = | sin(−x)| ≤ | − x| = |x|.

Tèloc, 1 − cosx = 1 − cos2
(

x
2

)
+ sin2

(
x
2

)
= 2

∣∣ sin
(

x
2

)∣∣2 ≤ 2
∣∣x
2

∣∣2 = x2

2 .
O.E.D.

'Ola ta apotelèsmata thc Prìtashc 1.13 ja apodeiqjoÔn me enallaktikì
trìpo argìtera, sto kef�laio gia seirèc sunart sewn.
'Askhsh 35: ApodeÐxte ìti ∑+∞

k=0(k+1)(k+2)xk = 2
(1−x)3 gia k�je x ∈ (−1, 1).

'Askhsh 36: H seir� ∑+∞
k=1

(−1)k

√
k

sugklÐnei. ApodeÐxte ìti to ginìmeno Cauchy
thc seir�c aut c me ton eautì thc apoklÐnei. (Upìdeixh: To ginìmeno Cauchy
eÐnai h seir� ∑+∞

k=2 ck, ìpou cn = (−1)n
∑n−1

m=1
1√

m
√

n−m
gia k�je n ≥ 2. Qrh-

simopoi ste thn anisìthta 2
√
m
√
n−m ≤ m+ (n−m) = n gia na apodeÐxete

ìti |cn| ≥ 2(n−1)
n kai, epomènwc, ìti cn 6→ 0.)

35



1.8 Anadiat�xeic seir¸n.
Orismìc 1.12 'Estw (an) mÐa akoloujÐa sto R. JewroÔme mÐa èna-proc-èna
kai epÐ apeikìnish

σ : N → N, N 3 n 7→ σ(n) ∈ N.

Dhlad , oi arijmoÐ σ(n) (n ∈ N) perilamb�noun apì mÐa for� k�je fusikì
arijmì  , me �lla lìgia, apoteloÔn mÐa anadi�taxh twn fusik¸n arijm¸n. An
jèsoume

a′n = aσ(n) , n ∈ N,

tìte h (a′n) onom�zetai anadi�taxh thc (an). EpÐshc, lème ìti h seir�
∑+∞

n=1 a
′
n

eÐnai mÐa anadi�taxh thc seir�c
∑+∞

n=1 an.

An sn =
∑n

k=1 ak kai s′n =
∑n

k=1 a
′
k, oi arijmoÐ sn kai s′n den eÐnai Ðdioi. To

sn perièqei touc a1, a2, . . . , an en¸ to s′n perièqei touc aσ(1), aσ(2), . . . , aσ(n).
Epomènwc, den eÐnai kajìlou bèbaio kai en gènei den isqÔei ìti, an s =

∑+∞
k=1 ak,

dhlad , an sn → s, tìte s =
∑+∞

k=1 a
′
k, dhlad , s′n → s.

Par�deigma:
GnwrÐzoume ìti h seir� ∑+∞

k=1
(−1)k−1

k = 1− 1
2 + 1

3 −
1
4 + · · · sugklÐnei. JewroÔme

th seir� 1 + 1
3 −

1
2 + 1

5 + 1
7 −

1
4 + 1

9 + 1
11 −

1
6 + · · · , h opoÐa eÐnai anadi�taxh thc

prohgoÔmenhc. Ja apodeÐxoume ìti h deÔterh seir� sugklÐnei, epÐshc, all� ìti
èqei diaforetikì �jroisma apì thn pr¸th.

ParathroÔme ìti h deÔterh seir� apoteleÐtai apì om�dec tri¸n ìrwn, ìpou h
n-ost  om�da eÐnai h 1

4n−3 + 1
4n−1−

1
2n . An onom�soume sn ta merik� ajroÐsmata

thc deÔterhc seir�c, èqoume s3n =
(
1+ 1

3−
1
2

)
+

(
1
5 + 1

7−
1
4

)
+· · ·+

(
1

4n−3 + 1
4n−1−

1
2n

). Tìte s3(n+1) − s3n = 1
4n+1 + 1

4n+3 −
1

2n+2 > 0 kai, epomènwc, h (s3n) eÐnai
aÔxousa. EpÐshc, s3n = 1+ 1

3−
(

1
2−

1
5−

1
7

)
−· · ·−

(
1

2n−2−
1

4n−3−
1

4n−1

)
− 1

2n < 1+
1
3 = 4

3 epeid  k�je parènjesh eÐnai jetik . 'Ara, h (s3n) eÐnai kai �nw fragmènh
kai, epomènwc, sugklÐnei se k�poio s ∈ R. T¸ra, s3n+1 − s3n = 1

4n+1 → 0 kai
s3n+2 − s3n = 1

4n+1 + 1
4n+3 → 0, opìte s3n+1 → s kai s3n+2 → s. 'Ara, sn → s

kai, epomènwc, 1 + 1
3 −

1
2 + 1

5 + 1
7 −

1
4 + 1

9 + 1
11 −

1
6 + · · · = s.

Tèloc, èqoume s =
(
1+ 1

3−
1
2

)
+

(
1
5 + 1

7−
1
4

)
+

(
1
9 + 1

11−
1
6

)
+· · · > 1+ 1

3−
1
2 = 5

6 .An, t¸ra, t = 1− 1
2 + 1

3 −
1
4 + · · · , tìte t = 1− 1

2 + 1
3 −

(
1
4 −

1
5

)
−

(
1
6 −

1
7

)
−· · · <

1− 1
2 + 1

3 = 5
6 . 'Ara, t < s.

Je¸rhma 1.10 'Estw ìti h
∑+∞

k=1 ak sugklÐnei apolÔtwc. Tìte opoiad pote

anadi�taxh
∑+∞

k=1 a
′
k thc

∑+∞
k=1 ak sugklÐnei, epÐshc, apolÔtwc kai

+∞∑
k=1

a′k =
+∞∑
k=1

ak.
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Apìdeixh: 'Estw ìti σ : N → N eÐnai h èna-proc-èna kai epÐ apeikìnish h opoÐa
orÐzei thn anadi�taxh. Dhlad , a′n = aσ(n) gia k�je n ∈ N.

'Estw ∑+∞
k=1 |ak| = S. An S′n =

∑n
k=1 |a′k|, tìte S′n ≤ S, afoÔ oi ìroi

|a′1|, . . . , |a′n|, dhlad  oi ìroi |aσ(1)|, . . . , |aσ(n)|, eÐnai orismènoi mìnon apì touc
|a1|, |a2|, . . . . 'Ara h (S′n) eÐnai �nw fragmènh kai, epomènwc, h ∑+∞

k=1 |a′k| su-gklÐnei.
'Estw, t¸ra, s =

∑+∞
k=1 ak kai ja apodeÐxoume ìti ∑+∞

k=1 a
′
k = s.

AfoÔ h ∑+∞
k=1 ak sugklÐnei apolÔtwc kai afoÔ sn → s, gia opoiod pote ε > 0

up�rqei n0 ∈ N ¸ste ∑+∞
k=n0+1 |ak| < ε

2 kai: n > n0 ⇒ |sn − s| < ε
2 .Ja sugkrÐnoume, t¸ra, ta sn kai s′n gia meg�la n.

Dialègoume n1 arket� meg�lo ¸ste oi deÐktec σ(1), σ(2), . . . , σ(n1) na pe-
rilamb�noun touc 1, 2, . . . , n0. EÐnai profanèc ìti n1 ≥ n0. Tìte, an n ≥
n1(≥ n0), sto sn − s′n den perilamb�nontai oi ìroi a1, a2, . . . , an0 , afoÔ ka-
jènac apì autoÔc perièqetai apì mÐa for� sto sn kai sto s′n. Epomènwc,
an n ≥ n1, |sn − s′n| ≤

∑+∞
k=n0+1 |ak| < ε

2 . 'Ara, gia k�je n ≥ n1 isqÔei
|s′n − s| ≤ |s′n − sn|+ |sn − s| < ε

2 + ε
2 = ε. 'Ara, s′n → s. O.E.D.

'Askhsh 37: UpologÐste to �jroisma thc seir�c 1 + 1
2 + 1

23 + 1
22 + 1

26 + 1
25 +

1
24 + 1

210 + 1
29 + 1

28 + 1
27 + 1

215 + 1
214 + 1

213 + 1
212 + 1

211 + · · · .
'Askhsh 38: 'Estw h sugklÐnousa seir� 1− 1

2 + 1
3 −

1
4 + 1

5 −
1
6 + · · · . JewroÔme

thn anadi�taxh 1− 1
2 + 1

3 −
1
4 + 1

5 + 1
7 −

1
6 + 1

9 + 1
11 + 1

13 + 1
15 −

1
8 + 1

17 + 1
19 +

1
21 + 1

23 + 1
25 + 1

27 + 1
29 + 1

31 −
1
10 + · · · . ApodeÐxte ìti h deÔterh seir� apoklÐnei

sto +∞.
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Kef�laio 2

AkoloujÐec Sunart sewn.

2.1 Kat� shmeÐo sÔgklish.
'Estw opoiod pote mh kenì sÔnolo A, sun�rthsh f : A→ R kai sunart seic

fn : A→ R gia k�je n ∈ N. Oi sunart seic autèc sqhmatÐzoun mÐa akoloujÐa
sunart sewn (fn). Sun jwc, to A eÐnai uposÔnolo tou R  , genikìtera, tou
Rm gia k�poio m ≥ 1.
Orismìc 2.1 Lème ìti h (fn) sugklÐnei kat� shmeÐo sthn f sto sÔnolo
A kai sumbolÐzoume

fn
k.sv.−→ f sto A,

an gia k�je x ∈ A h akoloujÐa arijm¸n (fn(x)) sugklÐnei ston arijmì f(x),
dhlad ,

fn(x) → f(x) , x ∈ A.
'H alli¸c: fn

k.sv.−→ f sto A, an gia k�je x ∈ A kai gia k�je ε > 0 up�rqei
n0 = n0(ε, x) ∈ N ¸ste: n ≥ n0 ⇒ |fn(x)− f(x)| < ε.

Ta epìmena paradeÐgmata prèpei na melethjoÔn prosektik�, diìti ja gÐnetai
suqn  anafor� se aut�.
ParadeÐgmata:
1. 'Estw A 6= ∅, f : A→ R kai fn(x) = f(x) + 1

n gia k�je n ∈ N.
Tìte fn : A→ R kai fn

k.sv.−→ f sto A, afoÔ fn(x) → f(x) gia k�je x ∈ A.
2. 'Estw fn : [0,∞) → R me tÔpo fn(x) = x

1+nx .
Tìte fn(0) = 0 → 0 kai, an x > 0, fn(x) = x

1+nx → 0. 'Ara, fn(x) → 0 gia
k�je x ∈ [0,∞), opìte fn

k.sv.−→ 0 sto [0,∞).
'Otan gr�foume 0 ennooÔme th mhdenik  sun�rthsh me opoiod pote pedÐo

orismoÔ A. Dhlad , th sun�rthsh 0 : A→ R me tÔpo 0(x) = 0 gia k�je x ∈ A.
3. 'Estw fn : [0, 1] → R me tÔpo

fn(x) =
{ 1

1+nx ,
1
n ≤ x ≤ 1,

nx
2 , 0 ≤ x ≤ 1

n .
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Tìte fn(0) = 0 → 0 kai, an 0 < x ≤ 1, gia arket� meg�lo n, kai sugkekri-
mèna gia n ≥ 1

x , isqÔei fn(x) = 1
1+nx → 0. 'Ara, fn(x) → 0 gia k�je x ∈ [0, 1]

kai, epomènwc, fn
k.sv.−→ 0 sto [0, 1].

4. 'Estw fn : (0, 1] → R me tÔpo fn(x) = 1
1+nx .

An 0 < x ≤ 1, fn(x) → 0. 'Ara, fn
k.sv.−→ 0 sto (0,1].

5. 'Estw fn : R → R me tÔpo fn(x) = x
n .

Tìte fn(x) → 0 gia k�je x ∈ R, opìte fn
k.sv.−→ 0 sto R.

6. 'Estw fn : (1,+∞) → R me tÔpo fn(x) = x
x+n .

Tìte fn
k.sv.−→ 0 sto (1,+∞).

7. 'Estw fn : [0,+∞) → R me tÔpo fn(x) = n
x+n2 .

P�li, fn
k.sv.−→ 0 sto [0,+∞).

8. 'Estw fn : [0, 1] → R me tÔpo fn(x) = xn.
Tìte fn(1) = 1 → 1 kai, an 0 ≤ x < 1, fn(x) = xn → 0. 'Ara, fn

k.sv.−→ f sto
[0, 1], ìpou h f èqei tÔpo f(x) =

{
0, 0 ≤ x < 1,
1, x = 1.

9. 'Estw fn : [0, 1] → R me tÔpo fn(x) =
{ 1

(n+1)x−1 ,
1
n ≤ x ≤ 1,

n2x, 0 ≤ x ≤ 1
n .

Tìte fn(0) = 0 → 0 kai, an 0 < x ≤ 1, gia arket� meg�lo n isqÔei 1
n ≤ x,

opìte fn(x) = 1
(n+1)x−1 → 0. 'Ara fn

k.sv.−→ 0 sto [0, 1].
10. 'Estw fn : [0, 2π] → R me tÔpo fn(x) = sin(nx)

n .
Gia k�je x ∈ [0, 2π] isqÔei |fn(x)| ≤ 1

n → 0. 'Ara, fn
k.sv.−→ 0 sto [0, 2π].

11. 'Estw fn : [0, 2π] → R me tÔpo fn(x) = cos(nx).
An x = π, cos(nπ) = (−1)n, opìte h (fn(π)) de sugklÐnei. 'Ara, h (fn) de

sugklÐnei kat� shmeÐo se kamÐa sun�rthsh sto [0, 2π].
'Askhsh 1: 'Estw fn(x) = nx

1+n2x2 kai gn(x) = n2x
1+n2x2 gia k�je x ∈ R. Apo-

deÐxte ìti oi (fn) kai (gn) sugklÐnoun kat� shmeÐo se k�poiec sunart seic f kai
g, antistoÐqwc, sto R. Poiec eÐnai oi sunart seic autèc?
'Askhsh 2: 'Estw fn(x) = x

n [n
x ] gia k�je x 6= 0. ApodeÐxte ìti fn

k.sv.−→ 1
sto R \ {0}, ìpou 1 eÐnai h stajer  sun�rthsh me tÔpo 1(x) = 1 gia k�je x.
(Upìdeixh: Qrhsimopoi ste thn anisìthta [a] ≤ a ≤ [a] + 1.)
'Askhsh 3: 'Estw fn(x) = n

x [ x
n ] gia k�je x 6= 0.

1. ApodeÐxte ìti fn
k.sv.−→ 0 sto (0,+∞). (Upìdeixh: An x > 0, melet ste tic

timèc tou x
n kai, epomènwc, tou [ x

n ] ìtan to n eÐnai polÔ meg�lo.)
2. ApodeÐxte ìti, an to A ⊆ R \ {0} perièqei toul�qiston ènan arnhtikì arij-
mì, h (fn) de sugklÐnei kat� shmeÐo se kamÐa sun�rthsh sto A. (Upìdeixh:
Efarmìste thn prohgoÔmenh upìdeixh sthn perÐptwsh x < 0.)
Prìtash 2.1 'Estw fn

k.sv.−→ f sto A kai gn
k.sv.−→ g sto A kai λ, µ ∈ R. Tìte

1. λfn + µgn
k.sv.−→ λf + µg sto A,

2. fngn
k.sv.−→ fg sto A kai,

3. an, epiplèon, g(x) 6= 0 kai gn(x) 6= 0 gia k�je x ∈ A kai gia k�je n ≥ 1, tìte
fn

gn

k.sv.−→ f
g sto A.
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Apìdeixh: 'Estw opoiod pote x ∈ A. Tìte
1. (λfn + µgn)(x) = λfn(x) + µgn(x) → λf(x) + µg(x) = (λf + µg)(x),
2. (fngn)(x) = fn(x)gn(x) → f(x)g(x) = (fg)(x) kai
3. (

fn

gn

)
(x) = fn(x)

gn(x) →
f(x)
g(x) =

(
f
g

)
(x)

lìgw gnwst¸n idiot twn twn akolouji¸n arijm¸n. O.E.D.
Oi epìmenec treic erwt seic eÐnai polÔ shmantikèc gia th Majhmatik  An�-

lush.
Er¸thsh 1: An fn

k.sv.−→ f sto A kai k�je fn eÐnai suneq c se k�poio x0 ∈ A,eÐnai h f suneq c sto x0?Ap�nthsh: 'Oqi p�ntote. Sto par�deigma 8 ìlec oi fn eÐnai suneqeÐc sto 1
all� h f den eÐnai suneq c sto 1.
Er¸thsh 2: An fn

k.sv.−→ f sto [a, b] kai k�je fn eÐnai Riemann oloklhr¸simh
sto [a, b], eÐnai h f Riemann oloklhr¸simh sto [a, b] kai isqÔei ∫ b

a
fn(x) dx →∫ b

a
f(x) dx?

Ap�nthsh: 'Oqi p�ntote. Sto par�deigma 9, ∫ 1

0
fn(x) dx = 1

2 + 2 log n
n+1 → 1

2 ,
en¸ ∫ 1

0
f(x) dx =

∫ 1

0
0(x) dx = 0.

Er¸thsh 3: An fn
k.sv.−→ f sto A kai k�je fn eÐnai paragwgÐsimh sto A, eÐnai h

f paragwgÐsimh sto A kai isqÔei f ′n k.sv.−→ f ′ sto A?
Ap�nthsh: 'Oqi p�ntote.

Sto par�deigma 2, fn
k.sv.−→ 0 sto [0,+∞). H stajer  sun�rthsh 0 eÐnai

paragwgÐsimh. All� f ′n(x) = 1
(1+nx)2 , opìte f ′n(0) = 1 → 1 kai, an x > 0,

f ′n(x) → 0. Dhlad  h (f ′n) sugklÐnei kat� shmeÐo sto [0,+∞) sth sun�rthsh
me tÔpo g(x) =

{
0, 0 < x,
1, x = 0 kai, epomènwc, f ′n

k.sv
6−→ 0′ = 0 sto [0,+∞).

Sto par�deigma 8 k�je fn eÐnai paragwgÐsimh sto 1 en¸ h f den eÐnai para-
gwgÐsimh sto 1.

Sto par�deigma 10, f ′n(x) = cos(nx) kai h (f ′n) den sugklÐnei kat� shmeÐo
se kamÐa sun�rthsh, ìpwc faÐnetai sto par�deigma 11.

An orÐsoume èna deÔtero eÐdoc sÔgklishc akoloujÐac sunart sewn, thn o-
moiìmorfh sÔgklish, ta dÔo pr¸ta erwt mata èqoun katafatik  ap�nthsh en¸
mÐa parallag  tou trÐtou erwt matoc èqei, epÐshc, katafatik  ap�nthsh.

2.2 Omoiìmorfh sÔgklish.
Orismìc 2.2 JewroÔme èna mh kenì sÔnolo A kai sunart seic f : A → R
kai g : A → R. OrÐzoume thn omoiìmorfh apìstash twn f kai g, kai thn
sumbolÐzoume du(f, g), me ton tÔpo:

du(f, g) = sup
x∈A

|f(x)− g(x)|.
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Dhlad , gia k�je x ∈ A brÐskoume thn apìstash twn arijm¸n f(x) kai g(x) kai
met� brÐskoume to supremum aut¸n twn apost�sewn kaj¸c to x diatrèqei to
koinì pedÐo orismoÔ A. To sÔnolo aut¸n twn apost�sewn eÐnai, profan¸c, mh
kenì, afoÔ up�rqei toul�qiston èna x sto A (A 6= ∅). An to sÔnolo autì eÐnai
kai �nw fragmèno, tìte to du(f, g) up�rqei kai eÐnai pragmatikìc arijmìc kai,
m�lista, mh arnhtikìc, afoÔ ìlec oi apost�seic eÐnai mh-arnhtikèc. An, ìmwc,
to sÔnolo twn apost�sewn aut¸n den eÐnai �nw fragmèno, tìte du(f, g) = +∞.
'Ara,

0 ≤ du(f, g) ≤ +∞.

ParadeÐgmata:
1. 'Estw f, g : [0, 1] → R me tÔpouc f(x) = x kai g(x) = x2.

Tìte |f(x)−g(x)| = |x−x2| = x−x2, opìte du(f, g) = supx∈[0,1](x−x2) = 1
4 .

2. 'Estw f, g : R → R me tÔpouc f(x) = x2

1+x2 kai g(x) = 0.
Tìte |f(x)− g(x)| = x2

1+x2 , opìte du(f, g) = supx∈R
x2

1+x2 = 1.
3. 'Estw f, g : R → R me tÔpouc f(x) = x kai g(x) = 1.

Tìte |f(x)− g(x)| = |x− 1|, opìte du(f, g) = supx∈R |x− 1| = +∞.
Orismìc 2.3 'Estw mh-kenì A, akoloujÐa sunart sewn (fn) me fn : A → R
gia k�je n ∈ N kai f : A→ R. Lème ìti h (fn) sugklÐnei omoiìmorfa sthn
f sto A kai sumbolÐzoume

fn
om−→ f sto A,

an
du(fn, f) = sup

x∈A
|fn(x)− f(x)| → 0.

'H alli¸c: fn
om−→ f sto A, an gia k�je ε > 0 up�rqei n0 = n0(ε) ∈ N ¸ste:

n ≥ n0 ⇒ supx∈A |fn(x)− f(x)| ≤ ε.

Prèpei na tonisjeÐ ìti h anisìthta supx∈A |fn(x)− f(x)| ≤ ε isodunameÐ me to
ìti: |fn(x)− f(x)| ≤ ε gia k�je x ∈ A.

Prosèxte p�ra polÔ kal� th diafor� tou orismoÔ autoÔ apì ton orismì thc
kat� shmeÐo sÔgklishc.
(i) fn

om−→ f sto A shmaÐnei ìti gia k�je ε > 0 up�rqei n0, to opoÐo exart�tai
apì to ε, ¸ste: |fn(x)− f(x)| ≤ ε gia k�je n ≥ n0 kai gia k�je x ∈ A.
(ii) fn

k.sv.−→ f sto A shmaÐnei ìti gia k�je ε > 0 kai gia k�je x ∈ A up�rqei
n0, to opoÐo exart�tai apì to ε kai apì to x, ¸ste: |fn(x)− f(x)| ≤ ε gia k�je
n ≥ n0.Sthn omoiìmorfh sÔgklish h epilog  tou n0 exart�tai apì to ε, all� eÐnai
{omoiìmorfh} wc proc to x ∈ A : up�rqei èna n0 gia k�je x ∈ A. En¸ sthn
kat� shmeÐo sÔgklish diaforetik� x kajorÐzoun (Ðswc) diaforetik� n0 (gia to
Ðdio ε).
Par�deigma:
Ac koit�xoume to par�deigma 4 sto opoÐo fn(x) = 1

1+nx (x ∈ (0, 1]) kai fn
k.sv.−→ 0

sto (0, 1]. Ac p�roume opoiod pote x ∈ (0, 1] kai opoiod pote ε me 0 < ε < 1.
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Tìte: |fn(x) − 0| ≤ ε ⇔ n ≥ 1
x

(
1
ε − 1

). 'Ara, to kat�llhlo n0 eÐnai eÐte to
n0(x, ε) =

[
1
x

(
1
ε −1

)]
+1, an to 1

x

(
1
ε −1

) den eÐnai akèraioc, eÐte to
[

1
x

(
1
ε −1

)],
an to 1

x

(
1
ε − 1

) eÐnai akèraioc. ParathroÔme ìti ìso to x eÐnai kontÔtera sto 0
tìso to n0(x, ε) megal¸nei kai m�lista n0(x, ε) → +∞ kaj¸c x → 0+ . 'Ara,
den up�rqei èna n0 gia to opoÐo na isqÔei |fn(x)−0| ≤ ε gia k�je x sto (0, 1] kai
gia k�je n ≥ n0. Epomènwc, h sÔgklish eÐnai kat� shmeÐon all� ìqi omoiìmorfhsto (0, 1].

Ac katano soume ti shmaÐnei {gewmetrik�} h anisìthta du(f, g) ≤ ε. Ac
upojèsoume ìti to A eÐnai uposÔnolo tou R, opìte ta graf mata twn f kai
g perièqontai sto R2. Tìte: du(f, g) ≤ ε ⇔ supx∈A |f(x) − g(x)| ≤ ε ⇔
g(x) − ε ≤ f(x) ≤ g(x) + ε gia k�je x ∈ A. Epomènwc, to gr�fhma thc f
brÐsketai olìklhro an�mesa sto gr�fhma thc g − ε kai sto gr�fhma thc g + ε,
dhlad , mèsa sth z¸nh pou dhmiourgeÐtai summetrik� gÔrw apì to gr�fhma
thc g kai èqei katakìrufo pl�toc 2ε. 'Ara, fn

om−→ f sto A isodunameÐ me
to ìti gia k�je ε > 0 ta graf mata ìlwn twn fn, apì ènan deÐkth kai pèra,
brÐskontai olìklhra mèsa sth z¸nh katakìrufou pl�touc 2ε summetrik� gÔrw
apì to gr�fhma thc f .
Par�deigma:
Xanagurn�me sto par�deigma 4, ìpou fn

k.sv.−→ 0 sto (0, 1]. Gia mikrì ε > 0
(sugkekrimèna: gia 0 < ε < 1) ta graf mata twn fn èqoun ìla k�poio komm�ti
touc èxw apì th z¸nh summetrik� gÔrw apì to gr�fhma thc 0 katakìrufou
pl�touc 2ε. 'Ara, fn 6

om−→ 0 sto (0, 1].

Ac epanexet�soume ta paradeÐgmat� mac.
ParadeÐgmata:
1. du(fn, f) = supx∈A |fn(x)−f(x)| = supx∈A

1
n = 1

n → 0. Epomènwc, fn
om−→ f

sto A.
2. du(fn,0) = sup0≤x<+∞

x
1+nx = 1

n → 0. 'Ara, fn
om−→ 0 sto [0,+∞).

3. du(fn,0) = sup0≤x≤1 |fn(x)| = 1
2 . 'Ara, fn

om
6−→ 0 sto [0, 1].

4. du(fn,0) = sup0<x≤1
1

1+nx = 1. 'Ara, fn

om
6−→ 0 sto (0, 1].

5. du(fn,0) = supx∈R
∣∣ x
n

∣∣ = +∞. 'Ara, fn

om
6−→ 0 sto R.

6. du(fn,0) = sup1<x<+∞
x

x+n = 1 . 'Ara, fn

om
6−→ 0 sto (1,+∞).

7. du(fn,0) = sup0≤x<+∞
n

x+n2 = 1
n → 0. 'Ara, fn

om−→ 0 sto [0,+∞).
8. du(fn, f) = sup0≤x≤1 |xn − f(x)| = sup0≤x<1 x

n = 1. 'Ara, fn

om
6−→ f sto

[0, 1].
9. du(fn,0) = sup0≤x≤1 |fn(x)| = n. 'Ara, fn

om
6−→ 0 sto [0, 1].

10. du(fn,0) = sup0≤x≤2π

∣∣ sin(nx)
n

∣∣ = 1
n → 0. 'Ara, fn

om−→ 0 sto [0, 2π].
11. H (fn) de sugklÐnei omoiìmorfa se kamÐa sun�rthsh lìgw thc epìmenhc
Prìtashc 2.2.
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Prìtash 2.2 An fn
om−→ f sto A, tìte fn

k.sv.−→ f sto A. Dhlad , h omoiìmorfh
sÔgklish eÐnai pio isqur  apì thn kat� shmeÐo sÔgklish.

Apìdeixh: 'Estw opoiod pote x ∈ A kai ε > 0. Dialègoume n0 ¸ste: n ≥
n0 ⇒ du(fn, f) ≤ ε. 'Omwc, |fn(x) − f(x)| ≤ du(fn, f) kai, epomènwc: n ≥
n0 ⇒ |fn(x)− f(x)| ≤ ε. 'Ara, fn(x) → f(x). O.E.D.

Met� apì aut  thn prìtash mporoÔme, pio eÔkola, na broÔme th sun�rth-
sh proc thn opoÐa sugklÐnei (an sugklÐnei) omoiìmorfa mÐa dosmènh akoloujÐa
(fn). Pr¸ta brÐskoume f ¸ste fn

k.sv.−→ f . Autì eÐnai eÔkolo, diìti gia k�je x
èqoume na k�noume me thn akoloujÐa arijm¸n (fn(x)). BrÐskoume to ìriì thc,
to onom�zoume f(x) kai apomènei na exet�soume an fn

om−→ f .
'Askhsh 4: 'Estw fn(x) = xe−nx (x ∈ [0,+∞)). ApodeÐxte ìti h (fn) sugklÐ-
nei omoiìmorfa se k�poia sun�rthsh sto [0,+∞). Poia eÐnai h f ?
'Askhsh 5: 'Estw fn(x) = 1

1+nx (x ∈ [0,+∞)). ApodeÐxte ìti h (fn) sugklÐnei
kat� shmeÐo, all� ìqi omoiìmorfa, se k�poia sun�rthsh f sto [0,+∞). Poia
eÐnai h f ? ApodeÐxte ìti gia k�je a > 0 h (fn) sugklÐnei omoiìmorfa sthn f sto
[a,+∞).
'Askhsh 6: Na epanal�bete thn prohgoÔmenh �skhsh me tic fn(x) = e−nx

kaj¸c kai me tic fn(x) = nxe−nx.
'Askhsh 7: 'Estw fn(x) = x2n

1+x2n (x ∈ R). ApodeÐxte ìti h (fn) sugklÐnei
kat� shmeÐo, all� ìqi omoiìmorfa, se k�poia sun�rthsh f sto R. Poia eÐnai h
f ? Katìpin, apodeÐxte ìti gia k�je δ me 0 < δ ≤ 1 h (fn) sugklÐnei omoiìmorfa
sthn f sto (−∞,−1− δ] ∪ [−1 + δ, 1− δ] ∪ [1 + δ,+∞).
'Askhsh 8: 'Estw fn

om−→ f sto A kai B ⊆ A. ApodeÐxte ìti fn
om−→ f sto B.

'Askhsh 9: 'Estw A = B ∪ C kai fn
om−→ f sto B kai fn

om−→ f sto C. Apo-
deÐxte ìti fn

om−→ f sto A.
'Askhsh 10: 'Estw A ⊆ R, fn

om−→ f sto A, h (xn) perièqetai sto A, x0 ∈ Akai xn → x0. An h f eÐnai suneq c sto x0, apodeÐxte ìti fn(xn) → f(x0).(Upìdeixh: |fn(xn)− f(x0)| ≤ |fn(xn)− f(xn)|+ |f(xn)− f(x0)| ≤ du(fn, f) +
|f(xn)− f(x0)|.)
'Askhsh 11: Upojètoume A ⊆ R, fn

om−→ f sto A, x0 shmeÐo suss¸reushc tou
A kai limx→x0 fn(x) = yn ∈ R. ApodeÐxte ìti:
1. h (yn) sugklÐnei sto R kai
2. limx→x0 f(x) = limn→+∞ yn. Dhlad ,

lim
x→x0

lim
n→+∞

fn(x) = lim
n→+∞

lim
x→x0

fn(x).

'Askhsh 12: 'Estw fn(x) = xn sto [0, 1] kai g : [0, 1] → R suneq c sto [0, 1]
me g(1) = 0. ApodeÐxte ìti gfn

om−→ 0 sto [0, 1].
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Orismìc 2.4 MÐa akoloujÐa sunart sewn (fn) me fn : A→ R gia k�je n ∈ N
onom�zetai omoiìmorfa fragmènh sto A, an up�rqei koinì fr�gma gia ìlec
tic fn, dhlad , an up�rqei M ¸ste |fn(x)| ≤ M gia k�je x ∈ A kai gia k�je
n ∈ N.

Prìtash 2.3 1. An fn
om−→ f kai gn

om−→ g sto A kai λ, µ ∈ R, λfn + µgn
om−→

λf + µg sto A.
2. An, epiplèon, oi (fn) kai (gn) eÐnai omoiìmorfa fragmènec, fngn

om−→ fg sto
A.
3. An, epiplèon, oi (fn) kai

(
1

gn

)
eÐnai omoiìmorfa fragmènec sto A, fn

gn

om−→ f
g

sto A.

Apìdeixh: 1. 'Estw ε > 0. BrÐskoume n0 = n0(ε) ∈ N ¸ste gia k�je n ≥ n0 na
isqÔei: |fn(x)−f(x)| ≤ ε

2|λ|+1 kai |gn(x)−g(x)| ≤ ε
2|µ|+1 gia k�je x ∈ A. Tìte

gia k�je n ≥ n0 isqÔei: |(λfn(x) + µgn(x)) − (λf(x) + µg(x))| ≤ |λ||fn(x) −
f(x)|+ |µ||gn(x)− g(x)| ≤ |λ| ε

2|λ|+1 + |µ| ε
2|µ|+1 ≤ ε gia k�je x ∈ A.

2. Up�rqei M ¸ste |fn(x)| ≤M kai |gn(x)| ≤M gia k�je n ∈ N kai gia k�je
x ∈ A. Epeid  fn

om−→ f sto A, sunep�getai fn
k.sv.−→ f sto A, opìte gia k�je

x ∈ A isqÔei fn(x) → f(x). 'Ara, |f(x)| ≤M gia k�je x ∈ A. Dhlad , to koinì
fr�gma twn fn eÐnai fr�gma kai thc f .

'Estw opoiod pote ε > 0. Dialègoume n0 = n0(ε) ¸ste gia n ≥ n0 na isqÔei:
|fn(x) − f(x)| ≤ ε

2M kai |gn(x) − g(x)| ≤ ε
2M gia k�je x ∈ A. Tìte gia k�je

n ≥ n0 isqÔei: |fn(x)gn(x)−f(x)g(x)| ≤ |fn(x)gn(x)−f(x)gn(x)|+|f(x)gn(x)−
f(x)g(x)| = |fn(x) − f(x)||gn(x)| + |f(x)||gn(x) − g(x)| ≤ M ε

2M + M ε
2M = ε

gia k�je x ∈ A.
3. Up�rqei M ¸ste |fn(x)| ≤M kai ∣∣ 1

gn(x)

∣∣ ≤M gia k�je n ∈ N kai gia k�je
x ∈ A. Autì, eidik¸tera, sunep�getai ìti gn(x) 6= 0 kai, epomènwc, orÐzontai oi
fn

gn
. Epeid  fn

om−→ f sto A, sunep�getai fn
k.sv.−→ f sto A, opìte gia k�je x ∈ A

isqÔei fn(x) → f(x). 'Ara |f(x)| ≤ M gia k�je x ∈ A. OmoÐwc, sunep�getai∣∣ 1
g(x)

∣∣ ≤M gia k�je x ∈ A, opìte g(x) 6= 0 kai, epomènwc, orÐzetai h f
g .

'Estw opoiod pote ε > 0. Dialègoume n0 = n0(ε) ¸ste gia n ≥ n0 na isqÔei:
|fn(x)−f(x)| ≤ ε

2M kai |gn(x)−g(x)| ≤ ε
2M3 gia k�je x ∈ A. Tìte gia k�je n ≥

n0 isqÔei: ∣∣ fn(x)
gn(x)−

f(x)
g(x)

∣∣ ≤ ∣∣ fn(x)−f(x)
gn(x)

∣∣+∣∣ f(x)(gn(x)−g(x))
gn(x)g(x)

∣∣ ≤M ε
2M +M3 ε

2M3 = ε

gia k�je x ∈ A. O.E.D.
'Askhsh 13: 'Estw fn(x) = 1

x + 1
n , gn(x) = 1

n , f(x) = 1
x kai g(x) = 0 gia k�je

x ∈ (0,+∞). ApodeÐxte ìti fn
om−→ f , gn

om−→ g kai fngn

om
6−→ fg sto (0,+∞).

'Askhsh 14: 'Estw fn
om−→ f sto A. An fn : A → [a, b] gia k�je n ∈ N,

apodeÐxte ìti f : A → [a, b]. An, epiplèon, h g : [a, b] → R eÐnai suneq c sto
[a, b], apodeÐxte ìti g ◦ fn

om−→ g ◦ f sto A. (Upìdeixh: H g eÐnai omoiìmorfa
suneq c sto [a, b].)
Je¸rhma 2.1 Krit rio Cauchy. 'Estw fn : A → R gia k�je n ∈ N. H
(fn) sugklÐnei omoiìmorfa se k�poia sun�rthsh sto A an kai mìnon an gia k�je
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ε > 0 up�rqei n0 = n0(ε) ¸ste: n,m ≥ n0 ⇒ du(fn, fm) ≤ ε  , isodÔnama,
|fn(x)− fm(x)| ≤ ε gia k�je x ∈ A.

Apìdeixh: 'Estw fn
om−→ f sto A kai tuqìn ε > 0. Tìte up�rqei n0 = n0(ε)¸ste: n ≥ n0 ⇒ |fn(x) − f(x)| ≤ ε

2 gia k�je x ∈ A. 'Ara: n,m ≥ n0 ⇒
|fn(x)− fm(x)| ≤ |fn(x)− f(x)|+ |fm(x)− f(x)| ≤ ε

2 + ε
2 = ε gia k�je x ∈ A.

Gia to antÐstrofo stajeropoioÔme x ∈ A. H upìjesh sunep�getai ìti gia
k�je ε > 0 up�rqei n0 ¸ste: n,m ≥ n0 ⇒ |fn(x) − fm(x)| ≤ du(fn, fm) ≤ ε.
'Ara h akoloujÐa (fn(x)) eÐnai Cauchy kai, epomènwc, sugklÐnei se k�poion
arijmì o opoÐoc exart�tai apì to x. Se k�je x ∈ A antistoiqÐzoume to ìrio thc
(fn(x)), to opoÐo onom�zoume f(x). 'Ara fn

k.sv.−→ f sto A.
H upìjesh eÐnai ìti gia k�je ε > 0 up�rqei n0 = n0(ε) ¸ste: n,m ≥ n0 ⇒

|fn(x) − fm(x)| gia k�je x ∈ A. Kaj¸c m → +∞ sunep�getai: n ≥ n0 ⇒
|fn(x)− f(x)| ≤ ε gia k�je x ∈ A. 'Ara fn

om−→ f sto A. O.E.D.
'Askhsh 15: An fn

om−→ f sto A kai k�je fn eÐnai fragmènh sto A, h (fn) eÐnai
omoiìmorfa fragmènh sto A. (Upìdeixh: Qrhsimopoi ste to krit rio Cauchy
me ε = 1.)

T¸ra ja doÔme ìti me thn omoiìmorfh sÔgklish èqoume pio ikanopoihtikèc
apant seic sta trÐa erwt mata pou diatup¸jhkan sto tèloc thc enìthtac 2.1
ap' ìti me thn kat� shmeÐo sÔgklish.
Je¸rhma 2.2 'Estw mh-kenì A ⊆ R, fn

om−→ f sto A kai x0 ∈ A. An k�je fn

eÐnai suneq c sto x0, h f eÐnai suneq c sto x0. 'Ara, an k�je fn eÐnai suneq c
sto A, h f eÐnai suneq c sto A.

Apìdeixh: 'Estw ε > 0. AfoÔ fn
om−→ f sto A, up�rqei n0 ¸ste du(fn0 , f) < ε

3 .AfoÔ h fn0 eÐnai suneq c sto x0, up�rqei δ > 0 ¸ste: x ∈ A, |x − x0| <
δ ⇒ |fn0(x) − fn0(x0)| < ε

3 . 'Ara: x ∈ A, |x − x0| < δ ⇒ |f(x) − f(x0)| ≤
|f(x)− fn0(x)|+ |fn0(x)− fn0(x0)|+ |fn0(x0)− f(x0)| ≤ du(fn0 , f) + |fn0(x)−
fn0(x0)|+ du(fn0 , f) < ε

3 + ε
3 + ε

3 = ε. O.E.D.
Par�deigma:
Sto par�deigma 8 mporoÔme na sumper�noume, qwrÐc upologismì thc du(fn, f),
ìti fn

om
6−→ f sto [0, 1], afoÔ k�je fn eÐnai suneq c sto 1 en¸ h f den eÐnai

suneq c sto 1.
'Askhsh 16: Xanakoit�xte stic ask seic 5, 6 kai 7 tic fn(x) = 1

1+nx kai
fn(x) = e−nx sto [0,+∞) kai tic fn(x) = x2n

1+x2n sto R. AfoÔ èqete brei tic
antÐstoiqec f , apodeÐxte, qwrÐc na upologÐsete tic du(fn, f), ìti h sÔgklish den
eÐnai omoiìmorfh.

'Askhsh 17: 'Estw fn(x) =

{
0, x < 1

n+1   1
n < x,

sin2
(

π
x

)
, 1

n+1 ≤ x ≤ 1
n . ApodeÐxte ìti h

(fn) sugklÐnei kat� shmeÐo se k�poia f suneq  sto R. Poia eÐnai h f ? IsqÔei
fn

om−→ f sto R?
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Je¸rhma 2.3 'Estw ìti k�je fn : [a, b] → R eÐnai Riemann oloklhr¸simh sto
[a, b] kai ìti fn

om−→ f sto [a, b]. Tìte h f eÐnai Riemann oloklhr¸simh sto [a, b]
kai

∫ b

a
fn(x) dx→

∫ b

a
f(x) dx.

Apìdeixh: Gia na apodeÐxoume ìti h f eÐnai Riemann oloklhr¸simh sto [a, b] ja
qrhsimopoi soume to Krit rio Oloklhrwsimìthtac.

PaÐrnoume ε > 0 kai jètoume ε1 = ε
1+2(b−a) . Epeid  fn

om−→ f , up�rqei
n0 ∈ N ¸ste du(fn0 , f) < ε1. Epomènwc, |fn0(x) − f(x)| ≤ ε1 gia k�je x ∈
[a, b]. Epeid  h fn0 eÐnai Riemann oloklhr¸simh sto [a, b], up�rqei, b�sei tou
KrithrÐou Oloklhrwsimìthtac, diamèrish ∆ = {a = x0 < x1 < . . . < xn−1 <
xn = b} ¸ste Σ(fn0 ,∆) − Σ(fn0 ,∆) < ε1. Se k�je upodi�sthma [xk−1, xk]
orÐzoume Mk = supx∈[xk−1,xk] f(x), mk = infx∈[xk−1,xk] f(x) kaj¸c kai Mk,n0 =
supx∈[xk−1,xk] fn0(x), mk,n0 = infx∈[xk−1,xk] fn0(x). SÔmfwna me touc orismoÔc
twn Σ kai Σ , isqÔei Σ(fn0 ,∆)−Σ(fn0 ,∆) =

∑n
k=1(Mk,n0 −mk,n0)(xk − xk−1)kai Σ(f,∆) − Σ(f,∆) =

∑n
k=1(Mk −mk)(xk − xk−1). Gia k�je x ∈ [xk−1, xk]

isqÔei f(x) = f(x) − fn0(x) + fn0(x) ≤ |f(x) − fn0(x)| + fn0(x) ≤ ε1 +Mk,n0kai, epomènwc, Mk ≤ ε1 + Mk,n0 . OmoÐwc, f(x) = f(x) − fn0(x) + fn0(x) ≥
−|f(x) − fn0(x)| + fn0(x) ≥ −ε1 + mk,n0 kai, epomènwc, mk ≥ −ε1 + mk,n0 .Sunep�getai Mk − mk ≤ Mk,n0 − mk,n0 + 2ε1, opìte, pollaplasi�zontac me
to xk − xk−1 kai ajroÐzontac, brÐskoume Σ(f,∆) − Σ(f,∆) ≤ Σ(fn0 ,∆) −
Σ(fn0 ,∆) +

∑n
k=1 2ε(xk − xk−1) = Σ(fn0 ,∆) − Σ(fn0 ,∆) + 2ε1(b − a) <

(
1 +

2(b− a)
)
ε1 = ε.

SumperaÐnoume, loipìn, ìti gia k�je ε > 0 up�rqei diamèrish ∆ tou [a, b]
¸ste Σ(f,∆)−Σ(f,∆) < ε. SÔmfwna me to Krit rio Oloklhrwsimìthtac, h f
eÐnai Riemann oloklhr¸simh sto [a, b].

AfoÔ apodeÐxame ìti h f eÐnai Riemann oloklhr¸simh sto [a, b] kai, epomè-
nwc, ìti to ∫ b

a
f(x) dx èqei upìstash, èqoume∣∣∣ ∫ b

a

fn(x) dx−
∫ b

a

f(x) dx
∣∣∣ ≤ ∫ b

a

|fn(x)− f(x)| dx

≤ (b− a) sup
x∈[a,b]

|fn(x)− f(x)| = (b− a)du(fn, f) → 0.

'Ara, ∫ b

a
fn(x) dx→

∫ b

a
f(x) dx. O.E.D.

Parat rhsh: Tic perisìterec forèc, ìtan prokÔptei perÐptwsh efarmog c tou
Jewr matoc 2.3, h sun�rthsh-ìrio f thc (fn) eÐnai faner� Riemann oloklhr¸-
simh sto [a, b]. Gia par�deigma, mporeÐ ìlec oi fn na eÐnai suneqeÐc sto [a, b],
opìte, me efarmog  tou Jewr matoc 2.2, kai h f eÐnai suneq c sto [a, b]. 'H
mporeÐ na gnwrÐzoume ton tÔpo thc f kai na diakrÐnoume ìti eÐnai kat� tm mata
suneq c   kat� tm mata monìtonh sto [a, b]. Se autèc tic peript¸seic, to pr¸to
kai saf¸c pio dÔskolo mèroc thc apìdeixhc tou Jewr matoc 2.3 (to opoÐo exa-
sfalÐzei thn Ôparxh tou ∫ b

a
f(x) dx) eÐnai perittì kai qrei�zetai mìnon h sqetik�

apl  apìdeixh tou ìti ∫ b

a
fn(x) dx→

∫ b

a
f(x) dx.

Par�deigma:
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Sto par�deigma 9 èqoume ∫ 1

0
fn(x) dx = 1

2 +2 log n
n+1 →

1
2 kai ∫ 1

0
f(x) dx = 0. 'Ara,

qwrÐc na upologÐsoume to du(fn, f), sumperaÐnoume ìti fn

om
6−→ f sto [0, 1].

'Askhsh 18: 'Estw fn(x) = npx(1− x2)n (x ∈ [0, 1]), ìpou p ∈ R eÐnai par�-
metroc. ApodeÐxte ìti gia k�je p ∈ R h (fn) sugklÐnei kat� shmeÐo se k�poia f
sto [0, 1]. (Upìdeixh: Ti tim  èqei to limn→+∞ npan, an 0 ≤ a < 1, kai ti tim 
èqei to Ðdio ìrio, an a = 1?) Gia poiec timèc tou p eÐnai h sÔgklish omoiìmorfh?
Gia poiec timèc tou p isqÔei ∫ 1

0
fn(x) dx→

∫ 1

0
f(x) dx?

'Opwc faÐnetai apì ta paradeÐgmata 10 kai 11, de mporoÔme na perimènoume
an�logo je¸rhma gia parag¸gouc. Dhlad , to ìti fn

om−→ f sto A de sunep�ge-
tai p�ntote ìti f ′n om−→ f ′ sto A. Up�rqei, ìmwc, èna apotèlesma sthn antÐjeth
kateÔjunsh.
Je¸rhma 2.4 'Estw fn : [a, b] → R gia k�je n ∈ N, g : [a, b] → R kai k�je
fn eÐnai paragwgÐsimh sto [a, b]. An
(i) f ′n

om−→ g sto [a, b] kai
(ii) h (fn(x0)) sugklÐnei gia toul�qiston èna x0 ∈ [a, b],
tìte h (fn) sugklÐnei omoiìmorfa se k�poia f sto [a, b], h opoÐa eÐnai paragwgÐ-
simh sto [a, b], kai f ′(x) = g(x) gia k�je x ∈ [a, b].

Apìdeixh: 1. PaÐrnoume tuqìn ε > 0. Epeid  f ′n om−→ g sto [a, b] kai h (fn(x0))sugklÐnei, up�rqei, sÔmfwna me to krit rio tou Cauchy, n0 ∈ N ¸ste: n,m ≥
n0 ⇒ du(f ′n, f

′
m) ≤ ε

2(b−a) kai |fn(x0) − fm(x0)| ≤ ε
2 . Gia k�je n,m ≥ n0

kai gia k�je x ∈ [a, b] up�rqei ξ an�mesa sta x kai x0 ¸ste |fn(x)− fm(x)| ≤∣∣(fn(x)− fm(x))− (fn(x0)− fm(x0))
∣∣+ |fn(x0)− fm(x0)| = |f ′n(ξ)− f ′m(ξ)||x−

x0| + |fn(x0) − fm(x0)| ≤ du(f ′n, f
′
m)(b − a) + |fn(x0) − fm(x0)| ≤ ε

2(b−a) (b −
a) + ε

2 = ε. 'Ara: n,m ≥ n0 ⇒ du(fn, fm) ≤ ε. SÔmfwna me to krit rio tou
Cauchy, h (fn) sugklÐnei omoiìmorfa se k�poia f sto [a, b].
2. PaÐrnoume tuqìn x ∈ [a, b] kai ja apodeÐxoume ìti f ′(x) = g(x).

'Estw ε > 0. Epeid  f ′n om−→ g sto [a, b], up�rqei, sÔmfwna me to krit rio
tou Cauchy, n0 ∈ N ¸ste: n,m ≥ n0 ⇒ du(f ′n, f

′
m) ≤ ε

3 kai du(f ′n, g) ≤ ε
3 .

Katìpin, epilègoume δ > 0 ¸ste: ∣∣ fn0 (y)−fn0 (x)

y−x − f ′n0
(x)

∣∣ ≤ ε gia k�je y ∈ [a, b]
me 0 < |y − x| < δ.

PaÐrnoume, t¸ra, y ∈ [a, b] me 0 < |y − x| < δ kai tuqìn n ≥ n0 kai èqoume∣∣ fn(y)−fn(x)
y−x − g(x)

∣∣ ≤ ∣∣ (fn(y)−fn0 (y))−(fn(x)−fn0 (x))

y−x

∣∣ +
∣∣ fn0 (y)−fn0 (x)

y−x − f ′n0
(x)

∣∣ +
|f ′n0

(x)− g(x)|. Kat' arq n, |f ′n0
(x)− g(x)| ≤ du(f ′n0

, g) ≤ ε
3 . Katìpin, up�rqei

ξ an�mesa sta x kai y ¸ste ∣∣ (fn(y)−fn0 (y))−(fn(x)−fn0 (x))

y−x

∣∣ = |f ′n(ξ)− f ′n0
(ξ)| ≤

du(f ′n, f
′
n0

) ≤ ε
3 . 'Ara,

∣∣ fn(y)−fn(x)
y−x −g(x)

∣∣ ≤ ε
3 + ε

3 + ε
3 = ε. Autì isqÔei gia k�je

n ≥ n0 kai k�je y ∈ [a, b] me 0 < |y − x| < δ. PaÐrnontac ìrio kaj¸c n→ +∞,
èqoume ∣∣ f(y)−f(x)

y−x −g(x)
∣∣ ≤ ε gia k�je y ∈ [a, b] me 0 < |y−x| < δ. Autì shmaÐnei

ìti limy→x
f(y)−f(x)

y−x = g(x) kai, epomènwc, f ′(x) = g(x). O.E.D.
Parathr seic sto Je¸rhma 2.4: 1. Upojètoume thn omoiìmorfh sÔgklish
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thc (f ′n) kai sumperaÐnoume thn omoiìmorfh sÔgklish thc (fn).
2. Gia thn (fn) arkeÐ na upojèsoume thn kat� shmeÐo sÔgklish se èna mìno
shmeÐo x0.
'Askhsh 19: 'Estw fn(x) = x

1+nx2 (x ∈ R). ApodeÐxte ìti up�rqei f ¸ste
fn

om−→ f sto R. ApodeÐxte ìti h f eÐnai paragwgÐsimh sto R kai f ′n(x) → f ′(x),
an x 6= 0, all� f ′n(0) 6→ f ′(0).
'Askhsh 20: 'Estw fn(x) = 1

ne
−n2x2

(x ∈ R).
1. ApodeÐxte ìti fn

om−→ 0 sto R kai f ′n k.sv.−→ 0 sto R.
2. ApodeÐxte ìti gia k�je a > 0 isqÔei f ′n

om
6−→ 0 sto [−a, a] kai f ′n om−→ 0 sto

(−∞,−a] ∪ [a,+∞).
'Askhsh 21: JewreÐste tic fn(x) = |x|1+ 1

n (x ∈ [−1, 1]). ApodeÐxte ìti
fn

om−→ f sto [−1, 1] gia k�poia f . Poia eÐnai h f ? ApodeÐxte ìti ìlec oi fn eÐnai
paragwgÐsimec sto 0 en¸ h f den eÐnai paragwgÐsimh sto 0.

2.3 To je¸rhma tou Weierstrass.

L mma 2.1 1.
∑n

k=0

(
n
k

)
xk(1− x)n−k = 1.

2.
∑n

k=0 k
(

n
k

)
xk(1− x)n−k = nx.

3.
∑n

k=0 k
2
(

n
k

)
xk(1− x)n−k = (n2 − n)x2 + nx.

Apìdeixh: QrhsimopoioÔme ton diwnumikì tÔpo ∑n
k=0

(
n
k

)
tksn−k = (t+ s)n.

1. Jètoume t = x kai s = 1− x.
2. ParagwgÐzoume ton diwnumikì tÔpo wc proc t, pollaplasi�zoume thn isìthta
pou prokÔptei me t kai jètoume t = x kai s = 1− x.
3. ParagwgÐzoume deÔterh for� wc proc t, pollaplasi�zoume me t kai jètoume
t = x kai s = 1− x. O.E.D.

Sthn enìthta aut  ja apodeÐxoume mìno èna je¸rhma.
Je¸rhma 2.5 Weierstrass. An h f : [a, b] → R eÐnai suneq c sto [a, b], gia
k�je ε > 0 up�rqei polu¸numo P ¸ste

|f(t)− P (t)| ≤ ε , t ∈ [a, b].

To apotèlesma tou jewr matoc gr�fetai isodÔnama
du(f, P ) ≤ ε.

PaÐrnontac ε = 1, 1
2 , . . . ,

1
n , . . . kai ta antÐstoiqa P1, P2, . . . , Pn, . . . , èqoume

du(f, Pn) ≤ 1
n → 0. 'Ara, mÐa isodÔnamh diatÔpwsh tou jewr matoc tou Weier-

strass eÐnai h parak�tw.
Je¸rhma 2.5 Weierstrass. An h f : [a, b] → R eÐnai suneq c sto [a, b],
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up�rqei akoloujÐa poluwnÔmwn (Pn) ¸ste

Pn
om−→ f sto [a, b].

Up�rqoun pollèc apodeÐxeic autoÔ tou jewr matoc. H apìdeixh pou ja pa-
rousiasteÐ ed¸ eÐnai tou S. Bernstein.

Apìdeixh: 1. Melet�me pr¸ta thn perÐptwsh tou diast matoc [0, 1].
'Estw f : [0, 1] → R suneq c sto [0, 1]. JewroÔme to polu¸numo

Bn(x) =
n∑

k=0

(n
k

)
f
(k
n

)
xk(1− x)n−k.

Ja deÐxoume ìti gia dedomèno ε > 0, an p�roume to n = n(ε) arket� meg�lo, to
Bn eÐnai to zhtoÔmeno P , dhlad 

|Bn(x)− f(x)| ≤ ε , x ∈ [0, 1].

Lìgw tou L mmatoc 2.1(1),

f(x) = f(x) · 1 = f(x)
n∑

k=0

(n
k

)
xk(1− x)n−k =

n∑
k=0

(n
k

)
f(x)xk(1− x)n−k

Afair¸ntac kat� mèlh,

Bn(x)− f(x) =
n∑

k=0

(n
k

) (
f
(k
n

)
− f(x)

)
xk(1− x)n−k .

Krat�me stajerì to n kai to x ∈ [0, 1] kai af noume ton akèraio k na paÐrnei
tic timèc 0, 1, 2, . . . , n, opìte o lìgoc k

n paÐrnei tic timèc 0, 1
n ,

2
n , . . . ,

n−1
n , 1.

Gia k�poiec timèc tou k o lìgoc k
n perièqetai sto di�sthma [

x− 1
4√n

, x+ 1
4√n

],
dhlad  ∣∣x − k

n

∣∣ ≤ 1
4√n

, kai gia tic upìloipec timèc tou k o lìgoc k
n eÐnai ektìc

autoÔ tou diast matoc, dhlad  ∣∣x− k
n

∣∣ > 1
4√n

. QwrÐzoume, loipìn, to �jroisma∑n
k=0 se dÔo ajroÐsmata: ∑′ kai ∑′′. Sto ∑′ ajroÐzoume mìno touc ìrouc

oi opoÐoi antistoiqoÔn sta k pou ikanopoioÔn thn ∣∣x − k
n

∣∣ ≤ 1
4√n

kai sto ∑′′
ajroÐzoume touc upìloipouc ìrouc, dhlad , autoÔc oi opoÐoi antistoiqoÔn sta
k pou ikanopoioÔn thn ∣∣x− k

n

∣∣ > 1
4√n

. SumbolÐzoume
εn = max

|x−y|≤ 1
4√n

|f(x)− f(y)|.

Tìte gia ta k tou pr¸tou ajroÐsmatoc ∑′ isqÔei ∣∣f(
k
n

)
− f(x)

∣∣ ≤ εn . 'Ara,∣∣∣ ∑
′
(n
k

) (
f
(k
n

)
−f(x)

)
xk(1−x)n−k

∣∣∣ ≤ ∑
′
(n
k

) ∣∣∣f(k
n

)
−f(x)

∣∣∣xk(1−x)n−k

≤ εn
∑

′
(n
k

)
xk(1− x)n−k ≤ εn

n∑
k=0

(n
k

)
xk(1− x)n−k = εn .
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AfoÔ h f eÐnai suneq c sto [0, 1], èqei k�poio �nw fr�gma M . Epomènwc,∣∣f(
k
n

)
− f(x)

∣∣ ≤ ∣∣f(
k
n

)∣∣ + |f(x)| ≤ 2M . 'Eqoume, loipìn,∣∣∣ ∑
′′

(n
k

) (
f
(k
n

)
− f(x)

)
xk(1− x)n−k

∣∣∣ ≤ ∑
′′

(n
k

)
2Mxk(1− x)n−k

= 2M
∑

′′
(n
k

)
xk(1− x)n−k = 2M

∑
′′ (

k
n − x)2

( k
n − x)2

(n
k

)
xk(1− x)n−k

≤ 2M
∑

′′ (
k
n − x)2

( 1
4√n

)2

(n
k

)
xk(1− x)n−k

= 2M
√
n

∑
′′
(k
n
− x

)2 (n
k

)
xk(1− x)n−k

≤ 2M
√
n

n∑
k=0

(k
n
− x

)2 (n
k

)
xk(1− x)n−k

= 2M
√
n

n∑
k=0

(k2

n2
− 2

k

n
x+ x2

) (n
k

)
xk(1− x)n−k

= 2M
√
n
( 1
n2

n∑
k=0

k2
(n
k

)
xk(1− x)n−k − 2x

n

n∑
k=0

k
(n
k

)
xk(1− x)n−k

+x2
n∑

k=0

(n
k

)
xk(1− x)n−k

)
= 2M

√
n
( 1
n2

(
(n2 − n)x2 + nx

)
− 2x

n
nx+ x2

)
=

2Mx(1− x)√
n

≤ M

2
√
n
.

'Eqoume, loipìn, mèqri t¸ra apodeÐxei ìti
|Bn(x)− f(x)| =

∣∣∣ ∑
′ +

∑
′′
∣∣∣ ≤ ∣∣∣ ∑

′
∣∣∣ +

∣∣∣ ∑
′′
∣∣∣ ≤ εn +

M

2
√
n
.

'Estw, loipìn, ε > 0. AfoÔ h f eÐnai suneq c sto [0, 1], eÐnai kai omoiìmorfa
suneq c sto [0, 1]. 'Ara, up�rqei δ > 0 ¸ste: x, y ∈ [a, b], |x − y| ≤ δ ⇒
|f(x) − f(y)| ≤ ε

2 . Dialègoume n ¸ste 1
4√n

≤ δ kai M
2
√

n
≤ ε

2 , opìte εn ≤ ε
2 .'Ara,

|Bn(x)− f(x)| ≤ εn +
M

2
√
n
≤ ε

2
+
ε

2
= ε , x ∈ [0, 1].

2. JewroÔme, t¸ra, th genik  perÐptwsh diast matoc [a, b].
'Estw sun�rthsh f : [a, b] → R suneq c sto [a, b]. OrÐzoume th sun�rthsh

φ : [0, 1] → [a, b] me tÔpo
x = φ(t) = (b− a)t+ a , t ∈ [0, 1].
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H φ eÐnai èna-proc-èna kai epÐ kai, epomènwc, up�rqei h antÐstrofh sun�rthsh
ψ : [a, b] → [0, 1]. O tÔpoc thc ψ eÐnai

t = ψ(x) =
x

b− a
− a

b− a
, x ∈ [a, b].

Katìpin, jewroÔme th sÔnjesh g = f ◦ φ : [0, 1] → R me tÔpo g(t) =
f
(
φ(t)

)
= f

(
(b − a)t + a

) gia k�je t ∈ [0, 1]. Epeid  h g eÐnai sÔnjesh sune-
q¸n sunart sewn, eÐnai suneq c sto [0, 1]. Apì to pr¸to mèroc thc apìdeixhc
sunep�getai ìti up�rqei polu¸numo Q(t) ¸ste

|g(t)−Q(t)| ≤ ε , t ∈ [0, 1].

T¸ra, jewroÔme th sÔnjesh P = Q ◦ ψ : [a, b] → R me tÔpo P (x) =
Q

(
ψ(x)

)
= Q

(
x

b−a −
a

b−a

) gia k�je x ∈ [a, b]. Epeid  to Q eÐnai polu¸numo, to
P eÐnai kai autì polu¸numo kai, m�lista, Ðdiou bajmoÔ me to Q. ParathroÔme
ìti apì thn g = f ◦ φ sunep�getai h f = g ◦ ψ. Tèloc,

|f(x)− P (x)| =
∣∣g(ψ(x)

)
−Q

(
ψ(x)

)∣∣ ≤ ε , x ∈ [a, b]. O.E.D.
Par�deigma:
'Estw h sun�rthsh me tÔpo f(x) =

√
x gia k�je x ∈ [0, 1] kai ε = 10−4. Ja

akolouj soume ton algìrijmo pou perigr�fetai sto pr¸to mèroc thc apìdeixhc
tou Jewr matoc tou Weierstrass gia na broÔme polu¸numo P ¸ste na isqÔei
|
√
x− P (x)| ≤ 10−4 gia k�je x ∈ [0, 1].
ApodeiknÔetai eÔkola ìti, an p�roume δ = ε2

4 = 1
410−8, tìte: |x − y| ≤

δ ⇒ |
√
x − √y| ≤ ε

2 = 1
210−4. Profan¸c, 0 ≤

√
x ≤ 1 gia k�je x ∈ [0, 1],

opìte M = 1. 'Ara, qreiazìmaste 1
4√n

≤ 1
410−8 kai 1

2
√

n
≤ 1

210−4  , isodÔnama,
n ≥ 441032. Me n = 441032 èqoume to zhtoÔmeno polu¸numo:

B441032(x) =
441032∑
k=0

(
441032

k

) √
k

441032
xk(1− x)4

41032−k .

To polu¸numo autì eÐnai bajmoÔ 441032.
'Askhsh 22: 1. BreÐte polu¸numo P (x) ¸ste ∣∣|x| − P (x)

∣∣ ≤ 1
1000 gia k�je

x ∈ [−100, 100].
2. EpÐshc, breÐte polu¸numo Q(x) ¸ste Q(0) = 0 kai | sinx −Q(x)| ≤ 1

100 gia
k�je x ∈ [−100, 100].
'Askhsh 23: JewroÔme f : [0, 1] → R suneq  sto [0, 1] me thn idiìthta:∫ 1

0
xnf(x) dx = 0 gia k�je n = 0, 1, 2, 3, . . . . ApodeÐxte ìti f = 0, dhla-

d , f(x) = 0 gia k�je x ∈ [0, 1]. (Upìdeixh: Up�rqei polu¸numo P (x) ¸ste
|f(x)− P (x)| ≤ ε gia k�je x ∈ [0, 1]. B�sei thc upìjeshc, ∫ 1

0
f(x)P (x) dx = 0.

Sunep�getai 0 ≤
∫ 1

0
f2(x) dx =

∫ 1

0
f(x)P (x) dx +

∫ 1

0
f(x)

(
f(x) − P (x)

)
dx =∫ 1

0
f(x)

(
f(x)−P (x)

)
dx ≤

∫ 1

0
|f(x)||f(x)−P (x)| dx ≤ ε

∫ 1

0
|f(x)| dx. Epeid  to
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ε eÐnai tuqìn, ∫ 1

0
f2(x) dx = 0.)

'Askhsh 24: 'Estw f : [1,+∞) → R suneq c sto [1,+∞) kai èstw ìti to
limx→+∞ f(x) eÐnai pragmatikìc arijmìc. ApodeÐxte ìti gia k�je ε > 0 up�rqei
sun�rthsh thc morf c Q(x) = polu¸numo tou 1

x ¸ste |f(x) − Q(x)| ≤ ε gia
k�je x ≥ 1. (Upìdeixh: Jèsate l = limx→+∞ f(x). Jewr ste thn φ : (0, 1] →
[1,+∞) me tÔpo x = φ(t) = 1

t kai thn antÐstrofh ψ : [1,+∞) → (0, 1] me tÔpo
t = ψ(x) = 1

x . 'Estw g = f ◦ φ : (0, 1] → R. H g eÐnai suneq c sto (0, 1] kai,
afoÔ orÐsete g(0) = l, apodeÐxte ìti h g eÐnai suneq c sto [0, 1]. Efarmìste to
Je¸rhma tou Weierstrass sthn g.)
'Askhsh 25: 'Estw f : [0,+∞) → R suneq c sto [0,+∞) kai èstw ìti to
limx→+∞ f(x) eÐnai pragmatikìc arijmìc. ApodeÐxte ìti gia k�je ε > 0 up�rqei
sun�rthsh thc morf c Q(x) = polu¸numo tou e−x ¸ste |f(x) −Q(x)| ≤ ε gia
k�je x ≥ 0. (Upìdeixh: Prosarmìste thn upìdeixh thc prohgoÔmenhc �skhshc
paÐrnontac φ : (0, 1] → [0,+∞) me tÔpo x = φ(t) = log 1

t .)
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Kef�laio 3

Seirèc Sunart sewn.

3.1 Genik�.
Orismìc 3.1 'Estw akoloujÐa pragmatik¸n sunart sewn (fn) orismènwn se
mh kenì sÔnolo A. Dhlad , fn : A → R gia k�je n ∈ N. JewroÔme to
�jroisma sn twn arqik¸n n apì autèc:

sn = f1 + f2 + · · ·+ fn : A→ R.

Dhlad , sn(x) = f1(x) + · · ·+ fn(x) gia k�je x ∈ A.
An up�rqei sun�rthsh s : A → R ¸ste sn

k.sv.−→ s sto A, lème ìti h seir�∑+∞
k=1 fk sugklÐnei kat� shmeÐo sthn s sto A kai gr�foume

+∞∑
k=1

fk
k.sv.= s sto A.

An sn
om−→ s sto A, lème ìti h seir�

∑+∞
k=1 fk sugklÐnei omoiìmorfa sthn

s sto A kai gr�foume
+∞∑
k=1

fk
om= s sto A.

To sn onom�zetai n-ostì merikì �jroisma twn fn (n ∈ N). H sun�rthsh
s onom�zetai kat� shmeÐo �jroisma   omoiìmorfo �jroisma, antistoÐqwc,
thc seir�c

∑+∞
k=1 fk sto A.

'Opwc kai gia tic seirèc arijm¸n, up�rqoun enallaktikoÐ sumbolismoÐ  
kai parallagèc twn prohgoÔmenwn sumbolism¸n: s k.sv.= f1 + f2 + · · ·   s k.sv.=∑+∞

k=0 fk   s
om=

∑+∞
k=n0

fk klp.
Parat rhsh: H isìthta ∑+∞

k=1 fk
k.sv.= s sto A isodunameÐ me to ìti gia k�je
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x ∈ A isqÔei sn(x) → s(x) kai autì isodunameÐ me to ìti gia k�je x ∈ A h seir�
arijm¸n ∑+∞

k=1 fk(x) sugklÐnei ston arijmì s(x). Dhlad ,
+∞∑
k=1

fk
k.sv.= s sto A ⇔

+∞∑
k=1

fk(x) = s(x) , x ∈ A.

'Askhsh 1: ApodeÐxte ìti h ∑+∞
k=0(1 − x)xk sugklÐnei kat� shmeÐo, all� ìqi

omoiìmorfa, se k�poia sun�rthsh sto (−1, 1]. Poia eÐnai aut  h sun�rthsh?
(Upìdeixh: BreÐte ta merik� ajroÐsmata.)

Epomènwc, h sÔgklish seir¸n sunart sewn an�getai se sÔgklish akolou-
ji¸n sunart sewn.
Prìtash 3.1 An

∑+∞
k=1 fk

om=s sto A,
∑∞

k=1 fk
k.sv.= s sto A.

Apìdeixh: JewroÔme ta sn = f1 + · · ·+ fn, opìte h apìdeixh eÐnai �mesh efar-
mog  thc Prìtashc 2.2 sthn (sn). O.E.D.
Par�deigma:
H gnwst  mac gewmetrik  seir�: ∑+∞

k=0 x
k.

GnwrÐzoume ìti sto di�sthma (−1, 1) h seir� sugklÐnei kat� shmeÐo sth
sun�rthsh me tÔpo s(x) = 1

1−x . Dhlad , ∑+∞
k=0 x

kk.sv.= 1
1−x sto (−1, 1).

Ac doÔme an h sÔgklish thc seir�c eÐnai omoiìmorfh sto (−1, 1). An x ∈
(−1, 1), èqoume sn(x) =

∑n
k=0 x

k = 1−xn+1

1−x , opìte sn(x) − s(x) = −xn+1

1−x . An
sn

om−→ s sto (−1, 1), ja prèpei gia k�je ε > 0 na up�rqei n0 = n0(ε) ¸ste
|x|n+1

|1−x| = |sn(x)− s(x)| ≤ ε gia k�je n ≥ n0 kai k�je x ∈ (−1, 1). Autì, ìmwc,
eÐnai adÔnato, diìti gia opoiod pote n èqoume limx→1−

|x|n+1

|1−x| = +∞. Epomènwc,
h sÔgklish thc seir�c den eÐnai omoiìmorfh.
Prìtash 3.2 An

∑+∞
k=1 fk

om= s,
∑+∞

k=1 gk
om= s sto A kai λ, µ ∈ R,

+∞∑
k=1

(λfk + µgk) om= λs+ µt sto A.

To Ðdio isqÔei gia thn kat� shmeÐo sÔgklish.

Apìdeixh: PaÐrnontac sn = f1 + · · ·+ fn, efarmìzoume tic Prot�seic 2.1.1 kai
2.3.1 sthn (sn). O.E.D.
Prìtash 3.3 Krit rio Cauchy. H

∑+∞
k=1 fk sugklÐnei omoiìmorfa sto A (se

k�poia sun�rthsh) an kai mìnon an gia k�je ε > 0 up�rqei n0 = n0(ε) ∈ N
¸ste: n0 ≤ m < n ⇒ |fm+1(x) + · · ·+ fn(x)| ≤ ε gia k�je x ∈ A.

Apìdeixh: JewroÔme ta sn = f1 + · · ·+ fn, opìte h apìdeixh eÐnai �mesh efar-
mog  tou Jewr matoc 2.1 sthn (sn). O.E.D.

To epìmeno apotèlesma eÐnai èna exairetik� qr simo krit rio gia omoiìmor-
fh sÔgklish seir¸n sunart sewn.
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Je¸rhma 3.1 Krit rio Weierstrass. 'Estw fn : A → R gia k�je n ∈ N
kai |fn(x)| ≤ Mn gia k�je n ∈ N kai k�je x ∈ A. Dhlad , to Mn eÐnai �nw
fr�gma thc |fn|. An h seir� arijm¸n

∑+∞
k=1Mk sugklÐnei, h

∑+∞
k=1 fk sugklÐnei

(se k�poia sun�rthsh) omoiìmorfa sto A.

Apìdeixh: Gia k�je x ∈ A isqÔei |fn(x)| ≤Mn, opìte, sÔmfwna me to Je¸rhma
1.3, h seir� ∑+∞

k=1 fk(x) sugklÐnei (kai, m�lista, apolÔtwc) se k�poion arijmì,
ton opoÐo onom�zoume s(x). 'Etsi orÐzetai sun�rthsh s : A → R kai èqoume∑+∞

k=1 fk
k.sv.= s sto A. T¸ra, an sn(x) =

∑n
k=1 fk(x),

|s(x)− sn(x)| =
∣∣∣ +∞∑

k=1

fk(x)−
n∑

k=1

fk(x)
∣∣∣ =

∣∣∣ +∞∑
k=n+1

fk(x)
∣∣∣

≤
+∞∑

k=n+1

|fk(x)| ≤
+∞∑

k=n+1

Mk

gia k�je x ∈ A. 'Ara,

du(s, sn) = sup
x∈A

|s(x)− sn(x)| ≤
+∞∑

k=n+1

Mk → 0

kaj¸c n→ +∞, afoÔ h ∑+∞
k=1Mk sugklÐnei. 'Ara, sn

om−→ s sto A kai, epomè-
nwc, ∑+∞

k=1 fk
om= s sto A. O.E.D.

ParadeÐgmata:
1. H seir� ∑+∞

k=1
xk

k2 .
Epeid  ∣∣xn

n2

∣∣ ≤ 1
n2 gia k�je x ∈ [−1, 1] kai epeid  h ∑+∞

k=1
1
k2 sugklÐnei, h

seir� ∑+∞
k=1

xk

k2 sugklÐnei omoiìmorfa se k�poia sun�rthsh sto [−1, 1].
2. H seir� ∑+∞

k=1
sin(kx)

k2 .
Epeid  ∣∣ sin(nx)

n2

∣∣ ≤ 1
n2 gia k�je x ∈ R kai epeid  h ∑+∞

k=1
1
k2 sugklÐnei, h

seir� ∑+∞
k=1

sin(kx)
k2 sugklÐnei omoiìmorfa se k�poia sun�rthsh sto R.

'Askhsh 2: 'Estw ìti h ∑+∞
k=1 ak sugklÐnei apolÔtwc. ApodeÐxte ìti oi seirèc∑+∞

k=1 ak sin(kx) kai ∑+∞
k=1 ak cos(kx) sugklÐnoun omoiìmorfa (se k�poiec su-

nart seic) sto R.
'Askhsh 3: 'Estw ρ > 1

2 . ApodeÐxte ìti h ∑+∞
k=1

x
kρ(1+kx2) sugklÐnei o-

moiìmorfa (se k�poia sun�rthsh) sto R. (Upìdeixh: UpologÐste to Mn =
maxx∈R

∣∣ x
nρ(1+nx2)

∣∣.)
'Askhsh 4: 'Estw a > 0. ApodeÐxte ìti h ∑+∞

k=1(−1)k x2+k
k2 sugklÐnei omoiì-

morfa (se k�poia sun�rthsh) sto [−a, a]. (Upìdeixh: QwrÐste th seir� se dÔo
seirèc kai gia th mÐa efarmìste to krit rio Weierstrass.) EpÐshc, apodeÐxte ìti
h seir� de sugklÐnei apolÔtwc gia kamÐa tim  tou x.
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'Askhsh 5: 'Estw a > 0. ApodeÐxte ìti h ∑+∞
k=1

(−1)k−1
√

k
sin

(
1 + x

k

) sugklÐnei
omoiìmorfa (se k�poia sun�rthsh) sto [−a, a]. (Upìdeixh: Qrhsimopoi ste ìti
sin(x+ y) = sinx cos y + cosx sin y, | sinx| ≤ |x| kai 0 ≤ 1− cosx ≤ x2

2 .)
'Askhsh 6: 'Estw fn : A → R gia k�je n ∈ N ¸ste |fn(x) − fn+1(x)| ≤ Mngia k�je n ∈ N kai k�je x ∈ A. An h ∑+∞

k=1Mk sugklÐnei, apodeÐxte ìti h (fn)
sugklÐnei omoiìmorfa (se k�poia sun�rthsh) sto A.
Je¸rhma 3.2 'Estw fn : A → R kai gn : A → R gia k�je n ∈ N me tic
idiìthtec:
(i) gia k�je x ∈ A h (gn(x)) fjÐnei proc to 0 kai gn

om−→ 0 kai
(ii) h akoloujÐa (sn = f1 + · · · + fn) eÐnai omoiìmorfa fragmènh. Dhlad ,
up�rqei M ¸ste |f1(x) + · · ·+ fn(x)| ≤M gia k�je x ∈ A kai n ∈ N.
Tìte h seir�

∑+∞
k=1 fkgk sugklÐnei omoiìmorfa sto A.

Apìdeixh: Ja mimhjoÔme thn apìdeixh tou Jewr matoc 1.6.
'Estw ε > 0. Lìgw thc (i), up�rqei n0 ∈ N ¸ste ε

2M > gn0(x) ≥ gn0+1(x) ≥
gn0+2(x) ≥ . . . ≥ 0 gia k�je x ∈ A. 'An n0 ≤ m < n, tìte, sÔmfwna me
to L mma 1.1, èqoume |∑n

k=m fk(x)gk(x)| = |
∑n−1

k=m sk(x)(gk(x) − gk+1(x)) +
sn(x)gn(x)−sm−1(x)gm(x)| ≤

∑n−1
k=m |sk(x)||gk(x)−gk+1(x)|+ |sn(x)||gn(x)|+

|sm−1(x)||gm(x)| ≤M
∑n−1

k=m(gk(x)−gk+1(x))+Mgn(x)+Mgm(x) = 2Mgm(x)
< 2M ε

2M = ε.
'Ara, h ∑+∞

k=1 fkgk ikanopoieÐ to krit rio tou Cauchy kai, epomènwc, sugklÐ-
nei omoiìmorfa sto A. O.E.D.
Par�deigma:
'Estw a > 0 kai h seir� ∑+∞

k=1
(−1)k−1

kx sto [a,+∞).
An jewr soume ta (−1)n wc stajerèc sunart seic, ta merik� touc ajroÐ-

smata eÐnai omoiìmorfa fragmèna sto [a,+∞). EpÐshc, h (
1

nx

) fjÐnei proc to
0 gia k�je x ∈ [a,+∞) kai 1

nx

om−→ 0. Pr�gmati, supx∈[a,+∞)

∣∣ 1
nx

∣∣ = 1
na → 0.

'Ara, h seir� sugklÐnei omoiìmorfa sto [a,+∞).
Je¸rhma 3.3 'Estw

∑+∞
k=1 fk

om= s sto A kai x0 ∈ A. An ìlec oi fn eÐnai
suneqeÐc sto x0, h s eÐnai suneq c sto x0. Epomènwc, an ìlec oi fn eÐnai suneqeÐc
sto A, h s eÐnai suneq c sto A.

Apìdeixh: An sn =
∑n

k=1 fk, tìte h apìdeixh eÐnai �mesh efarmog  tou Jewr -
matoc 2.2 sthn (sn). O.E.D.
'Askhsh 7: 'Estw ρ > 1. ApodeÐxte ìti h seir� ∑+∞

k=1
xk

kρ sugklÐnei omoiìmorfa
se k�poia sun�rthsh, èstw s, sto [−1, 1]. EÐnai h s suneq c sto [−1, 1]?
'Askhsh 8: 'Estw ρ > 1. ApodeÐxte ìti oi seirèc ∑+∞

k=1
sin(kx)

kρ kai ∑+∞
k=1

cos(kx)
kρsugklÐnoun omoiìmorfa se k�poiec sunart seic sto R. EÐnai oi sunart seic au-

tèc suneqeÐc sto R?
'Askhsh 9: 'Estw h seir� ∑+∞

k=1
1

1+k2x .
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1. ApodeÐxte ìti h seir� sugklÐnei gia k�je x > 0 kai ìti apoklÐnei gia x = 0.
(Upìdeixh: SÔgkrish me thn ∑+∞

k=1
1
k2 .)2. An a > 0, apodeÐxte ìti h seir� sugklÐnei omoiìmorfa (se k�poia sun�rthsh)

sto [a,+∞). (Upìdeixh: Krit rio Weierstrass.)
3. H seir� orÐzei sun�rthsh s : (0,+∞) → R me tÔpo s(x) =

∑+∞
k=1

1
1+k2x .

EÐnai h s suneq c sto pedÐo orismoÔ thc? (Upìdeixh: P�rte tuqìn x ∈ (0,+∞).
Katìpin, p�rte a ¸ste 0 < a < x. Sumper�nate apì to 2 ìti h s eÐnai suneq c
sto [a,+∞). Epeid  to x eÐnai eswterikì shmeÐo tou [a,+∞), h s eÐnai suneq c
sto x kai apì tic dÔo pleurèc tou. Epeid  to x eÐnai tuqìn, h s eÐnai suneq c
sto (0,+∞).) EÐnai h s fragmènh? (Upìdeixh: ApodeÐxte ìti s( 1

n2

)
≥ n

2 .)
4. SugklÐnei h seir� omoiìmorfa sthn s sto (0,+∞)?

'Askhsh 10: 'Estw h sun�rthsh I : R → R me tÔpo I(x) =
{

0, an x ≤ 0,
1, an x > 0.

'Estw akoloujÐa (xn) diaforetik¸n an� dÔo shmeÐwn tou R kai èstw apolÔ-
twc sugklÐnousa seir� ∑+∞

k=1 ck. ApodeÐxte ìti h ∑+∞
k=1 ckI(x − xk) sugklÐnei

omoiìmorfa sto R kai ìti h sun�rthsh s h opoÐa orÐzetai apì aut n th seir�
eÐnai suneq c se k�je shmeÐo tou R ektìc apì ta shmeÐa thc (xn). (Upìdeixh:
Gia to pr¸to mèroc qrhsimopoi ste to krit rio Weierstrass kai gia to deÔtero
mèroc to Je¸rhma 3.2.) ApodeÐxte ìti h s eÐnai asuneq c se k�je xn kai ìti
se k�je tètoio shmeÐo parousi�zei {p dhma} me tim  cn. (Upìdeixh: Gr�yte
s(x) =

∑n−1
k=1 ckI(x− xk) + cnI(x− xn) +

∑+∞
k=n+1 ckI(x− xk) kai parathr ste

ìti h ∑n−1
k=1 ckI(x− xk) kai h ∑+∞

k=n+1 ckI(x− xk) eÐnai suneqeÐc sto xn.)
'Askhsh 11: ApodeÐxte ìti h seir� ∑+∞

k=1
kx−[kx]

k2 sugklÐnei omoiìmorfa sto
R. ApodeÐxte ìti k�je rhtìc eÐnai shmeÐo asunèqeiac thc sun�rthshc s h opoÐa
orÐzetai apì th seir� en¸ k�je �rrhtoc eÐnai shmeÐo sunèqeiac thc s.
Je¸rhma 3.4 'Estw

∑+∞
k=1 fk

om= s sto [a, b] kai ìti ìlec oi fn eÐnai Riemann
oloklhr¸simec sto [a, b]. Tìte h s eÐnai, epÐshc, Riemann oloklhr¸simh sto

[a, b] kai
∫ b

a
s(x) dx =

∑+∞
k=1

∫ b

a
fk(x) dx. Dhlad ,∫ b

a

( +∞∑
k=1

fk(x)
)
dx =

+∞∑
k=1

∫ b

a

fk(x) dx.

Apìdeixh: An sn =
∑n

k=1 fk, h apìdeixh eÐnai �mesh efarmog  tou Jewr matoc
2.3 sthn (sn). O.E.D.
'Askhsh 12: ApodeÐxte ìti h sun�rthsh s pou orÐzetai apì thn ∑+∞

k=1
kx−[kx]

k2thc �skhshc 11 eÐnai Riemann oloklhr¸simh se k�je fragmèno di�sthma [a, b].
Je¸rhma 3.5 'Estw ìti gia k�je n ∈ N h fn : [a, b] → R eÐnai paragwgÐsimh
sto [a, b]. An
(i)

∑+∞
k=1 f

′
k

om= g sto [a, b] kai
(ii) h

∑+∞
k=1 fk(x0) sugklÐnei gia toul�qiston èna x0 ∈ [a, b],

tìte h
∑+∞

k=1 fk sugklÐnei omoiìmorfa se k�poia sun�rthsh s sto [a, b], h s eÐnai
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paragwgÐsimh sto [a, b] kai s′(x) = g(x) gia k�je x ∈ [a, b]. Dhlad ,

( +∞∑
k=1

fk

)′
(x) =

+∞∑
k=1

f ′k(x) , x ∈ [a, b].

Apìdeixh: An sn =
∑n

k=1 fk, h apìdeixh eÐnai �mesh efarmog  tou Jewr matoc
2.4 sthn (sn). O.E.D.
'Askhsh 13: 'Estw ρ > 2. ApodeÐxte ìti oi ∑+∞

k=1
sin(kx)

kρ kai ∑+∞
k=1

cos(kx)
kρsugklÐnoun omoiìmorfa se k�poiec sunart seic sto R kai ìti oi sunart seic

autèc eÐnai paragwgÐsimec sto R. Poioi eÐnai oi tÔpoi twn parag¸gwn?
'Askhsh 14: Jewr ste th seir� ∑+∞

k=1
1

kx . GnwrÐzoume ìti h seir� aut  su-
gklÐnei gia k�je x > 1 kai apoklÐnei sto +∞ gia k�je x ≤ 1. OrÐzoume th
ζ-sun�rthsh tou Riemann, ζ : (1,+∞) → R, me ton tÔpo:

ζ(x) =
+∞∑
k=1

1
kx

, 1 < x < +∞.

1. ApodeÐxte ìti gia k�je a > 1 h seir� sugklÐnei omoiìmorfa sth ζ sto
[a,+∞). (Upìdeixh: Krit rio tou Weierstrass.) Sumper�nate ìti h ζ eÐnai
suneq c sto (1,+∞). (Upìdeixh: P�rte tuqìn x ∈ (1,+∞). Katìpin, p�rte
a ¸ste 1 < a < x kai apodeÐxte ìti h ζ eÐnai suneq c sto [a,+∞). Epeid  to
x eÐnai eswterikì shmeÐo tou [a,+∞), h ζ eÐnai suneq c sto x kai apì tic dÔo
pleurèc tou. Epeid  to x eÐnai tuqìn, h ζ eÐnai suneq c sto (1,+∞).)
2. ApodeÐxte ìti h seir� ∑+∞

k=1
log k
kx sugklÐnei gia k�je x > 1 kai ìti gia k�je

a > 1 h Ðdia seir� sugklÐnei omoiìmorfa sto [a,+∞).
3. ApodeÐxte ìti h ζ eÐnai paragwgÐsimh se k�je shmeÐo tou (1,+∞) kai

ζ ′(x) = −
+∞∑
k=1

log k
kx

, 1 < x < +∞.

(Upìdeixh: Prosarmìste thn upìdeixh tou 1.)

3.2 Dunamoseirèc.
To epìmeno je¸rhma eÐnai sumpl rwma tou Jewr matoc 1.8.

Je¸rhma 3.6 JewroÔme dunamoseir�
∑+∞

k=0 ak(x − x0)k kai èstw R h aktÐna
sÔgklis c thc kai (x0 −R, x0 +R) to di�sthma sÔgklis c thc.

An 0 < R kai to di�sthma [a, b] perièqetai sto (x0 − R, x0 + R), dhlad ,
x0 −R < a ≤ b < x0 +R, h seir� sugklÐnei omoiìmorfa sto di�sthma [a, b].

Apìdeixh: Jètoume r = max(|a − x0|, |b − x0|) kai parathroÔme ìti r < R
kai ìti gia k�je x ∈ [a, b] isqÔei |x − x0| ≤ r. Katìpin, epilègoume r1 ¸ste
r < r1 < R. Tìte lim sup n

√
|an| = 1

R < 1
r1
, opìte up�rqei n0 ∈ N ¸ste
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n
√
|an| ≤ 1

r1
gia k�je n ≥ n0. 'Ara, gia k�je n ≥ n0 kai gia k�je x ∈ [a, b]

èqoume |an(x − x0)n| ≤ |x−x0|n
rn
1

≤
(

r
r1

)n. Epomènwc, sto di�sthma [a, b] efar-
mìzetai to krit rio tou Weierstrass, diìti h seir� ∑+∞

k=n0

(
r
r1

)k sugklÐnei. 'Ara,
h ∑+∞

k=n0
ak(x− x0)k kai, epomènwc, h ∑+∞

k=0 ak(x− x0)k sugklÐnei omoiìmorfa
sto [a, b]. O.E.D.
Parat rhsh: To Je¸rhma 3.5 lèei ìti mÐa dunamoseir� sugklÐnei omoiìmorfa
se k�je di�sthma [a, b] to opoÐo perièqetai {gnhsÐwc} sto di�sthma sÔgklis c
thc. Dhlad , to a mporeÐ na eÐnai ìso kont� jèloume sto x0 − R kai to b ìso
kont� jèloume sto x0 + R. Prèpei, ìmwc, na tonisjeÐ me èmfash ìti to a den
epitrèpetai {en gènei} na eÐnai x0 − R oÔte to b na eÐnai x0 + R. Dhlad , h
dunamoseir� {en gènei} de sugklÐnei omoiìmorfa sto (x0 − R, x0 + R). To pa-
r�deigma thc gewmetrik c seir�c ∑+∞

k=0 x
k eÐnai endeiktikì: h seir� de sugklÐnei

omoiìmorfa sto (−1, 1).
Stic epìmenec prot�seic ja exet�soume merikèc shmantikèc idiìthtec thc

sun�rthshc h opoÐa orÐzetai apì mia dunamoseir� sto di�sthma sÔgklis c thc.
Prìtash 3.4 Sunèqeia dunamoseir¸n. 'Estw dunamoseir�

∑+∞
k=0 ak(x−x0)k

me aktÐna sÔgklishc R > 0. H sun�rthsh s pou orÐzetai apì th dunamoseir�
eÐnai suneq c sto (x0 −R, x0 +R).

Apìdeixh: PaÐrnoume tuqìn x ∈ (x0 − R, x0 + R). Katìpin, epilègoume opoia-
d pote a, b ¸ste x0 − R < a < x < b < x0 + R. H dunamoseir� sugklÐnei
omoiìmorfa sthn s sto [a, b] kai, epeid  k�je sun�rthsh an(x−x0)n eÐnai sune-
q c sto [a, b], h s eÐnai, sÔmfwna me to Je¸rhma 3.2, suneq c sto [a, b]. Tèloc,
epeid  to x eÐnai eswterikì shmeÐo tou [a, b], h s eÐnai suneq c (kai apì tic dÔo
pleurèc) sto x. (Prosèxte: an to x  tan �kro tou [a, b], h s ja  tan suneq c
sto x mìno apì th mÐa pleur� tou.)

'Ara, h s eÐnai suneq c se k�je x ∈ (x0 −R, x0 +R). O.E.D.
Prìtash 3.5 Olokl rwsh dunamoseir¸n. 'Estw

∑+∞
k=0 ak(x − x0)k me a-

ktÐna sÔgklishc R > 0. Gia k�je a, b sto (x0 −R, x0 +R) isqÔei∫ b

a

( +∞∑
k=0

ak(x− x0)k
)
dx =

+∞∑
k=0

ak

k + 1
(
(b− x0)k+1 − (a− x0)k+1

)
.

Eidikìtera, an a = x0 kai b = x,∫ x

x0

( +∞∑
k=0

ak(t− x0)k
)
dt =

+∞∑
k=0

ak

k + 1
(x− x0)k+1.

Apìdeixh: QwrÐc bl�bh thc genikìthtac upojètoume ìti a < b, opìte x0 − R <
a < b < x0 + R. An s eÐnai h sun�rthsh pou orÐzetai apì thn dunamoseir� sto
(x0 − R, x0 + R), h dunamoseir� sugklÐnei sthn s omoiìmorfa sto [a, b], opìte
to sumpèrasma eÐnai �mesh sunèpeia tou Jewr matoc 3.3. O.E.D.
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'Askhsh 15: ApodeÐxte ìti ∫ x

0
1

1+t2 dt =
∑+∞

k=0(−1)k x2k+1

2k+1 gia k�je x ∈ (−1, 1).
(Upìdeixh: Gr�yte to 1

1+x2 wc gewmetrik  seir�.)
Prìtash 3.6 Parag ģish dunamoseir¸n. 'Estw

∑+∞
k=0 ak(x − x0)k me a-

ktÐna sÔgklishc R > 0. H sun�rthsh s pou orÐzetai apì th dunamoseir� eÐnai
paragwgÐsimh sto (x0 −R, x0 +R) kai

s′(x) =
+∞∑
k=1

kak(x− x0)k−1 , x ∈ (x0 −R, x0 +R)

 , isodÔnama,

d

dx

+∞∑
k=0

ak(x− x0)k =
+∞∑
k=1

kak(x− x0)k−1 , x ∈ (x0 −R, x0 +R) .

H dunamoseir�
∑+∞

k=1 kak(x− x0)k−1 =
∑+∞

k=0(k + 1)ak+1(x− x0)k èqei thn

Ðdia aktÐna sÔgklishc me thn
∑+∞

k=0 ak(x− x0)k.

Apìdeixh: JewroÔme tic d
dxan(x− x0)n = nan(x− x0)n−1 (n ≥ 1) kai th seir�

touc, ∑+∞
k=1 kak(x− x0)k−1. H seir� aut  kai h ∑+∞

k=1 kak(x− x0)k sugklÐnoun
gia ta Ðdia akrib¸c x kai, epomènwc, èqoun to Ðdio di�sthma sÔgklishc kai thn
Ðdia aktÐna sÔgklishc. H aktÐna sÔgklishc thc deÔterhc dunamoseir�c eÐnai

1
lim sup n

√
|nan|

=
1

lim n
√
n · lim sup n

√
|an|

=
1

lim sup n
√
|an|

= R.

'Ara, h dunamoseir� twn parag¸gwn, ∑+∞
k=1 kak(x−x0)k−1, èqei thn Ðdia aktÐna

sÔgklishc R kai to Ðdio di�sthma sÔgklishc (x0 − R, x0 + R) me thn arqik 
dunamoseir�.

'Estw, t¸ra, tuqìn x ∈ (x0−R, x0 +R). Dialègoume opoiad pote a, b ¸ste
x0−R < a < x < b < x0 +R. SÔmfwna me to Je¸rhma 3.5, h dunamoseir� twn
parag¸gwn sugklÐnei omoiìmorfa sto [a, b] sth sun�rthsh g me tÔpo g(t) =∑+∞

k=1 kak(t − x0)k−1 gia k�je t ∈ [a, b]. SÔmfwna me to Je¸rhma 3.4, h s
eÐnai paragwgÐsimh sto [a, b] kai s′(t) = g(t) gia k�je t ∈ [a, b]. Epeid  to x
eÐnai eswterikì shmeÐo tou [a, b], h s eÐnai paragwgÐsimh sto x (kai apì tic dÔo
pleurèc tou) kai s′(x) = g(x) =

∑+∞
k=1 kak(x− x0)k−1. O.E.D.

'Askhsh 16: 'Estw R > 0 h aktÐna sÔgklishc thc ∑+∞
k=0 ak(x − x0)k kai s h

sun�rthsh pou orÐzetai apì th dunamoseir� sto (x0−R, x0 +R). ApodeÐxte ìti
gia k�je n ∈ N

s(n)(x) =
+∞∑
k=n

k(k−1) · · · (k−n+1)ak(x−x0)k−n =
+∞∑
k=0

(k+n) · · · (k+1)ak+nx
k

gia k�je x ∈ (x0 −R, x0 +R) kai
s(n)(x0) = n!an .
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ParadeÐgmata:
1. H gewmetrik  seir�: ∑+∞

k=0 x
k .

GnwrÐzoume  dh ìti h sun�rthsh pou orÐzetai apì th gewmetrik  seir� sto
(−1, 1) èqei tÔpo 1

1−x . H sun�rthsh aut  eÐnai, profan¸c, suneq c kai para-
gwgÐsimh sto (−1, 1) kai autì epibebai¸nei tic Prot�seic 3.4 kai 3.6.

ParagwgÐzontac, sÔmfwna me thn Prìtash 3.6, èqoume
1

(1− x)2
=

+∞∑
k=1

kxk−1 =
+∞∑
k=0

(k + 1)xk , −1 < x < 1.

JumhjeÐte ìti èqoume  dh apodeÐxei ton Ðdio tÔpo, qrhsimopoi¸ntac to ginì-
meno Cauchy seir¸n. Epanalamb�noume thn parag¸gish ìsec forèc jèloume,
diathr¸ntac to Ðdio k�je for� di�sthma sÔgklishc:

2
(1− x)3

=
+∞∑
k=2

k(k − 1)xk−2 =
+∞∑
k=0

(k + 2)(k + 1)xk ,

. . . . . . . . .

n!
(1− x)n+1

=
+∞∑
k=n

k(k−1) · · · (k−n+1)xk−n =
+∞∑
k=0

(k+n)(k+n−1) · · · (k+1)xk ,

. . . . . . . . .

gia k�je x ∈ (−1, 1).
Oloklhr¸nontac th gewmetrik  seir� sÔmfwna me thn Prìtash 3.5, èqou-

me − log(1 − x) =
∫ x

0
1

1−t dt =
∑+∞

k=0
xk+1

k+1 =
∑+∞

k=1
xk

k gia k�je x ∈ (−1, 1).
Metatrèpontac to x se −x, brÐskoume − log(1 + x) =

∑+∞
k=1(−1)k xk

k gia k�je
x ∈ (−1, 1). Tèloc, metatrèpontac to 1 + x se x, apodeiknÔoume ìti

log x =
+∞∑
k=1

(−1)k−1 (x− 1)k

k
, 0 < x < 2.

H isìthta aut  èqei  dh apodeiqjeÐ kai m�lista kai gia to shmeÐo x = 2. Me
th mèjodo thc olokl rwshc thc gewmetrik c seir�c de mporoÔme na èqoume
thn isìthta kai gia to x = 2, diìti qreiazìmaste thn omoiìmorfh sÔgklish thc
gewmetrik c seir�c sto di�sthma [0, 2] h opoÐa den isqÔei, afoÔ oÔte h sÔgklish
sto x = 2 isqÔei.
2. H ekjetik  seir�: ∑+∞

k=0
xk

k! .GnwrÐzoume  dh ìti h sun�rthsh pou orÐzetai apì thn ekjetik  dunamoseir�
eÐnai h ekjetik  sun�rthsh me tÔpo ex sto di�sthma sÔgklishc (−∞,+∞). Dh-
lad , ex =

∑+∞
k=0

xk

k! gia k�je x ∈ R. H ekjetik  sun�rthsh eÐnai suneq c kai
paragwgÐsimh sto R kai epalhjeÔontai oi Prot�seic 3.4 kai 3.6. ParagwgÐzo-
ntac, brÐskoume d

dxe
x =

∑+∞
k=1 k

xk−1

k! =
∑+∞

k=1
xk−1

(k−1)! =
∑+∞

k=0
xk

k! kai, epomènwc,
d
dxe

x = ex gia k�je x ∈ R. EpalhjeÔoume ètsi mÐa gnwst  idiìthta thc ek-
jetik c sun�rthshc. Bèbaia, o prosektikìc anagn¸sthc ja parathr sei ìti h
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idiìthta d
dxe

x = ex qrhsimopoi jhke sthn apìdeixh thc isìthtac ex =
∑+∞

k=0
xk

k!sthn Prìtash 1.11 kai, epomènwc, de mporoÔme na isquristoÔme ìti apodeÐxame
thn d

dxe
x = ex, paragwgÐzontac thn dunamoseir� ∑+∞

k=0
xk

k! . MporoÔme, ìmwc,
na apodeÐxoume me ènan akìmh trìpo thn isìthta

ex =
+∞∑
k=0

xk

k!
, x ∈ R.

JewroÔme th sun�rthsh s pou orÐzetai apì thn ekjetik  dunamoseir� me
tÔpo s(x) =

∑+∞
k=0

xk

k! gia k�je x ∈ R, h opoÐa eÐnai, sÔmfwna me tic Prot�seic
3.4 kai 3.6, suneq c kai paragwgÐsimh sto R. ParagwgÐzontac sÔmfwna me thn
Prìtash 3.6, èqoume, ìpwc prohgoumènwc, s′(x) =

∑+∞
k=1 k

xk−1

k! =
∑+∞

k=0
xk

k! =
s(x) gia k�je x ∈ R. Sunep�getai d

dx

(
s(x)e−x

)
= s′(x)e−x − s(x)e−x = 0 kai,

epomènwc, h sun�rthsh me tÔpo s(x)e−x eÐnai stajer  sto R. 'Ara, s(x)e−x =
s(0)e−0 = 1  , isodÔnama, s(x) = ex gia k�je x ∈ R.
3. H logarijmik  seir�: ∑+∞

k=1(−1)k−1 (x−1)k

k .
'Eqoume apodeÐxei ìti to di�sthma sÔgklishc thc dunamoseir�c aut c eÐnai to

(0, 2) kai ìti log x =
∑+∞

k=1(−1)k−1 (x−1)k

k gia k�je x ∈ (0, 2). Thn isìthta aut 
thn èqoume apodeÐxei  dh dÔo forèc. H logarijmik  sun�rthsh eÐnai suneq c kai
paragwgÐsimh sto (0, 2) kai ètsi epalhjeÔontai oi Prot�seic 3.4 kai 3.6. EpÐshc,
epalhjeÔetai h gnwst  idiìthta: d

dx log x = 1
x gia k�je x ∈ (0, 2). Pr�gmati,

paragwgÐzontac th dunamoseir�, èqoume d
dx log x =

∑+∞
k=1(−1)k−1k (x−1)k−1

k =∑+∞
k=0(1− x)k = 1

1−(1−x) = 1
x gia k�je x ∈ (0, 2). MporoÔme, ìmwc, na apodeÐ-

xoume me ènan akìmh trìpo thn isìthta

log x =
+∞∑
k=1

(−1)k−1 (x− 1)k

k
, 0 < x < 2.

An s eÐnai h sun�rthsh pou orÐzetai apì th seir� ∑+∞
k=1(−1)k−1 (x−1)k

k sto
(0, 2), apì tic Prot�seic 3.4 kai 3.6 sunep�getai ìti h s eÐnai suneq c kai paragw-
gÐsimh sto (0, 2). ParagwgÐzontac, èqoume s′(x) =

∑+∞
k=1(−1)k−1k (x−1)k−1

k =∑+∞
k=0(1−x)k = 1

1−(1−x) = 1
x gia k�je x ∈ (0, 2). Epomènwc, d

dx (s(x)− log x) =
1
x −

1
x = 0 gia k�je x ∈ (0, 2), opìte h sun�rthsh me tÔpo s(x) − log x eÐnai

stajer  sto (0, 2). 'Ara s(x)−log x = s(1)−log 1 = 0  , isodÔnama, s(x) = log x
gia k�je x ∈ (0, 2).
'Askhsh 17: 'Estw a ∈ R. JewroÔme th seir�

1 +
+∞∑
k=1

a(a− 1) · · · (a− k + 1)
k!

xk .

1. An a ∈ {0, 1, 2, 3, . . .}, apodeÐxte ìti h seir� gÐnetai polu¸numo kai, m�lista,
eÐnai Ðsh me (1 + x)a.
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Sto ex c upojètoume ìti a ∈ R \ {0, 1, 2, 3, . . .}.
2. ApodeÐxte ìti h aktÐna sÔgklishc thc seir�c eÐnai Ðsh me 1. (Upìdeixh: An
duskoleuteÐte me ton tÔpo orismoÔ thc aktÐnac sÔgklishc, qrhsimopoi ste to
krit rio lìgou gia na apodeÐxete ìti h seir� sugklÐnei, an |x| < 1, kai apoklÐnei,
an |x| > 1.)
3. 'Estw s h sun�rthsh pou orÐzetai apì th dunamoseir� sto (−1, 1). ApodeÐxte
ìti (1 + x)s′(x) = a · s(x) gia k�je x ∈ (−1, 1).
4. ApodeÐxte ìti s(x) = (1+x)a gia k�je x ∈ (−1, 1). (Upìdeixh: d

dx
s(x)

(1+x)a = 0.)
'Etsi paÐrnoume ton genikì diwnumikì tÔpo tou Newton:

(1 + x)a = 1 +
+∞∑
k=1

a(a− 1) · · · (a− k + 1)
k!

xk , −1 < x < 1.

'Askhsh 18: ApodeÐxte ìti ∫ x

0
1√

1−t2
dt = x+

∑+∞
k=1

1·3·5···(2k−1)
2kk!(2k+1)

x2k+1 gia k�je
x ∈ (−1, 1). (Upìdeixh: Qrhsimopoi ste ton genikì diwnumikì tÔpo tou Newton
me a = − 1

2 kai to −x2 sth jèsh tou x.)

3.3 Oi trigwnometrikèc sunart seic.
GnwrÐzoume ìti oi dunamoseirèc ∑+∞

k=0(−1)k x2k

(2k)! kai ∑+∞
k=0(−1)k x2k+1

(2k+1)! è-
qoun wc di�sthma sÔgklishc to (−∞,+∞) kai èqoume  dh sumbolÐsei tic su-
nart seic pou orÐzontai apì tic seirèc autèc cos kai sin, antistoÐqwc:

cosx =
+∞∑
k=0

(−1)k x2k

(2k)!
, sinx =

+∞∑
k=0

(−1)k x2k+1

(2k + 1)!
.

Sthn enìthta aut  ìqi mìno ja doÔme enallaktikèc apodeÐxeic twn idiot twn
twn sin kai cos, tic opoÐec èqoume  dh apodeÐxei stic enìthtec 1.6 kai 1.7, all�
ja apodeÐxoume kai �llec shmantikèc idiìthtèc touc.

Apì tic Prot�seic 3.4 kai 3.6 sunep�getai ìti oi sunart seic cos kai sin
eÐnai suneqeÐc kai paragwgÐsimec sto R. ParagwgÐzontac tic dunamoseirèc,
brÐskoume

d

dx
cosx =

+∞∑
k=1

(−1)k2k
x2k−1

(2k)!
=

+∞∑
k=1

(−1)k x2k−1

(2k − 1)!
= − sinx , x ∈ R,

d

dx
sinx =

+∞∑
k=0

(−1)k(2k + 1)
x2k

(2k + 1)!
=

+∞∑
k=0

(−1)k x2k

(2k)!
= cosx , x ∈ R,

apodeiknÔontac me deÔtero trìpo to pèmpto apotèlesma thc Prìtashc 1.13.
T¸ra, d

dx (sin2 x + cos2 x) = 2 sinx sin′ x + 2 cosx cos′ x = 2 sinx cosx −
2 cosx sinx = 0 gia k�je x ∈ R. 'Ara h sun�rthsh me tÔpo sin2 x+ cos2 x eÐnai
stajer  sto R kai, epomènwc, sin2 x + cos2 x = sin2 0 + cos2(0) = 1 gia k�je
x ∈ R. Dhlad ,

sin2 x+ cos2 x = 1 , x ∈ R
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kai, epomènwc,
| sinx| ≤ 1 , | cosx| ≤ 1 , x ∈ R.

MporoÔme, epÐshc, na apodeÐxoume tic isìthtec
cos(x+ y) = cosx cos y − sinx sin y , sin(x+ y) = sinx cos y + cosx sin y

gia k�je x, y ∈ R. Tic sqèseic autèc tic èqoume  dh apodeÐxei me idiaitèrwc
perÐploko trìpo sthn Prìtash 1.13, qrhsimopoi¸ntac ginìmena Cauchy seir¸n.
'Enac deÔteroc trìpoc eÐnai o ex c. PaÐrnoume opoiod pote y ∈ R kai tìte
d
dx

(
cos(y − x) cosx − sin(y − x) sinx

)
= sin(y − x) cosx − cos(y − x) sinx +

cos(y − x) sinx − sin(y − x) cosx = 0 gia k�je x ∈ R. 'Ara h sun�rthsh
me tÔpo cos(y − x) cosx − sin(y − x) sinx eÐnai stajer  sto R kai, epomènwc,
cos(y − x) cosx − sin(y − x) sinx = cos(y − 0) cos 0 − sin(y − 0) sin 0 = cos y
gia k�je x ∈ R. Katìpin, metatrèpoume to y se y + x kai katal goume sthn
cos(x + y) = cosx cos y − sinx sin y. H deÔterh isìthta apodeiknÔetai eÐte me
parìmoio trìpo eÐte paragwgÐzontac thn pr¸th isìthta wc proc to x.

Ja apodeÐxoume, t¸ra, merikèc epiplèon idiìthtec twn sunart sewn cos kai
sin.
Prìtash 3.7 Up�rqei el�qisth jetik  lÔsh thc exÐswshc cosx = 0.

Apìdeixh: H isìthta cos 0 = 1 eÐnai profan c. Ja doÔme, t¸ra, ìti cos 3 < 0.
Pr�gmati, cos 3 = 1− 32

2! + 34

4! −
(

36

6! −
38

8!

)
−· · · = − 1

8 −
(

36

6! −
38

8!

)
−· · · < − 1

8 < 0
diìti ìlec oi diaforèc 36

6! −
38

8! ,
310

10! −
312

12! , . . . eÐnai jetikèc. Epeid  h cos eÐnai
suneq c kai cos 0 > 0, cos 3 < 0, sunep�getai ìti up�rqei k�poio x ∈ (0, 3) ¸ste
cosx = 0. Epomènwc, to sÔnolo {x > 0 : cosx = 0}, wc mh kenì kai k�tw
fragmèno apì to 0, èqei infimum, èstw x0. Epeid  to 0 eÐnai k�tw fr�gma tou
sunìlou, sunep�getai ìti 0 ≤ x0. EpÐshc, epeid  x0 = inf{x > 0 : cosx = 0},
up�rqei akoloujÐa (xn) sto sÔnolo autì (dhlad , cosxn = 0 gia k�je n ∈ N)
¸ste xn → x0. Lìgw sunèqeiac thc cos, èqoume cosx0 = limn→+∞ cosxn = 0.
Epeid  cos 0 = 1, sunep�getai 0 < x0 kai, epomènwc, to x0 eÐnai stoiqeÐo tou
sunìlou {x > 0 : cosx = 0}. Epeid , loipìn, to x0 eÐnai stoiqeÐo tou sunìlou
{x > 0 : cosx = 0} kai, tautìqrona, eÐnai Ðso me to infimum tou sunìlou autoÔ,
to x0 eÐnai to el�qisto stoiqeÐo tou  , isodÔnama, eÐnai o mikrìteroc jetikìc
arijmìc o opoÐoc eÐnai lÔsh thc exÐswshc cosx = 0. O.E.D.
Orismìc 3.2 SumbolÐzoume π to dipl�sio tou mikrìterou jetikoÔ arijmoÔ o
opoÐoc eÐnai lÔsh thc exÐswshc cosx = 0.

Epomènwc,
cos

π

2
= 0 kai cosx > 0 , x ∈

[
0,
π

2

)
.

H sqèsh sin′ x = cosx > 0 gia k�je x ∈ [
0, π

2

) sunep�getai ìti h sin eÐnai
gnhsÐwc aÔxousa sto [

0, π
2

]. Apì thn sin2 π
2 + cos2 π

2 = 1 paÐrnoume sin π
2 = ±1

kai, epeid  sin 0 = 0 kai h sin eÐnai gnhsÐwc aÔxousa sto [
0, π

2

], sunep�getai
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sin π
2 = 1. Epomènwc, h sun�rthsh sin :

[
0, π

2

]
→ [0, 1] eÐnai èna-proc-èna (wc

gnhsÐwc aÔxousa) kai epÐ (wc suneq c). Katìpin, h sqèsh cos′ x = − sinx < 0
gia k�je x ∈ (

0, π
2

] sunep�getai ìti h cos eÐnai gnhsÐwc fjÐnousa sto [
0, π

2

].
Epomènwc, h sun�rthsh cos :

[
0, π

2

]
→ [0, 1] eÐnai kai aut  èna-proc-èna kai epÐ.

Prìtash 3.8 Gia k�je a, b ∈ [0, 1] me a2 + b2 = 1 up�rqei monadikì x ∈
[
0, π

2

]
¸ste sinx = a kai cosx = b.

Apìdeixh: Epeid  h sin :
[
0, π

2

]
→ [0, 1] eÐnai èna-proc-èna kai epÐ, up�rqei

monadikì x ∈ [
0, π

2

] ¸ste sinx = a. 'Apì thn sin2 x + cos2 x = 1 sunep�getai
cosx = ±b kai, epeid  cosx ≥ 0, èqoume cosx = b. O.E.D.

Apì tic isìthtec cos(x + y) = cosx cos y − sinx sin y kai sin(x + y) =
sinx cos y + cosx sin y brÐskoume tic timèc twn cos kai sin sta shmeÐa π, 3π

2 kai
2π kai, katìpin, paÐrnoume eÔkola tic sqèseic cos

(
x+ π

2

)
= − sinx, cos(x+π) =

− cosx, cos
(
x + 3π

2

)
= sinx kai cos(x + 2π) = cosx gia k�je x ∈ R. Apì tic

sqèseic autèc kaj¸c kai apì th sumperifor� thc cos sto [
0, π

2

], diakrÐnoume th
sumperifor� thc cos sta diast mata [

π
2 , π

]
,
[
π, 3π

2

] kai [
3π
2 , 2π

], dhlad  suno-
lik� sto [0, 2π]. EpÐshc, h teleutaÐa sqèsh shmaÐnei ìti h cos eÐnai periodik  me
perÐodo 2π. Parìmoiec sqèseic kai sumper�smata isqÔoun kai gia thn sin.
Prìtash 3.9 1. Oi sunart seic sin kai cos eÐnai periodikèc me el�qisth jetik 
perÐodo ton arijmì 2π.
2. Gia k�je a, b ∈ [−1, 1] me a2 + b2 = 1 up�rqei monadikì x ∈

[
0, 2π) ¸ste

sinx = a kai cosx = b.

Ja apofÔgoume na apodeÐxoume thn prìtash aut , diìti oi leptomèreiec eÐnai
eÔkolec kai �neu ousÐac. Kai ta dÔo sumper�smata prokÔptoun apì thn proh-
goÔmenh suz thsh. To deÔtero sumpèrasma eÐnai epèktash tou sumper�smatoc
thc Prìtashc 3.8 kai h apìdeix  tou qrhsimopoieÐ thn Prìtash 3.8 kai th di�-
krish twn peript¸sewn: a ≥ 0, b ≥ 0   a ≥ 0, b < 0   a < 0, b ≥ 0   a < 0, b < 0.
Ac asqolhjeÐ o anagn¸sthc me tic leptomèreiec.

'Otan orÐsame tic sunart seic cos kai sin mèsw twn antÐstoiqwn dunamosei-
r¸n eÐqame tonÐsei ìti o sunhjismènoc orismìc pou majaÐnoume sto lÔkeio de
jewreÐtai austhr� majhmatikìc, diìti basÐzetai sth gewmetrik  epopteÐa kai ìqi
sta axi¸mata twn pragmatik¸n arijm¸n. EÐnai, ìmwc, anamenìmeno ìti polloÐ
protimoÔn ton {gewmetrikì} orismì lìgw thc aplìtht�c tou. EpÐshc, up�rqoun
kai �lloi, kai m�lista austhroÐ, trìpoi orismoÔ twn sunart sewn cos kai sin.
Asqètwc, ìmwc, tou trìpou orismoÔ twn sunart sewn aut¸n, apodeiknÔetai ìti
èqoun tic ex c basikèc idiìthtec: cos′ x = − sinx kai sin′ x = cosx gia k�je
x ∈ R kai cos 0 = 1, sin 0 = 0.

Ja apodeÐxoume, t¸ra, ìti, asqètwc tou trìpou ton opoÐo epilègoume gia na
orÐsoume tic sunart seic autèc, katal goume stic Ðdiec sunart seic.
Prìtash 3.10 JewroÔme dÔo zeÔgh sunart sewn f1, g1 kai f2, g2 sto R me
tic idiìthtec
(i) f ′1(x) = −g1(x) kai g′1(x) = f1(x) gia k�je x ∈ R,
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(i′) f ′2(x) = −g2(x) kai g′2(x) = f2(x) gia k�je x ∈ R kai
(ii) f1(0) = f2(0) kai g1(0) = g2(0).
Tìte ta dÔo zeÔgh eÐnai ta Ðdia. Dhlad , f1(x) = f2(x) kai g1(x) = g2(x) gia
k�je x ∈ R.

Apìdeixh: UpologÐzoume d
dx

(
(f1(x) − f2(x))2 + (g1(x) − g2(x))2

)
= 2(f1(x) −

f2(x))(−g1(x) + g2(x)) + 2(g1(x) − g2(x))(f1(x) − f2(x)) = 0 gia k�je x ∈ R.
'Ara, h sun�rthsh me tÔpo (f1(x)−f2(x))2+(g1(x)−g2(x))2 eÐnai stajer  sto R.
'Ara, (f1(x)−f2(x))2 +(g1(x)−g2(x))2 = (f1(0)−f2(0))2 +(g1(0)−g2(0))2 = 0
gia k�je x ∈ R kai, epomènwc, f1(x) = f2(x) kai g1(x) = g2(x) gia k�je x ∈ R.
O.E.D.
'Askhsh 19: H sun�rthsh sin :

[
− π

2 ,
π
2

]
→ [−1, 1] eÐnai gnhsÐwc aÔxousa (kai,

epomènwc, èna-proc-èna) kai epÐ. SumbolÐzoume arcsin : [−1, 1] →
[
− π

2 ,
π
2

] thn
antÐstrofh sun�rthsh. ApodeÐxte ìti

arcsinx = x+
+∞∑
k=1

1 · 3 · 5 · · · (2k − 1)
2kk!(2k + 1)

x2k+1 , x ∈ (−1, 1).

(Upìdeixh: ApodeÐxte ìti d
dx arcsinx = 1√

1−x2 kai deÐte thn �skhsh 18.)
'Askhsh 20: H efaptomènh tou x sumbolÐzetai tanx kai orÐzetai me ton
tÔpo tanx = sin x

cos x gia k�je x gia to opoÐo cosx 6= 0  , isodÔnama, gia k�je
x ∈ R \ {kπ + π

2 : k ∈ Z}.
1. ApodeÐxte ìti h tan :

(
− π

2 ,
π
2

)
→ R eÐnai suneq c, paragwgÐsimh kai gnhsÐwc

aÔxousa sto (
− π

2 ,
π
2

).
2. ApodeÐxte ìti limx→−π

2 + tanx = −∞ kai limx→π
2− tanx = +∞. B�sei

autoÔ apodeÐxte ìti h tan :
(
− π

2 ,
π
2

)
→ R eÐnai epÐ.

3. SumbolÐzoume arctan : R →
(
− π

2 ,
π
2

) thn antÐstrofh sun�rthsh. ApodeÐxte

arctanx =
+∞∑
k=0

(−1)k x
2k+1

2k + 1
, x ∈ (−1, 1).

(Upìdeixh: ApodeÐxte ìti d
dx arctanx = 1

1+x2 kai deÐte thn �skhsh 15.)

3.4 Par�rthma: h ekjetik  sun�rthsh.
H ekjetik  sun�rthsh ex kai, genikìtera, h ax gia opoiod pote a > 0 orÐzetai

sta arqik� maj mata An�lushc.
Ja upenjumÐsoume thn poreÐa pou akoloujoÔme. Kat' arq n orÐzoume th

dÔnamh an = a · · · a, an n ∈ N. Katìpin, orÐzoume a0 = 1 kai an = 1
a−n , an

n ∈ Z\N0. 'Olec oi gnwstèc idiìthtec thc dÔnamhc an sthn perÐptwsh akèraiou
ekjèth apodeiknÔontai eÔkola. Katìpin, apodeiknÔetai, arket� dÔskola, ìti, an
a > 0 kai n ∈ N, h exÐswsh xn = a èqei monadik  jetik  lÔsh kai orÐzoume
to a 1

n na eÐnai akrib¸c aut  h lÔsh thc xn = a. T¸ra, an x = m
n me m ∈ Z
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kai n ∈ N, orÐzoume ax =
(
a

1
n

)m. 'Etsi orÐzetai h dÔnamh ax gia k�je x ∈ Q
kai apodeiknÔontai ìlec oi gnwstèc idiìthtec thc dÔnamhc sthn perÐptwsh rhtoÔ
ekjèth. Tèloc, gia na orÐsoume th dÔnamh ax sthn perÐptwsh x ∈ R \ Q,
akoloujoÔme mÐa, epÐshc, arket� dÔskolh diadikasÐa. Gia opoiod pote �rrhto
x paÐrnoume tuqoÔsa akoloujÐa rht¸n (xn) ¸ste xn → x kai apodeiknÔoume
ìti h akoloujÐa (axn) sugklÐnei. ApodeiknÔoume ìti to ìrio exart�tai mìno apì
to x kai ìqi apì thn (xn) kai orÐzoume to ax na eÐnai to ìrio thc (axn). 'Etsi
orÐzetai h ax gia k�je x ∈ R kai apodeiknÔontai ìlec oi gnwstèc idiìthtec thc
dÔnamhc sthn perÐptwsh pragmatikoÔ ekjèth.

H ekjetik  sun�rthsh ex eÐnai h eidik  perÐptwsh thc ax, ìpou qrhsimopoioÔ-
me wc a ton arijmì e = limn→+∞

(
1 + 1

n

)n.
Tèloc, apodeiknÔontai kai oi gnwstèc idiìthtec sunèqeiac kai paragwgisimì-

thtac thc ekjetik c sun�rthshc kai, eidik¸tera, h sqèsh: d
dxe

x = ex gia k�je
x ∈ R. H apìdeixh thc teleutaÐac isìthtac eÐnai arket� perÐplokh.

'Olh h prohgoÔmenh diadikasÐa orismoÔ kai melèthc thc ekjetik c sun�rth-
shc eÐnai arket� epÐponh (me thn proüpìjesh ìti apaitoÔme majhmatik  austh-
rìthta). Ja doÔme, t¸ra, mÐa deÔterh mèjodo orismoÔ kai melèthc thc ekjetik c
sun�rthshc, h opoÐa basÐzetai mìno ston orismì kai tic idiìthtec thc dÔnamhc
an gia akèraio ekjèth n. H mèjodoc aut  èqei to pleonèkthma ìti apofeÔgei
ìla ta dÔskola mèrh thc pr¸thc mejìdou: thn apìdeixh Ôparxhc lÔshc thc exÐ-
swshc xn = a, thn apìdeixh sÔgklishc thc (axn) ìtan xn → x kai thn apìdeixh
thc d

dxe
x = ex. To meionèkthma thc deÔterhc mejìdou eÐnai ìti den eÐnai {fusio-

logik }, diìti qrhsimopoieÐ th jewrÐa twn dunamoseir¸n, h opoÐa emfanÐzetai
arket� arg� sthn an�ptuxh thc basik c jewrÐac. Par' ìla aut� ja anaptÔxou-
me th deÔterh mèjodo, diìti eÐnai endiafèrousa kai diìti eÐnai parìmoia me th
mèjodo orismoÔ kai melèthc twn trigwnometrik¸n sunart sewn pou gnwrÐsame
stic prohgoÔmenec enìthtec. 'Enac trÐtoc lìgoc eÐnai ìti h mèjodoc aut  qrhsi-
mopoieÐtai suqn� sth Migadik  An�lush ìtan orÐzetai h ekjetik  sun�rthsh ez

gia migadik  metablht  z.
JewroÔme thn ekjetik  dunamoseir� ∑+∞

k=0
1
k!x

k, h opoÐa sugklÐnei gia k�je
x ∈ R, kai sumbolÐzoume E : R → R th sun�rthsh pou orÐzetai apì aut n me
tÔpo

E(x) =
+∞∑
k=0

1
k!
xk , x ∈ R.

Apì tic prot�seic 3.4 kai 3.6 sunep�getai ìti h E eÐnai suneq c kai paragw-
gÐsimh sto R kai

E′(x) =
+∞∑
k=1

k

k!
xk−1 =

+∞∑
k=1

1
(k − 1)!

xk−1 =
+∞∑
k=0

1
k!
xk = E(x) , x ∈ R.

Katìpin, apodeiknÔoume thn isìthta
E(x+ y) = E(x)E(y) , x, y ∈ R.

H apìdeixh mporeÐ na gÐnei me dÔo trìpouc. O ènac trìpoc eÐnai na qrhsimopoi-
 soume, ìpwc èqoume  dh k�nei, to ginìmeno Cauchy twn seir¸n ∑+∞

k=0
1
k!x

k kai
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∑+∞
k=0

1
k!y

k. O deÔteroc trìpoc basÐzetai ston upologismì d
dx (E(y−x)E(x)) =

−E′(y − x)E(x) + E(y − x)E′(x) = −E(y − x)E(x) + E(y − x)E(x) = 0 gia
k�je x ∈ R. 'Etsi sunep�getai ìti, gia k�je y ∈ R, h sun�rthsh tou x me tÔpo
E(y−x)E(x) eÐnai stajer  stoR kai, epomènwc, E(y−x)E(x) = E(y−0)E(0) =
E(y). Tèloc, antikajistoÔme to y me to y + x.

Profan¸c, E(0) = 1. H isìthta e =
∑+∞

k=0
1
k! = E(1) èqei  dh apodeiqjeÐ

sthn Prìtash 1.7. An x ≥ 0, sunep�getai E(x) = 1 + x
1! + x2

2! + · · · ≥ 1 > 0.
Epeid  E(−x)E(x) = E(−x + x) = E(0) = 1, sunep�getai E(x) > 0 gia
k�je x < 0. 'Ara, E(x) > 0 gia k�je x ∈ R. Apì thn E′(x) = E(x) > 0
gia k�je x ∈ R prokÔptei ìti h E eÐnai gnhsÐwc aÔxousa sto R. Akìmh, an
x > 0, E(x) ≥ 1 + x

1! = 1 + x kai, epomènwc, limx→+∞E(x) = +∞. Apì
thn E(−x)E(x) = 1 prokÔptei amèswc ìti limx→−∞E(x) = 0. Akìmh, an
x > 0, E(x) ≥ xn+1

(n+1)! , opìte 0 < xn

E(x) ≤
(n+1)!

x gia k�je x > 0 kai, epomènwc,
limx→+∞

xn

E(x) = 0 gia k�je n ∈ N.
Anakefalai¸nontac, h E èqei tic parak�tw idiìthtec:

(i) h E eÐnai suneq c kai paragwgÐsimh sto R kai E′(x) = E(x) gia k�je x ∈ R,
(ii) E(0) = 1, E(1) = e kai E(x+ y) = E(x)E(y) gia k�je x, y ∈ R,
(iii) h E eÐnai gnhsÐwc aÔxousa sto R kai E(x) > 0 gia k�je x ∈ R,
(iv) limx→+∞E(x) = +∞ kai limx→−∞E(x) = 0,
(v) h E : (−∞,+∞) → (0,+∞) eÐnai èna-proc-èna kai epÐ kai
(vi) limx→+∞

xn

E(x) = 0 gia k�je n ∈ N.
'Ara h sun�rthsh E èqei ìlec tic basikèc idiìthtec pou apaitoÔme ¸ste na

thn onom�soume {ekjetik  sun�rthsh}.
AxÐzei ton kìpo na apodeÐxoume ìti, asqètwc tou trìpou me ton opoÐo epilè-

goume na orÐsoume thn ekjetik  sun�rthsh, katal goume sthn Ðdia sun�rthsh.
Ja doÔme dÔo apodeÐxeic, an�loga me tic upojèseic pou k�noume gia tic idiìthtec
thc ekjetik c sun�rthshc.
Prìtash 3.11 'Estw sunart seic f1 kai f2 paragwgÐsimec sto R ¸ste:
(i) f ′1(x) = f1(x) kai f ′2(x) = f2(x) gia k�je x ∈ R kai
(ii) f1(0) = f2(0) 6= 0.
Tìte f1(x) = f2(x) gia k�je x ∈ R.

Apìdeixh: UpologÐzoume d
dx

(
f2(x)f2(−x)

)
= f ′2(x)f2(−x) − f2(x)f ′2(−x) =

f2(x)f2(−x) − f2(x)f2(−x) = 0 gia k�je x ∈ R, opìte h sun�rthsh me tÔ-
po f2(x)f2(−x) eÐnai stajer  sto R. 'Ara, f2(x)f2(−x) = f2(0)f2(0) 6= 0 kai,
epomènwc, f2(x) 6= 0 gia k�je x ∈ R. EpÐshc, d

dx
f1(x)
f2(x) = f ′1(x)f2(x)−f1(x)f ′2(x)

f2
2 (x)

=
f1(x)f2(x)−f1(x)f2(x)

f2
2 (x)

= 0 gia k�je x ∈ R kai, epomènwc, h sun�rthsh me tÔpo
f1(x)
f2(x) eÐnai stajer  sto R. 'Ara, f1(x)

f2(x) = f1(0)
f2(0)

= 1 kai, epomènwc, f1(x) = f2(x)
gia k�je x ∈ R. O.E.D.
Prìtash 3.12 'Estw sunart seic f1 kai f2 suneqeÐc sto R ¸ste:
(i) f1(x+ y) = f1(x)f1(y) kai f2(x+ y) = f2(x)f2(y) gia k�je x, y ∈ R kai
(ii) f1(1) = f2(1) 6= 0.
Tìte f1(x) = f2(x) gia k�je x ∈ R.
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Apìdeixh: Kat' arq n, f1(1) = f1(1 + 0) = f1(1)f1(0) kai, epeid  f1(1) 6= 0,
èqoume f1(0) = 1. OmoÐwc, f2(0) = 1. Katìpin, f1(x)f1(−x) = f1

(
x+ (−x)

)
=

f1(0) = 1 kai, epomènwc, f1(x) 6= 0 gia k�je x ∈ R. OmoÐwc, f2(x) 6= 0 gia
k�je x ∈ R.

OrÐzoume th sun�rthsh me tÔpo h(x) = f1(x)
f2(x) gia k�je x ∈ R kai parathroÔ-

me ìti h h eÐnai suneq c sto R, ìti h(0) = h(1) = 1 kai h(x+ y) = h(x)h(y) gia
k�je x, y ∈ R. EpÐshc, h(x) 6= 0 gia k�je x ∈ R kai, epeid  h h eÐnai suneq c
sto R kai h(0) = 1, sunep�getai h(x) > 0 gia k�je x ∈ R.

T¸ra, h(2) = h(1)h(1) = 1, h(3) = h(2)h(1) = 1 kai, epagwgik�, h(n) = 1
gia k�je n ∈ N. Katìpin, 1 = h(0) = h

(
n + (−n)

)
= h(n)h(−n) = h(n) gia

k�je n ∈ Z \N0. 'Ara, h(n) = 1 gia k�je n ∈ Z.
An m ∈ Z kai n ∈ N, 1 = h(m) = h

(
nm

n

)
= h

(
m
n

)
· · ·h

(
m
n

)
=

(
h
(

m
n

))n,
opìte h(m

n

)
= 1. 'Ara, h(x) = 1 gia k�je x ∈ Q.

PaÐrnoume, t¸ra, tuqìn x ∈ R \Q kai akoloujÐa (xn) sto Q ¸ste xn → x.
Lìgw sunèqeiac thc h, èqoume h(x) = limn→+∞ h(xn) = limn→+∞ 1 = 1.

'Ara, h(x) = 1  , isodÔnama, f1(x) = f2(x) gia k�je x ∈ R. O.E.D.
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Kef�laio 4

MetrikoÐ q¸roi.

4.1 ParadeÐgmata metrik¸n q¸rwn.
Par�deigma:
O n-di�statoc eukleÐdioc q¸roc Rn.

To sÔnolo Rn, dhlad , to kartesianì ginìmeno R× · · · ×R tou R n forèc
me ton eautì tou, eÐnai to sÔnolo me stoiqeÐa ìlec tic diatetagmènec n-�dec
pragmatik¸n arijm¸n:

Rn = R× · · · ×R = {(x(1), . . . , x(n)) : x(1), . . . , x(n) ∈ R} .

To R1 tautÐzetai me to R kai anaparÐstatai gewmetrik� me to sÔnolo twn
shmeÐwn mÐac (opoiasd pote) eujeÐac. To R2 anaparÐstatai gewmetrik� me to
sÔnolo twn shmeÐwn enìc (opoioud pote) epipèdou. Tèloc, to R3 anaparÐstatai
gewmetrik� me to sÔnolo twn shmeÐwn tou q¸rou.

An x kai y eÐnai opoiad pote stoiqeÐa tou R, h apìstas  touc wc shmeÐa thc
eujeÐac eÐnai Ðsh me thn posìthta |x− y|. An x = (x(1), x(2)) kai y = (y(1), y(2))
eÐnai opoiad pote stoiqeÐa tou R2, h apìstas  touc wc shmeÐa tou epipèdou
eÐnai Ðsh me √

(x(1) − y(1))2 + (x(2) − y(2))2. Tèloc, an x = (x(1), x(2), x(3)) kai
y = (y(1), y(2), y(3)) eÐnai opoiad pote stoiqeÐa tou R3, h apìstas  touc wc
shmeÐa tou q¸rou eÐnai Ðsh me √

(x(1) − y(1))2 + (x(2) − y(2))2 + (x(3) − y(3))2.
H apìstash twn x kai y eÐnai Ðsh me to m koc tou eujugr�mmou tm matoc pou
èqei �kra ta shmeÐa aut�, eÐte aut� eÐnai shmeÐa thc eujeÐac eÐte eÐnai shmeÐa
tou epipèdou eÐte eÐnai shmeÐa tou q¸rou.

Up�rqoun merikèc aplèc idiìthtec thc apìstashc, tic opoÐec ja exet�soume
amèswc t¸ra. Kat' arq n, h apìstash dÔo shmeÐwn eÐnai p�ntote mh arnhtikìc
arijmìc. DeÔteron, h apìstash dÔo shmeÐwn eÐnai Ðsh me 0 an kai mìnon an ta
dÔo shmeÐa tautÐzontai. TrÐton, h apìstash dÔo shmeÐwn de metab�lletai an
all�xoume th seir� touc. Aut  h idiìthta onom�zetai summetrÐa thc apìsta-
shc. Tèloc, h apìstash dÔo shmeÐwn den eÐnai megalÔterh apì to �jroisma twn
apost�sewn touc apì opoiod pote trÐto shmeÐo. Aut  h idiìthta onom�zetai
trigwnik  idiìthta thc apìstashc, diìti ekfr�zei me �llon trìpo to gegonìc
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ìti to m koc mÐac pleur�c trig¸nou den eÐnai megalÔtero apì to �jroisma twn
mhk¸n twn dÔo �llwn pleur¸n. Oi apodeÐxeic aut¸n twn idiot twn sthn eujeÐa,
sto epÐpedo kai ston q¸ro eÐnai z thma apl¸n pr�xewn. De ja k�noume lepto-
mèreiec, diìti ja doÔme thn apìdeixh sth genik  perÐptwsh tou sunìlou Rn.
'Askhsh 1: Diatup¸ste me sÔmbola kai apodeÐxte algebrik� thn trigwnik 
idiìthta thc apìstashc stouc R, R2 kai R3.
Kat' arq n, bèbaia, prèpei na genikeÔsoume thn ènnoia thc apìstashc apì tic
peript¸seic n = 1, n = 2 kai n = 3, stic opoÐec up�rqei gewmetrik  anapar�sta-
sh twn antÐstoiqwn sunìlwn R, R2 kai R3, sthn perÐptwsh n ≥ 4, sthn opoÐa
den up�rqei antÐstoiqh gewmetrik  anapar�stash tou sunìlou Rn. DÐnoume,
loipìn, ton ex c orismì.
Orismìc 4.1 OrÐzoume thn eukleÐdia apìstash dÔo opoiwnd pote stoiqeÐ-
wn x = (x(1), . . . , x(n)) kai y = (y(1), . . . , y(n)) tou Rn, kai th sumbolÐzoume
dn,2(x, y), me ton tÔpo

dn,2(x, y) =
√

(x(1) − y(1))2 + · · ·+ (x(n) − y(n))2 .

EÐnai profanèc ìti, sthn perÐptwsh tou R, èqoume gia k�je x, y ∈ R ì-
ti d1,2(x, y) =

√
(x− y)2 = |x − y|. Akìmh pio profanèc eÐnai ìti, stic pe-

ript¸seic twn R2 kai R3, h dn,2(x, y) tautÐzetai me touc antÐstoiqouc tÔ-
pouc d2,2(x, y) =

√
(x(1) − y(1))2 + (x(2) − y(2))2, an x = (x(1), x(2)) kai y =

(y(1), y(2)), kai d3,2(x, y) =
√

(x(1) − y(1))2 + (x(2) − y(2))2 + (x(3) − y(3))2, an
x = (x(1), x(2), x(3)) kai y = (y(1), y(2), y(3)).

Prin genikeÔsoume tic tèsseric idìthtec thc apìstashc apì thn perÐptwsh
n ≤ 3 sth genik  perÐptwsh, apodeiknÔoume ta parak�tw apotelèsmata.
Prìtash 4.1 Anisìthta Cauchy - Schwarz. Gia k�je a1, . . . , an ∈ R kai
b1, . . . , bn ∈ R isqÔei

|a1b1 + · · ·+ anbn| ≤
√
a2
1 + · · ·+ a2

n

√
b21 + · · ·+ b2n .

Apìdeixh: An a2
1 + · · · + a2

n = 0, tìte a1 = . . . = an = 0, opìte h anisìthta
katal gei sthn 0 ≤ 0, h opoÐa eÐnai swst . OmoÐwc, an b21 + · · ·+ b2n = 0, tìte
b1 = . . . = bn = 0 kai, p�li, h anisìthta katal gei sthn 0 ≤ 0.

Upojètoume, t¸ra, ìti a2
1 + · · · + a2

n > 0 kai b21 + · · · + b2n > 0 kai jètoume
A =

√
a2
1 + · · ·+ a2

n kai B =
√
b21 + · · ·+ b2n. T¸ra, ∣∣a1

A
b1
B + · · · + an

A
bn

B

∣∣ ≤
|a1|
A
|b1|
B +· · ·+ |an|

A
|bn|
B ≤ 1

2
a2
1

A2 + 1
2

b21
B2 +· · ·+ 1

2
a2

n

A2 + 1
2

b2n
B2 = 1

2
a2
1+···+a2

n

A2 + 1
2

b21+···+b2n
B2 =

1
2 + 1

2 = 1. 'Ara, |a1b1+···+anbn|
AB ≤ 1 kai, epomènwc, |a1b1 + · · ·+ anbn| ≤ AB =√

a2
1 + · · ·+ a2

n

√
b21 + · · ·+ b2n. O.E.D.

L mma 4.1 Gia k�je a1, . . . , an ∈ R kai b1, . . . , bn ∈ R isqÔei√
(a1 + b1)2 + · · ·+ (an + bn)2 ≤

√
a2
1 + · · ·+ a2

n +
√
b21 + · · ·+ b2n .
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Apìdeixh: Uy¸noume tic dÔo pleurèc thc anisìthtac sto tetr�gwno kai, met�
apì apaloifèc Ðdiwn ìrwn, brÐskoume thn isodÔnamh 2a1b1 + · · · + 2anbn ≤
2
√
a2
1 + · · ·+ a2

n

√
b21 + · · ·+ b2n, h opoÐa eÐnai �mesh apìrroia thc anisìthtac

thc Prìtashc 4.1. O.E.D.
T¸ra eÐmaste ètoimoi na apodeÐxoume tic basikèc idiìthtec thc eukleÐdiac

apìstashc ston Rn.
Prìtash 4.2 1. dn,2(x, y) ≥ 0 gia k�je x, y ∈ Rn.
2. Gia k�je x, y ∈ Rn isqÔei: dn,2(x, y) = 0 an kai mìnon an x = y.
3. dn,2(x, y) = dn,2(y, x) gia k�je x, y ∈ Rn.
4. dn,2(x, y) ≤ dn,2(x, z) + dn,2(z, y) gia k�je x, y, z ∈ Rn.

Apìdeixh: Oi idiìthtec 1, 2 kai 3 eÐnai profaneÐc. H 4 prokÔptei apì thn ani-
sìthta tou L mmatoc 4.1, an jèsoume ak = x(k) − z(k) kai bk = z(k) − y(k) gia
k = 1, . . . , n. O.E.D.

ParathroÔme ìti sthn perÐptwsh tou sunìlou Rn h sun�rthsh dn,2 orÐzetai
se ìla ta zeÔgh (x, y) stoiqeÐwn x kai y tou Rn kai se k�je tètoio zeÔgoc
antistoiqÐzei ton pragmatikì arijmì dn,2(x, y), thn eukleÐdia apìstash twn x kai
y. Dhlad , h dn,2 eÐnai sun�rthsh me pedÐo orismoÔ to Rn×Rn kai pragmatikèc
timèc.
Orismìc 4.2 To sÔnolo Rn efodiasmèno me thn dn,2 : Rn ×Rn → R onom�-
zetai n-di�statoc eukleÐdioc q¸roc. H sun�rthsh dn,2 onom�zetai eukleÐdia
apìstash   eukleÐdia metrik  ston Rn.

Ja doÔme, t¸ra, p¸c genikeÔetai h ènnoia thc apìstashc.
Orismìc 4.3 Estw X èna mh kenì sÔnolo. Onom�zoume metrik  sto X  
apìstash sto X k�je sun�rthsh d orismènh sto kartesianì ginìmeno X ×X
kai me pragmatikèc timèc

d : X ×X → R

me tic parak�tw idiìthtec:
(i) d(x, y) ≥ 0 gia k�je x, y ∈ X.
(ii) Gia k�je x, y ∈ X isqÔei: d(x, y) = 0 an kai mìnon an x = y.
(iii) d(x, y) = d(y, x) gia k�je x, y ∈ X.
(iv) d(x, y) ≤ d(x, z) + d(z, y) gia k�je x, y, z ∈ X.

Lème ìti to zeug�ri (X, d) apoteleÐ èna metrikì q¸ro   ìti o q¸roc X
eÐnai efodiasmènoc me th metrik  d   o q¸roc X me th metrik  d.
EpÐshc, thn tim  d(x, y) sto zeug�ri (x, y) thn onom�zoume apìstash twn x
kai y.

Parathr seic: 1. Me aplöik� lìgia, metrikìc q¸roc eÐnai èna mh kenì sÔnolo
X kai ènac sugkekrimènoc trìpoc mètrhshc apost�sewn an�mesa sta stoiqeÐa
tou. Bèbaia, èqoume sunhjÐsei na melet�me ta sÔnola R, R2 kai R3, gia ta
opoÐa èqoume kai thn empeirik  gewmetrik  epopteÐa, kai na metr�me apost�-
seic sta sÔnola aut� me ton sugkekrimèno eukleÐdio trìpo pou upagoreÔetai
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apì th gewmetrik  epopteÐa mac. 'Omwc, up�rqoun kai �lloi trìpoi na metr�me
apost�seic kai sta sÔnola R, R2 kai R3 all� kai se poll� �lla endiafèronta
sÔnola.
2. Metrikìc q¸roc eÐnai dÔo pr�gmata mazÐ: èna mh kenì sÔnolo X kai mÐa
metrik  d : X × X → R. Tupik�, dhlad , ìtan èqoume èna sÔnolo X de mpo-
roÔme na mil�me gia metrikì q¸ro X par� mìnon ìtan eÐnai  dh kajorismènh
kai ennoeÐtai apì ta sumfrazìmena mÐa sugkekrimènh metrik  d sto sÔnolo X.
PARADOQH: Lègontac o metrikìc q¸roc Rn, ennooÔme to zeÔgoc

(Rn, dn,2), dhlad , to Rn efodiasmèno me thn eukleÐdia metrik .
An jel soume na efodi�soume ton Rn me mÐa metrik  diaforetik  apì thn eu-
kleÐdia, ja prèpei na thn anafèroume rht�.
'Askhsh 2: 1. Gia k�je x, y sto R orÐzoume: d1(x, y) = (x − y)2, d2(x, y) =√
|x− y|, d3(x, y) = |x2 − y2|, d4(x, y) = |x− 2y| kai d5(x, y) = |x−y|

1+|x−y| . Poiècapì tic d1, . . . , d5 eÐnai metrikèc sto R?
2. OrÐzoume d(x, y) =

√
(x(1) − y(1))2 + 4(x(2) − y(2))2 gia k�je x = (x(1), x(2))

kai y = (y(1), y(2)) sto R2. EÐnai h d metrik  sto R2?
3. OrÐzoume d1(x, y) = |x(1) − y(1)| + |x(2) − y(2)| + |x(3) − y(3)| kai d2(x, y) =
|x(1)− y(1)| gia k�je x = (x(1), x(2), x(3)) kai y = (y(1), y(2), y(3)) sto R3. Poiec
apì tic d1 kai d2 eÐnai metrikèc sto R3?
ParadeÐgmata:
1. H diakrit  metrik .

'Estw opoiod pote mh kenì sÔnolo X kai h sun�rthsh δX : X × X → R

me tÔpo: δX(x, y) =
{

0, an x = y,
1, an x 6= y. EÐnai eÔkolo na dei kaneÐc ìti h δX èqei

tic tèsseric idiìthtec miac metrik c. Oi idiìthtec (i), (ii) kai (iii) eÐnai pro-
faneÐc. An δX(x, y) = 0, h anisìthta δX(x, y) ≤ δX(x, z) + δX(z, y) isqÔei,
diìti δX(x, z) ≥ 0 kai δX(z, y) ≥ 0. An δX(x, y) = 1, tìte x 6= y, opìte èna
toul�qiston apì ta x kai y eÐnai diaforetikì apì to z kai, epomènwc, èna toul�-
qiston apì ta δX(x, z) kai δX(z, y) eÐnai Ðso me 1 (kai to �llo eÐnai ≥ 0). 'Ara,
δX(x, y) = 1 ≤ δX(x, z) + δX(z, y).
Orismìc 4.4 'Estw mh kenì sÔnolo X. H δX : X ×X → R me tÔpo

δX(x, y) =
{

0, an x = y,
1, an x 6= y

onom�zetai diakrit  metrik  sto X.

EÐnai axioprìsekto ìti h diakrit  metrik  orÐzetai se opoiod pote mh kenì
sÔnolo X. Blèpoume, loipìn, ìti, pr�gmati, de mporoÔme na mil�me gia metrikì
q¸ro X qwrÐc na èqoume up' ìyin mac k�poia sugkekrimènh metrik  sto X. Diì-
ti, gia par�deigma, o Rn mporeÐ na efodiasteÐ me toul�qiston dÔo diaforetikèc
metrikèc: thn eukleÐdia metrik  dn,2 kai th diakrit  metrik  δRn . Se lÐgo ja
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doÔme ìti o Rn mporeÐ na efodiasjeÐ me pollèc �llec metrikèc.
2. MetrikoÐ upìqwroi.

JewroÔme ènan opoiond pote metrikì q¸ro (X, d) kai opoiod pote mh kenì
uposÔnolo W ⊆ X. Katìpin, paÐrnoume ton periorismì thc sun�rthshc d :
X × X → R sto W × W . Dhlad , gia k�je x, y ∈ W h tim  d(x, y) tou
periorismoÔ d : W ×W → R eÐnai Ðdia me thn tim  d(x, y) thc d : X ×X → R.
Me apl� lìgia: h apìstash twn x, y ∈ W wc stoiqeÐa tou mikrìterou sunìlou
W èqei thn Ðdia akrib¸c tim  me thn apìstas  touc wc stoiqeÐa tou megalÔterou
sunìlou X.

Ja doÔme, t¸ra, ìti h d : W ×W → R eÐnai metrik  sto W . Autì eÐnai
exairetik� eÔkolo. Pr�gmati, oi tèsseric idiìthtec thc d isqÔoun gia ta stoiqeÐa
tou X kai, epomènwc, oi idiìthtec autèc ja isqÔoun kai gia ta stoiqeÐa tou W ,
afoÔ ta stoiqeÐa tou W eÐnai stoiqeÐa tou X.
Orismìc 4.5 'Estw metrikìc q¸roc (X, d) kai mh kenìW ⊆ X. O periorismìc
d : W ×W → R thc d : X ×X → R onom�zetai metrik  upìqwrou sto W  
apìstash upìqwrou sto W kai o metrikìc q¸roc (W,d) onom�zetai metrikìc
upìqwroc tou (X, d).

Ac doÔme mÐa apl  eidik  perÐptwsh. JewroÔme ton R me thn eukleÐdia
metrik  d2 kai to uposÔnolo W = (0, 1] ∪ [4, 7]. H apìstash twn stoiqeÐwn 1
kai 4 tou W me th metrik  upìqwrou eÐnai Ðsh me |4− 1| = 3, diìti aut  akrib¸c
eÐnai h apìstas  touc wc stoiqeÐa tou R me thn eukleÐdia metrik .
PARADOQH: An èqoume èna mh kenì uposÔnolo W tou Rn, sumfw-

noÔme ìti, lègontac o metrikìc q¸roc W, ja ennooÔme ton (W,dn,2)
wc metrikì upìqwro tou (Rn, dn,2), dhlad , to sÔnolo W efodiasmèno

me ton periorismì thc eukleÐdiac metrik c tou Rn sto W. Me a-

ploÔstera lìgia: oi apost�seic an�mesa sta stoiqeÐa tou W eÐnai

akrib¸c oi Ðdiec me tic eukleÐdiec apost�seic touc.
3. H p-metrik  tou Minkowski ston Rn (1 ≤ p ≤ +∞).

JewroÔme par�metro p ∈ [1,+∞] kai th sun�rthsh dn,p : Rn ×Rn → R me
tÔpo

dn,p(x, y) =
{

p
√
|x(1) − y(1)|p + · · ·+ |x(n) − y(n)|p , an 1 ≤ p < +∞,

max1≤k≤n |x(k) − y(k)| , an p = +∞,
gia k�je x = (x(1), . . . , x(n)) kai y = (y(1), . . . , y(n)) sto Rn. Prosèxte ìti h
dn,p eÐnai genÐkeush thc eukleÐdiac metrik c dn,2 .Ja doÔme, t¸ra, ìti h dn,p eÐnai metrik  ston Rn.
L mma 4.2 'Estw 1 < p < +∞ kai q = p

p−1 . IsqÔei ab ≤ ap

p + bq

q gia k�je
a, b ≥ 0.

Apìdeixh: H d
dx

(
xp

p − x + 1
q

)
= xp−1 − 1 eÐnai ≥ 0, an 1 ≤ x < +∞, kai

≤ 0, an 0 ≤ x ≤ 1. 'Ara h sun�rthsh me tÔpo xp

p − x + 1
q eÐnai fjÐnousa sto

[0, 1] kai aÔxousa sto [1,+∞) kai, epomènwc, èqei el�qisth tim  sto 1. 'Ara,
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xp

p − x + 1
q ≥

1p

p − 1 + 1
q = 0  , isodÔnama, x ≤ xp

p + 1
q gia k�je x ∈ [0,+∞).

An, t¸ra, a ≥ 0 kai b > 0, jètoume to ab− q
p sth jèsh tou x sthn prohgoÔmenh

anisìthta kai paÐrnoume thn ab ≤ ap

p + bq

q . An a ≥ 0 kai b = 0, h teleutaÐa
anisìthta gÐnetai 0 ≤ ap

p kai eÐnai, profan¸c, swst . O.E.D.
L mma 4.3 Anisìthta Hölder. 'Estw 1 < p < +∞ kai q = p

p−1 . Gia k�je
a1, . . . , an ∈ R kai b1, . . . , bn ∈ R isqÔei

|a1b1 + · · ·+ anbn| ≤ p
√
|a1|p + · · ·+ |an|p q

√
|b1|q + · · ·+ |bn|q .

Apìdeixh: An |a1|p+ · · ·+ |an|p = 0, tìte a1 = . . . = an = 0, opìte h anisìthta
katal gei sthn 0 ≤ 0, h opoÐa eÐnai swst . OmoÐwc, an |b1|q + · · · + |bn|q = 0,
tìte b1 = . . . = bn = 0 kai, p�li, h anisìthta katal gei sthn 0 ≤ 0.

Upojètoume, t¸ra, ìti |a1|p + · · ·+ |an|p > 0 kai |b1|q + · · ·+ |bn|q > 0 kai
jètoume A = p

√
|a1|p + · · ·+ |an|p kai B = q

√
|b1|q + · · ·+ |bn|q. Sunep�getai∣∣a1

A
b1
B + · · ·+ an

A
bn

B

∣∣ ≤ |a1|
A
|b1|
B + · · ·+ |an|

A
|bn|
B ≤ 1

p
|a1|p
Ap + 1

q
|b1|q
Bq + · · ·+ 1

p
|an|p
Ap +

1
q
|bn|q
Bq = 1

p
|a1|p+···+|an|p

Ap + 1
q
|b1|q+···+|bn|q

Bq = 1
p + 1

q = 1 kai, epomènwc, |a1b1 +
· · ·+ anbn| ≤ AB = p

√
|a1|p + · · ·+ |an|p q

√
|b1|q + · · ·+ |bn|q . O.E.D.

L mma 4.4 Anisìthta Minkowski. 'Estw 1 ≤ p < +∞. Tìte gia k�je
a1, . . . , an ∈ R kai b1, . . . , bn ∈ R isqÔei

p
√
|a1 + b1|p + · · ·+ |an + bn|p ≤ p

√
|a1|p + · · ·+ |an|p + p

√
|b1|p + · · ·+ |bn|p .

Apìdeixh: Sthn perÐptwsh p = 1 h anisìthta gÐnetai |a1 + b1|+ · · ·+ |an + bn| ≤
|a1|+ · · ·+ |an|+ |b1|+ · · ·+ |bn| kai eÐnai, profan¸c, swst .Upojètoume, loipìn, ìti 1 < p < +∞ kai jètoume q = p

p−1 . 'Eqoume
|a1 + b1|p + · · ·+ |an + bn|p = |a1 + b1||a1 + b1|p−1 + · · ·+ |an + bn||an + bn|p−1 ≤
|a1||a1 + b1|p−1 + · · ·+ |an||an + bn|p−1 + |b1||a1 + b1|p−1 + · · ·+ |bn||an + bn|p−1.
Me efarmog  tou L mmatoc 4.3, |a1||a1 + b1|p−1 + · · · + |an||an + bn|p−1 ≤
p
√
|a1|p + · · ·+ |an|p q

√
|a1 + b1|p + · · ·+ |an + bn|p kai |b1||a1 + b1|p−1 + · · · +

|bn||an+bn|p−1 ≤ p
√
|b1|p + · · ·+ |bn|p q

√
|a1 + b1|p + · · ·+ |a1 + bn|p. Sunep�ge-

tai ìti |a1+b1|p+· · ·+|an+bn|p ≤
(

p
√
|a1|p + · · ·+ |an|p+ p

√
|b1|p + · · ·+ |bn|p

)
·

· q
√
|a1 + b1|p + · · ·+ |an + bn|p. An |a1 + b1|p + · · ·+ |a1 + bn|p > 0, diair¸ntac

ta dÔo mèlh thc teleutaÐac anisìthtac me to q
√
|a1 + b1|p + · · ·+ |a1 + bn|p, ka-tal goume sthn anisìthta thc ekf¸nhshc. An |a1 + b1|p + · · ·+ |a1 + bn|p = 0,

h anisìthta thc ekf¸nhshc eÐnai profan c. O.E.D.
L mma 4.5 Gia k�je a1, . . . , an ∈ R kai b1, . . . , bn ∈ R isqÔei

max
1≤k≤n

|ak + bk| ≤ max
1≤k≤n

|ak|+ max
1≤k≤n

|bk| .

Apìdeixh: Jètoume A = max1≤k≤n |ak| kai B = max1≤k≤n |bk|. PaÐrnoume
tuqìn k me 1 ≤ k ≤ n kai èqoume |ak + bk| ≤ |ak| + |bk| ≤ A + B. Epomènwc,
max1≤k≤n |ak + bk| ≤ A+B. O.E.D.
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Prìtash 4.3 H dn,p : Rn × Rn → R eÐnai metrik  ston Rn gia k�je p ∈
[1,+∞].

Apìdeixh: EÐnai eÔkolo na dei kaneÐc ìti h dn,p ikanopoieÐ tic idiìthtec (i), (ii)
kai (iii) mÐac metrik c. H idiìthta (iv) prokÔptei an jèsoume ak = x(k) − z(k)

kai bk = z(k) − y(k) gia k = 1, . . . , n stic anisìthtec twn Lhmm�twn 4.4 kai 4.5.
O.E.D.

EÐnai profanèc ìti ìlec oi metrikèc dn,p (1 ≤ p ≤ +∞) tautÐzontai sthn
perÐptwsh tou q¸rou R. Pr�gmati, gia k�je x, y ∈ R èqoume d1,p(x, y) =
p
√
|x− y|p = |x − y| = d1,2(x, y), an 1 ≤ p < +∞, kaj¸c kai d1,∞(x, y) =

max1≤k≤1 |x− y| = |x− y| = d1,2(x, y), an p = +∞.
Orismìc 4.6 H metrik  dn,p : Rn ×Rn → R sto sÔnolo Rn me tÔpo

dn,p(x, y) =
{

p
√
|x(1) − y(1)|p + · · ·+ |x(n) − y(n)|p , an 1 ≤ p < +∞,

max1≤k≤n |x(k) − y(k)| , an p = +∞,

gia k�je x = (x(1), . . . , x(n)) kai y = (y(1), . . . , y(n)) sto Rn onom�zetai p-
metrik  tou Minkowski  , apl�, metrik  tou Minkowski ston Rn. O
metrikìc q¸roc (Rn, dn,p) onom�zetai n-di�statoc q¸roc Minkowski.

'Ara, sthn perÐptwsh p = 2 o n-di�statoc q¸roc Minkowski eÐnai o Ðdioc me ton
n-di�stato eukleÐdio q¸ro.
'Askhsh 3: P¸c metab�lletai h p-apìstash Minkowski an�mesa sta shmeÐa
(1, 0) kai (0, 0) tou R2 kaj¸c to p aux�nei sto [1,+∞]? Apant ste thn Ðdia
er¸thsh gia ta shmeÐa (1, 1) kai (0, 0).
4. To sÔnolo twn koruf¸n tou monadiaÐou kÔbou.

JewroÔme to uposÔnolo En = {(ξ(1), . . . , ξ(n)) : ξ(1) = ±1, . . . , ξ(n) = ±1}
tou Rn kai orÐzoume th sun�rthsh d : En × En → R me tÔpo

d(x, y) = to pl joc twn k gia ta opoÐa ξ(k) 6= η(k)

gia k�je x = (ξ(1), . . . , ξ(n)) kai y = (η(1), . . . , η(n)) sto En .EÐnai profanèc ìti h d ikanopoieÐ tic treic pr¸tec idiìthtec mÐac metrik c.
An p�roume x = (ξ(1), . . . , ξ(n)), y = (η(1), . . . , η(n)) kai z = (ζ(1), . . . , ζ(n)) sto
En, tìte gia k�je k, gia to opoÐo ξ(k) 6= η(k), isqÔei toul�qiston mÐa apì tic
ξ(k) 6= ζ(k), ζ(k) 6= η(k). Apì autì sunep�getai ìti d(x, y) ≤ d(x, z) + d(z, y).

'Ara, h d eÐnai metrik  sto En . Parathr ste ìti to sÔnolo En eÐnai pepe-
rasmèno me 2n stoiqeÐa kai ìti to sÔnolo tim¸n thc d eÐnai to {0, 1, . . . , n}.
5. H omoiìmorfh apìstash sunart sewn.

JewroÔme opoiod pote mh kenì sÔnolo A. GnwrÐzoume ìti mÐa f : A → R
eÐnai fragmènh, an up�rqei k�poio M ∈ R (to opoÐo exart�tai apì thn f) ¸ste
|f(x)| ≤M gia k�je x ∈ A.
Orismìc 4.7 OrÐzoume

B(A) = {f : h f : A→ R eÐnai fragmènh} .
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To B(A) onom�zetai o q¸roc twn fragmènwn pragmatik¸n sunart sewn
sto A.

'Eqoume  dh orÐsei thn omoiìmorfh apìstash du(f, g) = supx∈A |f(x)−g(x)|
sunart sewn f : A → R kai g : A → R. An oi f, g eÐnai kai fragmènec, isqÔei
0 ≤ du(f, g) < +∞. Pr�gmati, an up�rqoun M,N ∈ R ¸ste |f(x)| ≤ M kai
|g(x)| ≤ N gia k�je x ∈ A, sunep�getai |f(x)−g(x)| ≤ |f(x)|+ |g(x)| ≤M+N
gia k�je x ∈ A kai, epomènwc, du(f, g) = supx∈A |f(x)−g(x)| ≤M +N < +∞.
Prìtash 4.4 H du : B(A)×B(A) → R eÐnai metrik  sto B(A).

Apìdeixh: H du ikanopoieÐ, profan¸c, tic idiìthtec (i) kai (iii) mÐac metrik c.
T¸ra, an supx∈A |f(x)−g(x)| = du(f, g) = 0, sunep�getai |f(x)−g(x)| = 0 gia
k�je x ∈ A kai, epomènwc, f = g. 'Ara, h du ikanopoieÐ kai thn idiìthta (ii) mÐac
metrik c. EpÐshc, gia k�je x ∈ A èqoume |f(x)−g(x)| ≤ |f(x)−h(x)|+ |h(x)−
g(x)| ≤ du(f, h) + du(h, g) kai, epomènwc, du(f, g) = supx∈A |f(x) − g(x)| ≤
du(f, h) + du(h, g). O.E.D.
Orismìc 4.8 H du : B(A) × B(A) → R onom�zetai omoiìmorfh metrik   
omoiìmorfh apìstash   metrik  thc omoiìmorfhc sÔgklishc ston B(A).

4.2 Perioqèc, anoikt� sÔnola, kleist� sÔnola.
Orismìc 4.9 'Estw (X, d) ènac metrikìc q¸roc. An a ∈ X kai ε > 0, onom�-
zoume ε-perioq  tou a   perioq  kèntrou a kai aktÐnac ε, kai sumbolÐzoume
Na(ε)   N(a; ε), to sÔnolo

Na(ε) = N(a; ε) = {x ∈ X : d(x, a) < ε} .

'Otan lème perioq  Na tou a ennooÔme k�poia ε-perioq  tou a gia k�poio
adieukrÐnisto ε > 0.

'Askhsh 4: 'Estw metrikìc q¸roc (X, d), a ∈ X. ApodeÐxte ìti ⋃
ε>0Na(ε) =

X kai ⋂
ε>0Na(ε) = {a} .

'Askhsh 5: 'Estw metrikìc q¸roc (X, d) kai a1, a2 ∈ X me a1 6= a2. ApodeÐxteìti up�rqei ε > 0 ¸ste Na1(ε) ∩Na2(ε) = ∅.
ParadeÐgmata:
1. Ston R oi perioqèc eÐnai gnwst� se mac sÔnola. Pr�gmati, gia k�je a ∈ R
kai ε > 0, to Na(ε) eÐnai to sÔnolo ìlwn twn shmeÐwn thc eujeÐac twn opoÐwn
h (eukleÐdia, ennoeÐtai) apìstash apì to a eÐnai mikrìterh apì ε, dhlad , to
anoiktì di�sthma (a− ε, a+ ε), me kèntro to a kai pl�toc 2ε.

OmoÐwc, ston R2 h perioq  kèntrou a kai aktÐnac ε > 0 eÐnai to sÔnolo ìlwn
twn shmeÐwn tou epipèdou twn opoÐwn h apìstash apì to a eÐnai mikrìterh apì
ε, dhlad , o anoiktìc dÐskoc me kèntro a kai aktÐna ε.

Tèloc, ston R3 h perioq  kèntrou a kai aktÐnac ε > 0 eÐnai to sÔnolo ìlwn
twn shmeÐwn tou q¸rou twn opoÐwn h apìstash apì to a eÐnai mikrìterh apì ε,
dhlad , h anoikt  mp�la me kèntro a kai aktÐna ε.
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EÐnai fanerì ìti apì ta paradeÐgmata tou dÐskou kai thc mp�lac stouc R2

kai R3, antistoÐqwc, proèrqontai oi ìroi kèntro kai aktÐna sth genik  perÐ-
ptwsh twn perioq¸n se metrikoÔc q¸rouc. M�lista, kai sthn perÐptwsh tou
eukleÐdiou q¸rou Rn me n ≥ 4, sthn opoÐa den up�rqei gewmetrik  epopteÐa,
qrhsimopoioÔme ton ìro (n-di�stath) anoikt  mp�la kèntrou a kai aktÐnac ε gia
thn perioq  Na(ε).
2. JewroÔme mh kenì sÔnolo X kai th diakrit  metrik  δX sto X. Oi mìnec
timèc thc δX eÐnai 0 kai 1. EÐnai fanerì, loipìn, ìti gia k�je a ∈ X èqoume
Na(ε) = {a}, an 0 < ε ≤ 1, kai Na(ε) = X, an 1 < ε.
3. 'Estw metrikìc q¸roc (X, d) kai opoiod pote mh kenì W ⊆ X to opoÐo e-
fodi�zoume me ton periorismì thc d apì to X sto W . Dhlad , jewroÔme ton
metrikì upìqwro (W,d) tou (X, d). Ja doÔme, t¸ra, poia eÐnai h sqèsh an�me-
sa stic perioqèc tou (X, d) kai stic perioqèc tou (W,d) kai, gia na mhn up�rqei
kÐndunoc sÔgqushc, sumbolÐzoume NX

a (ε) tic pr¸tec kai NW
a (ε) tic deÔterec.

Apì touc orismoÔc èqoume NX
a (ε) = {x ∈ X : d(x, a) < ε} gia k�je a ∈ X kai

NW
a (ε) = {x ∈ W : d(x, a) < ε} gia k�je a ∈ W . EÐnai profanèc ìti, an to

kèntro a an kei sto mikrìtero sÔnolo W , tìte
NW

a (ε) = NX
a (ε) ∩W .

Dhlad , oi perioqèc ston (W,d) eÐnai oi tomèc twn perioq¸n (me Ðdiec aktÐnec kai
kèntra) ston (X, d) me to W .

Ac exet�soume to aplì par�deigma tou W = (0, 1] ∪ [4, 7] wc upìqwrou tou
R (me thn eukleÐdia, ennoeÐtai, metrik ). Gia a ∈ (0, 1] ∪ [4, 7] h perioq  ston
W me kèntro a kai aktÐna ε eÐnai h tom  tou anoiktoÔ diast matoc (a− ε, a+ ε)
me to (0, 1] ∪ [4, 7]. Gia par�deigma, h perioq  tou 3

4 me aktÐna ε > 0, eÐnai to
( 3
4 − ε,

3
4 + ε), an 0 < ε ≤ 1

4 , to ( 3
4 − ε, 1], an 1

4 < ε ≤ 3
4 , to (0, 1], an 3

4 < ε ≤ 13
4 ,to (0, 1] ∪ [4, 3

4 + ε), an 13
4 < ε ≤ 25

4 kai, tèloc, to (0, 1] ∪ [4, 7], an 25
4 < ε.

Blèpoume, loipìn, ìti to gewmetrikì sq ma twn perioq¸n mporeÐ na eÐnai
teleÐwc diaforetikì apì to sunhjismèno sq ma twn diasthm�twn, twn dÐskwn
kai twn mpal¸n. Autì ja faneÐ kai sto epìmeno par�deigma.
4. JewroÔme ton didi�stato q¸ro tou Minkowski (R2, d2,∞). Jumìmaste ìti
d2,∞(x, y) = max

(
|x(1) − y(1)|, |x(2) − y(2)|

) gia k�je x = (x(1), x(2)) kai y =
(y(1), y(2)) ston R2. EÐnai eÔkolo na deÐ kaneÐc ìti h perioq  tou a = (a(1), a(2))
me aktÐna ε > 0 eÐnai to anoiktì tetr�gwno me kèntro a, m koc pleur�c Ðso me
2ε kai me pleurèc par�llhlec stouc kÔriouc �xonec.

JewroÔme, t¸ra, ton q¸ro tou Minkowski (R2, d2,1), ìpou d2,1(x, y) =
|x(1) − y(1)| + |x(2) − y(2)| gia k�je x = (x(1), x(2)) kai y = (y(1), y(2)) ston
R2. T¸ra, h perioq  tou a = (a(1), a(2)) me aktÐna ε > 0 eÐnai to anoiktì tetr�-
gwno me kèntro a, m koc pleur�c Ðso me √2 ε kai me pleurèc par�llhlec stic
kÔriec diagwnÐouc.
'Askhsh 6: Poio eÐnai to sq ma twn perioq¸n stouc tridi�statouc q¸rouc
Minkowski (R3, d3,∞) kai (R3, d3,1)?
L mma 4.6 'Estw 1 ≤ p < q < +∞. Gia k�je a1, . . . , an ∈ R isqÔei

q
√
|a1|q + · · ·+ |an|q ≤ p

√
|a1|p + · · ·+ |an|p ≤ n

1
p−

1
q q

√
|a1|q + · · ·+ |an|q .
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EpÐshc, an 1 ≤ p < q = +∞,

max
1≤k≤n

|ak| ≤ p
√
|a1|p + · · ·+ |an|p ≤ n

1
p max

1≤k≤n
|ak| .

Apìdeixh: An a1 = . . . = an = 0, h dipl  anisìthta katal gei sthn 0 ≤ 0 ≤ 0,
h opoÐa isqÔei. Upojètoume, loipìn, ìti toul�qiston èna apì ta a1, . . . , an eÐnai
6= 0, opìte |a1|p + · · ·+ |an|p > 0. Jètoume A = p

√
|a1|p + · · ·+ |an|p kai èqoume

|ak|
A ≤ 1 kai, epomènwc, |ak|q

Aq ≤ |ak|p
Ap gia k�je k = 1, . . . , n. AjroÐzontac,

|a1|q+···+|an|q
Aq ≤ |a1|p+···+|an|p

Ap = 1, opìte |a1|q + · · ·+ |an|q ≤ Aq  , isodÔnama,
q
√
|a1|q + · · ·+ |an|q ≤ A = p

√
|a1|p + · · ·+ |an|p.Gia th dexi� anisìthta efarmìzoume to L mma 4.3: |a1|p + · · · + |an|p ≤

q
p

√
(|a1|p)

q
p + · · ·+ (|an|p)

q
p

q
q−p

√
1

q
q−p + · · ·+ 1

q
q−p = n

q−p
q

q
p

√
|a1|q + · · ·+ |an|q

kai, epomènwc, p
√
|a1|p + · · ·+ |an|p ≤ n

1
p−

1
q q

√
|a1|q + · · ·+ |an|q.Sthn perÐptwsh q = +∞, up�rqei k�poio k0 ¸ste |ak0 | = max1≤k≤n |ak|.Tìte |ak0 |p ≤ |a1|p + · · ·+ |an|p ≤ n|ak0 |p kai h dipl  anisìthta, h opoÐa prèpei

na apodeiqjeÐ, eÐnai, t¸ra, profan c.
5. JewroÔme touc q¸rouc Minkowski (Rn, dn,p) kai (Rn, dn,q), dhlad , to sÔ-
nolo Rn efodiasmèno me tic metrikèc dn,p kai dn,q kai upojètoume 1 ≤ p < q ≤
+∞.

Ja melet soume th sqèsh an�mesa stic perioqèc twn dÔo q¸rwn kai paÐr-
noume tuqìn a ∈ Rn kai ε > 0. Gia na mhn up�rxei sÔgqush, sumbolÐzoume
Np

a (ε) kai Nq
a(ε) tic antÐstoiqec perioqèc stouc dÔo q¸rouc. Qrhsimopoi¸ntac

to L mma 4.6, apodeiknÔetai polÔ eÔkola ìti
Np

a (ε) ⊆ Nq
a(ε) ⊆ Np

a

(
n

1
p−

1
q ε

)
.

'Askhsh 7: Gia k�je ε > 0 perigr�yte pl rwc thn perioq  tou (1, 1, 1) me a-
ktÐna ε ston q¸ro E3 = {(±1,±1,±1)} me th metrik  pou èqei tÔpo d(x, y) =
to pl joc twn diaforetik¸n suntetagmènwn twn x = (ξ(1), ξ(2), ξ(3)) kai y =
(η(1), η(2), η(3)) sto E3.
'Askhsh 8: Jewr ste ton metrikì q¸ro B(

[0, 1]
) me thn omoiìmorfh metrik 

du kai to stoiqeÐo f ∈ B
(
[0, 1]

) me tÔpo f(x) = x2 gia k�je x ∈ [0, 1]. Peri-
gr�yte gewmetrik� ìla ta stoiqeÐa thc perioq c tou f me aktÐna ε > 0.
'Askhsh 9: Jewr ste, p�li, ton metrikì q¸ro B

(
[0, 1]

) me thn omoiìmorfh
metrik  du kai to stoiqeÐo f ∈ B

(
[0, 1]

) me tÔpo f(x) =
{

0, an 0 ≤ x ≤ 1
3 ,

1, an 1
3 < x ≤ 1.

ApodeÐxte ìti ìla ta stoiqeÐa thc perioq c tou f me aktÐna ε ≤ 1
2 eÐnai sunar-

t seic sto [0, 1] oi opoÐec den eÐnai suneqeÐc sto 1
3 . ApodeÐxte, ìmwc, ìti, an

1
2 < ε, h perioq  tou f me aktÐna ε perièqei toul�qiston èna stoiqeÐo to opoÐo
eÐnai sun�rthsh suneq c sto [0, 1].
Orismìc 4.10 'Estw metrikìc q¸roc (X, d) kai A ⊆ X. An gia k�je x ∈ A
up�rqei k�poia perioq  Nx tou x h opoÐa perièqetai sto A, dhlad , an gia k�je
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x ∈ A up�rqei ε = ε(x) > 0 ¸ste Nx(ε) ⊆ A, tìte to A onom�zetai anoiktì
uposÔnolo tou (X, d)   anoiktì uposÔnolo tou X, an den up�rqei amfibolÐa
gia thn d.

ParadeÐgmata:
1. 'Estw A opoiod pote anoiktì di�sthma ston R. Dhlad , A = (a, b)   (a,+∞)
  (−∞, b)   (−∞,+∞). An x eÐnai opoiod pote shmeÐo tou A, paÐrnoume ε
to polÔ Ðso me thn apìstash tou x apì to kontinìtero proc to x �kro tou
A. (An A = (−∞,+∞), paÐrnoume opoiod pote ε > 0.) Tìte, profan¸c,
(x− ε, x+ ε) ⊆ A. 'Ara k�je anoiktì di�sthma eÐnai anoiktì uposÔnolo tou R.

'Estw, t¸ra, ìti to A eÐnai opoiod pote kleistì di�sthma [a, b]. Den up�rqei
kamÐa perioq  tou a h opoÐa perièqetai sto A. To Ðdio isqÔei kai gia to b. 'Ara
up�rqei toul�qiston èna shmeÐo tou A tou opoÐou kamÐa perioq  den perièqetai
sto A kai, epomènwc, to A den eÐnai anoiktì uposÔnolo tou R. OmoÐwc, kanèna
apì ta diast mata [a,+∞), (−∞, b], [a, b) kai (a, b] den eÐnai anoiktì uposÔnolo
tou R.

Sto tèloc thc enìthtac aut c ja perigr�youme pl rwc ìla ta anoikt� upo-
sÔnola tou R.
2. 'Estw A opoiod pote anoiktì orjog¸nio parallhlìgrammo ston R2. Fusi-
k�, ìtan lème anoiktì orjog¸nio parallhlìgrammo ennooÔme ìti den perièqei
kanèna shmeÐo thc perifèrei�c tou. An x eÐnai opoiod pote shmeÐo tou A eÐnai
profanèc ìti up�rqei anoiktìc dÐskoc kèntrou x kai me arket� mikr  aktÐna o
opoÐoc na perièqetai sto A. 'Ara, to A eÐnai anoiktì uposÔnolo tou R2.

'Estw, t¸ra, ìti to A eÐnai orjog¸nio parallhlìgrammo ston R2 pou periè-
qei toul�qiston èna shmeÐo thc perifèrei�c tou. An x eÐnai shmeÐo tou A kai,
tautìqrona, shmeÐo thc perifèreiac tou orjog¸niou parallhlogr�mmou, den u-
p�rqei kanènac anoiktìc dÐskoc, ìso mikrìc ki an eÐnai, kèntrou x o opoÐoc na
perièqetai sto A. 'Ara up�rqei toul�qiston èna shmeÐo tou A tou opoÐou kamÐa
perioq  den perièqetai sto A kai, epomènwc, to A den eÐnai anoiktì uposÔnolo
tou R2.

OmoÐwc, an A eÐnai anoiktìc dÐskoc, dhlad , dÐskoc pou den perièqei kanèna
shmeÐo thc perifèrei�c tou, to A eÐnai anoiktì uposÔnolo tou R2. En¸, an to A
eÐnai dÐskoc ston R2 pou perièqei toul�qiston èna shmeÐo thc perifèrei�c tou,
to A den eÐnai anoiktì uposÔnolo tou R2.

Diaisjhtik�, mporoÔme na diakrÐnoume an èna sugkekrimèno sÔnolo A eÐnai
anoiktì uposÔnolo tou R2, an katafèroume na fti�xoume mia gewmetrik  eikìna
tou sto qartÐ (  sto mualì mac). 'Estw, gia par�deigma, ìti èqoume mÐa apl 
sqetik� kampÔlh γ sto epÐpedo h opoÐa qwrÐzei to epÐpedo se trÐa uposÔnola:
to sÔnolo A1 twn shmeÐwn pou brÐskontai sth mÐa meri� thc γ, to sÔnolo A2twn shmeÐwn pou brÐskontai sthn �llh meri� thc γ kai to sÔnolo twn shmeÐwn
thc γ. Tìte kajèna apì ta dÔo pr¸ta sÔnola eÐnai anoiktì uposÔnolo tou R2.
An, ìmwc, sto A1   sto A2 episun�youme èna toul�qiston apì ta shmeÐa thc γ,
tìte to prokÔpton sÔnolo den eÐnai anoiktì uposÔnolo tou R2.
3. 'Opwc kai sto prohgoÔmeno par�deigma, eÐnai eÔkolo na doÔme ìti opoiad po-
te anoikt  mp�la   anoiktì orjog¸nio parallhlepÐpedo eÐnai anoiktì uposÔnolo
tou R3. EpÐshc, opoiad pote mp�la   orjog¸nio parallhlepÐpedo pou perièqei
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toul�qiston èna shmeÐo thc sunoriak c epif�neiac den eÐnai anoiktì uposÔnolo
tou R3.

Kai p�li, diaisjhtik�, mporoÔme se pollèc peript¸seic na diakrÐnoume an
èna sÔnolo A eÐnai anoiktì uposÔnolo tou R3. 'Estw, gia par�deigma, ìti
èqoume mÐa apl  sqetik� epif�neia Γ ston q¸ro h opoÐa qwrÐzei ton q¸ro se
trÐa uposÔnola: to sÔnolo A1 twn shmeÐwn pou brÐskontai sth mÐa meri� thc
Γ, to sÔnolo A2 twn shmeÐwn pou brÐskontai sthn �llh meri� thc Γ kai to
sÔnolo twn shmeÐwn thc Γ. Tìte kajèna apì ta dÔo pr¸ta sÔnola eÐnai anoiktì
uposÔnolo tou R3 en¸, an sto A1   sto A2 episun�youme èna toul�qiston apì
ta shmeÐa thc Γ, tìte to prokÔpton sÔnolo den eÐnai anoiktì uposÔnolo tou R3.
'Askhsh 10: ApodeÐxte ìti k�je mh kenì anoiktì uposÔnolo tou R perièqei
kai rhtoÔc kai �rrhtouc arijmoÔc.
'Askhsh 11: Poia apì ta parak�tw eÐnai anoikt� uposÔnola tou R? To A kai
to R \A, ìpou A eÐnai opoiod pote peperasmèno uposÔnolo tou R, to N, to Q,
to R \Q, to R \ { 1

n : n ∈ N} kai to R \
(
{0} ∪ { 1

n : n ∈ N}
).

'Askhsh 12: Poia apì ta parak�tw eÐnai anoikt� uposÔnola tou R2? To A
kai to R2 \ A, ìpou A eÐnai opoiod pote peperasmèno uposÔnolo tou R2, to
{(x(1), x(2)) : x(1)x(2) > 1}, to {(x(1), x(2)) : x(1)x(2) ≤ 1}, to {(x(1), x(2)) :
x(1) > 0}, to R2 \ {(n, 0) : n ∈ N}, to R2 \ {( 1

n , 0) : n ∈ N}, to R2 \
(
{(0, 0)}∪

{( 1
n ,

1
m ) : n,m ∈ N}

), to {(x(1), 0) : a ≤ x(1) ≤ b}, to {(x(1), 0) : a < x(1) < b},
to R2 \ {(x(1), 0) : a ≤ x(1) ≤ b}, to R2 \ {(x(1), 0) : a < x(1) < b}, to Q2, to
R2\Q2, to R2\

(
[0, 1])×{ 1

n : n ∈ N}
) kai to R2\

(
[0, 1])×({0}∪{ 1

n : n ∈ N})
).

'Askhsh 13: Poia apì ta parak�tw eÐnai anoikt� uposÔnola tou R3? To
A kai to R3 \ A, ìpou A eÐnai opoiod pote peperasmèno uposÔnolo tou R3,
to {(x(1), x(2), x(3)) : x(1) + x(2) + x(3) > 1}, to {(x(1), x(2), x(3)) : (x(1))2 +
(x(2))2 < x(3)}, to {(x(1), x(2), x(3)) : x(1) > 0}, to R3 \ {(n, 0, 1) : n ∈ N},
to R3 \

(
{(0, 0, 0)} ∪ {( 1

n , 0, 0) : n ∈ N}
), to {(x(1), 0, 0) : a < x(1) < b}, to

R3 \ {(x(1), 0, 0) : a ≤ x(1) ≤ b}, to Q3, to R3 \Q3 kai to R3 \ {(x(1), x(2), 0) :
a ≤ x(1) ≤ b, c ≤ x(2) ≤ d}.
'Askhsh 14: 'Estw a1, . . . , an ∈ R toul�qiston èna ek twn opoÐwn eÐnai 6= 0
kai a ∈ R. To uposÔnolo Γ = {x = (x(1), . . . , x(n)) : a1x

(1) + · · ·+ anx
(n) = a}

tou Rn onom�zetai uperepÐpedo tou Rn. Sthn perÐptwsh n = 1 to uposÔnolo
autì tou R eÐnai monosÔnolo, sthn perÐptwsh n = 2 eÐnai mÐa eujeÐa ston R2

kai sthn perÐptwsh n = 3 eÐnai èna epÐpedo ston R3. H exÐswsh a1x
(1) + · · ·+

anx
(n) = a onom�zetai exÐswsh tou uperepipèdou Γ. Ta sÔnola A1 = {x =

(x(1), . . . , x(n)) : a1x
(1) + · · · + anx

(n) > a} kai A2 = {x = (x(1), . . . , x(n)) :
a1x

(1) + · · · + anx
(n) < a} onom�zontai anoiktoÐ hmiq¸roi me sunoriakì

uperepÐpedo to Γ.
ApodeÐxte ìti oi dÔo anoiktoÐ hmiq¸roi A1 kai A2 eÐnai anoikt� uposÔnola

tou Rn. (Upìdeixh: Jewr ste ton A1 kai tuqìn x = (x(1), . . . , x(n)) ∈ A1.
Jèsate ε = a1x(1)+···+anx(n)−a√

a2
1+···+a2

n

> 0 kai apodeÐxte ìti Nx(ε) ⊆ A1.)
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4. 'Estw mh kenì X me th diakrit  metrik  δX kai opoiod pote A ⊆ X. An
x ∈ A, tìte Nx(1) = {x} ⊆ A. 'Ara, gia k�je x ∈ A up�rqei perioq  tou
x h opoÐa perièqetai sto A kai, epomènwc, to A eÐnai anoiktì uposÔnolo tou
(X, δX). 'Eqoume, loipìn, ìti k�je uposÔnolo tou X eÐnai anoiktì uposÔnolo
tou (X, δX).
5. JewroÔme touc q¸rouc Minkowski (Rn, dn,p) kai (Rn, dn,q) me stìqo na
sugkrÐnoume ta anoikt� uposÔnola tou enìc me ta anoikt� uposÔnola tou �llou.
'Opwc èqoume  dh k�nei, sumbolÐzoume Np

a (ε) kai Nq
a(ε) tic antÐstoiqec perioqèc

stouc dÔo q¸rouc.
Upojètoume 1 ≤ p < q ≤ +∞ kai èstw A tuqìn anoiktì uposÔnolo tou

(Rn, dn,p). PaÐrnoume opoiod pote a ∈ A, opìte up�rqei ε > 0 ¸ste Np
a (ε) ⊆ A

kai sunep�getaiNq
a

(
n

1
q−

1
p ε

)
⊆ A. 'Ara, gia k�je a ∈ A up�rqei perioq  tou ston

(Rn, dn,q) h opoÐa perièqetai sto A. Epomènwc, to A eÐnai anoiktì uposÔnolo
tou (Rn, dn,q).

Antistrìfwc, èstw A tuqìn anoiktì uposÔnolo tou (Rn, dn,q). PaÐrnoume
a ∈ A, opìte up�rqei ε > 0 ¸ste Nq

a(ε) ⊆ A. Sunep�getai Np
a (ε) ⊆ A. 'Ara,

gia k�je a ∈ A up�rqei perioq  tou ston (Rn, dn,p) h opoÐa perièqetai sto A.
Epomènwc, to A eÐnai anoiktì uposÔnolo tou (Rn, dn,p).

'Ara, ta anoikt� uposÔnola tou (Rn, dn,p) eÐnai ta Ðdia me ta anoikt� upo-
sÔnola tou (Rn, dn,q).
Orismìc 4.11 'Estw mh kenì sÔnolo X efodiasmèno me dÔo metrikèc d1 kai
d2. Oi dÔo autèc metrikèc onom�zontai isodÔnamec, an ta anoikt� uposÔnola
tou (X, d1) eÐnai ta Ðdia me ta anoikt� uposÔnola tou (X, d2).

Par�deigma:
'Olec oi metrikèc Minkowski sto Rn eÐnai an� dÔo isodÔnamec.
'Askhsh 15: 'Estw X opoiod pote peperasmèno mh kenì sÔnolo. ApodeÐxte
ìti opoiesd pote dÔo metrikèc sto X eÐnai isodÔnamec. (Upìdeixh: MÐa apì
tic metrikèc sto X eÐnai h δX . Poia eÐnai ta anoikt� uposÔnola tou (X, δX)?
ApodeÐxte to Ðdio gia k�je �llh metrik  sto X.)
'Askhsh 16: 'Estw mh kenì X kai metrikèc d1 kai d2 sto X. Ja sumbolÐsoume
Nd1

x kai Nd2
x tic perioqèc tou x wc proc tic metrikèc d1 kai d2, antistoÐqwc.ApodeÐxte ìti ta parak�tw eÐnai isodÔnama.

1. Oi d1 kai d2 eÐnai isodÔnamec.
2. Gia k�je x ∈ X kai k�je ε > 0 up�rqei δ > 0 ¸ste Nd1

x (δ) ⊆ Nd2
x (ε) kai,

antistrìfwc, gia k�je x ∈ X kai k�je ε > 0 up�rqei δ > 0 ¸ste Nd2
x (δ) ⊆

Nd1
x (ε).

'Askhsh 17: 'Estw metrikìc q¸roc (X, d). OrÐzoume d′ : X ×X → R me ton
tÔpo d′(x, y) = d(x,y)

d(x,y)+1 gia k�je x, y ∈ X.
1. ApodeÐxte ìti h d′ eÐnai metrik  sto X.
2. ApodeÐxte ìti h d′ eÐnai fragmènh metrik .
3. ApodeÐxte ìti oi d kai d′ eÐnai isodÔnamec. (Upìdeixh: ApodeÐxte ìti, an δ =
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{
1, 1

2 ≤ ε,
ε

1−ε , 0 < ε ≤ 1
2 , tìte N

d
x (δ) ⊆ Nd′

x (ε). EpÐshc, an δ = ε
ε+1 , tìte Nd′

x (δ) ⊆

Nd
x (ε). Qrhsimopoi ste to apotèlesma thc prohgoÔmenhc �skhshc 16.)

'Askhsh 18: 'Estw f, g : [a, b] → R suneqeÐc sto [a, b] ¸ste g(x) < f(x)
gia k�je x ∈ [a, b]. JewroÔme, epÐshc, ton metrikì upìqwro C([a, b]) = {h :
h suneq c sto [a, b]} tou B([a, b]) me thn omoiìmorfh metrik  du. ApodeÐxte
ìti to A = {h ∈ C([a, b]) : g(x) < h(x) < f(x)} eÐnai anoiktì uposÔnolo tou(
C([a, b]), du

). (Tpìdeixh: P�rte opoiad pote h ∈ A kai, qrhsimopoi¸ntac to
Je¸rhma MegÐstou-ElaqÐstou, apodeÐxte ìti up�rqei ε > 0 ¸ste g(x) + ε ≤
h(x) ≤ f(x)− ε gia k�je x ∈ [a, b].)
Orismìc 4.12 'Estw A ⊆ X. To A onom�zetai kleistì uposÔnolo tou (X, d),
an to sumpl rwm� tou, X \A, eÐnai anoiktì uposÔnolo tou (X, d).

Prìtash 4.5 1. To A eÐnai kleistì uposÔnolo tou (X, d) an kai mìnon an to
X \A eÐnai anoiktì uposÔnolo tou (X, d).
2. To A eÐnai anoiktì uposÔnolo tou (X, d) an kai mìnon an to X \A eÐnai kleistì
uposÔnolo tou (X, d).

Apìdeixh: 1. Autì den eÐnai tÐpota �llo apì ton Orismì 4.12.
2. An to A eÐnai anoiktì uposÔnolo tou (X, d), to X \ (X \ A) = A eÐnai a-
noiktì uposÔnolo tou (X, d) kai, epomènwc, to X \ A eÐnai kleistì uposÔnolo
tou (X, d). Antistrìfwc, an to X \ A eÐnai kleistì uposÔnolo tou (X, d), to
A = X \ (X \A) eÐnai anoiktì uposÔnolo tou (X, d). O.E.D.
ParadeÐgmata:
1. 'Estw opoiod pote kleistì di�sthma [a, b]   [a,+∞)   (−∞, b]   (−∞,+∞)
tou R. To sumplhrwmatikì sÔnolo eÐnai to (−∞, a) ∪ (b,+∞)   (−∞, a)  
(b,+∞)   to ∅, antistoÐqwc. EÐnai eÔkolo na dei kaneÐc ìti ìla aut� ta sÔnola
eÐnai anoikt� uposÔnola tou R. Eidik� gia to ∅ isqÔei ìti eÐnai anoiktì uposÔno-
lo opoioud pote metrikoÔ q¸rou kai autì ja apodeiqjeÐ se lÐgo sthn Prìtash
4.6.1. SumperaÐnoume ìti ìla ta kleist� diast mata eÐnai kleist� uposÔnola
tou R.

An p�roume to di�sthma (a, b), to sumplhrwmatikì tou sÔnolo eÐnai to
(−∞, a] ∪ [b,+∞), to opoÐo den eÐnai anoiktì uposÔnolo tou R. 'Ara to (a, b)
den eÐnai kleistì uposÔnolo tou R. OmoÐwc, k�je �llo di�sthma [a, b)   (a, b]
  (−∞, b)   (a,+∞) den eÐnai kleistì uposÔnolo tou R.
2. 'Opwc kai sto par�deigma gia ta anoikt� uposÔnola tou R2, mporoÔme,
diaisjhtik�, na katal�boume an èna sugkekrimèno sÔnolo A eÐnai kleistì u-
posÔnolo tou R2, an sull�boume th gewmetrik  eikìna tou. Gia par�deigma,
èstw mÐa apl  sqetik� kampÔlh γ sto epÐpedo pou qwrÐzei to epÐpedo se trÐa
uposÔnola: to sÔnolo A1 twn shmeÐwn pou brÐskontai sth mÐa meri� thc γ, to
sÔnolo A2 twn shmeÐwn pou brÐskontai sthn �llh meri� thc γ kai to sÔnolo
twn shmeÐwn thc γ. Tìte ta sÔnola A1 ∪ γ kai A2 ∪ γ eÐnai kai ta dÔo kleist�
uposÔnola tou R2. An, ìmwc, apì to A1 ∪ γ   apì to A2 ∪ γ afairèsoume èna
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toul�qiston apì ta shmeÐa thc γ, tìte to prokÔpton sÔnolo den eÐnai kleistì
uposÔnolo tou R2.

Gia par�deigma, ìla ta kleist� orjog¸nia parallhlìgramma kai ìloi oi
kleistoÐ dÐskoi ston R2 eÐnai kleist� uposÔnola tou R2. EnnoeÐtai ìti èna
kleistì orjog¸nio parallhlìgrammo perièqei ìla ta shmeÐa thc perifèrei�c
tou kai ènac kleistìc dÐskoc perièqei, epÐshc, ìla ta shmeÐa thc perifèrei�c
tou.

Akìmh, èna eujÔgrammo tm ma (mazÐ me ta �kra tou), mÐa eujeÐa, h peri-
fèreia enìc dÐskou kai h perifèreia enìc orjog¸niou parallhlogr�mmou eÐnai
kleist� uposÔnola tou R2. Kai, genikìtera, opoiad pote sqetik� apl  kampÔlh
γ (mazÐ me ta �kra thc) eÐnai kleistì uposÔnolo tou R2. 'Ola aut� ta para-
deÐgmata ta melet�me mèsw twn sumplhrwmatik¸n sunìlwn.
3. 'Opwc kai sto prohgoÔmeno par�deigma, eÐnai opoiad pote kleist  mp�la  
kleistì orjog¸nio parallhlepÐpedo eÐnai kleistì uposÔnolo tou R3 en¸ opoia-
d pote mp�la   orjog¸nio parallhlepÐpedo pou den perièqei toul�qiston èna
shmeÐo thc sunoriak c epif�neiac den eÐnai kleistì uposÔnolo tou R3.

Genikìtera, èstw ìti èqoume mÐa apl  sqetik� epif�neia Γ ston q¸ro h opoÐa
qwrÐzei ton q¸ro se trÐa uposÔnola: to sÔnolo A1 twn shmeÐwn pou brÐskontai
sth mÐa meri� thc Γ, to sÔnolo A2 twn shmeÐwn pou brÐskontai sthn �llh meri�
thc Γ kai to sÔnolo twn shmeÐwn thc Γ. Tìte kajèna apì ta sÔnola A1 ∪ Γ
kai A2 ∪ Γ eÐnai kleistì uposÔnolo tou R3 en¸, an apì aut� afairèsoume èna
toul�qiston apì ta shmeÐa thc Γ, tìte ta prokÔptonta sÔnola den eÐnai kleist�
uposÔnola tou R3.

Akìmh, opoiod pote eujÔgrammo tm ma   eujeÐa   kleistìc dÐskoc (pou
perièqetai, fusik�, se èna epÐpedo)   epÐpedo tou q¸rou eÐnai kleistì uposÔnolo
touR3. Genikìtera, k�je sqetik� apl  kampÔlh γ (mazÐ me ta �kra thc) kai k�je
sqetik� apl  epif�neia Γ (mazÐ me thn sunoriak  thc kampÔlh) eÐnai kleist�
uposÔnola tou R3.
Parathr seic: 1. To (−∞,+∞) eÐnai kai anoiktì uposÔnolo kai kleistì
uposÔnolo tou R. Autìc eÐnai o lìgoc gia ton opoÐo onom�zetai kai anoiktì
di�sthma kai kleistì di�sthma. Den up�rqei, ìmwc, kanèna �llo di�sthma to
opoÐo eÐnai kai anoiktì uposÔnolo kai kleistì uposÔnolo, tautoqrìnwc, tou R.
2. Den prèpei na meÐnei h entÔpwsh ìti k�je uposÔnolo enìc metrikoÔ q¸rou
ofeÐlei na eÐnai eÐte anoiktì eÐte kleistì uposÔnolì tou. To [a, b) den eÐnai oÔte
anoiktì oÔte kleistì uposÔnolo tou R! Dhlad , den isqÔei ìti h ènnoia tou
�anoiktoÔ uposunìlou� eÐnai h �rnhsh thc ènnoiac tou �kleistoÔ uposunìlou�.
'Askhsh 19: Poia apì ta sÔnola thc �sk. 11 eÐnai kleist� uposÔnola tou R?
'Askhsh 20: Poia apì ta sÔnola thc �sk. 12 eÐnai kleist� uposÔnola tou R2?
'Askhsh 21: Poia apì ta sÔnola thc �sk. 13 eÐnai kleist� uposÔnola tou R3?
'Askhsh 22: 'Estw a1, . . . , an ∈ R toul�qiston èna ek twn opoÐwn eÐnai 6= 0
kai a ∈ R. JewroÔme to uperepÐpedo Γ = {x = (x(1), . . . , x(n)) : a1x

(1) + · · · +
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anx
(n) = a} tou Rn pou m�jame sthn �skhsh 14. Ta sÔnola A1 ∪ Γ = {x =

(x(1), . . . , x(n)) : a1x
(1) + · · ·+ anx

(n) ≥ a} kai A2 ∪ Γ = {x = (x(1), . . . , x(n)) :
a1x

(1) + · · · + anx
(n) ≤ a} onom�zontai kleistoÐ hmiq¸roi me sunoriakì

uperepÐpedo to Γ.
ApodeÐxte ìti oi kleistoÐ hmiq¸roi A1 ∪ Γ kai A2 ∪ Γ kaj¸c kai to Γ eÐnai

kleist� uposÔnola tou Rn.
'Askhsh 23: 'Estw X opoiod pote peperasmèno mh kenì sÔnolo kai d opoia-
d pote metrik  sto X. ApodeÐxte ìti k�je uposÔnolo tou X eÐnai kleistì
uposÔnolo tou (X, d). (Upìdeixh: DeÐte thn �skhsh 15.)
4. K�je uposÔnolo tou (X, δX) eÐnai kleistì uposÔnolì tou. Pr�gmati, èstw
tuqìn A ⊆ X. Epeid  k�je uposÔnolo tou (X, δX) eÐnai anoiktì uposÔnolì tou,
to X \A eÐnai anoiktì uposÔnolo kai, epomènwc, to A eÐnai kleistì uposÔnolo
tou (X, δX).
5. 'Estw 1 ≤ p < q ≤ +∞. 'Eqoume dei se èna apì ta prohgoÔmena para-
deÐgmata ìti ta anoikt� uposÔnola tou (Rn, dn,p) eÐnai ta Ðdia me ta anoikt�
uposÔnola tou (Rn, dn,q). EÐnai, t¸ra, profanèc ìti ta kleist� uposÔnola tou
(Rn, dn,p) eÐnai ta Ðdia me ta kleist� uposÔnola tou (Rn, dn,q).
'Askhsh 24: 'Estw mh kenì X kai d1 kai d2 dÔo metrikèc sto X. ApodeÐxte ìti
oi d1 kai d2 eÐnai isodÔnamec an kai mìnon an ta kleist� uposÔnola tou (X, d1)eÐnai ta Ðdia me ta kleist� uposÔnola tou (X, d2).
Prìtash 4.6 'Estw metrikìc q¸roc (X, d).
1. To X kai to ∅ eÐnai anoikt� uposÔnola tou (X, d).
2. To X kai to ∅ eÐnai kleist� uposÔnola tou (X, d).
3. K�je ε-perioq  eÐnai anoiktì uposÔnolo tou (X, d).
4. K�je peperasmèno uposÔnolo tou X eÐnai kleistì uposÔnolo tou (X, d).

Apìdeixh 1. Gia opoiod pote x ∈ X kai gia opoiad pote Nx(ε) èqoume Nx(ε) ⊆
X. 'Ara to X eÐnai anoiktì uposÔnolo tou (X, d). An to ∅ den  tan anoiktì
uposÔnolo tou (X, d), ja up rqe k�poio x ∈ ∅ tou opoÐou kamÐa perioq  den ja
perieqìtan sto ∅. Autì, ìmwc, eÐnai �topo, diìti den up�rqei kanèna x sto ∅.
2. To X \X = ∅ eÐnai anoiktì uposÔnolo tou (X, d), opìte to X eÐnai kleistì
uposÔnolo tou (X, d). OmoÐwc, to X \ ∅ = X eÐnai anoiktì uposÔnolo tou
(X, d), opìte to ∅ eÐnai kleistì uposÔnolo tou (X, d).
3. 'Estw a ∈ X kai ε > 0 kai paÐrnoume tuqìn b ∈ Na(ε). Ja apodeÐxoume thn
Ôparxh k�poiou δ > 0 ¸ste Nb(δ) ⊆ Na(ε). AfoÔ b ∈ Na(ε), isqÔei d(b, a) < ε
kai paÐrnoume δ = ε − d(b, a) > 0. An x ∈ Nb(δ), tìte d(x, b) < δ, opìte
d(x, a) ≤ d(x, b)+d(b, a) < δ+d(b, a) = ε. Epomènwc: x ∈ Nb(δ) ⇒ x ∈ Na(ε).
Dhlad : Nb(δ) ⊆ Na(ε).

ApodeÐxame ìti gia k�je b ∈ Na(ε) up�rqei perioq  tou b h opoÐa perièqetai
sto Na(ε). 'Ara to Na(ε) eÐnai anoiktì uposÔnolo tou (X, d).
4. 'Estw A = {x1, . . . , xn} ⊆ X. PaÐrnoume tuqìn x ∈ X \ A, opìte d(x, x1) >
0, . . . , d(x, xn) > 0, kai paÐrnoume ε = min

(
d(x, x1), . . . , d(x, xn)

)
> 0. Kanèna

apì ta x1, . . . , xn den an kei sthn Nx(ε) kai, epomènwc, Nx(ε) ⊆ X \ A. 'Ara,
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gia k�je x ∈ X \A up�rqei k�poia perioq  tou x h opoÐa perièqetai sto X \A.
Epomènwc, to X\A eÐnai anoiktì uposÔnolo tou (X, d), opìte to A eÐnai kleistì
uposÔnolo tou (X, d). O.E.D.

Wc efarmog  thc Prìtashc 4.6.3 èqoume ìti k�je n-di�stath anoikt  mp�la
ston Rn eÐnai anoiktì uposÔnolo tou Rn.
'Askhsh 25: Ston metrikì q¸ro (X, d) h kleist  ε-perioq  shmeÐou a ∈ X
orÐzetai na eÐnai to sÔnolo Na(ε) = {x ∈ X : d(x, a) ≤ ε}. ApodeÐxte ìti h
Na(ε) eÐnai kleistì uposÔnolo tou (X, d). (Upìdeixh: Jewr ste tuqìn x ∈
X \ Na(ε), opìte d(x, a) > ε, kai p�rte δ = d(x, a) − ε > 0. ApodeÐxte ìti
Nx(δ) ⊆ X \Na(ε).)

Ston eukleÐdio q¸ro Rn qrhsimopoioÔme ton ìro n-di�stath kleist  mp�la
kèntrou a kai aktÐnac ε gia thn Na(ε). IsqÔei, loipìn, wc efarmog  thc �skhshc
25, ìti k�je kleist  mp�la ston Rn eÐnai kleistì uposÔnolo tou Rn.

'Otan lème ìti èqoume k�poia oikogèneia sunìlwn   sullog  sunìlwn
Σ ennooÔme ìti èqoume èna sÔnolo Σ tou opoÐou k�je stoiqeÐo eÐnai sÔnolo.
Dhlad , k�je A ∈ Σ eÐnai sÔnolo. Thn ènwsh ìlwn twn sunìlwn-stoiqeÐwn
thc sullog c Σ th sumbolÐzoume ⋃

A∈ΣA. Fusik�: x ∈ ⋃
A∈ΣA an kai mìnon

an x ∈ A gia toul�qiston èna A ∈ Σ. OmoÐwc, thn tom  ìlwn twn sunìlwn-
stoiqeÐwn thc sullog c Σ th sumbolÐzoume ⋂

A∈ΣA. EpÐshc: x ∈ ⋂
A∈ΣA an

kai mìnon an x ∈ A gia k�je A ∈ Σ.
Pollèc forèc mÐa sullog  sunìlwn perigr�fetai kai me ènan diaforetikì

(all�, telik�, isodÔnamo) trìpo. Xekin�me me èna sÔnolo deikt¸n Λ kai se
k�je λ ∈ Λ antistoiqÐzoume èna sÔnolo Aλ. PaÐrnoume ètsi th sullog  sunìlwn
Σ = {Aλ : λ ∈ Λ}. T¸ra, to na lème ìti to A eÐnai stoiqeÐo thc sullog c Σ
eÐnai isodÔnamo me to na lème ìti A = Aλ gia k�poio λ ∈ Λ. EpÐshc, h ènwsh⋃

A∈ΣA kai h tom  ⋂
A∈ΣA sumbolÐzontai, isodÔnama, ⋃

λ∈ΛAλ kai ⋂
λ∈ΛAλ,antistoÐqwc. Sthn eidik  perÐptwsh peperasmènhc sullog c, opìte wc sÔnolo

deikt¸n paÐrnoume to Λ = {1, . . . , n} gia k�poio n ∈ N, h ènwsh kai h tom 
gr�fontai kai wc ⋃n

k=1Ak = A1 ∪ · · · ∪ An kai ⋂n
k=1Ak = A1 ∩ · · · ∩ An.En¸ sthn perÐptwsh �peirhc arijm simhc sullog c, opìte wc sÔnolo deikt¸n

paÐrnoume to N, h ènwsh kai h tom  gr�fontai kai wc ⋃+∞
k=1Ak = A1 ∪An ∪ · · ·

kai ⋂+∞
k=1Ak = A1 ∩A2 ∩ · · · .

'Askhsh 26: 'Estw opoiad pote mh ken  sullog  sunìlwn Σ k�je stoiqeÐo-
sÔnolo thc opoÐac eÐnai uposÔnolo enìc sunìlou X. ApodeÐxte touc nìmouc tou
de Morgan :
1. X \

⋃
A∈ΣA =

⋂
A∈Σ(X \A) kai

2. X \
⋂

A∈ΣA =
⋃

A∈Σ(X \A).
EpÐshc, apodeÐxte ìti gia k�je B ⊆ X isqÔei:

3. B ∩⋃
A∈ΣA =

⋃
A∈Σ(B ∩A) kai

4. B ∪⋂
A∈ΣA =

⋂
A∈Σ(B ∪A).

Je¸rhma 4.1 'Estw metrikìc q¸roc (X, d).
1. 'Estw opoiad pote oikogèneia sunìlwn Σ k�je stoiqeÐo thc opoÐac eÐnai anoi-
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ktì uposÔnolo tou (X, d) kai èstw M h ènwsh twn stoiqeÐwn thc Σ, dhlad ,
M =

⋃
A∈ΣA. To M eÐnai anoiktì uposÔnolo tou (X, d).

2. 'Estw peperasmènou pl jouc anoikt� uposÔnola A1, . . . , An tou (X, d) kaiM
h tom  touc, dhlad , M = A1 ∩ · · · ∩ An. To M eÐnai anoiktì uposÔnolo tou
(X, d).
3. 'Estw opoiad pote oikogèneia sunìlwn Σ k�je stoiqeÐo thc opoÐac eÐnai klei-
stì uposÔnolo tou (X, d) kai èstw M h tom  twn stoiqeÐwn thc Σ, dhlad ,
M =

⋂
A∈ΣA. To M eÐnai kleistì uposÔnolo tou (X, d).

4. 'Estw peperasmènou pl jouc kleist� uposÔnola A1, . . . , An tou (X, d) kai M
h ènws  touc,dhlad , M = A1 ∪ · · · ∪ An. To M eÐnai kleistì uposÔnolo tou
(X, d).

Apìdeixh 1. 'Estw tuqìn x ∈ M . To x an kei se k�poio apì ta A ∈ Σ, èstw
sto A0. AfoÔ to A0 eÐnai anoiktì uposÔnolo tou (X, d), up�rqei perioq  Nxtou x h opoÐa perièqetai sto A0. Epomènwc, afoÔ A0 ⊆M , h Nx perièqetai sto
M .
2. 'Estw tuqìn x ∈ M , opìte x ∈ A1, . . . , x ∈ An. AfoÔ k�je Ak eÐnai anoi-
ktì uposÔnolo tou (X, d), up�rqoun perioqèc Nx(ε1) ⊆ A1, . . . , Nx(εn) ⊆ An.PaÐrnoume ε = min(ε1, . . . , εn) kai èqoume Nx(ε) ⊆ Nx(ε1) ⊆ A1, . . . , Nx(ε) ⊆
Nx(εn) ⊆ An. 'Ara, Nx(ε) ⊆ A1 ∩ · · · ∩An = M .
3. To sÔnolo X \M = X \

⋂
A∈ΣA =

⋃
A∈Σ(X \ A) eÐnai anoiktì uposÔnolo

tou (X, d), diìti gia k�je A ∈ Σ to X \ A eÐnai anoiktì uposÔnolo tou (X, d).
'Ara, to M eÐnai kleistì uposÔnolo tou (X, d).
4. To X \M = X \ (A1 ∪ · · · ∪ An) = (X \ A1) ∩ · · · ∩ (X \ An) eÐnai anoiktì
uposÔnolo tou (X, d), diìti ìla ta X \A1, . . . , X \An eÐnai anoikt� uposÔnola
tou (X, d). 'Ara, to M eÐnai kleistì uposÔnolo tou (X, d). O.E.D.
'Askhsh 27: 'Estw metrikìc q¸roc (X, d), A anoiktì uposÔnolo tou (X, d)
kai B kleistì uposÔnolo tou (X, d). ApodeÐxte ìti to A \B eÐnai anoiktì upo-
sÔnolo tou (X, d) kai to B \A eÐnai kleistì uposÔnolo tou (X, d).
ParadeÐgmata:
1. 'Enwsh peperasmènou pl jouc kleist¸n diasthm�twn eÐnai kleistì uposÔno-
lo tou R.
2. 'Enwsh opoiasd pote sullog c anoikt¸n diasthm�twn eÐnai anoiktì uposÔ-
nolo tou R.
3. 'Estw to sÔnolo A = {1, 1

2 ,
1
3 , . . .}. EÐnai to A kleistì uposÔnolo tou R?

To sumplhrwmatikì sÔnolo eÐnai R\A = (−∞, 0]∪(1,+∞)∪
⋃+∞

n=1(
1

n+1 ,
1
n ).

ParathroÔme ìti 0 ∈ R \ A all� den up�rqei kamÐa perioq  tou 0 h opoÐa na
perièqetai sto R \ A. Epomènwc, to R \ A den eÐnai anoiktì uposÔnolo tou R
kai to A den eÐnai kleistì uposÔnolo tou R.
4. 'Estw to sÔnolo B = {0, 1

2 ,
1
3 , . . .}. EÐnai to B kleistì uposÔnolo tou R?

T¸ra, R \ B = (−∞, 0) ∪ (1,+∞) ∪
⋃+∞

n=1(
1

n+1 ,
1
n ), to opoÐo, wc ènwsh

anoikt¸n diasthm�twn, eÐnai anoiktì uposÔnolo tou R. 'Ara, to B eÐnai kleistì
uposÔnolo tou R.
5. An èqoume mÐa �peirh sullog  anoikt¸n uposunìlwn enìc metrikoÔ q¸rou,
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h tom  thc eÐnai �llote anoiktì uposÔnolo tou q¸rou kai �llote ìqi. Gia
par�deigma, me An = (0, 1) gia k�je n ∈ N paÐrnoume ⋂+∞

n=1An = (0, 1), dhlad ,
anoiktì uposÔnolo tou R. All�, me An = (−1− 1/n, 1 + 1/n) gia k�je n ∈ N
paÐrnoume ⋂+∞

n=1An = [−1, 1], to opoÐo den eÐnai anoiktì uposÔnolo tou R.
Ta Ðdia mporoÔme na poÔme gia �peirh sullog  kleist¸n uposunìlwn kai thn

ènws  thc. Gia par�deigma, me An = [−1, 1] gia k�je n ∈ N, èqoume ⋃+∞
n=1An =

[−1, 1], dhlad , kleistì uposÔnolo tou R, en¸ me An = [−1 + 1/n, 1− 1/n] gia
k�je n ∈ N, èqoume ⋃+∞

n=1An = (−1, 1), to opoÐo den eÐnai kleistì uposÔnolo
tou R.
6. To sÔnolo tou Cantor.

JewroÔme to kleistì di�sthma I0 = [0, 1]. PaÐrnoume to uposÔnolì tou I1 =
[0, 1

3 ] ∪ [ 23 , 1]. Krat�me, dhlad , ta dÔo akrian� kleist� diast mata m kouc, to
kajèna, to 1

3 tou m kouc tou arqikoÔ I0. K�noume to Ðdio se kajèna apì ta dÔo
upodiast mata tou I1. Dhlad , I2 = [0, 1

9 ]∪ [ 29 ,
1
3 ]∪ [ 23 ,

7
9 ]∪ [ 89 , 1]. SuneqÐzoume

me epagwgikì trìpo gia na fti�xoume ta I3, I4,. . . . An, dhlad , èqoume fti�xeito In wc ènwsh kleist¸n diasthm�twn, to kajèna apì aut� ta diast mata ja
genn sei dÔo kainoÔria kleist� diast mata: ta dÔo akrian� tou me m koc, to
kajèna, to 1

3 tou m kouc tou. Blèpoume, dhlad , ìti se k�je b ma to pl joc
twn diasthm�twn diplasi�zetai kai, epomènwc, to In apoteleÐtai apì 2n kleist�
diast mata, apì ta opoÐa to kajèna èqei m koc 1

3n , afoÔ se k�je b ma to
m koc k�je diast matoc upotriplasi�zetai. K�je In eÐnai kleistì sÔnolo afoÔ
eÐnai ènwsh peperasmènhc sullog c kleist¸n diasthm�twn. EpÐshc, to sunolikì
m koc twn diasthm�twn pou apartÐzoun to In eÐnai Ðso me 2n · 1

3n =
(

2
3

)n.
OrÐzoume C =

⋂+∞
n=1 In. To C onom�zetai sÔnolo tou Cantor kai, wc

tom  sullog c kleist¸n uposunìlwn tou R, eÐnai kleistì uposÔnolo tou R.
'Askhsh 28: Gr�yte to R \ C wc ènwsh kat�llhlhc sullog c anoikt¸n dia-
sthm�twn.

MÐa endiafèrousa idiìthta tou C eÐnai ìti den perièqei kanèna anoiktì di�-
sthma. Pr�gmati, èstw (a, b) ⊆ C. Tìte (a, b) ⊆ In gia k�je n ∈ N, opìte to
(a, b) prèpei na perièqetai se èna apì ta kleist� diast mata pou apartÐzoun to
In. Epomènwc, b− a ≤ 1

3n gia k�je n ∈ N. Autì eÐnai �topo, diìti 1
3n → 0 en¸

b− a > 0.
'Askhsh 29: ApodeÐxte ìti to sÔnolo C tou Cantor perièqei �peira shmeÐa.
'Askhsh 30: Perigr�yte diadikasÐa kataskeu c sunìlou Cantor sto R2: ar-
qÐste me to tetr�gwno I0 = [0, 1] × [0, 1], fti�xte to I1 =

(
[0, 1

3 ] × [0, 1
3 ]

)
∪(

[0, 1
3 ]× [ 23 , 1]

)
∪

(
[ 23 , 1]× [0, 1

3 ]
)
∪

(
[ 23 , 1]× [ 23 , 1]

) kai suneqÐste epagwgik� me ta
I2, I3,. . . .1. K�je In apoteleÐtai apì xèna an� dÔo kleist� tetr�gwna. Kajèna apì aut�
pìsa kainoÔria tetr�gwna ja genn sei kai poÔ brÐskontai aut�? Apì pìsa te-
tr�gwna apartÐzetai to In kai pìso eÐnai to embadìn k�je tètoiou tetrag¸nou?
2. P�rte C =

⋂+∞
n=1 In kai apodeÐxte ìti to C eÐnai kleistì uposÔnolo tou R2.

3. ApodeÐxte ìti to C den perièqei kanènan anoiktì dÐsko.
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'Askhsh 31: 'Ena sÔnolo thc morf c (a1, b1)×· · ·×(an, bn) = {(x(1), . . . , x(n)) :
ak < x(k) < bk gia k�je k = 1, . . . , n} onom�zetai anoiktì orjog¸nio pa-
rallhlepÐpedo ston Rn me akmèc (ak, bk) (1 ≤ k ≤ n) par�llhlec stouc
kÔriouc �xonec. ApodeÐxte ìti k�je tètoio sÔnolo eÐnai tom  k�poiac pepera-
smènhc sullog c anoikt¸n hmiq¸rwn kai, epomènwc, eÐnai anoiktì uposÔnolo
tou Rn. (Upìdeixh: Jewr ste hmiq¸rouc Lk = {(x(1), . . . , x(n)) : ak < x(k)}
kai Mk = {(x(1), . . . , x(n)) : x(k) < bk}.)
'Askhsh 32: 'Ena sÔnolo thc morf c [a1, b1]×· · ·× [an, bn] = {(x(1), . . . , x(n)) :
ak ≤ x(k) ≤ bk gia k�je k = 1, . . . , n} onom�zetai kleistì orjog¸nio pa-
rallhlepÐpedo ston Rn me akmèc [ak, bk] (1 ≤ k ≤ n) par�llhlec stouc
kÔriouc �xonec. ApodeÐxte ìti k�je tètoio sÔnolo eÐnai tom  k�poiac pepera-
smènhc sullog c kleist¸n hmiq¸rwn kai, epomènwc, eÐnai kleistì uposÔnolo
tou Rn. (Upìdeixh: Prosarmìste thn upìdeixh thc prohgoÔmenhc �skhshc.)
7. 'Estw metrikìc q¸roc (X, d) kai metrikìc upìqwroc (W,d) tou (X, d). Ja me-
let soume th sqèsh an�mesa sta anoikt� uposÔnola tou (X, d) kai sta anoikt�
uposÔnola tou (W,d). Ja qrhsimopoi soume thn  dh gnwst  mac sqèsh an�me-
sa stic perioqèc NX

x (ε) kai NW
x (ε) twn q¸rwn (X, d) kai (W,d), antistoÐqwc,

gia k�je x ∈W .
'Estw tuqìn anoiktì uposÔnolo A tou (X, d). JewroÔme to B = A∩W ⊆W .

An x ∈ B, tìte x ∈ A kai x ∈ W . Epeid  to A eÐnai anoiktì uposÔnolo tou
(X, d), up�rqei ε > 0 ¸ste NX

x (ε) ⊆ A. Sunep�getai NW
x (ε) = NX

x (ε) ∩W ⊆
A∩W = B. 'Ara, gia k�je shmeÐo x tou B up�rqei perioq  (ston (W,d)) tou x
h opoÐa perièqetai sto B. Autì shmaÐnei ìti to B eÐnai anoiktì uposÔnolo tou
(W,d).

'Estw, t¸ra, tuqìn anoiktì uposÔnolo B tou (W,d). PaÐrnoume opoiod -
pote x ∈ B, opìte up�rqei ε = ε(x) ¸ste NW

x (ε(x)) ⊆ B. EpÐshc, gnwrÐ-
zoume ìti NW

x (ε(x)) = NX
x (ε(x)) ∩ W . Jètoume A =

⋃
x∈B N

X
x (ε(x)) kai,

sÔmfwna me to Je¸rhma 4.1.1, to A eÐnai anoiktì uposÔnolo tou (X, d). T¸ra,
A ∩W =

⋃
x∈B N

X
x (ε(x)) ∩W =

⋃
x∈B

(
NX

x (ε(x)) ∩W
)

=
⋃

x∈B N
W
x (ε(x)).

ParathroÔme ìti to teleutaÐo sÔnolo eÐnai to Ðdio me to B. Autì isqÔei diìti,
af' enìc NW

x (ε(x)) ⊆ B gia k�je x ∈ B kai, epomènwc, ⋃
x∈B N

W
x (ε(x)) ⊆ B,

af' etèrou gia k�je y ∈ B èqoume y ∈ NW
y (ε(y)) ⊆

⋃
x∈B N

W
x (ε(x)), opìte

B ⊆
⋃

x∈B N
W
x (ε(x)). Katal goume, epomènwc, sto ìti A ∩W = B.

ApodeÐxame, loipìn, ìti ta anoikt� uposÔnola tou (W,d) eÐnai ta Ðdia me tic
tomèc twn anoikt¸n uposunìlwn tou (X, d) me to W .
'Askhsh 33: 'Estw metrikìc q¸roc (X, d) kai upìqwroc (W,d) tou (X, d).
ApodeÐxte ìti gia k�je A kleistì uposÔnolo tou (X, d) to B = A ∩W eÐnai
kleistì uposÔnolo tou (W,d). Antistrìfwc, apodeÐxte ìti gia k�je kleistì
uposÔnolo B tou (W,d) up�rqei k�poio kleistì uposÔnolo A tou (X, d) ¸ste
B = A ∩W .
8. 'Ac jewr soume ton upìqwro W = [0, 1] ∪ [2, 3] tou R. Epeid  to (− 1

2 ,
3
2 )

eÐnai anoiktì uposÔnolo tou R, to [0, 1] = (− 1
2 ,

3
2 ) ∩ W eÐnai, sÔmfwna me
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to prohgoÔmeno par�deigma 7, anoiktì uposÔnolo tou (W,d). OmoÐwc, epeid 
to ( 3

2 , 4) eÐnai anoiktì uposÔnolo tou R, to [2, 3] = ( 3
2 , 4) ∩W eÐnai anoiktì

uposÔnolo tou (W,d). T¸ra, to [2, 3] = W \ [0, 1] kai to [0, 1] = W \ [2, 3] eÐnai
kleist� uposÔnola tou W .

'Eqoume, loipìn, par�deigma metrikoÔ q¸rou (X, d) èna toul�qiston upo-
sÔnolo A tou opoÐou eÐnai anoiktì kai, tautìqrona, kleistì uposÔnolì tou.
Prosèxte ìti autì to A den eÐnai Ðdio oÔte me to X oÔte me to ∅.

Prin proqwr soume, ac doÔme, qwrÐc th bo jeia tou paradeÐgmatoc 7, giatÐ
to [0, 1] (kai, omoÐwc, to [2, 3]) eÐnai anoiktì uposÔnolo tou W = [0, 1] ∪ [2, 3].
PaÐrnoume tuqìn x ∈ [0, 1]. An 0 < x < 1, mporoÔme na p�roume wc ε thn
mikrìterh apì tic apost�seic tou x apì ta �kra tou [0, 1], opìte èqoume ìti
(x − ε, x + ε) ⊆ [0, 1]. An x = 0, parathroÔme ìti h perioq  NW

0 ( 1
2 ) tou 0, dh-

lad , to sÔnolo twn shmeÐwn tou W pou apèqoun apì to 0 apìstash mikrìterh
apì 1

2 , eÐnai to di�sthma [0, 1
2 ) ⊆ [0, 1]. OmoÐwc, an x = 1, h perioq  N1( 1

2 )
eÐnai to di�sthma ( 1

2 , 1] ⊆ [0, 1]. 'Ara, gia k�je x ∈ [0, 1] up�rqei perioq  tou
(ston W ) h opoÐa perièqetai sto [0, 1], opìte to [0, 1] eÐnai anoiktì uposÔnolo
tou W = [0, 1] ∪ [2, 3].
'Askhsh 34: AnaferjeÐte sto amèswc prohgoÔmeno par�deigma kai gia k�je
x ∈ [0, 1] breÐte to mègisto ε > 0 ¸ste NW

x (ε) ⊆ [0, 1].
'Askhsh 35: 'Estw metrikìc q¸roc (X, d), mh kenì A ⊆ X kai ε > 0. OrÐzou-
me to sÔnolo NA(ε) = {x ∈ X : up�rqei y ∈ A ¸ste d(y, x) < ε} = {x ∈ X :
Nx(ε) ∩A 6= ∅}.
1. Gia par�deigma, ston R poia eÐnai ta NA(ε) gia k�je ε > 0 kai gia kajèna A
apì ta: {1}, [0, 1], (0, 1), {0, 1}, N, Q kai { 1

n : n ∈ N}?
2. ApodeÐxte ìti to NA(ε) eÐnai anoiktì uposÔnolo tou (X, d) kai A ⊆ NA(ε).
3. ApodeÐxte ìti k�je mh kenì kleistì uposÔnolo tou (X, d) eÐnai tom  arijm -
simhc sullog c anoikt¸n uposunìlwn tou (X, d). (Upìdeixh: An to A eÐnai klei-
stì uposÔnolo tou (X, d), apodeÐxte ìti A =

⋂+∞
n=1NA( 1

n ). H A ⊆
⋂+∞

n=1NA( 1
n )

eÐnai profan c. Gia thnA ⊇ ⋂+∞
n=1NA( 1

n ) upojèste ìti up�rqei x ∈ ⋂+∞
n=1NA( 1

n )
¸ste x ∈ X \A, opìte up�rqei ε > 0 ¸ste Nx(ε) ⊆ X \A, kai apodeÐxte ìti, an
to n eÐnai arket� (pìso?) meg�lo, tìte x /∈ NA( 1

n ).)
An èqoume mÐa sullog  apì xèna an� dÔo anoikt� diast mata, tìte h ènws 

thc eÐnai anoiktì uposÔnolo tou R. T¸ra ja apodeÐxoume to antÐstrofo kai ja
èqoume mÐa ikanopoihtik  eikìna twn anoikt¸n uposunìlwn tou R.
Je¸rhma 4.2 'Estw mh kenì anoiktì uposÔnolo A tou R. Tìte to A eÐnai
ènwsh an� dÔo xènwn anoikt¸n diasthm�twn. Pio sugkekrimèna: up�rqei mÐa
sullog  Σ xènwn an� dÔo anoikt¸n diasthm�twn ¸ste A =

⋃
I∈Σ I. EpÐshc, h

sullog  Σ eÐnai arijm simh, dhlad , eÐte peperasmènh eÐte �peirh arijm simh.

Apìdeixh: JewroÔme tuqìn x ∈ A kai, kat' arq n, ja apodeÐxoume ìti up�rqei
mègisto anoiktì di�sthma to opoÐo perièqei to x kai perièqetai sto A. Epeid  to
A eÐnai anoiktì uposÔnolo tou R, up�rqei k�poio ε > 0 ¸ste (x− ε, x+ ε) ⊆ A.
H idèa eÐnai na tent¸soume thn perioq  aut  ìso to dunatìn perissìtero qwrÐc
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na xefÔgei apì to A. K�ti tètoio gÐnetai, me austhrì trìpo, wc ex c. JewroÔme
ta dÔo sÔnola

R = {y ∈ R : [x, y) ⊆ A} , L = {z ∈ R : (z, x] ⊆ A} .

ParathroÔme ìti ta R kai L eÐnai mh ken� diìti x+ ε ∈ K kai x− ε ∈ L.
Wc proc to R diakrÐnoume dÔo peript¸seic.

(i) To R den eÐnai �nw fragmèno. Autì shmaÐnei ìti to R perièqei aperiìrista
meg�louc arijmoÔc. Dhlad , up�rqoun aperiìrista meg�la y ¸ste [x, y) ⊆ A.
Autì, ìmwc, sunep�getai ìti [x,+∞) ⊆ A. Dhlad , to A perièqei olìklhrh
thn hmieujeÐa dexi� tou x. Pr�gmati, èstw tuqìn y1 ∈ [x,+∞). Up�rqei y
megalÔtero apì to y1 ¸ste [x, y) ⊆ A. Tìte, ìmwc, y1 ∈ [x, y) kai, epomènwc,
y1 ∈ A. 'Ara [x,+∞) ⊆ A.
(ii) To R eÐnai �nw fragmèno. Tìte to R èqei supremum sto R. Jètoume
β = sup(R) < +∞. EÐnai sqetik� eÔkolo na apodeÐxoume ìti [x, β) ⊆ A.
Pr�gmati, èstw tuqìn y1 ∈ [x, β). Epeid  β = sup(R), up�rqei y ∈ R ¸ste
y1 < y. Epeid  y ∈ R, sunep�getai ìti [x, y) ⊆ A. Epeid , ìmwc, y1 ∈ [x, y),
èqoume ìti [x, y1) ⊆ A kai, epomènwc, y1 ∈ A. 'Ara [x, β) ⊆ A. EpÐshc, eÔkola
apodeiknÔetai ìti β 6∈ A. Pr�gmati, èstw β ∈ A. Epeid  to A eÐnai anoiktì
uposÔnolo tou R, up�rqei perioq  (β − δ, β + δ) tou β h opoÐa perièqetai sto
A. Tìte, ìmwc, èqoume ìti [x, β + δ) ⊆ A, to opoÐo shmaÐnei ìti β + δ ∈ R kai
to opoÐo antif�skei me to ìti β = sup(R). 'Ara β 6∈ A.

'Epomènwc, [x, β) ⊆ A kai β 6∈ A. Dhlad , to [x, β) eÐnai to mègisto di�sthma
dexi� tou x to opoÐo perièqetai sto A.

Anakefalai¸noume: oi dÔo peript¸seic gia to R lène ìti up�rqei mègisto
di�sthma [x, β) dexi� tou x to opoÐo perièqetai sto A, ìpou eÐte β = +∞ eÐte
β ∈ R.

Qrhsimopoi¸ntac to sÔnolo L, me ìmoio trìpo mporoÔme na apodeÐxoume ìti
up�rqei mègisto di�sthma (α, x] arister� tou x to opoÐo perièqetai sto A, ìpou
eÐte α = −∞ eÐte α ∈ R.

'Ara, up�rqei mègisto di�sthma (α, β) to opoÐo perièqei to x kai perièqetai
sto A. To di�sthma autì to onom�zoume sunist¸sa tou A h opoÐa perièqei to
x kai to sumbolÐzoume I(x).

Sullègoume ìlec tic sunist¸sec I(x) tou A kaj¸c to x diatrèqei to A. Oi
sunist¸sec autèc èqoun tic ex c idiìthtec.
(i) An z ∈ I(x), tìte I(x) ⊆ I(z).

Diìti to I(x) eÐnai anoiktì di�sthma to opoÐo perièqei to z kai perièqetai
sto A kai to I(z) eÐnai to mègisto anoiktì di�sthma to opoÐo perièqei to z kai
perièqetai sto A.
(ii) An z ∈ I(x), tìte I(x) = I(z).

Apì thn (i) sunep�getai ìti I(x) ⊆ I(z). Tìte, ìmwc, epeid  x ∈ I(x),
sunep�getai x ∈ I(z). 'Ara, apì thn (i) sunep�getai I(z) ⊆ I(x).
(iii) An x ∈ A, y ∈ A kai I(x) ∩ I(y) 6= ∅, tìte I(x) = I(y).

Diìti, èstw z ∈ I(x) ∩ I(y). Tìte, lìgw thc (ii), I(x) = I(z) = I(y).
H idiìthta (iii) diatup¸netai wc ex c: dÔo opoiesd pote sunist¸sec tou A

eÐte eÐnai xènec eÐte tautÐzontai.
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JewroÔme t¸ra thn sullog  Σ ìlwn twn sunistws¸n tou A:
Σ = {I(x) : x ∈ A} .

Fusik�, ìpwc se k�je sÔnolo kanèna stoiqeÐo tou den epanalamb�netai peris-
sìterec apì mÐa for�, ìsec sunist¸sec tautÐzontai tic paÐrnoume mÐa mìno for�
sth sullog  Σ kai, epomènwc, ta stoiqeÐa thc Σ eÐnai xèna an� dÔo diast mata.
Dhlad , (α) k�je I ∈ Σ eÐnai mÐa apì tic sunist¸sec tou A, (β) k�je sunist¸sa
tou A eÐnai stoiqeÐo thc sullog c Σ kai (γ) an ta I ′ kai I ′′ eÐnai diaforetik�
stoiqeÐa thc Σ, ta I ′ kai I ′′ eÐnai xèna anoikt� diast mata.

K�je I ∈ Σ perièqetai sto A, opìte kai h ènwsh ⋃
I∈Σ I perièqetai sto

A. Antistrìfwc, k�je x ∈ A perièqetai se k�poia apo tic sunist¸sec tou A
(sugkekrimèna, sthn I(x)), dhlad , se k�poio I ∈ Σ kai, epomènwc, sthn ⋃

I∈Σ I.'Ara, to A perièqetai sthn ⋃
I∈Σ I.SumperaÐnoume, loipìn, ìti A =

⋃
I∈Σ I.K�je anoiktì di�sthma perièqei toul�qiston ènan rhtì arijmì. Epilègoume

ènan rhtì arijmì se k�je sunist¸sa tou A. Epeid  oi sunist¸sec tou A eÐnai
xènec an� dÔo, oi rhtoÐ oi opoÐoi antistoiqoÔn se k�je sunist¸sa eÐnai diafore-
tikoÐ an� dÔo. 'Eqoume, ètsi, mÐan amfimonos manth antistoiqÐa apì th sullog 
Σ twn sunistws¸n tou A se èna uposÔnolo Λ tou Q. To Λ eÐnai arijm simo,
wc uposÔnolo tou Q, kai, epomènwc, h Σ eÐnai arijm simh.
'Askhsh 36: 'Estw uposÔnolo A tou R. An to A eÐnai anoiktì kai, tautìqro-
na, kleistì uposÔnolo tou R, apodeÐxte ìti eÐte A = ∅ eÐte A = R. (Upìdeixh:
Pr¸toc trìpoc. Upojèste ìti A 6= ∅ kai A 6= R kai, qrhsimopoi¸ntac to Je-
¸rhma 4.2, gr�yte to A wc ènwsh xènwn an� dÔo anoikt¸n diasthm�twn. 'Ena
toul�qiston apì aut� èqei thn morf  (a, b)   (a,+∞)   (−∞, b). Stic dÔo pr¸-
tec peript¸seic, a ∈ R \A kai katal xte se �topo, afoÔ to R \A eÐnai anoiktì
uposÔnolo tou R. OmoÐwc, katal xte se �topo kai sthn trÐth perÐptwsh. DeÔ-
teroc trìpoc. Upojèste ìti A 6= ∅ kai A 6= R, p�rte a ∈ A kai b /∈ A kai èstw
a < b. Jèsate M = A ∩ [a, b] kai apodeÐxte ìti to sup(M) den eÐnai stoiqeÐo
oÔte tou A oÔte tou R \A.)

4.3 Eswterikì, kleistìthta, sÔnoro.
Orismìc 4.13 'Estw metrikìc q¸roc (X, d), A ⊆ X kai x ∈ X. To x onom�-
zetai eswterikì shmeÐo tou A, an up�rqei k�poia perioq  Nx tou x h opoÐa
perièqetai sto A, dhlad , an up�rqei ε > 0 ¸ste Nx(ε) ⊆ A. To sÔnolo to
opoÐo èqei wc stoiqeÐa ìla ta eswterik� shmeÐa tou A kai mìnon aut� onom�zetai
eswterikì tou A   anoiktìc pur nac tou A kai sumbolÐzetai A◦.

Prìtash 4.7 'Estw metrikìc q¸roc (X, d) kai A ⊆ X.
1. IsqÔei A◦ ⊆ A.
2. To A eÐnai anoiktì uposÔnolo tou (X, d) an kai mìnon an A◦ = A.

Apìdeixh: 1. An x ∈ A◦, to x eÐnai eswterikì shmeÐo tou A, opìte up�rqei Nx¸ste Nx ⊆ A. Epeid  x ∈ Nx, sunep�getai x ∈ A. 'Ara, A◦ ⊆ A.
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2. 'Estw ìti to A eÐnai anoiktì uposÔnolo tou (X, d). An x ∈ A, tìte to x eÐnai
eswterikì shmeÐo tou A, opìte x ∈ A◦. 'Ara, A ⊆ A◦ kai, epomènwc, A◦ = A.

Antistrìfwc, èstw A◦ = A. An x ∈ A, tìte x ∈ A◦, opìte to x eÐnai
eswterikì shmeÐo tou A. AfoÔ k�je stoiqeÐo tou A eÐnai eswterikì tou shmeÐo,
to A eÐnai anoiktì uposÔnolo tou (X, d). O.E.D.
ParadeÐgmata:
1. 'Estw o q¸roc R. An A = (a, b), tìte A◦ = (a, b). An A = [a, b], tìte
A◦ = (a, b). An A = {a}, tìte A◦ = ∅. An A = [a,+∞), tìte A◦ = (a,+∞).
An A = (a, b], tìte A◦ = (a, b).

To Q den perièqei kanèna anoiktì di�sthma, dhlad , kamÐa perioq  kane-
nìc shmeÐou kai, epomènwc, den èqei kanèna eswterikì shmeÐo. 'Ara, Q◦ = ∅.
OmoÐwc, to R \Q den èqei kanèna eswterikì shmeÐo, opìte (R \Q)◦ = ∅.

To sÔnolo C tou Cantor den perièqei kanèna anoiktì di�sthma kai, epomè-
nwc, den èqei kanèna eswterikì shmeÐo. Dhlad , C◦ = ∅.
2. An ston R2 p�roume wc A opoiond pote dÐsko mazÐ me k�poia (kanèna  
merik�   ìla) apì ta shmeÐa thc perifèrei�c tou, tìte aut� ta shmeÐa thc pe-
rifèreiac den eÐnai eswterik� shmeÐa tou A kai, epomènwc, to eswterikì tou A
eÐnai o antÐstoiqoc anoiktìc dÐskoc. Akrib¸c ta Ðdia isqÔoun an antÐ gia dÐsko
jewr soume opoiod pote orjog¸nio parallhlìgrammo.

Genikìtera, èstw mÐa apl  sqetik� kampÔlh γ sto epÐpedo pou qwrÐzei to
epÐpedo se trÐa uposÔnola: to sÔnolo A1 twn shmeÐwn pou brÐskontai sth mÐa
meri� thc γ, to sÔnolo A2 twn shmeÐwn pou brÐskontai sthn �llh meri� thc γ
kai to sÔnolo twn shmeÐwn thc γ. An A eÐnai to A1 mazÐ me merik� apì ta
shmeÐa thc γ, tìte kanèna apì ta shmeÐa aut� thc γ den eÐnai eswterikì shmeÐo
tou A kai, epomènwc, to eswterikì tou A eÐnai to A1. EpÐshc, an A eÐnai h γ
  opoiod pote uposÔnolì thc, to A den èqei kanèna eswterikì shmeÐo, opìte to
eswterikì tou A eÐnai to ∅.

Epomènwc, èna eujÔgrammo tm ma, mÐa eujeÐa, h perifèreia enìc dÐskou kai
h perifèreia enìc orjog¸niou parallhlogr�mmou èqoun wc eswterikì sÔnolo
to ∅.
3. 'Estw ìti èqoume mÐa apl  sqetik� epif�neia Γ ston q¸ro h opoÐa qwrÐzei
ton q¸ro se trÐa uposÔnola: to sÔnolo A1 twn shmeÐwn pou brÐskontai sth mÐa
meri� thc Γ, to sÔnolo A2 twn shmeÐwn pou brÐskontai sthn �llh meri� thc Γ
kai to sÔnolo twn shmeÐwn thc Γ. An wc A jewr soume to A1 mazÐ me k�poia
apì ta shmeÐa thc Γ, tìte kanèna apì aut� ta shmeÐa thc Γ den eÐnai eswterikì
shmeÐo tou A kai, epomènwc, to eswterikì tou A eÐnai to A1. EpÐshc, an wc A
jewr soume thn Γ   opoiod pote uposÔnolo thc Γ, tìte kanèna shmeÐo tou A
den eÐnai eswterikì tou shmeÐo, opìte to eswterikì tou A eÐnai to ∅.

Eidikìtera, opoiod pote eujÔgrammo tm ma   eujeÐa   epÐpedo   dÐskoc (pou
perièqetai, fusik�, se èna epÐpedo) èqei kenì eswterikì sÔnolo. Akìmh, an A
eÐnai opoiad pote mp�la   orjog¸nio parallhlepÐpedo mazÐ me k�poia apì ta
shmeÐa thc sunoriak c epif�neiac, to eswterikì tou A eÐnai h antÐstoiqh anoikt 
mp�la   to antÐstoiqo anoiktì orjog¸nio parallhlepÐpedo.
'Askhsh 37: BreÐte to eswterikì kajenìc apì ta sÔnola thc �skhshc 11.
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'Askhsh 38: BreÐte to eswterikì kajenìc apì ta sÔnola thc �skhshc 12.
'Askhsh 39: BreÐte to eswterikì kajenìc apì ta sÔnola thc �skhshc 13.
4. Qrei�zetai lÐgh prosoq  ìtan jewroÔme to A wc uposÔnolo enìc metrikoÔ
q¸rou (X, d) kai enìc upìqwrou (W,d). Gia par�deigma, èstw A = [0, 1] ston R.
Ta 0 kai 1 den eÐnai eswterik� shmeÐa tou [0, 1], opìte [0, 1]◦ = (0, 1). JewroÔme,
t¸ra, to [0, 1] wc uposÔnolo tou W = [0, 1]∪ [2, 3] kai parathroÔme ìti ta 0 kai
1 eÐnai eswterik� shmeÐa tou [0, 1], opìte [0, 1]◦ = [0, 1].
'Askhsh 40: 'Estw metrikìc q¸roc (X, d), upìqwroc (W,d) kai A ⊆ W . An
sumbolÐsoume A◦,X to eswterikì tou A wc uposÔnolo tou (X, d) kai A◦,W to
eswterikì tou A wc uposÔnolo tou (W,d), apodeÐxte ìti A◦,X ⊆ A◦,W .
'Askhsh 41: 'Estw mh kenì X kai δX h diakrit  metrik  sto X. Gia k�je
A ⊆ X apodeÐxte ìti A◦ = A.
Prìtash 4.8 'Estw metrikìc q¸roc (X, d) kai A ⊆ X. To A◦ eÐnai to pio
meg�lo anoiktì uposÔnolo tou (X, d) to opoÐo perièqetai sto A.

Apìdeixh: Ja deÐxoume pr¸ta ìti to A◦ eÐnai anoiktì uposÔnolo tou (X, d).
'Estw x ∈ A◦. Tìte up�rqei Nx ⊆ A. 'Estw y ∈ Nx. H Nx eÐnai anoiktì
uposÔnolo tou (X, d), opìte up�rqei Ny ⊆ Nx ⊆ A. 'Ara, to y eÐnai eswterikì
shmeÐo tou A. Epomènwc: y ∈ Nx ⇒ y ∈ A◦. Opìte Nx ⊆ A◦. 'Ara, to A◦
eÐnai anoiktì uposÔnolo tou (X, d) kai, ìpwc  dh gnwrÐzoume, A◦ ⊂ A.

Katìpin, èstw B anoiktì uposÔnolo tou (X, d) me B ⊆ A. Ja apodeÐxoume
ìti B ⊆ A◦ kai ja èqoume telei¸sei. 'Estw y ∈ B. Tìte, afoÔ to B eÐnai
anoiktì uposÔnolo tou (X, d), up�rqei Ny ⊆ B ⊆ A. 'Ara y ∈ A◦. 'Ara,
B ⊆ A◦. O.E.D.
'Askhsh 42: 'Estw metrikìc q¸roc (X, d), A,B,A1, . . . , An ⊆ X kai Σ mÐa
sullog  uposunìlwn tou X.
1. ApodeÐxte ìti A ⊆ B ⇒ A◦ ⊆ B◦.
2. ApodeÐxte ìti (A◦)◦ = A◦.
3. ApodeÐxte ìti (A1 ∩ · · · ∩An)◦ = A◦1 ∩ · · · ∩A◦n.4. ApodeÐxte ìti (

⋂
A∈ΣA)◦ ⊆

⋂
A∈ΣA

◦.
5. BreÐte sullog  uposunìlwn Σ tou R ¸ste (

⋂
A∈ΣA)◦ 6=

⋂
A∈ΣA

◦.
6. ApodeÐxte ìti (

⋃
A∈ΣA)◦ ⊇

⋃
A∈ΣA

◦.
7. BreÐte dÔo uposÔnola A kai B tou R ¸ste (A ∪B)◦ 6= A◦ ∪B◦.
'Askhsh 43: 'Estw metrikìc q¸roc (X, d) kai A,B ⊆ X.
1. An A◦ = B◦ = ∅ kai to A eÐnai kleistì uposÔnolo tou X, apodeÐxte ìti
(A ∪B)◦ = ∅.
2. BreÐte uposÔnola A kai B tou R ¸ste A◦ = B◦ = ∅ kai (A ∪B)◦ = R.
Orismìc 4.14 'Estw metrikìc q¸roc (X, d), A ⊆ X kai x ∈ X. To x onom�ze-
tai shmeÐo epaf c   oriakì shmeÐo tou A, an k�je perioq  Nx tou x perièqei
toul�qiston èna shmeÐo tou A. Dhlad , an gia k�je ε > 0 up�rqei y ∈ Nx(ε)∩A
 , isodÔnama, up�rqei y ∈ A me d(y, x) < ε.
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To sÔnolo to opoÐo èqei wc stoiqeÐa ìla ta shmeÐa epaf c tou A kai mìnon
aut� onom�zetai kleistìthta   kleist  j kh tou A kai sumbolÐzetai A.

Prìtash 4.9 'Estw metrikìc q¸roc (X, d) kai A ⊆ X.
1. IsqÔei A ⊆ A.
2. To A eÐnai kleistì uposÔnolo tou (X, d) an kai mìnon an A = A.

Apìdeixh: 1. An x ∈ A, tìte k�je Nx perièqei toul�qiston èna shmeÐo tou A,
to Ðdio to x, kai, epomènwc, to x eÐnai shmeÐo epaf c tou A. 'Ara, A ⊆ A.
2. 'Estw ìti to A eÐnai kleistì uposÔnolo tou (X, d). PaÐrnoume tuqìn x ∈ A.
An x /∈ A, tìte x ∈ X \ A kai, epeid  to X \ A eÐnai anoiktì uposÔnolo tou
(X, d), up�rqei Nx ¸ste Nx ⊆ X \A. Dhlad , up�rqei Nx h opoÐa den perièqei
kanèna shmeÐo tou A. Autì, ìmwc, antif�skei me to ìti x ∈ A  , isodÔnama, me
to ìti to x eÐnai shmeÐo epaf c tou A. 'Ara, x ∈ A. Epomènwc, A ⊆ A, opìte
A = A.

Antistrìfwc, èstw ìti A = A. PaÐrnoume tuqìn x ∈ X \ A kai, epomènwc,
x /∈ A. Dhlad , to x den eÐnai shmeÐo epaf c tou A, opìte up�rqei Nx h opoÐa
den perièqei kanèna shmeÐo tou A  , isodÔnama, Nx ⊆ X \ A. AfoÔ gia k�je
x ∈ X \A up�rqei Nx ¸ste Nx ⊆ X \A, sunep�getai ìti to X \A eÐnai anoiktì
uposÔnolo tou (X, d) kai, epomènwc, to A eÐnai kleistì uposÔnolo tou (X, d).
O.E.D.
'Askhsh 44: 'Estw metrikìc q¸roc (X, d) kai A ⊆ X. ApodeÐxte ìti: to A
eÐnai kleistì uposÔnolo tou X an kai mìnon an A ⊆ A.
ParadeÐgmata:
1. 'Estw o q¸roc R. An A = [a, b], tìte A = [a, b]. An A = (a, b), tìte
A = [a, b]. An A = (a,+∞), tìte A = [a,+∞). An A = (a, b) ∪ (b, c), tìte
A = [a, c].

To C eÐnai kleistì uposÔnolo tou R, opìte C = C. An p�roume tuqìn
x ∈ R, se k�je (x− ε, x+ ε) up�rqei toul�qiston ènac rhtìc, opìte to x eÐnai
shmeÐo epaf c tou Q. 'Ara, Q = R. Me thn Ðdia aitiolìghsh, R \Q = R.
'Askhsh 45: An to A ⊆ R eÐnai mh kenì kai �nw fragmèno, apodeÐxte ìti
supA ∈ A. OmoÐwc, an to A eÐnai mh kenì kai k�tw fragmèno, apodeÐxte ìti
inf A ∈ A.
2. Ston R2 jewroÔme wc A opoiond pote dÐsko mazÐ me k�poia apì ta shmeÐa
thc perifèrei�c tou. EÐnai fanerì ìti, ektìc twn shmeÐwn tou dÐskou, ìla ta
shmeÐa thc perifèreiac eÐnai shmeÐa epaf c tou A kai ìti kanèna shmeÐo pou
brÐsketai pèra kai apì thn perifèreia den eÐnai shmeÐo epaf c tou A. Epomènwc,
h kleistìthta touA eÐnai o antÐstoiqoc kleistìc dÐskoc. Akrib¸c ta Ðdia isqÔoun
an antÐ gia dÐsko jewr soume opoiod pote orjog¸nio parallhlìgrammo.

Genikìtera, èstw mÐa apl  sqetik� kampÔlh γ sto epÐpedo pou qwrÐzei to
epÐpedo se trÐa uposÔnola: to sÔnolo A1 twn shmeÐwn pou brÐskontai sth mÐa
meri� thc γ, to sÔnolo A2 twn shmeÐwn pou brÐskontai sthn �llh meri� thc γ
kai to sÔnolo twn shmeÐwn thc γ. An A eÐnai to A1 mazÐ me merik� apì ta
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shmeÐa thc γ, tìte, ektìc twn shmeÐwn tou A1, k�je shmeÐo thc γ eÐnai shmeÐo
epaf c tou A en¸ kanèna shmeÐo tou A2 den eÐnai shmeÐo epaf c tou A. 'Ara, h
kleistìthta tou A eÐnai to A1 ∪ γ.3. 'Estw Γ mÐa apl  sqetik� epif�neia ston q¸ro h opoÐa qwrÐzei ton q¸ro
se trÐa uposÔnola: to sÔnolo A1 twn shmeÐwn pou brÐskontai sth mÐa meri�
thc Γ, to sÔnolo A2 twn shmeÐwn pou brÐskontai sthn �llh meri� thc Γ kai to
sÔnolo twn shmeÐwn thc Γ. An wc A jewr soume to A1 mazÐ me k�poia apì ta
shmeÐa thc Γ, tìte, ektìc twn shmeÐwn tou A1, ìla ta shmeÐa thc Γ eÐnai shmeÐa
epaf c tou A kai kanèna apì ta shmeÐa tou A2 den eÐnai shmeÐo epaf c tou A.
Epomènwc, h kleistìthta tou A eÐnai to A1 ∪ Γ.

Eidikìtera, an A eÐnai opoiad pote mp�la   orjog¸nio parallhlepÐpedo mazÐ
me k�poia apì ta shmeÐa thc sunoriak c epif�neiac, h kleistìthta tou A eÐnai h
antÐstoiqh kleist  mp�la   to antÐstoiqo kleistì orjog¸nio parallhlepÐpedo.
'Askhsh 46: BreÐte thn kleistìthta kajenìc apì ta sÔnola thc �skhshc 11.
'Askhsh 47: BreÐte thn kleistìthta kajenìc apì ta sÔnola thc �skhshc 12.
'Askhsh 48: BreÐte thn kleistìthta kajenìc apì ta sÔnola thc �skhshc 13.
4. 'Opwc kai me to eswterikì enìc sunìlou, qrei�zetai prosoq  ìtan jewroÔme
to A wc uposÔnolo enìc metrikoÔ q¸rou (X, d) kai enìc upìqwrou (W,d). Gia
par�deigma, èstw A = (0, 1) ston R. Ta 0 kai 1 eÐnai shmeÐa epaf c tou
(0, 1), opìte (0, 1) = [0, 1]. JewroÔme, t¸ra, to (0, 1) wc uposÔnolo tou W =
(0, 1) ∪ [2, 3] kai parathroÔme ìti ta 0 kai 1 den eÐnai shmeÐa epaf c tou (0, 1),
diìti, aploÔstata, den an koun sto W . 'Ara, (0, 1) = (0, 1).
'Askhsh 49: 'Estw metrikìc q¸roc (X, d), upìqwroc (W,d) kai A ⊆ W . An
sumbolÐsoume AX thn kleistìthta tou A wc uposÔnolo tou (X, d) kai AW thn
kleistìthta tou A wc uposÔnolo tou (W,d), apodeÐxte ìti AW

= A
X ∩W .

'Askhsh 50: 'Estw mh kenì X kai δX h diakrit  metrik  sto X. Gia k�je
A ⊆ X apodeÐxte ìti A = A.
Prìtash 4.10 An A ⊆ X, to A eÐnai to mikrìtero kleistì uposÔnolo tou (X, d)
to opoÐo perièqei to A.

Apìdeixh: Kat' arq n ja apodeÐxoume ìti to A eÐnai kleistì uposÔnolo tou
(X, d). PaÐrnoume tuqìn x ∈ X \ A, opìte to x den eÐnai shmeÐo epaf c tou
A. Epomènwc, up�rqei Nx h opoÐa den perièqei kanèna shmeÐo tou A. Katìpin,
paÐrnoume tuqìn y ∈ Nx. Epeid  h Nx eÐnai anoiktì uposÔnolo tou (X, d),
up�rqei Ny ⊆ Nx. 'Ara, up�rqei Ny h opoÐa den perièqei kanèna shmeÐo tou A
kai, epomènwc, to y den eÐnai shmeÐo epaf c tou A  , isodÔnama, y ∈ X \ A.
'Ara, Nx ⊆ X \A. ApodeÐxame, loipìn, ìti gia k�je x ∈ X \A up�rqei Nx ¸ste
Nx ⊆ X \A, opìte to X \A eÐnai anoiktì uposÔnolo tou (X, d) kai, epomènwc,
to A eÐnai kleistì uposÔnolo tou (X, d). EpÐshc, ìpwc  dh gnwrÐzoume, isqÔei
A ⊆ A.
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T¸ra, èstw tuqìn B kleistì uposÔnolo tou (X, d) me A ⊆ B. Gia na te-
lei¸sei h apìdeixh prèpei na apodeÐxoume ìti A ⊆ B. PaÐrnoume tuqìn x ∈ A.
An x ∈ X \B, epeid  to X \B eÐnai anoiktì uposÔnolo tou (X, d), up�rqei Nx¸ste Nx ⊆ X \B. Sunep�getai ìti h Nx den perièqei kanèna shmeÐo tou B kai,
epeid  A ⊆ B, h Nx den perièqei kanèna shmeÐo tou A. Autì antif�skei me to
ìti x ∈ A  , isodÔnama, me to ìti to x eÐnai shmeÐo epaf c tou A. ApodeÐxame,
loipìn, ìti gia k�je x ∈ A isqÔei x ∈ B. 'Ara, A ⊆ B. O.E.D.
'Askhsh 51: 'Estw metrikìc q¸roc (X, d), A,B,A1, . . . , An ⊆ X kai Σ mÐa
oikogèneia uposunìlwn tou X.
1. ApodeÐxte ìti A ⊆ B ⇒ A ⊆ B.
2. ApodeÐxte ìti (A) = A.
3. ApodeÐxte ìti A1 ∪ · · · ∪An = A1 ∪ · · · ∪An.4. ApodeÐxte ìti ⋃

A∈ΣA ⊇
⋃

A∈ΣA.
5. BreÐte oikogèneia uposunìlwn tou R ¸ste ⋃

A∈ΣA 6=
⋃

A∈ΣA.
6. ApodeÐxte ìti ⋂

A∈ΣA ⊆
⋂

A∈ΣA.7. BreÐte dÔo uposÔnola A kai B tou R ¸ste A ∩B 6= A ∩B.
'Askhsh 52: 'Estw metrikìc q¸roc (X, d) kai A ⊆ X. ApodeÐxte ìti A◦ ⊆ (A)◦

kai (A◦) ⊆ A. BreÐte uposÔnolo A tou R ¸ste A◦ 6= (A)◦ kai uposÔnolo A
tou R ¸ste (A◦) 6= A.
'Askhsh 53: 'Estw metrikìc q¸roc (X, d) kai A ⊆ X. ApodeÐxte ìti (X\A)◦ =
X \A kai (X \A) = X \A◦.
'Askhsh 54: 'Ena uposÔnolo A tou Rn onom�zetai kurtì, an gia k�je x, y ∈ A
kai k�je t ∈ (0, 1) isqÔei tx + (1 − t)y ∈ A. Poio eÐnai to gewmetrikì nìhma
autoÔ tou orismoÔ stouc R2 kai R3?
1. ApodeÐxte ìti ta mìna kurt� uposÔnola tou R eÐnai ta diast mata. Apo-
deÐxte ìti k�je n-di�stath (kleist    anoikt ) mp�la, k�je n-di�stato (kleistì
  anoiktì) orjog¸nio parallhlepÐpedo, k�je uperepÐpedo kai k�je (anoiktìc  
kleistìc) hmiq¸roc ston Rn eÐnai kurtì sÔnolo.
2. An A eÐnai kurtì uposÔnolo tou Rn, apodeÐxte ìti ta A◦ kai A eÐnai epÐshc
kurt� uposÔnola tou Rn.
'Askhsh 55: 'Estw metrikìc q¸roc (X, d) kai A ⊆ X. To A onom�zetai puknì
ston (X, d), an A = X.
1. ApodeÐxte ìti: to A eÐnai puknì ston X an kai mìnon an k�je perioq  Nxkajenìc shmeÐou x ∈ X perièqei toul�qiston èna stoiqeÐo tou A.
2. EÐnai to Q puknì ston R? EÐnai to Q2 puknì ston R2? EÐnai to Qn puknì
ston Rn?
3. Poia uposÔnola tou X eÐnai pukn� ston X, an o X eÐnai efodiasmènoc me
thn δX ?
'Askhsh 56: 'Enac metrikìc q¸roc (X, d) onom�zetai diaqwrÐsimoc, an u-
p�rqei uposÔnolo tou A me tic idiìthtec:
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(i) to A eÐnai arijm simo kai
(ii) A = X, dhlad , to A eÐnai puknì ston X.
1. EÐnai o R diaqwrÐsimoc? EÐnai o Rn diaqwrÐsimoc?
2. 'Estw o (X, δX). ApodeÐxte ìti: o (X, δX) eÐnai diaqwrÐsimoc an kai mìnon
an to X eÐnai arijm simo sÔnolo.
3. 'Estw upìqwroc (W,d) tou (X, d). An o (X, d) eÐnai diaqwrÐsimoc, apodeÐxte
ìti kai o (W,d) eÐnai diaqwrÐsimoc.
'Askhsh 57: 'Estw metrikìc q¸roc (X, d), a ∈ X kai ε > 0.
1. ApodeÐxte ìti Na(ε) ⊆ Na(ε).
2. IsqÔei p�ntote ìti Na(ε) = Na(ε)? (Upìdeixh: 'Estw d = δX , h diakrit 
metrik  sto X.)
3. Ston Rn apodeÐxte ìti Na(ε) = Na(ε).
'Askhsh 58: 'Estw metrikìc q¸roc (X, d), mh kenì E ⊆ X kai x ∈ E. OrÐzou-
me thn apìstash tou x apì to E me ton tÔpo dE(x) = infy∈E d(x, y).1. ApodeÐxte thn Ôparxh tou infimum.
2. ApodeÐxte ìti: dE(x) = 0 ⇔ x ∈ E.
Orismìc 4.15 'Estw metrikìc q¸roc (X, d), A ⊆ X kai x ∈ X. To x o-
nom�zetai shmeÐo suss¸reushc tou A, an k�je perioq  Nx tou x perièqei
toul�qiston èna shmeÐo tou A diaforetikì apì to Ðdio to x. Dhlad , an gia
k�je ε > 0 up�rqei y ∈ Nx(ε) ∩ (A \ {x})  , isodÔnama, up�rqei y ∈ A me
0 < d(y, x) < ε.

To sÔnolo to opoÐo èqei wc stoiqeÐa ìla ta shmeÐa suss¸reushc tou A kai
mìnon aut� onom�zetai par�gwgo sÔnolo tou A kai sumbolÐzetai A′.

Par�deigma:
JewroÔme ton q¸ro R. An A = [a, b], tìte A′ = [a, b]. An A = (a, b), tìte
A′ = [a, b]. An A = (a,+∞), tìte A′ = [a,+∞).

'Estw A = {a} ∪ (b, c), ìpou a < b < c. To a den eÐnai shmeÐo suss¸reushc
tou A, opìte A′ = [b, c]. An A = {a, b}, tìte A′ = ∅.
'Askhsh 59: Poia eÐnai h diafor� an�mesa sthn ènnoia tou shmeÐou epaf c kai
sthn ènnoia tou shmeÐou suss¸reushc? Up�rqei par�deigma shmeÐou epaf c to
opoÐo den eÐnai shmeÐo suss¸reushc kai par�deigma gia to antÐstrofo?
'Askhsh 60: BreÐte to par�gwgo sÔnolo kajenìc apì ta sÔnola thc �sk. 11.
'Askhsh 61: BreÐte to par�gwgo sÔnolo kajenìc apì ta sÔnola thc �sk. 12.
'Askhsh 62: BreÐte to par�gwgo sÔnolo kajenìc apì ta sÔnola thc �sk. 13.
'Askhsh 63: BreÐte uposÔnolo tou R kai uposÔnolo tou R2 me akrib¸c dÔo
shmeÐa suss¸reushc gia to kajèna.
'Askhsh 64: 'Estw metrikìc q¸roc (X, d), A ⊆ X kai x ∈ X. ApodeÐxte
ìti: to x eÐnai shmeÐo suss¸reushc tou A an kai mìnon an k�je perioq  tou x

101



perièqei �peira shmeÐa tou A.
Par�deigma:
'Estw mh kenì X me thn diakrit  metrik  δX , A ⊆ X kai x ∈ X. To x den eÐnai
shmeÐo suss¸reushc tou A, diìti h Nx(1) eÐnai Ðdia me to {x} kai, epomènwc,
den perièqei kanèna shmeÐo tou A ektìc apì to Ðdio to x. Blèpoume, loipìn, ìti
k�je uposÔnolo tou X den èqei kanèna shmeÐo suss¸reushc. Dhlad , gia k�je
A ⊆ X èqoume A′ = ∅.
Prìtash 4.11 'Estw metrikìc q¸roc (X, d) kai A ⊆ X. Tìte A = A ∪A′.

Apìdeixh: 'Estw tuqìn x ∈ A′. Tìte k�je Nx perièqei toul�qiston èna shmeÐo
tou A diaforetikì apì to X. 'Ara, k�je Nx perièqei toul�qiston èna shmeÐo tou
A kai, epomènwc, to x eÐnai shmeÐo epaf c tou A, dhlad , x ∈ A. 'Ara, A′ ⊆ A.
Epeid  A ⊆ A, sunep�getai A ∪A′ ⊆ A.

'Estw, t¸ra, x ∈ A. An x ∈ A, tìte x ∈ A ∪ A′. 'Estw x /∈ A. Epeid 
x ∈ A, k�je Nx perièqei toul�qiston èna shmeÐo tou A kai, epeid  to x den
an kei sto A, to shmeÐo autì eÐnai diaforetikì apì to x. 'Ara, to x eÐnai shmeÐo
suss¸reushc tou A  , isodÔnama, x ∈ A′ kai, epomènwc, x ∈ A∪A′. 'Ara, k�je
x ∈ A an kei, se k�je perÐptwsh, sto A∪A′, opìte A ⊆ A∪A′. O.E.D.
'Askhsh 65: 'Estw metrikìc q¸roc (X, d) kai A ⊆ X. ApodeÐxte ìti: to A
eÐnai kleistì uposÔnolo tou X an kai mìnon an A′ ⊆ A.
'Askhsh 66: 'Estw metrikìc q¸roc (X, d) kai A,B ⊆ X.
1. ApodeÐxte ìti to A′ eÐnai kleistì uposÔnolo tou (X, d).
2. ApodeÐxte ìti A′ = (A)′. Dhlad , ta A kai A èqoun ta Ðdia shmeÐa suss¸-
reushc.
3. ApodeÐxte ìti A ⊆ B ⇒ A′ ⊆ B′.
4. ApodeÐxte ìti (A′)′ ⊆ A′.
5. BreÐte uposÔnolo A tou R ¸ste (A′)′ 6= A′.
'Askhsh 67: 'Estw metrikìc q¸roc (X, d) me thn ex c idiìthta: opoiod pote
�peiro uposÔnolo tou X èqei toul�qiston èna shmeÐo suss¸reushc.
1. Jewr ste tuqìn ε > 0 kai apodeÐxte ìti up�rqoun peperasmènou pl jouc
shmeÐa tou X ¸ste k�je �llo shmeÐo tou X na èqei apìstash mikrìterh apì
ε apì toul�qiston èna apì aut�. (Upìdeixh: Upojèste ìti autì den isqÔei kai
p�rte tuqaÐo x1 ∈ X. Tìte up�rqei x2 ∈ X ¸ste d(x1, x2) ≥ ε. Katìpin,
up�rqei x3 ∈ X ¸ste d(x1, x3) ≥ ε kai d(x2, x3) ≥ ε. SuneqÐzontac epagwgik�,
kataskeu�ste �peiro uposÔnolo {xn : n ∈ N} tou X tou opoÐou k�je dÔo sh-
meÐa èqoun thn metaxÔ touc apìstash ìqi mikrìterh apì ε. Sumper�nate ìti to
sÔnolo autì den èqei kanèna shmeÐo suss¸reushc.)
2. ApodeÐxte ìti o (X, d) eÐnai diaqwrÐsimoc. (Upìdeixh: SÔmfwna me to 1,
gia k�je n ∈ N up�rqoun kn ∈ N kai xn,1, . . . , xn,kn ∈ X ¸ste k�je x ∈ X
na èqei apìstash mikrìterh apì 1

n apì toul�qiston èna apì ta xn,1, . . . , xn,kn
.

ApodeÐxte ìti to A = {xn,m : n,m ∈ N, 1 ≤ m ≤ kn} eÐnai arijm simo kai
puknì ston X.)
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'Askhsh 68: 'Estw A ⊆ R kai x ∈ R. To x onom�zetai shmeÐo sumpÔ-
knwshc tou A, an gia k�je ε > 0 h Nx(ε) perièqei uperarijm simou pl jouc
stoiqeÐa tou A.
1. An to A eÐnai arijm simo, apodeÐxte ìti to A den èqei kanèna shmeÐo sumpÔ-
knwshc.
2. 'Estw ìti to A eÐnai uperarijm simo. An P eÐnai to sÔnolo ìlwn twn shmeÐwn
sumpÔknwshc tou A, apodeÐxte ìti P ′ = P kai ìti to A \ P eÐnai arijm simo.
'Askhsh 69: 'Estw P ⊆ R. To P onom�zetai tèleio, an P ′ = P .
1. BreÐte merik� apl� paradeÐgmata tèleiwn sunìlwn. EÐnai to C tèleio sÔno-
lo?
2. An A eÐnai opoiod pote kleistì uposÔnolo tou R, apodeÐxte ìti up�rqei
k�poio tèleio sÔnolo P kai k�poio arijm simo sÔnolo Z ¸ste A = P ∪ Z
kai P ∩ Z = ∅. (Upìdeixh: DeÐte thn prohgoÔmenh �skhsh kai diakrÐnate tic
peript¸seic: A eÐnai arijm simo, A eÐnai uperarijm simo.)
Orismìc 4.16 'Estw metrikìc q¸roc (X, d), A ⊆ X kai x ∈ X. To x onom�-
zetai sunoriakì shmeÐo tou A, an k�je perioq  Nx perièqei toul�qiston èna
shmeÐo tou A kai toul�qiston èna shmeÐo tou X \A. To sÔnolo to opoÐo perièqei
ìla ta sunoriak� shmeÐa tou A kai mìnon aut� onom�zetai sÔnoro tou A kai
sumbolÐzetai ∂A.

ParadeÐgmata:
1. JewroÔme ton q¸ro R. An A = (a, b)   [a, b], tìte ∂A = {a, b}. An
A = (a,+∞), tìte ∂A = {a}.

K�je perioq  kajenìc x ∈ R perièqei kai rhtoÔc kai �rrhtouc arijmoÔc.
Epomènwc, ∂Q = R kai ∂(R \Q) = R.
2. Ston R2 èstw A opoiosd pote dÐskoc mazÐ me k�poia apì ta shmeÐa thc
perifèrei�c tou. EÐnai fanerì ìti, ta mìna sunoriak� shmeÐa tou A eÐnai ìla ta
shmeÐa thc perifèreiac tou dÐskou. Epomènwc, to sÔnoro tou A eÐnai h perifèreia
tou dÐskou. OmoÐwc, an antÐ gia dÐsko jewr soume opoiod pote orjog¸nio
parallhlìgrammo, to sÔnoro tou A eÐnai h perifèreia tou parallhlogr�mmou.

Genikìtera, èstw mÐa apl  sqetik� kampÔlh γ sto epÐpedo pou qwrÐzei to
epÐpedo se trÐa uposÔnola: to sÔnolo A1 twn shmeÐwn pou brÐskontai sth mÐa
meri� thc γ, to sÔnolo A2 twn shmeÐwn pou brÐskontai sthn �llh meri� thc γ kai
to sÔnolo twn shmeÐwn thc γ. An A eÐnai to A1 mazÐ me merik� apì ta shmeÐa
thc γ, tìte ìla ta shmeÐa thc γ kai mìnon aut� eÐnai sunoriak� shmeÐa tou A.
'Ara, h kleistìthta tou A eÐnai h γ.
3. 'Estw Γ mÐa apl  sqetik� epif�neia ston q¸ro h opoÐa qwrÐzei ton q¸ro se
trÐa uposÔnola: to sÔnolo A1 twn shmeÐwn pou brÐskontai sth mÐa meri� thc Γ,
to sÔnolo A2 twn shmeÐwn pou brÐskontai sthn �llh meri� thc Γ kai to sÔnolo
twn shmeÐwn thc Γ. An A eÐnai to A1 mazÐ me k�poia apì ta shmeÐa thc Γ, tìte
ìla ta shmeÐa thc Γ kai mìnon aut� eÐnai sunoriak� shmeÐa tou A kai, epomènwc,
to sÔnoro tou A eÐnai h Γ.

Eidikìtera, an A eÐnai opoiad pote mp�la   orjog¸nio parallhlepÐpedo mazÐ
me k�poia apì ta shmeÐa thc sunoriak c epif�neiac, to sÔnoro tou A eÐnai h
antÐstoiqh sunoriak  epif�neia.
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'Askhsh 70: BreÐte to sÔnoro kajenìc apì ta sÔnola thc �skhshc 11.
'Askhsh 71: BreÐte to sÔnoro kajenìc apì ta sÔnola thc �skhshc 12.
'Askhsh 72: BreÐte to sÔnoro kajenìc apì ta sÔnola thc �skhshc 13.
'Askhsh 73: ApodeÐxte ìti to sÔnoro opoioud pote hmiq¸rou ston Rn me
sunoriakì uperepÐpedo Γ eÐnai to Γ.
'Askhsh 74: 'Estw mh kenì X, δX h diakrit  metrik  sto X kai A ⊆ X.
ApodeÐxte ìti ∂A = ∅.
'Askhsh 75: Jewr ste ton q¸ro R kai ton upìqwro [0, 1] ∪ [2, 3]. An to
A = [0, 1] to jewr soume wc uposÔnolo tou R, poio eÐnai to sÔnoro tou A? An
to A = [0, 1] to jewr soume wc uposÔnolo tou [0, 1]∪ [2, 3], poio eÐnai to sÔnoro
tou A?
'Askhsh 76: 'Estw metrikìc q¸roc (X, d), upìqwroc (W,d) kai A ⊆ W . An
sumbolÐsoume ∂XA kai ∂WA to sÔnoro tou A wc uposÔnolo tou X kai tou W ,
antistoÐqwc, apodeÐxte ìti ∂WA ⊆ ∂XA ∩W .

Prìtash 4.12 'Estw metrikìc q¸roc (X, d) kai A ⊆ X.
1. ∂A = A ∩X \A.
2. ∂A = ∂(X \A).
3. A = A ∪ ∂A.

Apìdeixh: 1. H isìthta aut  eÐnai �mesh apìrroia twn orism¸n tou shmeÐou
epaf c kai tou sunoriakoÔ shmeÐou.
2. Oi orismoÐ tou sunoriakoÔ shmeÐou tou A kai tou sunoriakoÔ shmeÐou tou
X \A eÐnai akrib¸c Ðdioi.
3. IsqÔei A ⊆ A kai, apì to 1, ∂A ⊆ A. 'Ara, A ∪ ∂A ⊆ A. Antistrìfwc,
èstw x ∈ A. An x ∈ A, tìte x ∈ A ∪ ∂A. 'Estw x /∈ A. Epeid  x ∈ A, k�je
Nx perièqei toul�qiston èna shmeÐo tou A kai, epeid  to x den an kei sto A, h
Ðdia perioq  perièqei kai toul�qiston èna shmeÐo tou X \ A, to Ðdio to x. 'Ara
to x eÐnai sunoriakì shmeÐo tou A, opìte x ∈ ∂A. 'Eqoume, loipìn, ìti k�je
x ∈ A an kei, se k�je perÐptwsh, sto A∪∂A. 'Ara, A ⊆ A∪∂A. O.E.D.
'Askhsh 77: 'Estw metrikìc q¸roc (X, d) kai A ⊆ X.
1. ApodeÐxte ìti to A eÐnai kleistì uposÔnolo tou X an kai mìnon an ∂A ⊆ A.
2. ApodeÐxte ìti ∂A = A \A◦.
'Askhsh 78: 'Estw metrikìc q¸roc (X, d) kai A,B ⊆ X.
1. An to A eÐnai anoiktì uposÔnolo tou X   an to A eÐnai kleistì uposÔnolo
tou X, apodeÐxte ìti (∂A)◦ = ∅.
2. BreÐte uposÔnolo A tou R ¸ste (∂A)◦ = R.
3. An A ∩B = ∅, apodeÐxte ìti ∂(A ∪B) = ∂A ∪ ∂B.
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4.4 'Oria kai sunèqeia sunart sewn.
Orismìc 4.17 'Estw metrikoÐ q¸roi (X, d) kai (Y, ρ), A ⊆ X, f : A → Y ,
x0 ∈ X shmeÐo suss¸reushc tou A kai y0 ∈ Y . Lème ìti to y0 eÐnai ìrio thc
f sto x0, kai sumbolÐzoume

y0 = lim
x→x0

f(x) ,

an gia k�je ε > 0 up�rqei δ = δ(ε) > 0 ¸ste:

x ∈ A, 0 < d(x, x0) < δ ⇒ ρ(f(x), y0) < ε .

EÐnai fanerì ìti o prohgoÔmenoc orismìc diatup¸netai, isodÔnama, wc ex c.
IsqÔei y0 = limx→x0 f(x), an gia k�je ε > 0 up�rqei δ = δ(ε) > 0 ¸ste:

x ∈ Nx0(δ) ∩ (A \ {x0}) ⇒ f(x) ∈ Ny0(ε) .

EpÐshc, mporoÔme na ton diatup¸soume wc ex c. IsqÔei y0 = limx→x0 f(x), an
gia k�je perioq  Ny0 tou y0 up�rqei antÐstoiqh perioq  Nx0 tou x0 ¸ste:

x ∈ Nx0 ∩ (A \ {x0}) ⇒ f(x) ∈ Ny0 .

Par�deigma:
'Estw ìti to X eÐnai efodiasmèno me th diakrit  metrik  δX . Tìte gia kamÐa
sun�rthsh orismènh se uposÔnolo tou X den èqei nìhma h melèth orÐou, diìti
k�je uposÔnolo tou X den èqei kanèna shmeÐo suss¸reushc.
'Askhsh 79: 'Estw metrikoÐ q¸roi (X, d) kai (Y, ρ), A ⊆ X, x0 ∈ X shmeÐo
suss¸reushc tou A kai f : A→ Y h opoÐa eÐnai stajer  sto A, dhlad , up�rqei
y0 ∈ Y ¸ste f(x) = y0 gia k�je x ∈ A. ApodeÐxte ìti limx→x0 f(x) = y0. PoieceÐnai oi kat�llhlec epilogèc gia to δ sunart sei tou ε?
Prìtash 4.13 'Estw metrikoÐ q¸roi (X, d) kai (Y, ρ), A ⊆ X, f : A→ Y kai
x0 ∈ X shmeÐo suss¸reushc tou A. An up�rqei ston Y ìrio thc f sto x0, autì
eÐnai monadikì.

Apìdeixh: Upojètoume y′0 = limx→x0 f(x) kai y′′0 = limx→x0 f(x), ìpou y′0 kai
y′′0 eÐnai stoiqeÐa tou Y , kai paÐrnoume tuqìn ε > 0.

BrÐskoume δ′ > 0 ¸ste: x ∈ A, 0 < d(x, x0) < δ′ ⇒ ρ(f(x), y′0) <
ε
2 .EpÐshc, brÐskoume δ′′ > 0 ¸ste: x ∈ A, 0 < d(x, x0) < δ′′ ⇒ ρ(f(x), y′′0 ) < ε
2 .Jètoume δ = min(δ′, δ′′), opìte: x ∈ A, 0 < d(x, x0) < δ ⇒ ρ(f(x), y′0) <

ε
2kai ρ(f(x), y′′0 ) < ε

2 .PaÐrnoume, t¸ra, opoiod pote x ∈ A me 0 < d(x, x0) < δ  , isodÔnama,
opoiod pote x ∈ Nx0(δ) ∩ (A \ {x0}). Up�rqei toul�qiston èna tètoio x, diìti
to x0 eÐnai shmeÐo suss¸reushc tou A. Me autì to x pou epilèxame èqoume
ρ(f(x), y′0) <

ε
2 kai ρ(f(x), y′′0 ) < ε

2 kai, epomènwc, ρ(y′0, y′′0 ) ≤ ρ(f(x), y′0) +
ρ(f(x), y′′0 ) < ε.

ApodeÐxame, loipìn, ìti gia k�je ε > 0 isqÔei 0 ≤ ρ(y′0, y
′′
0 ) < ε. 'Ara,

ρ(y′0, y
′′
0 ) = 0 kai, epomènwc, y′0 = y′′0 . O.E.D.
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B�sei tou apotelèsmatoc thc Prìtashc 4.13, mporoÔme na mil�me gia to
ìrio mÐac sun�rthshc se k�poio shmeÐo.
Orismìc 4.18 'Estw metrikoÐ q¸roi (X, d) kai (Y, ρ), A ⊆ X, f : A → Y
kai x0 ∈ A. Lème ìti h f eÐnai suneq c sto x0, an gia k�je ε > 0 up�rqei
δ = δ(ε) > 0 ¸ste:

x ∈ A, d(x, x0) < δ ⇒ ρ(f(x), f(x0)) < ε .

O prohgoÔmenoc orismìc diatup¸netai, isodÔnama, wc ex c. H f eÐnai suneq c
sto x0, an gia k�je ε > 0 up�rqei δ = δ(ε) > 0 ¸ste:

x ∈ Nx0(δ) ∩A ⇒ f(x) ∈ Nf(x0)(ε) .

'H, pio apl�. H f eÐnai suneq c sto x0, an gia k�je perioq  Nf(x0) tou f(x0)up�rqei perioq  Nx0 tou x0 ¸ste:
x ∈ Nx0 ∩A ⇒ f(x) ∈ Nf(x0) .

Orismìc 4.19 'Estw metrikoÐ q¸roi (X, d) kai (Y, ρ), A ⊆ X kai f : A→ Y .
Lème ìti h f eÐnai suneq c sto A, an eÐnai suneq c se k�je shmeÐo tou A.

'Askhsh 80: 'Estw metrikoÐ q¸roi (X, d) kai (Y, ρ), A ⊆ X, x0 ∈ A kai
f : A→ Y .
1. An to x0 den eÐnai shmeÐo suss¸reushc tou A, apodeÐxte ìti h f eÐnai suneq c
sto x0.2. An to x0 eÐnai shmeÐo suss¸reushc tou A, apodeÐxte ìti: h f eÐnai suneq c
sto x0 an kai mìnon an limx→x0 f(x) = f(x0).
'Askhsh 81: 'Estw metrikoÐ q¸roi (X, d) kai (Y, ρ), A ⊆ X kai f : A → Y
h opoÐa eÐnai stajer  sto A, dhlad , up�rqei y0 ∈ Y ¸ste f(x) = y0 gia k�je
x ∈ A. ApodeÐxte ìti h f eÐnai suneq c sto A. Poiec eÐnai oi kat�llhlec epilo-
gèc gia to δ sunart sei tou ε?
'Askhsh 82: ApodeÐxte ìti k�je sun�rthsh f orismènh se opoiod pote uposÔ-
nolo A metrikoÔ q¸rou (X, δX) eÐnai suneq c sto A. Poiec eÐnai oi kat�llhlec
epilogèc gia to δ sunart sei tou ε?
'Askhsh 83: 'Estw metrikoÐ q¸roi (X, d) kai (Y, ρ), B ⊆ A ⊆ X ¸ste B = A,
y0 ∈ Y kai f : A→ Y suneq c sto A. An f(x) = y0 gia k�je x ∈ B, apodeÐxte
ìti f(x) = y0 gia k�je x ∈ A. (Upìdeixh: P�rte tuqìn x0 ∈ A kai tuqìn ε > 0.
Efarmìste ton orismì thc sunèqeiac sto x0 kaj¸c kai to ìti x0 ∈ B gia na
apodeÐxete ìti up�rqei k�poio x ∈ B ¸ste ρ(f(x), f(x0)) < ε. Sumper�nate ìti
ρ(y0, f(x0)) < ε gia k�je ε > 0, opìte f(x0) = y0.)
Je¸rhma 4.3 'Estw metrikoÐ q¸roi (X, d) kai (Y, ρ), A ⊆ X kai f : A → Y .
Ta akìlouja eÐnai isodÔnama:
1. H f eÐnai suneq c sto A.
2. Gia k�je anoiktì uposÔnolo B tou (Y, ρ) to f−1(B) eÐnai anoiktì uposÔnolo
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tou upìqwrou (A, d).
3. Gia k�je kleistì uposÔnolo B tou (Y, ρ) to f−1(B) eÐnai kleistì uposÔnolo
tou upìqwrou (A, d).

Apìdeixh: [1 ⇒ 2]. 'Estw h f suneq c sto A. PaÐrnoume tuqìn anoiktì uposÔ-
nolo B tou (Y, ρ) kai, katìpin, tuqìn x0 ∈ f−1(B) (opìte f(x0) ∈ B). Up�rqei
ε > 0 ¸ste Nf(x0)(ε) ⊆ B. Katìpin, up�rqei δ > 0 ¸ste: x ∈ Nx0(δ) ∩ A ⇒
f(x) ∈ Nf(x0)(ε). Epomènwc: x ∈ Nx0(δ) ∩ A ⇒ f(x) ∈ B. IsodÔnama:
x ∈ Nx0(δ) ∩ A ⇒ x ∈ f−1(B). IsodÔnama: Nx0(δ) ∩ A ⊆ f−1(B). 'Omwc, to
sÔnolo Nx0(δ)∩A den eÐnai tÐpota �llo apì thn δ-perioq  tou x0 ston metrikì
upìqwro (A, d). ApodeÐxame, loipìn, ìti gia k�je x0 ∈ f−1(B) up�rqei k�poia
perioq  tou x0 ston metrikì upìqwro (A, d) h opoÐa perièqetai sto f−1(B).
Autì shmaÐnei ìti to f−1(B) eÐnai anoiktì uposÔnolo tou (A, d).
[2 ⇒ 1]. PaÐrnoume tuqìn x0 ∈ A gia na apodeÐxoume ìti h f eÐnai suneq c sto
x0. 'Estw tuqìn ε > 0. H Nf(x0)(ε) eÐnai anoiktì uposÔnolo tou (Y, ρ), opìte,
b�sei thc upìjeshc, to f−1

(
Nf(x0)(ε)

) eÐnai anoiktì uposÔnolo tou upìqwrou
(A, d). Epeid  x0 ∈ f−1

(
Nf(x0)(ε)

) (diìti f(x0) ∈ Nf(x0)(ε)), up�rqei δ > 0 ¸-
ste h Nx0(δ)∩A na perièqetai sto f−1

(
Nf(x0)(ε)

). Dhlad : x ∈ Nx0(δ)∩A ⇒
x ∈ f−1

(
Nf(x0)(ε)

). IsodÔnama: x ∈ Nx0(δ) ∩ A ⇒ f(x) ∈ Nf(x0)(ε). Autì
shmaÐnei ìti h f eÐnai suneq c sto x0.
[2 ⇒ 3]. 'Estw tuqìn kleistì uposÔnolo B tou (Y, ρ). To Y \ B eÐnai anoiktì
uposÔnolo tou (Y, ρ), opìte to A \ f−1(B) = f−1(Y \ B) eÐnai anoiktì uposÔ-
nolo tou upìqwrou (A, d). 'Ara, to f−1(B) eÐnai kleistì uposÔnolo tou (A, d).
[3 ⇒ 2]. 'Estw tuqìn anoiktì uposÔnolo B tou (Y, ρ). To Y \ B eÐnai kleistì
uposÔnolo tou (Y, ρ), opìte to A \ f−1(B) = f−1(Y \ B) eÐnai kleistì uposÔ-
nolo tou upìqwrou (A, d). 'Ara, to f−1(B) eÐnai anoiktì uposÔnolo tou (A, d).
O.E.D.
'Askhsh 84: 'Estw metrikìc q¸roc (X, d), A ⊆ X, a, b, c ∈ R kai f : A → R
suneq c sto A. ApodeÐxte ìti ta akìlouja eÐnai kleist� uposÔnola tou (A, d):
{x ∈ A : f(x) = a}, {x ∈ A : f(x) ≥ a} kai {x ∈ A : f(x) = a   b   c}.
'Askhsh 85: ApodeÐxte ìti ta {x ∈ R : 2 < x3 − x < 4} kai {x ∈ R : sin x

2 <
ex < sinx} eÐnai anoikt� uposÔnola tou R. ApodeÐxte ìti to {x ∈ [0, 1] : 1

4 <
x2 < 4} eÐnai anoiktì uposÔnolo tou [0, 1].
'Askhsh 86: 'Estw metrikoÐ q¸roi (X, d) kai (Y, ρ), A ⊆ X kai f : A → Y .
ApodeÐxte ìti ta akìlouja eÐnai isodÔnama:
1. H f eÐnai suneq c sto A.
2. f−1(B◦) ⊆

(
f−1(B)

)◦ ∩A gia k�je B ⊆ Y .
3. f(B ∩A) ⊆ f(B) gia k�je B ⊆ A.
Par�deigma:
Ja doÔme, t¸ra, mÐa shmantik  mèjodo anagn¸rishc anoikt¸n   kleist¸n upo-
sunìlwn tou eukleÐdiou q¸rou Rn   kai upoq¸rwn A tou Rn.

Gia par�deigma, èstw A ⊆ Rn, f : Rn → R suneq c sto A kai a, b ∈ R.
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Ta {x ∈ A : a < f(x)} = f−1((a,+∞)), {x ∈ A : f(x) < b} = f−1((−∞, b))
kai {x ∈ A : a < f(x) < b} = f−1((a, b)) eÐnai anoikt� uposÔnola tou A wc
antÐstrofec eikìnec twn anoikt¸n uposunìlwn (a,+∞), (−∞, b) kai (a, b) tou
R. OmoÐwc, ta {x ∈ A : a ≤ f(x)} = f−1([a,+∞)), {x ∈ A : f(x) ≤ b} =
f−1((−∞, b]) kai {x ∈ A : a ≤ f(x) ≤ b} = f−1([a, b]) eÐnai kleist� uposÔnola
tou A.

Fusik�, mporoÔme, ektìc apì diast mata, na qrhsimopoi soume opoiod pote
�llo anoiktì   kleistì uposÔnolo tou R.

H efarmog  aut c thc mejìdou proôpojètei, bèbaia, ìti mporoÔme na ana-
gnwrÐzoume suneqeÐc sunart seic A→ R orismènec se uposÔnola A tou Rn. Oi
epìmenec prot�seic ja mac bohj soun na apokt soume èna shmantikì apìjema
suneq¸n sunart sewn.
Prìtash 4.14 'Estw (X, d), (Y, ρ) kai (Z, τ) treic metrikoÐ q¸roi, A ⊆ X,
B ⊆ Y , x0 ∈ A, f : A→ B kai g : B → Z. An h f eÐnai suneq c sto x0 kai h g
eÐnai suneq c sto y0 = f(x0), tìte h g ◦ f : A→ Z eÐnai suneq c sto x0.

Apìdeixh: 'Estw ε > 0. Up�rqei δ′ = δ′(ε) > 0 ¸ste τ(g(y), g(y0)) < ε gia
k�je y ∈ B me ρ(y, y0) < δ′. Katìpin, up�rqei δ = δ(δ′) = δ(ε) > 0 ¸-
ste ρ(f(x), f(x0)) < δ′ gia k�je x ∈ A me d(x, x0) < δ. Epomènwc: x ∈
A, d(x, x0) < δ ⇒ ρ(f(x), f(x0)) < δ′ ⇒ τ(g(f(x)), g(f(x0))) < ε. Dhlad :
x ∈ A, d(x, x0) < δ ⇒ τ((g ◦ f)(x), (g ◦ f)(x0)) < ε. 'Ara, h g ◦ f : A → Z
eÐnai suneq c sto x0. O.E.D.
Prìtash 4.15 'Estw metrikìc q¸roc (X, d), A ⊆ X, x0 ∈ A kai f, g : A→ R
suneqeÐc sto x0. Tìte
1. h λf + µg eÐnai suneq c sto x0 gia k�je λ, µ ∈ R,
2. h fg eÐnai suneq c sto x0 kai,
3. an B = {x ∈ A : g(x) 6= 0} kai g(x0) 6= 0, tìte h 1

g : B → R eÐnai suneq c
sto x0.

Apìdeixh: 1. PaÐrnoume ε > 0 kai brÐskoume δ > 0 ¸ste |f(x)−f(x0)| < ε
2(|λ|+1)kai |g(x) − g(x0)| < ε

2(|µ|+1) gia k�je x ∈ A me d(x, x0) < δ. Tìte: x ∈ A,
d(x, x0) < δ ⇒

∣∣(λf(x) + µg(x)) − (λf(x0) + µg(x0))
∣∣ ≤ |λ||f(x) − f(x0)| +

|µ||g(x)− g(x0)| ≤ |λ| ε
2(|λ|+1) + |µ| ε

2(|µ|+1) < ε.
2. PaÐrnoume ε > 0 kai jètoume ε1 = min

(√
ε
3 ,

ε
3(|f(x0)|+1) ,

ε
3(|g(x0)|+1)

). BrÐ-
skoume δ > 0 ¸ste |f(x) − f(x0)| < ε1 kai |g(x) − g(x0)| < ε1 gia k�je x ∈ A
me d(x, x0) < δ. Tìte: x ∈ A, d(x, x0) < δ ⇒ |f(x)g(x) − f(x0)g(x0)| ≤
|f(x) − f(x0)||g(x) − g(x0)| + |f(x0)||g(x) − g(x0)| + |g(x0)||f(x) − f(x0)| ≤
ε21 + |f(x0)|ε1 + |g(x0)|ε1 < ε.
3. PaÐrnoume ε > 0 kai, kat' arq n, brÐskoume δ′ > 0 ¸ste |g(x)−g(x0)| < |g(x0)|

2

gia k�je x ∈ A me d(x, x0) < δ′. Sunep�getai |g(x)| > |g(x0)|
2 gia k�je x ∈ A

me d(x, x0) < δ′. Katìpin, brÐskoume δ′′ > 0 ¸ste |g(x) − g(x0)| < g(x0)
2

2 ε gia
k�je x ∈ A me d(x, x0) < δ′′. Jètoume δ = min(δ′, δ′′) kai èqoume: x ∈ B,
d(x, x0) < δ ⇒

∣∣ 1
g(x) −

1
g(x0)

∣∣ = |g(x)−g(x0)|
|g(x)||g(x0)| ≤

2|g(x)−g(x0)|
g(x0)2

< ε. O.E.D.
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Sundu�zontac tic dÔo teleutaÐec prot�seic, mporoÔme, xekin¸ntac apì polÔ
aplèc suneqeÐc sunart seic, na kataskeu�zoume ìlo kai pio polÔplokec.
Par�deigma:
Ston Rn orÐzetai gia k�je k me 1 ≤ k ≤ n h sun�rthsh k-probol 

πk : Rn → R

me tÔpo
πk(x) = x(k) , x = (x(1), . . . , x(n)) ∈ Rn .

K�je πk eÐnai suneq c ston Rn, diìti, |πk(x) − πk(y)| = |x(k) − y(k)| ≤√
(x(1) − y(1))2 + · · ·+ (x(n) − y(n))2 = dn,2(x, y) gia k�je x = (x(1), . . . , x(n))

kai y = (y(1), . . . , y(n)) ston Rn.
'Ara, an h g : R → R eÐnai suneq c sto R, tìte h f : Rn → R me tÔpo

f(x) = g(x(k)) , x = (x(1), . . . , x(n)) ∈ Rn

eÐnai suneq c ston Rn, diìti f = g ◦ πk.'Ara, poluwnumikèc sunart seic p : Rn → R, dhlad , sunart seic me tÔpo
p(x(1), . . . , x(n)) = A · (x(1))a1 · · · (x(n))an +B · (x(1))b1 · · · (x(n))bn + · · · ,

ìpou oi ekjètec eÐnai ìloi mh arnhtikoÐ akèraioi arijmoÐ, oi suntelestèc eÐ-
nai ìloi pragmatikoÐ arijmoÐ kai to �jroisma eÐnai peperasmèno, eÐnai suneqeÐc
ston Rn. Rhtèc sunart seic, dhlad  kl�smata poluwnumik¸n, eÐnai epÐshc su-
neqeÐc (ektìc apì ta shmeÐa sta opoÐa mhdenÐzetai o paronomast c) ìpwc kai
sunart seic oi opoÐec eÐnai aploÐ sunduasmoÐ ekjetik¸n, trigwnometrik¸n k.l.p
sunart sewn twn suntetagmènwn.
'Askhsh 87: 'Estw metrikìc q¸roc (X, d), A ⊆ X kai f, g : A → R suneqeÐc
sto A. ApodeÐxte ìti to {x ∈ A : f(x) < g(x)} eÐnai anoiktì uposÔnolo tou
(A, d) kai ìti ta {x ∈ A : f(x) ≤ g(x)} kai {x ∈ A : f(x) = g(x)} eÐnai kleist�
uposÔnola tou (A, d). (Upìdeixh: Jewr ste thn f − g.)
'Askhsh 88: 'Estw metrikìc q¸roc (X, d), A ⊆ X, x0 shmeÐo suss¸reushc
tou A, f, g : A→ R kai limx→x0 f(x) = l kai limx→x0 g(x) = m.
1. ApodeÐxte ìti limx→x0(f + g)(x) = l +m kai limx→x0(fg)(x) = lm.
2. An, epiplèon, m 6= 0, jewr ste to B = {x ∈ A : g(x) 6= 0} kai apodeÐxte
ìti to x0 eÐnai shmeÐo suss¸reushc tou B kai ìti gia thn 1

g : B → R isqÔei
limx→x0

1
g(x) = 1

m .
'Askhsh 89: 'Estw metrikìc q¸roc (X, d), mh kenì E ⊆ X kai h dE : X → R
pou orÐsjhke sthn �skhsh. ApodeÐxte ìti |dE(x) − dE(y)| ≤ d(x, y) gia k�je
x, y ∈ X kai ìti h dE : X → R eÐnai suneq c ston X. (Upìdeixh: Gia tuqìn
z ∈ E, d(y, z) ≥ d(x, z)−d(x, y) ≥ dE(x)−d(x, y). 'Ara, dE(y) ≥ dE(x)−d(x, y)
kai, epomènwc, dE(x)− dE(y) ≤ d(x, y). Summetrik�, dE(y)− dE(x) ≤ d(x, y).)
'Askhsh 90: 'Estw metrikìc q¸roc (X, d) kai mh ken� kleist� uposÔnola A
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kai B tou (X, d) me A ∩ B = ∅. OrÐzoume th sun�rthsh f : X → R me tÔpo
f(x) = dA(x)

dA(x)+dB(x) gia k�je x ∈ X. (DeÐte thn prohgoÔmenh �skhsh.)
1. ApodeÐxte ìti h f eÐnai suneq c ston X.
2. ApodeÐxte ìti: f(x) = 1 ⇔ x ∈ B kaj¸c kai f(x) = 0 ⇔ x ∈ A.
3. OrÐzoume K = f−1

(
(−∞, 1

2 )
) kai L = f−1

(
( 1
2 ,+∞)

). ApodeÐxte ìti ta K
kai L eÐnai anoikt� uposÔnola tou (X, d), ìti K ∩ L = ∅ kai ìti A ⊆ K kai
B ⊆ L.

4.5 AkoloujÐec.
Orismìc 4.20 'Estw metrikìc q¸roc (X, d), x ∈ X kai akoloujÐa (xn) sto X.
Lème ìti h (xn) sugklÐnei sto x ston (X, d)   ìti to x eÐnai ìrio thc (xn)
ston (X, d), kai sumbolÐzoume

xn → x ston (X, d)   lim
n→+∞

xn = x ston (X, d) ,

an gia k�je ε > 0 up�rqei n0 = n0(ε) ∈ N ¸ste:

n ≥ n0 ⇒ d(xn, x) < ε .

'H, isodÔnama, h (xn) sugklÐnei sto x ston (X, d), an gia k�je ε > 0 up�rqei
n0 = n0(ε) ∈ N ¸ste:

n ≥ n0 ⇒ xn ∈ Nx(ε) .

Prìtash 4.16 'Estw metrikìc q¸roc (X, d) kai akoloujÐa (xn) sto X. An
ston (X, d) up�rqei ìrio thc (xn), autì eÐnai monadikì.

Apìdeixh: 'Estw xn → x′ kai xn → x′′ ston (X, d). PaÐrnoume tuqìn ε > 0
kai brÐskoume n′0 ¸ste d(xn, x

′) < ε
2 gia k�je n ≥ n′0. EpÐshc, brÐskoume

n′′0 ¸ste d(xn, x
′′) < ε

2 gia k�je n ≥ n′′0 . PaÐrnoume n0 = max(n′0, n
′′
0) kai

èqoume d(xn0 , x
′) < ε

2 kai d(xn0 , x
′′) < ε

2 . Sunep�getai d(x′, x′′) ≤ d(xn0 , x
′) +

d(xn0 , x
′′) < ε. 'Ara, gia k�je ε > 0 isqÔei 0 ≤ d(x′, x′′) < ε kai, epomènwc,

d(x′, x′′) = 0. O.E.D.
SÔmfwna me thn Prìtash 4.16, mporoÔme na mil�me gia to ìrio mÐac ako-

loujÐac.
'Askhsh 91: 'Estw xn → x ston metrikì q¸ro (X, d) kai upoakoloujÐa (xnk

).
ApodeÐxte ìti xnk

→ x ston (X, d). (Upìdeixh: MimhjeÐte th gnwst  apìdeixh
tou antÐstoiqou apotelèsmatoc gia akoloujÐec sto R.)
Prìtash 4.17 'Estw metrikìc q¸roc (X, d), x ∈ X kai akoloujÐa (xn) sto X.
Tìte: xn → x ston (X, d) an kai mìnon an d(xn, x) → 0 ston R.

Apìdeixh: H apìdeixh eÐnai profan c apì touc orismoÔc thc sÔgklishc thc (xn)
ston (X, d) kai thc (

d(xn, x)
) ston R. O.E.D.
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'Askhsh 92: 'Estw ìti xn → x kai yn → y ston (X, d). ApodeÐxte ìti
d(xn, yn) → d(x, y). (Upìdeixh: ApodeÐxte ìti |d(xn, yn)− d(x, y)| ≤ d(xn, x) +
d(yn, y).)
ParadeÐgmata:
1. 'Estw metrikìc q¸roc (X, d), x ∈ X kai (xn) ston X h opoÐa met� apì
k�poion deÐkth eÐnai stajer  kai Ðsh me x. Tìte xn → x ston (X, d).

Pr�gmati, èstw ìti up�rqei k�poio n1 ∈ N ¸ste xn = x gia k�je n ≥ n1.PaÐrnoume tuqìn ε > 0 kai epilègoume n0 = n1. Tìte: n ≥ n0 ⇒ n ≥ n1 ⇒
d(xn, x) = 0 < ε. 'Ara, xn → x ston (X, d).

Enallaktik�, mporoÔme na skeftoÔme wc ex c. H akoloujÐa (d(xn, x)) eÐnaiakoloujÐa ston R kai met� apì k�poion deÐkth eÐnai stajer  kai Ðsh me 0. 'Ara,
d(xn, x) → 0 ston R kai, epomènwc, xn → x ston (X, d).
2. H epìmenh prìtash an�gei th sÔgklish akolouji¸n ston Rn sth sÔgklish
akolouji¸n pragmatik¸n arijm¸n.
Prìtash 4.18 'Estw xm = (x(1)

m , . . . , x
(n)
m ) (m ∈ N) akoloujÐa ston Rn kai

x = (x(1), . . . , x(n)) ∈ Rn. Ta parak�tw eÐnai isodÔnama.
1. xm → x ston Rn.
2. x

(k)
m → x(k) ston R gia k�je k = 1, . . . , n.

Apìdeixh: [1 ⇒ 2]. 'Estw xm → x ston Rn, opìte dn,2(xm, x) → 0. Gia k�je
k = 1, . . . , n isqÔei |x(k)

m − x(k)| ≤ dn,2(xm, x) → 0, opìte x(k)
m → x(k) ston R.

[2 ⇒ 1]. 'Estw x(k)
m → x(k) stonR gia k�je k = 1, . . . , n. Tìte (x(k)

m −x(k))2 → 0
ston R gia k�je k = 1, . . . , n. 'Ara, (x(1)

m −x(1))2 + · · ·+(x(n)
m −x(n))2 → 0 kai,

epomènwc, dn,2(xm, x) → 0. 'Ara, xm → x ston Rn. O.E.D.
'Askhsh 93: JewroÔme tic akoloujÐec (xm) kai (ym) ston Rn kai akoloujÐa
(λm) ston R. An xm → x, ym → y ston Rn kai λm → λ ston R, apodeÐxte ìti
xm + ym → x + y, xm · ym → x · y kai λmxm → λx. (H teleÐa · dhl¸nei to
eswterikì ginìmeno.) (Upìdeixh: MetasqhmatÐste se parast�seic suntetagmè-
nwn.)

3. Ston q¸ro (X, δX) isqÔei Nx(ε) =
{
{x}, an 0 < ε ≤ 1,
X, an 1 < ε. An mÐa akolou-

jÐa (xn) sugklÐnei sto x ston (X, δX), tìte gia ε = 1
2 up�rqei n0 ∈ N ¸ste:

n ≥ n0 ⇒ xn ∈ Nx( 1
2 ) = {x}, dhlad , xn = x. 'Ara, h (xn) eÐnai met� a-

pì k�poion deÐkth stajer . To antÐstrofo, sÔmfwna me to pr¸to par�deigma,
isqÔei se k�je metrikì q¸ro. 'Ara, oi sugklÐnousec akoloujÐec ston (X, δX)
eÐnai ekeÐnec kai mìnon ekeÐnec oi opoÐec eÐnai met� apì k�poion deÐkth stajerèc.

O q¸roc (X, δX) eÐnai arket� aplöikìc kai  dh gnwrÐzoume ìla ta anoikt�
kai ta kleist� uposÔnol� tou kai ìlec tic sugklÐnousec akoloujÐec tou. EÐnai
phg  paradeigm�twn kai antiparadeigm�twn.

Ja doÔme, t¸ra, thn polÔ isqur  sqèsh an�mesa sthn ènnoia thc sÔgkli-
shc akolouji¸n kai se di�forec ènnoiec pou èqoume  dh melet sei: tic ènnoiec
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tou shmeÐou epaf c kai tou shmeÐou suss¸reushc, thn ènnoia tou kleistoÔ upo-
sunìlou (kai, emmèswc, tou anoiktoÔ uposunìlou), thn ènnoia tou sunoriakoÔ
shmeÐou kai, tèloc, tic ènnoiec tou orÐou sun�rthshc kai thc sunèqeiac sun�r-
thshc.
Prìtash 4.19 'Estw metrikìc q¸roc (X, d), A ⊆ X kai x ∈ X. To x eÐnai
shmeÐo epaf c tou A an kai mìnon an up�rqei akoloujÐa (xn) sto A ¸ste xn → x
ston (X, d).

Apìdeixh: 'Estw ìti to x eÐnai shmeÐo epaf c tou A kai èstw tuqìn n ∈ N.
Sthn Nx

(
1
n

) up�rqei toul�qiston èna stoiqeÐo tou A kai èstw xn èna tètoio
stoiqeÐo. Dhlad , xn ∈ A kai d(xn, x) < 1

n . 'Ara, èqoume akoloujÐa (xn) sto
A gia thn opoÐa isqÔei d(xn, x) → 0 ston R kai, epomènwc, xn → x ston (X, d).

Antistrìfwc, èstw ìti up�rqei (xn) sto A ¸ste xn → x ston (X, d). PaÐr-
noume tuqìn ε > 0, opìte up�rqei n0 ¸ste xn ∈ Nx(ε) gia k�je n ≥ n0.Eidik¸tera: xn0 ∈ Nx(ε). ApodeÐxame ìti gia k�je ε > 0 h perioq  Nx(ε) tou x
perièqei toul�qiston èna stoiqeÐo tou A, to xn0 . 'Ara, to x eÐnai shmeÐo epaf c
tou A. O.E.D.

H apìdeixh thc epìmenhc Prìtashc 4.20 eÐnai parìmoia me thn apìdeixh thc
Prìtashc 4.19.
Prìtash 4.20 'Estw metrikìc q¸roc (X, d), A ⊆ X kai x ∈ X. To x eÐnai
shmeÐo suss¸reushc tou A an kai mìnon an up�rqei akoloujÐa (xn) sto A \ {x}
¸ste xn → x ston (X, d).

Apìdeixh: 'Estw ìti to x eÐnai shmeÐo suss¸reushc tou A kai èstw tuqìn n ∈ N.
Sthn Nx

(
1
n

) up�rqei toul�qiston èna stoiqeÐo tou A\{x} kai èstw xn èna tètoio
stoiqeÐo. Dhlad , xn ∈ A \ {x} kai d(xn, x) < 1

n . 'Ara, èqoume akoloujÐa (xn)
sto A \ {x} gia thn opoÐa isqÔei d(xn, x) → 0 ston R kai, epomènwc, xn → x
ston (X, d).

Antistrìfwc, èstw ìti up�rqei (xn) sto A \ {x} ¸ste xn → x ston (X, d).
PaÐrnoume tuqìn ε > 0, opìte up�rqei n0 ¸ste xn ∈ Nx(ε) gia k�je n ≥ n0.Eidik¸tera: xn0 ∈ Nx(ε). ApodeÐxame ìti gia k�je ε > 0 h perioq  Nx(ε) tou x
perièqei toul�qiston èna stoiqeÐo tou A \ {x}, to xn0 . 'Ara, to x eÐnai shmeÐo
suss¸reushc tou A. O.E.D.
ParadeÐgmata:
1. 'Estw metrikìc q¸roc (X, d) kai A ⊆ X. K�je x ∈ A eÐnai shmeÐo epaf c
tou A, diìti up�rqei h stajer  akoloujÐa (x) sto A me ìrio x ston (X, d).
2. 'Estw to [a, b] ston R me a < b. Apì to prohgoÔmeno par�deigma gnwrÐzoume
ìti k�je x ∈ [a, b] eÐnai shmeÐo epaf c tou [a, b]. EpÐshc, k�je x ∈ [a, b] eÐnai
shmeÐo suss¸reushc tou [a, b]. Pr�gmati, an a ≤ x < b, up�rqei h akoloujÐa(
x + b−x

n

) sto [a, b] \ {x} me ìrio to x kai, an x = b, up�rqei h akoloujÐa(
b− b−a

n

) sto [a, b] \ {b} me ìrio to b.
'Estw, t¸ra, to [a, b] ∪ {c} ston R me a < b < c. K�je x ∈ [a, b] ∪ {c} eÐnai

shmeÐo epaf c tou [a, b] ∪ {c}. EpÐshc, me thn aitiolìghsh tou prohgoÔmenou
paradeÐgmatoc, k�je x ∈ [a, b] eÐnai shmeÐo suss¸reushc tou [a, b]∪{c}. 'Omwc,
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to c den eÐnai shmeÐo suss¸reushc tou [a, b] ∪ {c}, diìti den up�rqei kamÐa ako-
loujÐa (xn) sto (

[a, b] ∪ {c}
)
\ {c} me ìrio to c ston R. An up rqe, ja eÐqame

a ≤ xn ≤ b gia k�je n kai, paÐrnontac ìrio kaj¸c n → +∞, ja katal game
sthn a ≤ c ≤ b.
Prìtash 4.21 'Estw metrikìc q¸roc (X, d) kai A ⊆ X. Ta parak�tw eÐnai
isodÔnama.
1. To A eÐnai kleistì uposÔnolo tou X.
2. K�je x, gia to opoÐo up�rqei akoloujÐa sto A me ìrio x ston (X, d), an kei
sto A.

Apìdeixh: [1 ⇒ 2]. 'Estw tuqìn x gia to opoÐo up�rqei (xn) sto A ¸ste xn → x
ston (X, d). B�sei thc Prìtashc 4.19, to x eÐnai shmeÐo epaf c tou A, opìte
x ∈ A. Epeid  to A eÐnai kleistì uposÔnolo tou X, isqÔei A = A kai, epomènwc,
x ∈ A.
[2 ⇒ 1]. 'Estw tuqìn shmeÐo epaf c x tou A. Tìte, apì thn Prìtash 4.19,
up�rqei akoloujÐa sto A me ìri to x ston (X, d) kai, epomènwc, to x an kei sto
A. ApodeÐxame ìti k�je shmeÐo epaf c tou A  , isodÔnama, k�je stoiqeÐo tou
A an kei sto A, opìte A ⊆ A. Epeid  h A ⊆ A isqÔei gia k�je A, sunep�getai
A = A kai, epomènwc, to A eÐnai kleistì uposÔnolo tou X. O.E.D.
ParadeÐgmata:
1. 'Estw [a, b] ston R kai opoiod pote x to opoÐo eÐnai ìrio akoloujÐac (xn) sto
[a, b]. Dhlad , a ≤ xn ≤ b gia k�je n ∈ N kai xn → x. PaÐrnontac ìrio kaj¸c
n → +∞, brÐskoume a ≤ x ≤ b, dhlad , x ∈ [a, b]. 'Ara to A eÐnai kleistì
uposÔnolo tou R.

OmoÐwc, k�je kleistì di�sthma [a,+∞), (−∞, b] kai (−∞,+∞) eÐnai klei-
stì uposÔnolo tou R.

Gia to (a, b) up�rqei èna toul�qiston x, sugkekrimèna to x = a   to x = b,
to opoÐo eÐnai ìrio akoloujÐac sto (a, b), sugkekrimèna thc xn = a+ (b− a)/2n
  thc xn = b− (b−a)/2n, antistoÐqwc, all� den an kei sto (a, b). 'Ara to (a, b)
den eÐnai kleistì uposÔnolo tou R.

OmoÐwc apodeiknÔetai ìti ta (a,+∞), (−∞, b), [a, b) kai (a, b] den eÐnai klei-
st� uposÔnola tou R.
'Askhsh 94: ApodeÐxte ìti to { 1

n : n ∈ N} den eÐnai kleistì uposÔnolo tou R
en¸ to {0} ∪ { 1

n : n ∈ N} eÐnai kleistì uposÔnolo tou R.
2. Ston Rn jewroÔme thn kleist  mp�la Na(r) = {x ∈ Rn : dn,2(x, a) ≤ r}.
Upojètoume ìti to x ∈ Rn eÐnai ìrio k�poiac (xm) sto Na(r). An x =
(x(1), . . . , x(n)), a = (a(1), . . . , a(n)) kai xm = (x(1)

m , . . . , x
(n)
m ), h sqèsh xm ∈

Na(r) gÐnetai
√

(x(1)
m − a(1))2 + · · ·+ (x(n)

m − a(n))2 ≤ r gia k�je m ≥ 1 kai apì
to ìti xm → x sunep�getai x(k)

m → x(k) gia k�je k = 1, . . . , n. SumperaÐnou-
me √

(x(1) − a(1))2 + · · ·+ (x(n) − a(n))2 ≤ r, paÐrnontac ìrio kaj¸c m → +∞
sthn teleutaÐa anisìthta. 'Ara, x ∈ Na(r).

'Ara h Na(r) eÐnai kleistì uposÔnolo tou Rn.
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3. 'Estw a1, . . . , an ∈ R èna toul�qiston ek twn opoÐwn eÐnai 6= 0 kai a ∈
R. Ston Rn jewroÔme to uperepÐpedo Γ = {x = (x(1), . . . , x(n)) : a1x

(1) +
· · · + anx

(n) = a}. Upojètoume ìti to x ∈ Rn eÐnai ìrio k�poiac (xm) sto Γ.
An x = (x(1), . . . , x(n)) kai xm = (x(1)

m , . . . , x
(n)
m ), h sqèsh xm ∈ Γ gr�fetai

a1x
(1)
m + · · · + anx

(n)
m = a gia k�je m ≥ 1 kai apì to ìti xm → x sunep�getai

x
(k)
m → x(k) gia k�je k = 1, . . . , n. PaÐrnontac ìrio kaj¸c m → +∞ sthn

teleutaÐa isìthta, sumperaÐnoume a1x
(1)+· · ·+anx

(n) = a kai, epomènwc, x ∈ Γ.
'Ara to Γ eÐnai kleistì uposÔnolo tou Rn.

'Askhsh 95: ApodeÐxte ìti k�je kleistìc hmiq¸roc kai k�je kleistì orjog¸-
nio parallhlepÐpedo ston Rn me akmèc par�llhlec stouc kÔriouc �xonec eÐnai
kleist� uposÔnola tou Rn.
'Askhsh 96: 'Estw o metrikìc q¸roc (X, δX). ApodeÐxte ìti k�je A ⊆ X eÐnai
kleistì uposÔnolo tou (X, δX).
Prìtash 4.22 'Estw metrikìc q¸roc (X, d), A ⊆ X kai x ∈ X. To x eÐnai
sunoriakì shmeÐo tou A an kai mìnon an up�rqei (x′n) sto A kai (x′′n) sto X \A
¸ste x′n → x kai x′′n → x ston (X, d).

Apìdeixh: To ìti to x eÐnai sunoriakì shmeÐo tou A eÐnai isodÔnamo me to ìti
to x eÐnai shmeÐo epaf c tou A kai tou X \A. Autì, ìmwc, eÐnai isodÔnamo me
to ìti up�rqei (x′n) sto A ¸ste x′n → x ston (X, d) kai (x′′n) sto X \ A ¸ste
x′′n → x ston (X, d). O.E.D.
'Askhsh 97: H Prìtash 4.19 mac epitrèpei na qrhsimopoi soume ènan diafo-
retikì, all� isodÔnamo me ton prohgoÔmeno, orismì tou shmeÐou epaf c enìc
A ⊆ X se metrikì q¸ro (X, d): to x ∈ X eÐnai shmeÐo epaf c tou A, an up�rqei
akoloujÐa (xn) sto A ¸ste xn → x ston (X, d). Me an�logo trìpo, apì thn
Prìtash 4.20 proèrqetai o isodÔnamoc orismìc tou shmeÐou suss¸reushc: to
x ∈ X eÐnai shmeÐo suss¸reushc tou A, an up�rqei akoloujÐa (xn) sto A \ {x}
¸ste xn → x ston (X, d). Akìmh, apì thn Prìtash 4.22 èqoume ton isodÔnamo
orismì tou sunoriakoÔ shmeÐou: to x ∈ X eÐnai sunoriakì shmeÐo tou A, an
up�rqoun akoloujÐec (x′n) sto A kai (x′′n) sto X \ A ¸ste x′n → x kai x′′n → x
ston (X, d). Tèloc, h Prìtash 4.21 mac epitrèpei na qrhsimopoi soume ton i-
sodÔnamo orismì tou kleistoÔ uposunìlou: to A eÐnai kleistì uposÔnolo tou
(X, d), an k�je x, gia to opoÐo up�rqei akoloujÐa sto A me ìrio x ston (X, d),
an kei sto A.

Qrhsimopoi¸ntac touc tèssereic autoÔc orismoÔc, apodeÐxte me diaforetikì
trìpo ta parak�tw  dh gnwst� mac apotelèsmata: thn Prìtash 4.5, thn Prì-
tash 4.6.2 kai 4.6.4, to Je¸rhma 4.1.3 kai 4.1.4, thn Prìtash 4.9, thn Prìtash
4.10, thn Prìtash 4.11 kai thn Prìtash 4.12. EpÐshc, lÔste tic ask seic 27,
44, 45, 49, 51, 57, 58, 66, 74, 75 kai 76.
Prìtash 4.23 'Estw metrikoÐ q¸roi (X, d) kai (Y, ρ), A ⊆ X, x0 shmeÐo sus-
s¸reushc tou A, y0 ∈ Y kai f : A→ Y . Ta parak�tw eÐnai isodÔnama.
1. limx→x0 f(x) = y0.
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2. Gia k�je (xn) sto A \ {x0} me xn → x0 ston (X, d) isqÔei f(xn) → y0 ston
(Y, ρ).

Apìdeixh: [1 ⇒ 2]. 'Estw (xn) sto A \ {x0} me xn → x0 ston (X, d). PaÐr-
noume tuqìn ε > 0 kai brÐskoume δ > 0 ¸ste: x ∈ A, 0 < d(x, x0) < δ ⇒
d(f(x), f(x0)) < ε. Katìpin, brÐskoume n0 ¸ste: n ≥ n0 ⇒ d(xn, x0) < δ.
Epeid  xn ∈ A \ {x0} gia k�je n ∈ N, èqoume: n ≥ n0 ⇒ xn ∈ A, 0 <
d(xn, x0) < δ ⇒ d(f(xn), f(x0)) < ε. 'Ara, f(xn) → f(x0) ston (Y, ρ).
[2 ⇒ 1]. 'Estw ìti h f den eÐnai suneq c sto x0. Tìte up�rqei k�poio ε0 ¸ste
gia k�je δ > 0 up�rqei x ∈ A me d(x, x0) < δ kai ρ(f(x), f(x0)) ≥ ε0. 'Ara, giak�je n ∈ N up�rqei xn ∈ A me d(xn, x0) < 1

n kai ρ(f(xn), f(x0)) ≥ ε0. T¸ra, hakoloujÐa (xn) eÐnai sto A kai isqÔei xn → x0 ston (X, d), afoÔ d(xn, x0) → 0
ston R. 'Omwc, den isqÔei ρ(f(xn), f(x0)) → 0 ston R kai, epomènwc, den isqÔei
f(xn) → f(x0) ston (Y, ρ). O.E.D.

H apìdeixh thc epìmenhc Prìtashc 4.24 eÐnai sqedìn kat� lèxh epan�lhyh
thc apìdeixhc thc Prìtashc 4.23.
Prìtash 4.24 'Estw metrikoÐ q¸roi (X, d) kai (Y, ρ), A ⊆ X, x0 ∈ A kai
f : A→ Y . Ta parak�tw eÐnai isodÔnama.
1. H f eÐnai suneq c sto x0.
2. Gia k�je (xn) sto A me xn → x0 ston (X, d) isqÔei f(xn) → f(x0) ston
(Y, ρ).

Apìdeixh: [1 ⇒ 2]. 'Estw (xn) sto A me xn → x0 ston (X, d). PaÐrnoume tuqìn
ε > 0 kai brÐskoume δ > 0 ¸ste: x ∈ A, d(x, x0) < δ ⇒ d(f(x), f(x0)) < ε.
Katìpin, brÐskoume n0 ¸ste: n ≥ n0 ⇒ d(xn, x0) < δ. Epeid  xn ∈ A gia k�je
n ∈ N, èqoume: n ≥ n0 ⇒ xn ∈ A, d(xn, x0) < δ ⇒ d(f(xn), f(x0)) < ε.
'Ara, f(xn) → f(x0) ston (Y, ρ).
[2 ⇒ 1]. 'Estw ìti h f den eÐnai suneq c sto x0. Tìte up�rqei k�poio ε0 ¸ste
gia k�je δ > 0 up�rqei x ∈ A me d(x, x0) < δ kai ρ(f(x), f(x0)) ≥ ε0. 'Ara, giak�je n ∈ N up�rqei xn ∈ A me d(xn, x0) < 1

n kai ρ(f(xn), f(x0)) ≥ ε0. T¸ra, hakoloujÐa (xn) eÐnai sto A kai isqÔei xn → x0 ston (X, d), afoÔ d(xn, x0) → 0
ston R. 'Omwc, den isqÔei ρ(f(xn), f(x0)) → 0 ston R kai, epomènwc, den isqÔei
f(xn) → f(x0) ston (Y, ρ). O.E.D.
'Askhsh 98: Sto Ðdio pneÔma me thn �skhsh 97, b�sei twn Prot�sewn 4.23 kai
4.24, mporoÔme na diatup¸soume enallaktikoÔc, isodÔnamouc me touc prohgoÔ-
menouc, orismoÔc tou orÐou sun�rthshc kai thc sunèqeiac sun�rthshc. Dhlad ,
orÐzoume limx→x0 f(x) = y0, an gia k�je (xn) sto A \ {x0} me xn → x0 ston
(X, d) isqÔei f(xn) → y0 ston (Y, ρ). EpÐshc, lème ìti h f eÐnai suneq c sto
x0, an gia k�je (xn) sto A me xn → x0 ston (X, d) isqÔei f(xn) → f(x0) ston
(Y, ρ).

Qrhsimopoi¸ntac autoÔc touc orismoÔc kaj¸c kai touc orismoÔc sthn �skh-
sh, apodeÐxte me diaforetikì trìpo thn Prìtash 4.13, thn isodunamÐa [1 ⇔ 3]
tou Jewr matoc 4.3, thn Prìtash 4.14 kai thn Prìtash 4.15. EpÐshc, lÔste tic
ask seic 79, 80, 81, 82, 83 kai 88.

115



116



Kef�laio 5

Sump�geia.

5.1 Genik�.
'Estw X opoiod pote mh kenì sÔnolo,M ⊆ X kai mÐa oikogèneia Σ uposunìlwn
tou X. Dhlad , k�je A ∈ Σ eÐnai èna uposÔnolo tou X.
Orismìc 5.1 H Σ onom�zetai k�luyh tou M , anM ⊆

⋃
A∈ΣA. An, epiplèon,

h Σ eÐnai peperasmènh, onom�zetai peperasmènh k�luyh tou M .

Orismìc 5.2 'Estw Σ kai Σ′ dÔo kalÔyeic tou M . An Σ′ ⊆ Σ, lème ìti h Σ
eÐnai megalÔterh   Ðsh thc Σ′ kai ìti h Σ′ eÐnai mikrìterh   Ðsh thc Σ.

Orismìc 5.3 'Estw (X, d) ènac metrikìc q¸roc kai M ⊆ X. An h Σ eÐnai k�-
luyh touM kai ìla ta A ∈ Σ eÐnai anoikt� uposÔnola tou (X, d), h Σ onom�zetai
anoikt  k�luyh tou M .

EÐnai apolÔtwc profanèc ìti, an oi Σ kai Σ′ eÐnai kalÔyeic touM kai Σ′ ⊆ Σ
kai h Σ eÐnai anoikt  k�luyh tou M , tìte kai h Σ′ eÐnai anoikt  k�luyh tou M .

EÐnai, epÐshc, profanèc ìti, an h Σ eÐnai k�luyh tou M kai N ⊆ M , tìte h
Σ eÐnai k�luyh kai tou N .
ParadeÐgmata:
1. 'Estw X = R kai M = [0, 1]. JewroÔme ìla ta diast mata thc morf c
Ax =

(
x− 1

100 , x+ 1
100

)
(x ∈ R) kai th sullog  Σ = {Ax : x ∈ R}.

H Σ eÐnai, profan¸c, anoikt  k�luyh tou [0, 1]. An xeqwrÐsoume kai kra-
t soume mon�qa ta diast mata thc morf c Axk

=
(
xk − 1

100 , xk + 1
100

), ìpou
x0 = 0, x1 = 1

100 ,. . . ,xk = k
100 ,. . . ,x99 = 99

100 , x100 = 1, tìte h sullog 
Σ′ = {Axk

: 0 ≤ k ≤ 100} eÐnai mÐa peperasmènh k�luyh tou [0, 1] mikrìterh  
Ðsh apì thn Σ.

'Ara, gia th sugkekrimènh anoikt  k�luyh Σ tou [0, 1] up�rqei mia pepera-
smènh k�luyh tou [0, 1] mikrìterh   Ðsh apì aut n.
2. 'Estw X = R kai M = R. PaÐrnoume ta Ðdia Ax =

(
x − 1

100 , x + 1
100

)
(x ∈ R) ìpwc sto prohgoÔmeno par�deigma, kai thn Σ = {Ax : x ∈ R}, h opoÐa
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eÐnai anoikt  k�luyh tou R. H Σ eÐnai �peirh oikogèneia kai tÐjetai to er¸thma
an up�rqei peperasmènh k�luyh tou R mikrìterh   Ðsh apì th Σ.

'Oqi, diìti an p�roume opoiad pote peperasmènou pl jouc diast mata Ax1 =(
x1 − 1

100 , x1 + 1
100

),. . . ,Axn =
(
xn − 1

100 , xn + 1
100

) kai jewr soume thn Σ′ =
{Axk

: 1 ≤ k ≤ n}, tìte h Σ′ den eÐnai k�luyh tou R. Pr�gmati, an diat�xoume
ta x1, . . . , xn ¸ste x1 < x2 < · · · < xn, tìte ⋃

A∈Σ′ A ⊆
(
x1 − 1

100 , xn + 1
100

).
'Ara, gia th sugkekrimènh anoikt  k�luyh Σ tou R den up�rqei kamÐa pepe-

rasmènh k�luyh tou R mikrìterh   Ðsh apì aut n.
3. 'Estw X = R kai M = R. PaÐrnoume ìla ta diast mata thc morf c
(−n,+∞) kai (−∞, n) (n ∈ N) kai èstw Σ = {(−n,+∞), (−∞, n) : n ∈ N}.

Profan¸c, h Σ eÐnai anoikt  k�luyh tou R kai h Σ′ = {(−1,+∞), (−∞, 1)}
eÐnai, epÐshc, k�luyh tou R.

'Ara, gia th sugkekrimènh anoikt  k�luyh Σ tou R up�rqei mÐa peperasmènh
k�luyh tou R mikrìterh   Ðsh apì aut n.
4. 'Estw X = R kai M = (0, 1). JewroÔme thn Ðdia sullog  Σ = {Ax : x ∈ R}
tou paradeÐgmatoc 1, ìpou Ax =

(
x− 1

100 , x+ 1
100

)
(x ∈ R). H Σ eÐnai anoikt 

k�luyh tou (0, 1). H Σ′ = {Axk
: 0 ≤ k ≤ 100} eÐnai, ìpwc kai sto par�deigma

1, peperasmènh k�luyh tou (0, 1) mikrìterh   Ðsh apì thn Σ.
'Ara, gia th sugkekrimènh anoikt  k�luyh tou (0, 1) up�rqei mÐa peperasmènh

k�luyh tou (0, 1) mikrìterh   Ðsh apì aut n.
5. 'Estw X = R kaiM = (0, 1). JewroÔme ta anoikt� diast mata An =

(
1
n , 1

)
(n = 2, 3, . . .) kai thn Σ = {An : n = 2, 3, . . .}.

H Σ eÐnai anoikt  k�luyh tou (0, 1), diìti k�je x sto (0, 1) perièqetai sto(
1
n , 1

), arkeÐ to n na eÐnai arket� meg�lo ¸ste 1
n < x < 1. An p�roume

opoiad pote peperasmènou pl jouc apì ta diast mata aut�, dhlad , An1 =(
1

n1
, 1

),. . . ,AnN
=

(
1

nN
, 1

) kai jewr soume thn Σ′ = {Ank
: 1 ≤ k ≤ N}, tìte

h Σ′ den eÐnai k�luyh tou (0, 1). Pr�gmati, an diat�xoume n1 < n2 < · · · < nN ,
tìte ⋃

A∈Σ′ A =
(

1
nN

, 1
).

'Ara, gia th sugkekrimènh anoikt  k�luyh tou (0, 1) den up�rqei kamÐa pepe-
rasmènh k�luyh tou (0, 1) mikrìterh   Ðsh apì aut n.
Sta prohgoÔmena paradeÐgmata:
(i) Stic peript¸seic M = (0, 1) kai M = R eÐdame sugkekrimènec anoiktèc ka-
lÔyeic Σ tou M gia tic opoÐec up�rqoun peperasmènec kalÔyeic Σ′ tou M ¸ste
Σ′ ⊆ Σ kai sugkekrimènec anoiktèc kalÔyeic Σ touM gia tic opoÐec den up�rqei
kamÐa peperasmènh k�luyh Σ′ tou M ¸ste Σ′ ⊆ Σ.
(ii) Sthn perÐptwsh M = [0, 1] eÐdame sugkekrimènh anoikt  k�luyh Σ tou M
gia thn opoÐa up�rqei peperasmènh k�luyh Σ′ tou M ¸ste Σ′ ⊆ Σ. EÐnai du-
natìn na broÔme anoikt  k�luyh Σ tou [0, 1] gia thn opoÐa den up�rqei kamÐa
peperasmènh k�luyh Σ′ tou M ¸ste Σ′ ⊆ Σ? LÐgo parak�tw ja apodeÐxoume
ìti autì eÐnai adÔnaton!

H er¸thsh pou diatup¸jhke sthn prohgoÔmenh par�grafo gia to di�sthma
[0, 1], mporeÐ, fusik�, na diatupwjeÐ gia opoiod pote uposÔnolo ìqi mìnon tou
R all� kai opoioud pote metrikoÔ q¸rou: dojèntoc metrikoÔ q¸rou (X, d) kai
uposunìlou M tou X, eÐnai dunatìn na broÔme anoikt  k�luyh Σ tou M gia
thn opoÐa den up�rqei kamÐa peperasmènh k�luyh Σ′ tou M ¸ste Σ′ ⊆ Σ?
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'Oso perÐergo ki an faÐnetai èna tètoio er¸thma, h al jeia eÐnai ìti h du-
natìthta ap�nthshc s' autì paÐzei idiaÐtera shmantikì rìlo sth Majhmatik 
An�lush. Sto kef�laio autì ja melet soume orismènec ekf�nseic autoÔ tou
rìlou, afoÔ kwdikopoi soume to er¸thma me ton epìmeno Orismì 5.4.
'Askhsh 1: Jewr ste to (0, 1) ston R kai ta Ax = (x

2 ,
1+x
2 ) (0 < x < 1).

ApodeÐxte ìti h Σ = {Ax : 0 < x < 1} eÐnai anoikt  k�luyh tou (0, 1) kai ìti
den up�rqei kamÐa peperasmènh k�luyh Σ′ tou (0, 1) ¸ste Σ′ ⊆ Σ.
'Askhsh 2: Jewr ste to [0, 1] ston R kai ta Ax = (x

2 ,
1+x
2 ) (0 < x < 1).

'Estw I kai J dÔo anoikt� diast mata me 0 ∈ I kai 1 ∈ J . ApodeÐxte ìti h
Σ = {I, J} ∪ {Ax : 0 < x < 1} eÐnai anoikt  k�luyh tou [0, 1] kai ìti up�rqei
peperasmènh k�luyh Σ′ tou [0, 1] ¸ste Σ′ ⊆ Σ.
Orismìc 5.4 'Estw metrikìc q¸roc (X, d) kai M ⊆ X. To M onom�zetai
sumpagèc uposÔnolo tou (X, d), an gia k�je anoikt  k�luyh tou M up�rqei
toul�qiston mÐa peperasmènh k�luyh tou M mikrìterh   Ðsh apì aut n.

ParadeÐgmata:
1. To (0, 1) kai to R den eÐnai sumpag  uposÔnola tou R, sÔmfwna me ta
paradeÐgmata 2 kai 5 met� apì ton Orismì 5.3.
2. 'Estw mh kenì X me th diakrit  metrik  δX kaiM ⊆ X. Ja doÔme ìti: toM
eÐnai sumpagèc uposÔnolo tou (X, δX) an kai mìnon an toM eÐnai peperasmèno.

'Estw ìti M = {x1, . . . , xn} gia k�poia x1, . . . , xn ∈ X. JewroÔme tuqoÔsa
anoikt  k�luyh Σ tou M . Tìte k�je xk ∈ M perièqetai se k�poio Ak ∈ Σ.
EÐnai, t¸ra, profanèc ìti M = {x1, . . . , xn} ⊆ A1 ∪ · · · ∪ An kai, epomènwc, h
Σ′ = {A1, . . . , An} eÐnai peperasmènh k�luyh tou M me Σ′ ⊆ Σ.

Antistrìfwc, èstw ìti to M eÐnai sumpagèc uposÔnolo tou (X, δX). Gia
k�je x ∈ M jewroÔme to sÔnolo Ax = {x}, to opoÐo eÐnai anoiktì uposÔnolo
tou (X, δX), kai èqoume thn anoikt  k�luyh Σ = {Ax : x ∈M} tou M . Epeid 
to M eÐnai sumpagèc uposÔnolo tou (X, δX), up�rqei k�poia peperasmènh k�-
luyh Σ′ tou M me Σ′ ⊆ Σ. Autì shmaÐnei ìti Σ′ = {Ax1 , . . . , Axn

} gia k�poia
x1, . . . , xn ∈M kai ìti M ⊆ Ax1 ∪ · · ·∪Axn

= {x1}∪ · · ·∪{xn} = {x1, . . . , xn}.Epeid , m�lista, x1, . . . , xn ∈M , sunep�getaiM = {x1, . . . , xn} kai, epomènwc,to M eÐnai peperasmèno.
3. 'Estw a, b ∈ R me a < b. Ja apodeÐxoume ìti to [a, b] eÐnai sumpagèc uposÔ-
nolo tou R. Ja doÔme argìtera ìti autì eÐnai apl  efarmog  tou (dÔskolou)
Jewr matoc 5.5 kai apl  eidik  perÐptwsh thc (epÐshc, dÔskolhc) Prìtashc 5.4,
all� ja d¸soume ed¸ apìdeixh eidik� gia to sugkekrimèno sÔnolo kai ja fa-
neÐ ìti to na apodeÐxei kaneÐc ìti k�poio sugkekrimèno sÔnolo eÐnai sumpagèc
uposÔnolo enìc metrikoÔ q¸rou en gènei den eÐnai eÔkolh upìjesh!

JewroÔme tuqoÔsa anoikt  k�luyh Σ tou [a, b]. Dhlad , k�je A ∈ Σ eÐnai
anoiktì uposÔnolo tou R kai [a, b] ⊆

⋃
A∈ΣA. OrÐzoume to sÔnolo

K = {x ∈ [a, b] : up�rqei peperasmènh k�luyh Σ′ tou [a, x] me Σ′ ⊆ Σ} .

Dhlad , to x ∈ [a, b] eÐnai stoiqeÐo tou K an kai mìnon up�rqoun peperasmènou
pl jouc sÔnola-stoiqeÐa thc Σ stwn opoÐwn thn ènwsh perièqetai to [a, x].
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To a eÐnai stoiqeÐo tou K kai, epomènwc, to K den eÐnai kenì. Autì to
blèpoume wc ex c. Epeid  h Σ eÐnai k�luyh tou [a, b], to a an kei se k�poio
A0 ∈ Σ. Epomènwc, h Σ′ = {A0} eÐnai peperasmènh k�luyh tou [a, a] = {a} kai,
fusik�, Σ′ ⊆ Σ.

EpÐshc, toK eÐnai �nw fragmèno, afoÔK ⊆ [a, b]. 'Ara, toK èqei supremum
kai jètoume c = sup(K). Profan¸c, a ≤ c ≤ b.

Epeid  c ∈ [a, b], up�rqei k�poio A1 ∈ Σ ¸ste c ∈ A1. To A1 eÐnai anoiktì
uposÔnolo tou R, opìte up�rqei ε > 0 ¸ste (c − ε, c + ε) ⊆ A1. Epeid  c =
sup(K), up�rqei x ∈ K me c − ε < x ≤ c. Epeid  x ∈ K, up�rqei peperasmènh
k�luyh Σ′ tou [a, x] me Σ′ ⊆ Σ. SqhmatÐzoume thn peperasmènh sullog  Σ′′ =
Σ′ ∪ {A1}. T¸ra, [a, x] ⊆

⋃
A∈Σ′ A kai [x, c] ⊆ (c − ε, c + ε) ⊆ A1. 'Ara,

[a, c] = [a, x] ∪ [x, c] ⊆
( ⋃

A∈Σ′ A
)
∪ A1 =

⋃
A∈Σ′′ A kai, epomènwc, up�rqei

peperasmènh k�luyh, h Σ′′, tou [a, c] me Σ′′ ⊆ Σ. SumperaÐnoume ìti c ∈ K.
Upojètoume, t¸ra, ìti c < b. QrhsimopoioÔme ta sugkekrimèna A1, ε, x, Σ′

kai Σ′′ pou emfanÐsthkan sthn prohgoÔmenh par�grafo. PaÐrnoume opoiond -
pote arijmì c1 ¸ste c < c1 < min(b, c + ε). Apì thn prohgoÔmenh par�grafo,
[a, x] ⊆

⋃
A∈Σ′ A kai parathroÔme ìti [x, c1] ⊆ (c − ε, c + ε) ⊆ A1. Epomènwc,

[a, c1] = [a, x] ∪ [x, c1] ⊆
( ⋃

A∈Σ′ A
)
∪ A1 =

⋃
A∈Σ′′ A kai, epomènwc, up�rqei

peperasmènh k�luyh, h Σ′′, tou [a, c1] me Σ′′ ⊆ Σ. EpÐshc, epeid  c1 ≤ b, èqoume
c1 ∈ [a, b], opìte c1 ∈ K. Autì, ìmwc, eÐnai �topo, diìti sup(K) = c < c1.

Katal goume sto ìti c = b kai, epomènwc, up�rqei peperasmènh k�luyh, h
Σ′′, tou [a, b] me Σ′′ ⊆ Σ.
'Askhsh 3: 'Estw metrikìc q¸roc (X, d). ApodeÐxte ìti to ∅ eÐnai sumpagèc
uposÔnolo tou (X, d).
'Askhsh 4: 'Estw metrikìc q¸roc (X, d) kai M opoiod pote peperasmèno u-
posÔnolo tou X. ApodeÐxte ìti to M eÐnai sumpagèc uposÔnolo tou (X, d).
(Upìdeixh: MimhjeÐte to pr¸to skèloc thc apìdeixhc sto par�deigma 2 met�
apì ton Orismì 5.4.)
'Askhsh 5: 'Estw metrikìc q¸roc (X, d) kai xn → x ston (X, d). ApodeÐxte ìti
to sÔnolo {x}∪ {xn : n ∈ N} eÐnai sumpagèc uposÔnolo tou (X, d). (Upìdeixh:
Jewr ste tuqoÔsa anoikt  k�luyh Σ tou {x} ∪ {xn : n ∈ N}. Up�rqei k�poio
A0 ∈ Σ ¸ste x ∈ A0 kai up�rqei ε0 > 0 ¸ste Nx(ε0) ⊆ A0. Katìpin, up�rqei n0¸ste xn ∈ Nx(ε0) gia k�je n ≥ n0. Gia k�je k = 1, . . . , n0 − 1 up�rqei Ak ∈ Σ
¸ste xk ∈ Ak. Jewr ste thn Σ′ = {A0, A1, . . . , An0−1}.)
'Askhsh 6: ApodeÐxte ìti to { 1

n : n ∈ N} den eÐnai sumpagèc uposÔnolo tou R.
(Upìdeixh: BreÐte kat�llhlh anoikt  k�luyh tou { 1

n : n ∈ N} gia thn opoÐa na
mhn up�rqei peperasmènh k�luyh tou { 1

n : n ∈ N} pou na perièqetai s' aut n.
MporeÐte, gia par�deigma, na jewr sete mikr� anoikt� diast mata In (n ∈ N)
xèna an� dÔo kajèna ek twn opoÐwn perièqei èna apì ta 1

n . BreÐte, p�ntwc, kai
mÐa deÔterh tètoia anoikt  k�luyh diaforetik c fÔshc apì thn pr¸th.)
'Askhsh 7: GenikeÔste thn prohgoÔmenh �skhsh wc ex c. 'Estw metrikìc q¸-
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roc (X, d), akoloujÐa (xn) sto X, x ∈ X kai xn → x ston (X, d). An xn 6= x
gia k�je n ∈ N, apodeÐxte ìti to {xn : n ∈ N} den eÐnai sumpagèc uposÔnolo
tou (X, d). (Upìdeixh: Jewr ste ta {y ∈ X : d(y, x) > 1

n}.)
'Askhsh 8: 'Estw metrikìc q¸roc (X, d) kai M,M1, . . . ,Mn ⊆ X.
1. An ta M1, . . . ,Mn eÐnai sumpag  uposÔnola tou (X, d), apodeÐxte ìti to
M1 ∪ · · · ∪Mn eÐnai sumpagèc uposÔnolo tou (X, d). (Upìdeixh: Jewr ste tu-
qoÔsa anoikt  k�luyh Σ touM1∪· · ·∪Mn kai parathr ste ìti h Σ eÐnai k�luyh
kajenìc apì ta M1, . . . ,Mn.)2. BreÐte sumpag  uposÔnola M1,M2, . . . tou R ¸ste to ⋃+∞

n=1Mn na mhn eÐnai
sumpagèc uposÔnolo tou R.
'Askhsh 9: 'Estw metrikìc q¸roc (X, d) kai M ⊆ X. An to M eÐnai sumpagèc
uposÔnolo tou (X, d), apodeÐxte ìti up�rqei arijm simo A ⊆ M ¸ste M ⊆ A.
(Upìdeixh: Gia k�je n ∈ N jewr ste thn anoikt  k�luyh {Nx( 1

n ) : x ∈M} tou
M . Up�rqei {Nxn,1 , . . . , Nxn,kn

) me xn,1, . . . , xn,kn
∈ M kai M ⊆

⋃kn

k=1Nxn,k
.

Tèloc, jewr ste to A = {xn,k : n ∈ N, 1 ≤ k ≤ kn}.)
'Askhsh 10: 'Estw metrikìc q¸roc (X, d) kai mh kenì M ⊆ X. ApodeÐxte ìti:
toM eÐnai sumpagèc uposÔnolo tou (X, d) an kai mìnon an toM eÐnai sumpagèc
uposÔnolo tou (M,d). (Upìdeixh: 'Estw ìti to M eÐnai sumpagèc uposÔnolo
tou (X, d). P�rte tuqoÔsa anoikt  k�luyh Σ touM ston (M,d). Dhlad , k�je
B ∈ Σ eÐnai anoiktì uposÔnolo tou (M,d) kai M ⊆

⋃
B∈ΣB. Gia k�je B ∈ Σ

up�rqei anoiktì uposÔnolo AB tou (X, d) ¸ste B = AB ∩M (opìte B ⊆ AB).Jewr ste thn Σ1 = {AB : B ∈ Σ} pou eÐnai anoikt  k�luyh tou M ston (X, d),
diìti M ⊆

⋃
B∈ΣB ⊆

⋃
B∈ΣAB ⊆

⋃
AB∈Σ1

AB . Up�rqoun AB1 , . . . , ABn
¸ste

M ⊆
⋃n

k=1ABk
. ApodeÐxte ìti h {B1, . . . , Bn} apoteleÐ anoikt  k�luyh tou M

ston (M,d). H apìdeixh gia to antÐstrofo eÐnai parìmoia.)
'Askhsh 11: 'Estw metrikoÐ q¸roi (X1, d1) kai (X2, d2) kai M ⊆ X1 ∩X2. U-pojètoume, epÐshc, ìti oi metrikèc d1, d2 tautÐzontai sto M , dhlad , d1(x, y) =
d2(x, y) gia k�je x, y ∈ M . Autì epitrèpei na sumbolÐsoume d = d1 = d2 ton
(koinì) periorismì twn d1, d2 sto M ×M .

ApodeÐxte ìti: toM eÐnai sumpagèc uposÔnolo tou (X1, d1) an kai mìnon anto M eÐnai sumpagèc uposÔnolo tou (X2, d2). (Upìdeixh: Qrhsimopoi ste to
apotèlesma thc �skhshc.)

Sumper�nate ìti h sump�geia tou M eÐnai idiìthta tou M kajeautoÔ (kai
thc metrik c tou) kai den exart�tai apì ton metrikì q¸ro ston opoÐo perièqetai
to M .

Met� apì tic teleutaÐec dÔo ask seic, dikaiologeÐtai o parak�tw orismìc.
Orismìc 5.5 O metrikìc q¸roc (X, d) onom�zetai sumpag c metrikìc q¸-
roc, an to X eÐnai sumpagèc uposÔnolo tou (X, d).

Epomènwc, h �skhsh 10 diatup¸netai wc ex c: to M eÐnai sumpagèc uposÔ-
nolo tou (X, d) an kai mìnon an o (M,d) eÐnai sumpag c metrikìc q¸roc.
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Orismìc 5.6 'Estw metrikìc q¸roc (X, d) kai M ⊆ X. To M onom�zetai
fragmèno ston (X, d), an up�rqei x0 ∈ X kai jetikìc arijmìc R ¸ste: M ⊆
Nx0(R)  , isodÔnama, d(x, x0) < R gia k�je x ∈M .

'Askhsh 12: 'Estw metrikìc q¸roc (X, d).
1. ApodeÐxte ìti to ∅ eÐnai fragmèno ston (X, d).
2. An N ⊆ M ⊆ X kai to M eÐnai fragmèno ston (X, d), apodeÐxte ìti to N
eÐnai fragmèno ston (X, d).
3. An M,N ⊆ X kai ta M kai N eÐnai fragmèna ston (X, d), apodeÐxte ìti to
M ∪N eÐnai fragmèno ston (X, d).

To apotèlesma thc epìmenhc �skhshc shmaÐnei ìti to kèntro x0 thc perioq c
Nx0(R) den paÐzei ousiastikì rìlo ston orismì tou fragmènou uposunìlou.
'Askhsh 13: 'Estw metrikìc q¸roc (X, d), M ⊆ X kai x′0, x′′0 ∈ X. ApodeÐxte
ìti: up�rqei R′ ¸ste M ⊆ Nx′0

(R′) an kai mìnon an up�rqei R′′ ¸ste M ⊆
Nx′′0

(R′′).
ParadeÐgmata:
1. Sto R èna uposÔnoloM eÐnai fragmèno an kai mìnon an perièqetai se k�poio
di�sthma (a, b). Genik�, ston Rn èna uposÔnoloM eÐnai fragmèno an kai mìnon
an perièqetai se k�poio orjog¸nio parallhlepÐpedo me akmèc par�llhlec stouc
kÔriouc �xonec.

Pr�gmati, an toM eÐnai fragmèno ston Rn, dhlad , up�rqoun R < +∞ kai
x0 = (x(1)

0 , . . . , x
(n)
0 ) ¸ste dn,2(x, x0) =

√
(x(1) − x

(1)
0 )2 + · · ·+ (x(n) − x

(n)
0 )2 <

R gia k�je x = (x(1), . . . , x(n)) ∈M , tìte |x(k)−x(k)
0 | < R gia k�je k = 1, . . . , n

kai x = (x(1), . . . , x(n)) ∈M . 'Ara, x ∈ [x(1)
0 −R, x(1)

0 +R]× [x(n)
0 −R, x(n)

0 +R]
gia k�je x ∈M kai, epomènwc, toM perièqetai sto orjog¸nio parallhlepÐpedo
[x(1)

0 −R, x
(1)
0 +R]× · · · × [x(n)

0 −R, x
(n)
0 +R].

Antistrìfwc, èstw ìti to M perièqetai sto [a1, b1]× · · ·× [an, bn]. Jètoume
x

(k)
0 = ak+bk

2 gia k�je k = 1, . . . , n kai R =
√
nmax1≤k≤n

bk−ak

2 . Tìte gia k�je
x = (x(1), . . . , x(n)) ∈ M èqoume |x(k) − x

(k)
0 | ≤ R√

n
gia k�je k = 1, . . . , n kai,

epomènwc, dn,2(x, x0) =
√

(x(1) − x
(1)
0 )2 + · · ·+ (x(n) − x

(n)
0 )2 ≤

√
nR2

n = R.
'Ara to M eÐnai fragmèno ston Rn.
2. 'Estw opoiod pote mh kenì X kai h diakrit  metrik  δX . K�je M ⊆ X eÐnai
fragmèno ston (X, δX). Eidik¸tera, to Ðdio to X eÐnai fragmèno ston (X, δX).

Autì ofeÐletai sto ìti h δX èqei dÔo mìnon timèc, 0 kai 1. An, loipìn,
epilèxoume opoiod pote x0 ∈ X, isqÔei δX(x, x0) ≤ 1 gia k�je x ∈ X.

ParathroÔme ìti to an èna uposÔnolo M enìc metrikoÔ q¸rou eÐnai frag-
mèno   ìqi exart�tai apì th sugkekrimènh metrik  tou q¸rou. Gia par�deigma,
to R den eÐnai fragmèno ston R (me thn eukleÐdia metrik ) en¸ eÐnai fragmèno
ston R me th diakrit  metrik .
'Askhsh 14: Sto R jewroÔme th metrik  d pou orÐzetai me ton tÔpo d(x, y) =
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|x−y|
|x−y|+1 gia k�je x, y ∈ R. Wc efarmog  tou apotelèsmatoc thc �skhshc 17
tou kefalaÐou 4, h d kai h eukleÐdia metrik  eÐnai isodÔnamec. ApodeÐxte ìti to
R eÐnai fragmèno ston (R, d) en¸ den eÐnai fragmèno ston R (me thn eukleÐdia
metrik ).
'Askhsh 15: 'Estw peperasmèno mh kenì X kai opoiad pote metrik  d sto X.
ApodeÐxte ìti to X (kai k�je uposÔnolì tou) eÐnai fragmèno ston (X, d).
'Askhsh 16: 'Estw 1 ≤ p < q ≤ +∞ kai M ⊆ Rn. ApodeÐxte ìti: to M eÐnai
fragmèno sto (Rn, dn,p) an kai mìnon an eÐnai fragmèno ston (Rn, dn,q).
Orismìc 5.7 'Estw metrikìc q¸roc (X, d) kai mh kenì M ⊆ X. Onom�zoume
di�metro tou M , kai sumbolÐzoume diam(M), to

diam(M) = sup{d(x, y) : x, y ∈M} .

To sÔnolo {d(x, y) : x, y ∈ M} eÐnai mh kenì, diìti to M eÐnai mh kenì kai, an
x ∈M , to d(x, x) = 0 eÐnai stoiqeÐo tou sunìlou autoÔ. EpÐshc, to sÔnolo autì
eÐnai uposÔnolo tou R kai ta stoiqeÐa tou eÐnai mh arnhtikoÐ arijmoÐ. An to
sÔnolo autì eÐnai �nw fragmèno, to supremum up�rqei kai eÐnai mh arnhtikìc
arijmìc ≥ 0 en¸, an to sÔnolo autì den eÐnai �nw fragmèno, to supremum eÐnai
to +∞. 'Ara, h di�metroc tou M eÐnai kal¸c orismènh kai

0 ≤ diam(M) ≤ +∞ .

'Askhsh 17: 'Estw metrikìc q¸roc (X, d).
1. An ∅ 6= N ⊆M ⊆ X, apodeÐxte ìti diam(N) ≤ diam(M).
2. An ∅ 6= M,N ⊆ X kai M ∩ N 6= ∅, apodeÐxte ìti diam(M ∪ N) ≤
diam(M) + diam(N).
'Askhsh 18: UpologÐste th di�metro tou R sto R (me thn eukleÐdia metrik )
kai th di�metro tou R sto R me th metrik  d thc �skhshc 14.
'Askhsh 19: UpologÐste th di�metro ston Rn k�je anoikt c kai k�je klei-
st c mp�lac kai k�je anoiktoÔ kai k�je kleistoÔ parallhlepipèdou me akmèc
par�llhlec stouc kÔriouc �xonec.
'Askhsh 20: UpologÐste th di�metro tou X ston (X, δX), diakrÐnontac dÔo
peript¸seic: (i) to X eÐnai monosÔnolo kai (ii) to X perièqei perissìtera apì
èna stoiqeÐa.

Sth deÔterh perÐptwsh p�rte opoiod pote x0 ∈ X kai upologÐste th di�-
metro thc kleist c perioq c Nx0(1). SumfwneÐ to apotèlesma me ton �kanìna�
di�metroc = dÔo forèc h aktÐna?
Prìtash 5.1 'Estw metrikìc q¸roc (X, d) kai mh kenì M ⊆ X. To M eÐnai
fragmèno ston (X, d) an kai mìnon an diam(M) < +∞.

Apìdeixh: 'Estw ìti to M eÐnai fragmèno ston (X, d). Dhlad , up�rqei x0 ∈ Xkai arijmìc R > 0 ¸ste M ⊆ Nx0(R). Gia k�je x, y ∈ M isqÔei d(x, y) ≤
d(x, x0) + d(y, x0) < R+R = 2R. 'Ara, diam(M) ≤ 2R < +∞.
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Antistrìfwc, èstw ìti diam(M) < +∞. JewroÔme tuqìn x0 ∈ M kai to
krat�me stajerì. Tìte gia k�je x ∈ M èqoume d(x0, x) ≤ diam(M). An
jèsoume R = diam(M) + 1, tìte gia k�je x ∈ M isqÔei d(x0, x) < R kai,
epomènwc, x ∈ Nx0(R). 'Ara, M ⊆ Nx0(R) kai, epomènwc, to M eÐnai fragmèno
ston (X, d). O.E.D.
'Askhsh 21: 'Estw metrikìc q¸roc (X, d) kai mh kenì M ⊆ X. ApodeÐxte ìti
diam(M) = diam(M). (Upìdeixh: H diam(M) ≤ diam(M) eÐnai apl . Gia
thn diam(M) ≥ diam(M) jewr ste x, y ∈ M kai p�rte (xn) kai (yn) sto M
¸ste xn → x kai yn → y. Qrhsimopoi ste to apotèlesma thc �skhshc 92 tou
kefalaÐou 4.)
Prìtash 5.2 'Estw metrikìc q¸roc (X, d) kaiM ⊆ X. An toM eÐnai sumpa-
gèc uposÔnolo tou (X, d), tìte to M eÐnai fragmèno kai kleistì uposÔnolo tou
(X, d).

Apìdeixh: PaÐrnoume opoiod pote x0 ∈ X kai jewroÔme th sullog  Σ =
{Nx0(n) : n ∈ N}. H Σ eÐnai anoikt  k�luyh tou M , opìte up�rqei pepe-
rasmènh k�luyh Σ′ tou M h opoÐa eÐnai mikrìterh   Ðsh apì thn Σ. Dhla-
d , up�rqoun n1, . . . , nN ¸ste M ⊆ Nx0(n1) ∪ · · · ∪ Nx0(nN ). An jèsoume
R = max(n1, . . . , nN ), sunep�getai M ⊆ Nx0(R) kai, epomènwc, to M eÐnai
fragmèno ston (X, d).

PaÐrnoume tuqìn x0 ∈ X \M . JewroÔme An = {x ∈ X : d(x, x0) > 1
n} kai

th sullog  Σ = {An : n ∈ N}. H Σ eÐnai anoikt  k�luyh tou M , opìte up�rqei
peperasmènh k�luyh Σ′ tou M mikrìterh   Ðsh apì thn Σ. Dhlad , up�rqoun
n1, . . . , nN ¸ste M ⊆ An1 ∪ · · · ∪ AnN

. An jèsoume n = max(n1, . . . , nN ),
sunep�getai M ⊆ An kai, epomènwc, Nx0(

1
n ) ⊆ X \M . ApodeÐxame ìti gia

k�je x0 ∈ X \M up�rqei perioq  tou h opoÐa perièqetai sto X \M . 'Ara, to
X \M eÐnai anoiktì uposÔnolo tou (X, d) kai, epomènwc, to M eÐnai kleistì
uposÔnolo tou (X, d). O.E.D.
Prìtash 5.3 'Estw metrikìc q¸roc (X, d) kai N ⊆ M ⊆ X. An to M eÐnai
sumpagèc kai to N kleistì uposÔnolo tou (X, d), to N eÐnai sumpagèc uposÔnolo
tou (X, d).

Apìdeixh: 'Estw tuqoÔsa anoikt  k�luyh Σ tou N . Tìte h Σ1 = {X \N} ∪ Σ
eÐnai anoikt  k�luyh tou M . Pr�gmati, M = (M \ N) ∪ N ⊆ (X \ N) ∪
N ⊆ (X \ N) ∪

⋃
A∈ΣA. Epeid  to M eÐnai sumpagèc uposÔnolo tou (X, d),

up�rqei peperasmènh k�luyh Σ′1 tou M mikrìterh   Ðsh apì thn Σ1. Dhlad ,
up�rqoun A1, . . . , An ∈ Σ1 (mporoÔme na ta p�roume diaforetik� an� dÔo) ¸ste
h M ⊆ A1 ∪ · · · ∪ An. DiakrÐnoume, t¸ra, peript¸seic se sqèsh me to an
to X \ N eÐnai èna apì ta A1, . . . , An   ìqi. Sthn pr¸th perÐptwsh, èstw
X \N = An. Tìte hM ⊆ A1∪· · ·∪An gr�fetaiM ⊆ A1∪· · ·∪An−1∪(X \N),
opìte N ⊆ A1 ∪ · · · ∪ An−1. Autì shmaÐnei ìti h Σ′ = {A1, . . . , An−1} eÐnai
peperasmènh k�luyh tou N mikrìterh   Ðsh apì thn Σ. Sth deÔterh perÐptwsh,
ìla ta A1, . . . , An an koun sthn Σ, opìte h Σ′ = {A1, . . . , An} eÐnai peperasmènhk�luyh tou N mikrìterh   Ðsh apì thn Σ. 'Ara, se k�je perÐptwsh, up�rqei
peperasmènh k�luyh tou N mikrìterh   Ðsh apì thn Σ. O.E.D.
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Par�deigma:
To sÔnolo C tou Cantor eÐnai sumpagèc uposÔnolo tou R, afoÔ eÐnai kleistì
uposÔnolo tou R kai perièqetai sto [0, 1] to opoÐo eÐnai sumpagèc uposÔnolo
tou R.
'Askhsh 22: 'Estw metrikìc q¸roc (X, d) kai A,B ⊆ X. An to A eÐnai
sumpagèc kai to B kleistì uposÔnolo tou (X, d), apodeÐxte ìti to A ∩ B eÐnai
sumpagèc uposÔnolo tou (X, d). (Upìdeixh: Sundu�ste tic Prot�seic 5.2 kai
5.3.)

To epìmeno Je¸rhma 5.1 eÐnai genÐkeush tou gnwstoÔ apotelèsmatoc gia
akoloujÐec egkibwtismènwn kleist¸n kai fragmènwn diasthm�twn sto R: an
[a1, b1] ⊇ [a2, b2] ⊇ . . . ⊇ [an, bn] ⊇ . . ., tìte up�rqei x to opoÐo an kei se ìla ta
[an, bn] kai, an, epiplèon, bn − an → 0, to x autì eÐnai monadikì.
Je¸rhma 5.1 'Estw {egkibwtismènh} akoloujÐa mh ken¸n sumpag¸n uposu-
nìlwn K1 ⊇ K2 ⊇ . . . ⊇ Kn ⊇ . . . enìc metrikoÔ q¸rou (X, d). Tìte h tom 
touc,

⋂+∞
n=1Kn, den eÐnai ken . Dhlad , up�rqei stoiqeÐo to opoÐo an kei se ìla

ta Kn. An, epiplèon, diam(Kn) → 0, to koinì stoiqeÐo eÐnai monadikì.

Apìdeixh: Upojètoume ⋂+∞
n=1Kn = ∅. JewroÔme thn Σ = {X \Kn : n ∈ N} kai

parathroÔme ìti aut  eÐnai anoikt  k�luyh tou K1. 'Ara, up�rqei peperasmènhk�luyh tou K1 mikrìterh   Ðsh apì th Σ, dhlad , up�rqoun n1, . . . , nN ¸ste
K1 ⊆ (X \ Kn1) ∪ · · · ∪ (X \ KnN

). Jètoume n = max(n1, . . . , nN ), opìte
sunep�getai K1 ⊆ X \Kn, to opoÐo eÐnai �topo.

'Estw diam(Kn) → 0. An ta x, y an koun kai ta dÔo se ìla ta Kn, tìte
0 ≤ d(x, y) ≤ diam(Kn) gia k�je n. 'Ara, d(x, y) = 0 kai, epomènwc, x = y.
O.E.D.

5.2 Sump�geia kai akoloujÐec.
Je¸rhma 5.2 'Estw metrikìc q¸roc (X, d) kai M ⊆ X. Ta parak�tw eÐnai
isodÔnama.
1. To M eÐnai sumpagèc uposÔnolo tou (X, d).
2. K�je akoloujÐa sto M èqei toul�qiston mia upoakoloujÐa h opoÐa sugklÐnei
se stoiqeÐo tou M .

Apìdeixh: [1 ⇒ 2]. 'Estw tuqoÔsa (xn) stoM . Ac upojèsoume ìti gia k�je x ∈
M up�rqei perioq  Nx(ε(x)) tou x (to ε(x) exart�tai apì to x), h opoÐa perièqei
peperasmènou pl jouc ìrouc thc (xn). H Σ = {Nx(ε(x)) : x ∈M} eÐnai anoikt 
k�luyh touM . 'Ara, up�rqei peperasmènh k�luyh Σ′ touM mikrìterh   Ðsh apì
thn Σ. Dhlad , up�rqoun x1, . . . , xn ¸ste M ⊆ Nx1(ε(x1)) ∪ · · · ∪Nxn

(ε(xn)).
AfoÔ kajemÐa apì autèc tic perioqèc perièqei peperasmènou pl jouc ìrouc thc
(xn), h ènws  touc kai, epomènwc, kai to M , perièqei peperasmènou pl jouc
ìrouc thc (xn). Autì, ìmwc, antif�skei me to ìti olìklhrh h (xn) perièqetai
sto M .
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Epomènwc, h arqik  upìjesh den isqÔei, opìte up�rqei k�poio x0 ∈M ¸ste
gia k�je ε > 0 h Nx0(ε) perièqei �peirouc ìrouc thc (xn). 'Ara, h Nx0(1) perièqei
�peirouc ìrouc thc (xn) kai èstw n1 ≥ 1 ¸ste xn1 ∈ Nx0(1). OmoÐwc, h Nx0(

1
2 )

perièqei �peirouc ìrouc thc (xn) kai èstw n2 > n1 ¸ste xn2 ∈ Nx0(
1
2 ). OmoÐwc,

h Nx0(
1
3 ) perièqei �peirouc ìrouc thc (xn) kai èstw n3 > n2 ¸ste xn3 ∈ Nx0(

1
3 ).

SuneqÐzontac epagwgik�, brÐskoume upoakoloujÐa (afoÔ n1 < n2 < n3 < . . .)
(xnk

) thc (xn) me thn idiìthta: xnk
∈ Nx0(

1
k )  , isodÔnama, d(xnk

, x0) < 1
k gia

k�je k ∈ N. 'Ara, xnk
→ x0 ston (X, d).

[2 ⇒ 1]. B ma 1. 'Estw ε > 0. Ja apodeÐxoume ìti up�rqoun peperasmènou
pl jouc stoiqeÐa x1, . . . , xn tou M ¸ste: M ⊆ Nx1(ε)∪ · · · ∪Nxn

(ε). 'Estw ìti
autì den isqÔei. Dialègoume tuqìn x1 ∈ M . Tìte M 6⊆ Nx1(ε). 'Ara, up�rqei
x2 ∈ M me x2 6∈ Nx1(ε). Tìte M 6⊆ Nx1(ε) ∪ Nx2(ε). 'Ara, up�rqei x3 ∈ M
me x3 6∈ Nx1(ε) ∪ Nx2(ε). Tìte M 6⊆ Nx1(ε) ∪ Nx2(ε) ∪ Nx3(ε). 'Ara, up�rqei
x4 ∈ M me x4 6∈ Nx1(ε) ∪ Nx2(ε) ∪ Nx3(ε). SuneqÐzontac epagwgik� blèpoume
ìti up�rqoun x1, . . . , xn, . . . sto M ¸ste: n > m ≥ 1 ⇒ d(xn, xm) ≥ ε. Autì,
ìmwc, apokleÐei th dunatìthta na up�rqei upoakoloujÐa thc (xn) h opoÐa na
sugklÐnei kai katal goume se �topo.
B ma 2. 'Estw tuqoÔsa anoikt  k�luyh Σ tou M . Ja apodeÐxoume ìti up�rqei
ε > 0 me thn idiìthta: gia k�je x ∈ M to Nx(ε) perièqetai se k�poio apì ta
A ∈ Σ.
Orismìc 5.8 O arijmìc ε > 0 me thn idiìthta aut  onom�zetai arijmìc Le-
besgue thc anoikt c k�luyhc Σ tou M .

'Estw ìti den up�rqei ε > 0 me thn idiìthta aut . Dhlad , gia k�je ε > 0
up�rqei x = x(ε) ∈M ¸ste to Nx(ε) den perièqetai se kanèna apì ta A ∈ Σ. E-
farmìzoume gia ε = 1, 1

2 ,
1
3 , . . . . 'Ara, gia k�je n ∈ N up�rqei xn ∈M ¸ste to

Nxn
( 1

n ) den perièqetai se kanèna apì ta A ∈ Σ. Up�rqei, ìmwc, upoakoloujÐa
(xnk

) thc (xn) h opoÐa sugklÐnei se k�poio x0 ∈M : xnk
→ x0. To x0 an kei se

k�poio apo ta A ∈ Σ. 'Estw x0 ∈ A0 ∈ Σ. AfoÔ to A0 eÐnai anoiktì, up�rqei
δ > 0 ¸ste Nx0(δ) ⊆ A0. Epilègoume arket� meg�lo nk ¸ste: d(xnk

, x0) < δ
2kai 1

nk
< δ

2 . Tìte Nxnk
( 1

nk
) ⊆ Nx0(δ) ⊆ A0 kai katal goume se �topo.

B ma 3. 'Estw tuqoÔsa anoikt  k�luyh Σ tou M . Tìte up�rqei arijmìc Le-
besgue ε thc k�luyhc aut c, sÔmfwna me to b ma 2. Lìgw tou b matoc 1,
up�rqoun peperasmènou pl jouc stoiqeÐa x1, . . . , xn touM ¸steM ⊆ Nx1(ε)∪
. . . ∪Nxn

(ε). Kajèna, ìmwc, apì ta Nxk
(ε) perièqetai se k�poio apì ta A ∈ Σ.

'Estw Nxk
(ε) ⊆ Ak ∈ Σ. Tìte M ⊆ Nx1(ε) ∪ · · · ∪ Nxn(ε) ⊆ A1 ∪ · · · ∪ An.Epomènwc, h Σ′ = {A1, . . . , An} eÐnai peperasmènh k�luyh tou M mikrìterh  

Ðsh apì thn Σ. O.E.D.
ParadeÐgmata:
Sta paradeÐgmata aut� o metrikìc q¸roc eÐnai o R.
1. M = (a, b]. Ac jewr soume thn akoloujÐa xn = a + b−a

n (n ∈ N). Epeid 
xn → a, k�je upoakoloujÐa thc sugklÐnei sto a. 'Ara, h (xn) perièqetai sto
(a, b] kai den èqei kamÐa upoakoloujÐa h opoÐa na sugklÐnei se stoiqeÐo tou (a, b].
'Ara, to (a, b] den eÐnai sumpagèc uposÔnolo tou R.
2. M = [a, b]. JewroÔme tuqoÔsa akoloujÐa (xn) h opoÐa perièqetai sto [a, b].
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H (xn) eÐnai fragmènh. 'Ara, sÔmfwna me to Je¸rhma Bolzano-Weierstrass sto
R, h (xn) èqei toul�qiston mia upoakoloujÐa (xnk

) h opoÐa sugklÐnei, dhlad 
xnk

→ x gia k�poio x ∈ R. Epeid  to [a, b] eÐnai kleistì kai h (xnk
) perièqetai

sto [a, b], sunep�getai x ∈ [a, b]. ApodeÐxame, loipìn, ìti k�je akoloujÐa sto
[a, b] èqei upoakoloujÐa h opoÐa sugklÐnei se stoiqeÐo tou [a, b] kai, epomènwc,
to [a, b] eÐnai sumpagèc uposÔnolo tou R.
3. M = [a,+∞). JewroÔme thn akoloujÐa xn = a + n (n ∈ N). Epeid 
xn → +∞, k�je upoakoloujÐa thc apoklÐnei sto +∞. 'Ara, h (xn) perièqetai
sto [a,+∞) kai den èqei kamÐa upoakoloujÐa h opoÐa sugklÐnei se stoiqeÐo tou
[a,+∞). 'Ara, to [a,+∞) den eÐnai sumpagèc.

En gènei, to na apodeÐxoume ìti èna sugkekrimèno sÔnoloM den eÐnai sumpa-
gèc eÐnai sqetik� aplì prìblhma: arkeÐ na broÔme mÐa sugkekrimènh akoloujÐa
sto M ¸ste kamÐa upoakoloujÐa thc na mh sugklÐnei se stoiqeÐo tou M . En¸
to na apodeÐxoume ìti èna sÔnoloM eÐnai sumpagèc eÐnai pio dÔskolo prìblhma:
prèpei na jewr soume tuqoÔsa akoloujÐa sto M kai na apodeÐxoume ìti èqei
upoakoloujÐa h opoÐa sugklÐnei se stoiqeÐo touM . H duskolÐa eÐnai faner  sto
par�deigma 2 prohgoumènwc, ìpou qrei�sthke na qrhsimopoi soume to dÔskolo
Je¸rhma Bolzano-Weierstrass sto R.

P�ntwc, to Je¸rhma 5.2 eÐnai polÔtimo, afoÔ parèqei ènan enallaktikì o-
rismì thc ènnoiac thc sump�geiac.
Orismìc 5.4' 'Estw metrikìc q¸roc (X, d) kai M ⊆ X. To M onom�zetai
sumpagèc uposÔnolo tou (X, d), an k�je akoloujÐa sto M èqei toul�qiston
mÐa upoakoloujÐa h opoÐa sugklÐnei se stoiqeÐo tou M .

Parat rhsh: 'Iswc o deÔteroc orismìc thc ènnoiac thc sump�geiac faÐnetai
pio eÔlhptoc apì ton pr¸to, afoÔ sto st�dio autì o anagn¸sthc eÐnai sun jwc
pio exoikeiwmènoc me thn ènnoia thc akoloujÐac (kai thc upoakoloujÐac) par�
me thn ènnoia thc anoikt c k�luyhc. Epilègoume, ìmwc, ton pr¸to orismì diìti
sto plaÐsio twn topologik¸n q¸rwn, to opoÐo eÐnai eurÔtero apì to plaÐsio
twn metrik¸n q¸rwn, den isqÔei to Je¸rhma 5.2 kai, gia lìgouc pou de ja mac
apasqol soun t¸ra (afoÔ de ja asqolhjoÔme me touc topologikoÔc q¸rouc),
o kat�llhloc orismìc eÐnai o pr¸toc, autìc me tic anoiktèc kalÔyeic.

OÔtwc   �llwc, h ènnoia thc anoikt c k�luyhc, se sqèsh me thn ènnoia thc
sump�geiac, eÐnai arket� qr simh sth Majhmatik  An�lush (gia par�deigma,
sth jewrÐa twn migadik¸n sunart sewn) kai, epomènwc, ìpoion orismì ki an
epilèxoume, to Je¸rhma 5.2 pou exasfalÐzei thn isodunamÐa twn dÔo orism¸n
eÐnai anapìfeukto.

Sunist�tai idiaÐtera na lÔsete thn �skhsh 23, diìti ja deÐte ìti k�poiec
apodeÐxeic eÐnai arket� eukolìterec an basisjoÔn sto Orismì 5.4' thc ènnoiac
thc sump�geiac.
'Askhsh 23: Qrhsimopoi¸ntac ton Orismì 5.4', apodeÐxte me deÔtero trìpo
thn Prìtash 5.2, thn Prìtash 5.3 kai to Je¸rhma 5.1. EpÐshc, lÔste kai tic
ask seic 3, 4, 5, 6, 7, 8, 10 kai 11. Tèloc, xanadeÐte to par�deigma 2 met� apì
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ton Orismì 5.4.
'Askhsh 24: 'Estw metrikìc q¸roc (X, d), x0 ∈ X kai mh ken� M kai N
sumpag  uposÔnola tou (X, d).
1. ApodeÐxte ìti up�rqoun x′, y′ ∈ M ¸ste d(x′, y′) = diam(M). (Upìdeixh:
Jewr ste gia k�je n ∈ N xn, yn ∈ M ¸ste d(xn, yn) > diam(M) + 1

n . GiatÐ
up�rqoun aut�?)
2. ApodeÐxte ìti up�rqei x′ ∈M ¸ste d(x0, x

′) = inf{d(x0, x) : x ∈M}.
3. ApodeÐxte ìti up�rqoun x′ ∈ M kai y′ ∈ N me thn idiìthta: d(x′, y′) =
inf{d(x, y) : x ∈M,y ∈ N}.
'Askhsh 25: 'Estw metrikìc q¸roc (X, d) kai mh ken� M kai N sumpag 
uposÔnola tou (X, d). An M ∩ N = ∅, apodeÐxte ìti up�rqei ε0 > 0 me thn
idiìthta: d(x, y) ≥ ε0 gia k�je x ∈ M kai y ∈ N . (Upìdeixh: Qrhsimopoi ste
to trÐto apotèlesma thc �skhshc 24.)

5.3 Sump�geia ston eukleÐdio q¸ro.
Prìtash 5.4 K�je kleistì orjog¸nio parallhlepÐpedo ston Rn me akmèc pa-
r�llhlec stouc kÔriouc �xonec eÐnai sumpagèc uposÔnolo tou Rn.

Pr¸th apìdeixh: 'EstwM = [a1, b1]×· · ·× [an, bn]. JewroÔme tuqoÔsa akolou-
jÐa xm = (x(1)

m , . . . , x
(n)
m ) (m ∈ N) sto M . QwrÐzontac k�je akm  [ak, bk] sta

[ak,
ak+bk

2 ] kai [ak+bk

2 , bk], qwrÐzoume to M se 2n orjog¸nia parallhlepÐpeda.
Kajèna apì aut� perièqetai, fusik�, sto M kai èqei di�metro upodipl�sia thc
diamètrou tou M kai m kh akm¸n upodipl�sia twn mhk¸n twn antÐstoiqwn ak-
m¸n tou M . T¸ra, epeid  olìklhrh h (xm) perièqetai sto M , toul�qiston èna
apì ta 2n aut� orjog¸nia parallhlepÐpeda prèpei na perièqei �peirouc ìrouc
thc (xm). PaÐrnoume èna tètoio orjog¸nio parallhlepÐpedo kai to sumbolÐzou-
me M1 = [a1,1, b1,1] × · · · × [a1,n, b1,n]. QwrÐzontac k�je akm  [a1,k, b1,k] sta
[a1,k,

a1,k+b1,k

2 ] kai [a1,k+b1,k

2 , b1,k], qwrÐzoume to M1 se 2n orjog¸nia parallh-
lepÐpeda. Kajèna apì aut� perièqetai sto M1 kai èqei di�metro upodipl�sia
thc diamètrou tou M1 kai m kh akm¸n upodipl�sia twn mhk¸n twn antÐstoi-
qwn akm¸n tou M1 kai, epeid  �peiroi ìroi thc (xm) perièqontai sto M1, tou-l�qiston èna apì ta 2n aut� orjog¸nia parallhlepÐpeda ja perièqei, epÐshc,
�peirouc ìrouc thc (xm). PaÐrnoume èna tètoio orjog¸nio parallhlepÐpedo kai
to sumbolÐzoume M2 = [a2,1, b2,1] × · · · × [a2,n, b2,n]. SuneqÐzontac aut n th
diadikasÐa epagwgik�, dhmiourgoÔme akoloujÐa orjog¸niwn parallhlepipèdwn
Ml = [al,1, bl,1]× · · · × [al,n, bl,n] (l ∈ N) me tic idiìthtec:
(i) k�je Ml perièqei �peirouc ìrouc thc (xm),
(ii) M ⊇M1 ⊇ · · · ⊇Ml−1 ⊇Ml ⊇ · · · ,
(iii) gia k�je k = 1, . . . , n isqÔei ak ≤ a1,k ≤ · · · ≤ al−1,k ≤ al,k ≤ · · · ≤ bl,k ≤
bl−1,k ≤ · · · ≤ b1,k ≤ bk,
(iv) gia k�je k = 1, . . . , n kai k�je l ≥ 2 isqÔei bl,k − al,k = bl−1,k−al−1,k

2 =
· · · = b1,k−a1,k

2l−1 = bk−ak

2l , opìte liml→+∞(bl,k − al,k) = 0 kai
128



(v) gia k�je l ≥ 2 isqÔei diam(Ml) = diam(Ml−1)
2 = · · · = diam(M1)

2l−1 = diam(M)
2l ,

opìte liml→+∞ diam(Ml) = 0.
Epeid  toM1 perièqei �peirouc ìrouc thc (xm) up�rqei xm1 ∈M1. Epeid  to

M2 perièqei �peirouc ìrouc thc (xm) up�rqei xm2 ∈M2 me m2 > m1. Epeid  to
M3 perièqei �peirouc ìrouc thc (xm) up�rqei xm3 ∈ M3 me m3 > m2. SuneqÐ-zontac epagwgik�, brÐskoume upoakoloujÐa (xml

) thc (xm) ¸ste xml
∈Ml gia

k�je l ≥ 1. Autì gr�fetai: al,k ≤ x
(k)
ml ≤ bl,k gia k�je k = 1, . . . , n kai l ≥ 1.

Apì thn (iii) sunep�getai gia k�je k = 1, . . . , n ìti: h (al,k) eÐnai aÔxousa kai
fragmènh, h (bl,k) eÐnai fjÐnousa kai fragmènh kai, epomènwc, oi dÔo akolou-
jÐec sugklÐnoun se dÔo antÐstoiqa ìria, ta opoÐa, lìgw thc (iv), eÐnai o Ðdioc
arijmìc. Jètoume x(k) = liml→+∞ al,k = liml→+∞ bl,k. AfoÔ al,k ≤ x

(k)
ml ≤ bl,k,

sunep�getai x(k)
ml → x(k) kai, epeid  autì isqÔei gia k�je k = 1, . . . , n, sunep�-

getai ìti xml
→ x = (x(1), . . . , x(n)). Blèpoume, epÐshc, ìti x ∈ Ml gia k�je

l ≥ 1, diìti al,k ≤ x(k) ≤ bl,k gia k�je l ≥ 1 kai k = 1, . . . , n. Dhlad , to
x an kei se kajèna apì ta Ml (kai, fusik�, kai sto M to opoÐo perièqei ìla
ta Ml). EÐnai, epÐshc, eÔkolo na doÔme ìti to x eÐnai to monadikì stoiqeÐo me
aut n thn idiìthta. Pr�gmati, an up�rqei, ektìc tou x, to y se ìla taMl, tìte,lìgw thc (v), 0 ≤ dn,2(x, y) ≤ diam(Ml) → 0 kai, epomènwc, dn,2(x, y) = 0  ,
isodÔnama, y = x.

ApodeÐxame, loipìn, ìti opoiad pote (xm) sto M èqei toul�qiston mÐa upo-
akoloujÐa h opoÐa sugklÐnei se stoiqeÐo tou M .
DeÔterh apìdeixh: JewroÔme tuqoÔsa anoikt  k�luyh Σ tou M kai upojètou-
me, gia na katal xoume se �topo, ìti den up�rqei peperasmènh k�luyh Σ′ tou
M mikrìterh   Ðsh apì thn Σ. 'Opwc kai sthn pr¸th apìdeixh, qwrÐzoume to
M sta Ðdia 2n orjog¸nia parallhlepÐpeda kai parathroÔme ìti gia toul�qi-
ston èna apì aut� den up�rqei peperasmènh k�luy  tou mikrìterh   Ðsh apì
thn Σ. Se antÐjeth perÐptwsh, ja eÐqame gia kajèna upo-parallhlepÐpedo mÐa
peperasmènh k�luyh ⊆ Σ, opìte h ènws  touc ja  tan peperasmènh k�luyh
tou M kai ⊆ Σ. Epilègoume èna tètoio parallhlepÐpedo kai to sumbolÐzoume
M1. 'Opwc prin, qwrÐzoume to M1 se 2n upo-parallhlepÐpeda apì ta opoÐa gia
èna toul�qiston den up�rqei peperasmènh k�luy  tou mikrìterh   Ðsh apì thn
Σ. Epilègoume èna tètoio kai to sumbolÐzoume M2. SuneqÐzontac epagwgik�,
kataskeu�zoume akoloujÐa (Ml) orjog¸niwn parallhlepipèdwn me akrib¸c tic
Ðdiec idiìthtec (ii)− (v) ìpwc kai h antÐstoiqh akoloujÐa sthn pr¸th apìdeixh
kai me thn (i) na èqei antikatastajeÐ apì thn: gia k�je l den up�rqei kamÐa
peperasmènh k�luyh tou Ml mikrìterh   Ðsh apì thn Σ.

'Opwc prin, up�rqei monadikì x ∈ M to opoÐo perièqetai se ìla ta Ml.Epeid  h Σ eÐnai k�luyh tou M , up�rqei k�poio A0 ∈ Σ ¸ste x ∈ A0. Epeid  to
A0 eÐnai anoiktì uposÔnolo tou Rn, up�rqei ε0 > 0 ¸ste Nx(ε0) ⊆ A0. Epeid 
diam(Ml) → 0, up�rqei l0 arket� meg�lo ¸ste diam(Ml0) < ε0. Tìte gia k�je
y ∈ Ml0 èqoume dn,2(y, x) ≤ diam(Ml0) < ε0 kai, epomènwc, y ∈ Nx(ε0). 'Ara,
Ml0 ⊆ Nx(ε0) ⊆ A0. Autì shmaÐnei ìti h Σ′ = {A0} eÐnai peperasmènh k�luyh
tou Ml0 mikrìterh   Ðsh apì thn Σ kai katal goume se �topo. O.E.D.
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Ja apodeÐxoume, t¸ra, to je¸rhma Bolzano-Weierstrass ston eukleÐdio q¸ro,
to opoÐo diatup¸netai me dÔo (isodÔnamec) morfèc.
Je¸rhma 5.3 Bolzano-Weierstrass. K�je fragmènh akoloujÐa ston Rn

èqei sugklÐnousa upoakoloujÐa.

Apìdeixh: 'Estw (xm) fragmènh akoloujÐa ston Rn. Tìte up�rqei k�poio klei-
stì orjog¸nio parallhlepÐpedo M me akmèc par�llhlec stouc kÔriouc �xonec
¸ste xm ∈M gia k�je m ≥ 1. An deqjoÔme ton orismì thc ènnoiac thc sump�-
geiac mèsw akolouji¸n, tìte h sunèqeia thc apìdeixhc eÐnai akrib¸c h pr¸th
apìdeixh thc Prìtashc 5.4. An deqjoÔme ton orismì thc ènnoiac thc sump�geiac
mèsw kalÔyewn, tìte, sÔmfwna me thn Prìtash 5.4, to M eÐnai sumpagèc u-
posÔnolo tou Rn, opìte up�rqei, b�sei tou Jewr matoc 5.2, upoakoloujÐa thc
(xm) h opoÐa sugklÐnei se stoiqeÐo tou M . O.E.D.
'Askhsh 26: 'Estw x0 ∈ Rn, mh kenì kleistì uposÔnolo M tou Rn kai mh
kenì sumpagèc uposÔnolo N tou Rn.
1. ApodeÐxte ìti up�rqei x′ ∈M ¸ste dn,2(x0, x

′) = inf{dn,2(x0, x) : x ∈M}.
2. ApodeÐxte ìti up�rqoun x′ ∈M kai y′ ∈ N ¸ste dn,2(x′, y′) = inf{dn,2(x, y) :
x ∈M,y ∈ N}.
3. An, epiplèon, M ∩N = ∅, apodeÐxte ìti up�rqei ε0 > 0 ¸ste dn,2(x, y) ≥ ε0gia k�je x ∈M kai y ∈ N .
Na antiparab�lete me tic ask seic 24 kai 25.
Je¸rhma 5.4 Bolzano-Weierstrass. K�je fragmèno �peiro uposÔnolo tou
Rn èqei toul�qiston èna shmeÐo suss¸reushc.

Apìdeixh: 'Estw K tuqìn �peiro kai fragmèno uposÔnolo tou Rn. Epeid  to
K eÐnai �peiro, up�rqei akoloujÐa (xm) sto K me ìrouc diaforetikoÔc an� dÔo.
To K eÐnai fragmèno, opìte h (xm) eÐnai fragmènh kai, b�sei tou Jewr matoc
5.3, up�rqei upoakoloujÐa (xmk

) thc (xm) h opoÐa sugklÐnei se k�poio x ∈ Rn.
Epeid  oi ìroi thc (xmk

) eÐnai diaforetikoÐ an� dÔo, to polÔ ènac apì autoÔc
eÐnai = x. 'Ara, h akoloujÐa (xmk

) apì k�poion deÐkth kai pèra èqei ìlouc touc
ìrouc thc 6= x kai sugklÐnei sto x. Apì thn Prìtash 4.20 sunep�getai ìti to x
eÐnai shmeÐo suss¸reushc tou K. O.E.D.

Erqìmaste, t¸ra, se èna polÔ shmantikì apotèlesma to opoÐo qarakthrÐzei
ìla ta sumpag  uposÔnola tou eukleÐdiou q¸rou.
Je¸rhma 5.5 'Estw M ⊆ Rn. To M eÐnai sumpagèc uposÔnolo tou Rn an kai
mìnon an eÐnai fragmèno kai kleistì uposÔnolo tou Rn.

Pr¸th apìdeixh: H Prìtash 5.2 apodeiknÔei th mÐa kateÔjunsh.
'Estw ìti to M eÐnai kleistì kai fragmèno uposÔnolo tou Rn. JewroÔme

tuqoÔsa (xm) sto M . Epeid  to M eÐnai fragmèno uposÔnolo tou Rn, h (xm)
eÐnai fragmènh kai, sÔmfwna me to Je¸rhma 5.3, èqei upoakoloujÐa (xmk

) h
opoÐa sugklÐnei, dhlad , xmk

→ x gia k�poio x ∈ Rn. Epeid  to M eÐnai
kleistì uposÔnolo tou Rn kai h (xmk

) perièqetai sto M , sunep�getai x ∈M .
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'Ara, k�je akoloujÐa sto M èqei upoakoloujÐa h opoÐa sugklÐnei se stoiqeÐo
tou M kai, epomènwc, to M eÐnai sumpagèc.
DeÔterh apìdeixh: P�li h Prìtash 5.2 apodeiknÔei th mÐa kateÔjunsh.

Epeid  to M eÐnai fragmèno uposÔnolo tou Rn, up�rqei kleistì orjog¸nio
parallhlepÐpedo N me akmèc par�llhlec stouc kÔriouc �xonec ¸ste M ⊆ N .
Apì thn Prìtash 5.4 sunep�getai ìti to N eÐnai sumpagèc uposÔnolo tou Rn

kai, epeid  to M eÐnai kleistì uposÔnolo tou Rn, to M eÐnai, sÔmfwna me thn
Prìtash 5.3, sumpagèc uposÔnolo tou Rn. O.E.D.
ParadeÐgmata:
1. Opoiad pote kleist  mp�la Nx0(R) eÐnai sumpagèc uposÔnolo tou Rn.
2. To sÔnolo C tou Cantor eÐnai sumpagèc uposÔnolo tou R, diìti eÐnai frag-
mèno kai kleistì uposÔnolo tou R.
'Askhsh 27: ApodeÐxte ìti to {(x(1), x(2)) : x(1) ≥ 0, x(2) ≥ 0, x(1) + x(2) ≤ 1}
eÐnai sumpagèc uposÔnolo tou R2 kai ìti to {(x(1), x(2), x(3)) : (x(1))2+(x(2))2 ≤
x(3) ≤ 1} eÐnai sumpagèc uposÔnolo tou R3.
'Askhsh 28: 'Estw fragmèno uposÔnolo M tou Rn. ApodeÐxte ìti ta M , M ′
kai ∂M eÐnai sumpag  uposÔnola tou Rn. (Upìdeixh: ApodeÐxte ìti kai ta trÐa
sÔnola eÐnai fragmèna uposÔnola tou Rn.)
'Askhsh 29: Fti�xte sumpagèc uposÔnolo tou R me �peirou arijm simou pl -
jouc shmeÐa suss¸reushc.
Parat rhsh: To Je¸rhma 5.5 lèei ìti to antÐstrofo thc Prìtashc 5.2 isqÔ-
ei ston q¸ro Rn. Den eÐnai, ìmwc, swstì ìti isqÔei se k�je metrikì q¸ro.
Pr�gmati, sÔmfwna me to Par�deigma 2 met� apì ton Orismì 5.4, k�je �peiro
uposÔnolo tou X den eÐnai sumpagèc uposÔnolo tou (X, δX) en¸ eÐnai kleistì
kai fragmèno uposÔnolì tou.
Prìtash 5.5 K�je mh kenì sumpagèc uposÔnolo tou R èqei mègisto kai el�-
qisto stoiqeÐo.

Apìdeixh: 'Estw mh kenì sumpagèc uposÔnolo M tou R. AfoÔ to M eÐnai mh
kenì kai fragmèno, to M èqei supremum. Jètoume β = supM , opìte up�rqei
akoloujÐa (xn) sto M ¸ste xn → β. AfoÔ to M eÐnai kleistì, β ∈ M kai,
epomènwc, to β eÐnai to mègisto stoiqeÐo tou M .

H apìdeixh eÐnai Ðdia gia thn Ôparxh elaqÐstou stoiqeÐou. O.E.D.
'Askhsh 30: 'Estw metrikìc q¸roc (X, d). JewroÔme to sÔnolo Zb = {A :
A mh kenì kai fragmèno uposÔnolo tou X} . Gia k�je A,B ∈ Zb orÐzoume
to d̃(A,B) = inf{µ ∈ R : gia k�je a ∈ A up�rqei b ∈ B ¸ste d(a, b) ≤
µ kai gia k�je b ∈ B up�rqei a ∈ A ¸ste d(a, b) ≤ µ}.
1. ApodeÐxte ìti to sÔnolo tou opoÐou to infimum orÐzei to d̃(A,B) eÐnai mh
kenì me k�tw fr�gma to 0 kai, epomènwc, 0 ≤ d̃(A,B) < +∞.
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2. ApodeÐxte ìti h d̃ eÐnai yeudometrik  sto Zb. Dhlad , ìti ikanopoieÐ ìlec
tic idiìthtec mÐac metrik c (Orismìc 4.3) ektìc thc (ii), h opoÐa gÐnetai: gia
k�je A ∈ Zb isqÔei d̃(A,A) = 0.
3. ApodeÐxte ìti gia k�je A,B ∈ Zb isqÔei: d̃(A,B) = 0 ⇔ A = B.

'Estw Zbc = {A : A mh kenì, fragmèno kai kleistì uposÔnolo tou (X, d)}.
Gia k�je A,B ∈ Zbc orÐzoume me ton Ðdio tÔpo to d̃(A,B). Me �lla lìgia, o
(Zbc, d̃) eÐnai upìqwroc tou (Zb, d̃).
4. ApodeÐxte ìti h d̃ eÐnai metrik  sto Zbc. H d̃ onom�zetai metrik  Haus-
dorff ston q¸ro Zbc twn mh ken¸n, kleist¸n kai fragmènwn uposunìlwn enìc
metrikoÔ q¸rou (X, d).
5. Wc (X, d) jewroÔme ton Rn me thn eukleÐdia metrik . 'Estw akoloujÐa (An)
mh ken¸n, kleist¸n kai fragmènwn uposunìlwn tou Rn kai èstw d̃(An, A) → 0,
ìpou to A eÐnai, epÐshc, mh kenì, kleistì kai fragmèno uposÔnolo tou Rn. A-
podeÐxte ìti, an ìla ta An eÐnai kurt�, tìte kai to A eÐnai kurtì.
6. Prospaj ste na deÐte ti shmaÐnei gewmetrik� h sqèsh d̃(A,B) ≤ ε an�mesa
se dÔo kleist� kai fragmèna (dhlad , sumpag ) uposÔnola tou R2   tou R3.

5.4 Sump�geia kai suneqeÐc sunart seic.
Je¸rhma 5.6 'Estw metrikoÐ q¸roi (X, d) kai (Y, ρ), M ⊆ X kai f : M → Y .
An h f eÐnai suneq c sto M kai to M eÐnai sumpagèc uposÔnolo tou (X, d), to
f(M) eÐnai sumpagèc uposÔnolo tou (Y, ρ).

Pr¸th apìdeixh: 'Estw (yn) opoiad pote akoloujÐa sto f(M). ArkeÐ na apo-
deÐxoume ìti h (yn) èqei upoakoloujÐa h opoÐa sugklÐnei se stoiqeÐo tou f(M).
Gia k�je n ∈ N up�rqei xn ∈M ¸ste f(xn) = yn. AfoÔ to M eÐnai sumpagèc
uposÔnolo tou (X, d), up�rqei upoakoloujÐa (xnk

) h opoÐa sugklÐnei se stoi-
qeÐo tou M , dhlad , xnk

→ x gia k�poio x ∈ M . AfoÔ h f eÐnai suneq c sto
M , ynk

= f(xnk
) → f(x) ∈ f(M).

DeÔterh apìdeixh: 'Estw tuqoÔsa anoikt  k�luyh T tou f(M). Gia k�je
B ∈ T to f−1(B) eÐnai anoiktì uposÔnolo tou (M,d) kai, epomènwc, up�r-
qei AB anoiktì uposÔnolo tou (X, d) ¸ste f−1(B) = AB ∩ M . EpÐshc, e-
peid  f(M) ⊆

⋃
B∈T B, sunep�getai M ⊆

⋃
B∈T f

−1(B) ⊆
⋃

B∈T AB . Epo-
mènwc, h sullog  Σ = {AB : B ∈ T} eÐnai anoikt  k�luyh tou M . Epeid 
to M eÐnai sumpagèc uposÔnolo tou (X, d), up�rqoun B1, . . . , Bn ∈ T ¸ste
M ⊆ AB1 ∪ · · · ∪ ABn

. Sunep�getai eÔkola ìti M ⊆ f−1(B1) ∪ · · · ∪ f−1(Bn),
opìte f(M) ⊆ B1 ∪ · · · ∪ Bn. 'Ara, h {B1, . . . , Bn} eÐnai peperasmènh k�luyh
tou f(M) mikrìterh   Ðsh apì thn T . O.E.D.
'Askhsh 31: 'Estw metrikoÐ q¸roi (X, d) kai (Y, ρ), M ⊆ X, N ⊆ Y kai
f : M → N h opoÐa eÐnai èna-proc-èna kai epÐ. An h f eÐnai suneq c sto
M kai to M eÐnai sumpagèc uposÔnolo tou (X, d), apodeÐxte ìti h antÐstrofh
f−1 : N →M eÐnai suneq c sto N .
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'Askhsh 32: 'Estw A ⊆ R kai f : A→ R. To Gf = {(x, f(x)) : x ∈ A} ⊆ R2

onom�zetai gr�fhma thc f .
1. 'Estw ìti h f eÐnai fragmènh. ApodeÐxte ìti, an to Gf eÐnai kleistì uposÔ-
nolo tou R2, h f eÐnai suneq c sto A.
2. 'Estw ìti to A eÐnai kleistì uposÔnolo tou R. ApodeÐxte ìti, an h f eÐnai
suneq c sto A, to Gf eÐnai kleistì uposÔnolo tou R2.
3. 'Estw ìti to A eÐnai sumpagèc uposÔnolo tou R. ApodeÐxte ìti h f eÐnai
suneq c sto A an kai mìnon an to Gf eÐnai sumpagèc uposÔnolo tou R2.
Je¸rhma 5.7 'Estw metrikìc q¸roc (X, d), M ⊆ X kai f : M → R. An h f
eÐnai suneq c sto M kai to M eÐnai sumpagèc uposÔnolo tou (X, d), h f eÐnai
fragmènh kai èqei mègisth tim  kai el�qisth tim .

Apìdeixh: Apì to Je¸rhma 5.6 sunep�getai ìti to f(M) eÐnai sumpagèc upo-
sÔnolo tou R. 'Ara, sÔmfwna me thn Prìtash 5.5, to f(M) eÐnai fragmèno kai
èqei mègisto kai el�qisto stoiqeÐo. O.E.D.
'Askhsh 33: H sun�rthsh f(x(1), x(2)) = ex(1)+x(2) , orismènh sto sÔnolo
{(x(1), x(2)) ∈ R2 : (x(1))2 + (x(2))2 ≤ 1} èqei, sÔmfwna me to Je¸rhma 5.7,
mègisth kai el�qisth tim . MporeÐte na tic upologÐsete?
'Askhsh 34: 'Estw f : Rn → R me f(x) = f(x(1), . . . , x(n)) → 0 kaj¸c
dn,2(x, 0) =

√
(x(1))2 + · · ·+ (x(n))2 → +∞. Autì shmaÐnei, ex orismoÔ, ìti:

gia k�je ε > 0 up�rqei R = R(ε) > 0 ¸ste |f(x)| < ε gia k�je x ∈ Rn me
dn,2(x, 0) > R.
1. An up�rqei x0 ∈ Rn ¸ste f(x0) > 0, apodeÐxte ìti h f èqei mègisth tim .
(Upìdeixh: P�rte ε = f(x0) kai to antÐstoiqo R. Efarmìste to Je¸rhma 5.7
sto sÔnolo N0(R).)
2. An up�rqei x0 ∈ Rn ¸ste f(x0) < 0, apodeÐxte ìti h f èqei el�qisth tim .
'Askhsh 35: Efarmìste to apotèlesma thc �skhshc 34 gia na apodeÐxete ì-
ti h f : R2 → R me tÔpo f(x(1), x(2)) = x(1)e−(x(1))2−(x(2))2 èqei mègisth kai
el�qisth tim  sto R2 kai, katìpin, upologÐste tic timèc autèc kaj¸c kai ta
antÐstoiqa x = (x(1), x(2)).

Tèloc, ja doÔme thn genÐkeush tou orismoÔ thc omoiìmorfhc sunèqeiac.
Orismìc 5.9 'Estw metrikoÐ q¸roi (X, d) kai (Y, ρ), A ⊆ X kai f : A → Y .
H f onom�zetai omoiìmorfa suneq c sto A, an gia k�je ε > 0 up�rqei δ =
δ(ε) > 0 ¸ste:

x, y ∈ A, d(x, y) < δ ⇒ ρ(f(x), f(y)) < ε .

'Askhsh 36: 'Estw metrikoÐ q¸roi (X, d) kai (Y, ρ), B ⊆ A ⊆ X kai f : A→ Y .
An h f eÐnai omoiìmorfa suneq c sto A, apodeÐxte ìti eÐnai omoiìmorfa suneq c
kai sto B.
'Askhsh 37: 'Estw metrikoÐ q¸roi (X, d), (Y, ρ) kai (Z, τ), A ⊆ X, B ⊆ Y ,
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f : A → B kai g : B → Z. An h f eÐnai omoiìmorfa suneq c sto A kai h g
omoiìmorfa suneqhc sto B, apodeÐxte ìti h g ◦ f : A → Z eÐnai omoiìmorfa
suneq c sto A.
Je¸rhma 5.8 'Estw metrikoÐ q¸roi (X, d) kai (Y, ρ), M ⊆ X kai f : M → Y .
An h f eÐnai suneq c sto M kai to M eÐnai sumpagèc uposÔnolo tou (X, d), h
f eÐnai omoiìmorfa suneq c sto M .

Pr¸th apìdeixh: 'Estw ìti h f den eÐnai omoiìmorfa suneq c sto M . Tìte
up�rqei ε0 > 0 ¸ste gia k�je δ > 0 up�rqoun x, y sto M gia ta opoÐa isqÔei
d(x, y) < δ kai ρ(f(x), f(y)) ≥ ε0. 'Ara, gia k�je n ∈ N up�rqoun xn, yn ∈ M¸ste d(xn, yn) < 1

n kai ρ(f(xn), f(yn)) ≥ ε0. ToM eÐnai sumpagèc, opìte h (xn)
èqei upoakoloujÐa (xnk

) h opoÐa sugklÐnei se stoiqeÐo tou M , dhlad , xnk
→

x0 gia k�poio x0 ∈ M . Tìte, ìmwc, d(ynk
, x0) ≤ d(ynk

, xnk
) + d(xnk

, x0) <
1

nk
+ d(xnk

, x0) → 0 kai, epomènwc, ynk
→ x0. Lìgw sunèqeiac thc f sto x0,

sunep�getai f(xnk
) → f(x0) kai f(ynk

) → f(x0). 'Ara ρ
(
f(xnk

), f(ynk
)
)
≤

ρ
(
f(xnk

), f(x0)
)

+ ρ
(
f(x0), f(ynk

)
)
→ 0. To teleutaÐo antif�skei me to ìti

ρ
(
f(xnk

), f(ynk
)
)
≥ ε0 gia k�je k.

DeÔterh apìdeixh: 'Estw ε > 0. Epeid  h f eÐnai suneq c sto M , gia k�je
x ∈M up�rqei δ(x) > 0 ¸ste: x′ ∈M , d(x′, x) < δ(x) ⇒ ρ(f(x′), f(x)) < ε

2 .
T¸ra, h sullog  {Nx( δ(x)

2 ) : x ∈ M} eÐnai anoikt  k�luyh tou M kai, epeid 
to M eÐnai sumpagèc uposÔnolo tou (X, d), up�rqoun x1, . . . , xn ∈ M ¸ste
M ⊆ Nx1(

δ(x1)
2 ) ∪ · · · ∪ Nxn( δ(xn)

2 ). Jètoume δ = min( δ(x1)
2 , . . . , δ(xn)

2 ) kai
paÐrnoume opoiad pote x, y ∈ M me d(x, y) < δ. To x an kei sto M , opìte
up�rqei k�poio k = 1, . . . , n ¸ste x ∈ Nxk

( δ(xk)
2 ) kai, epomènwc, d(x, xk) <

δ(xk)
2 < δ(xk). EpÐshc, d(y, xk) ≤ d(y, x)+d(x, xk) < δ+ δ(xk)

2 ≤ δ(xk). Apì tic
dÔo autèc anisìthtec sunep�getai d(f(x), f(xk)) < ε

2 kai d(f(y), f(xk)) < ε
2 .'Ara, d(f(x), f(y)) ≤ d(f(x), f(xk)) + d(f(y), f(xk)) < ε. O.E.D.

Ta dÔo Jewr mata 5.7 kai 5.8 genikeÔoun gnwst� apotelèsmata tou Apei-
rostikoÔ LogismoÔ, ìpou èqoume sunart seic f : [a, b] → R suneqeÐc sto [a, b].
'Askhsh 38: 'Estw metrikìc q¸roc (X, d), A ⊆ X kai f : A→ R. Upojètoume
ìti to A eÐnai sumpagèc uposÔnolo tou (X, d) kai ìti h f eÐnai suneq c sto A.
ApodeÐxte ìti ta parak�tw eÐnai isodÔnama:
1. Up�rqei suneq c epèktash thc f sto A, dhlad  F : A → R suneq c sto A
¸ste F (x) = f(x) gia k�je x ∈ A.
2. H f eÐnai omoiìmorfa suneq c sto A.
(Upìdeixh: Gia to [1 ⇒ 2] efarmìzoume to Je¸rhma 5.8 kai to apotèlesma thc
�skhshc 36. Gia to [2 ⇒ 1] jewr ste tuqìn x ∈ A kai opoiad pote (xn) sto
A me xn → x ston (X, d). ApodeÐxte ìti h (f(xn)) eÐnai akoloujÐa Cauchy sto
R, opìte sugklÐnei sto R. ApodeÐxte ìti to ìrio thc (f(xn)) den exart�tai
apì thn (xn) all� mon�qa apì to x kai orÐsate F (x) = limn→+∞ f(xn). Autì
gÐnetai gia k�je x ∈ A kai apodeÐxte ìti F (x) = f(x) gia k�je x ∈ A kai ìti h
orizìmenh F : A→ R eÐnai suneq c sto A.)
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Kef�laio 6

Genikeumèna oloklhr¸mata.

6.1 Genik�.
Sta pr¸ta maj mata thc Majhmatik c An�lushc exet�zoume pìte mÐa frag-

mènh sun�rthsh
f : [a, b] → R ,

orismènh se èna fragmèno kleistì di�sthma, eÐnai Riemann oloklhr¸simh. Ju-
mìmaste ìti dÔo tètoiec kathgorÐec Riemann oloklhr¸simwn sunart sewn eÐnai
oi kat� tm mata suneqeÐc sunart seic sto [a, b] kai oi kat� tm mata monìtonec
sunart seic sto [a, b]. Apì ton orismì twn Riemann oloklhr¸simwn sunart -
sewn den kalÔptontai dÔo shmantikèc kathgorÐec sunart sewn:
1. sunart seic pou den eÐnai fragmènec kai
2. sunart seic pou orÐzontai sta mh fragmèna diast mata [a,+∞), (−∞, b]
kai (−∞,+∞)   sta mh kleist� diast mata (a, b), (a, b], [a, b), (a,+∞) kai
(−∞, b).
PerÐptwsh 1. 'Estw pragmatik  sun�rthsh f orismènh se di�sthma [a, b), ì-
pou a ∈ R kai b ∈ R   b = +∞. Epiplèon, upojètoume ìti gia k�je c me
a ≤ c < b h f eÐnai Riemann oloklhr¸simh sto [a, c]. An to ìrio tou ∫ c

a
f(x) dx

kaj¸c c → b− up�rqei, lème ìti h f èqei genikeumèno olokl rwma sto
[a, b). H tim  tou genikeumènou oloklhr¸matoc eÐnai to limc→b−

∫ c

a
f(x) dx kai

sumbolÐzetai ∫→b

a
f(x) dx. Dhlad ,∫ →b

a

f(x) dx = lim
c→b−

∫ c

a

f(x) dx .

An to ìrio autì eÐnai pragmatikìc arijmìc, lème ìti to genikeumèno olo-
kl rwma ∫→b

a
f(x) dx sugklÐnei.

An to parap�nw ìrio den up�rqei   den eÐnai pragmatikìc arijmìc, lème ìti
to ∫→b

a
f(x) dx apoklÐnei. Eidik¸tera, an to ìrio eÐnai +∞   −∞, lème ìti

to ∫→b

a
f(x) dx apoklÐnei sto +∞   apoklÐnei sto −∞, antistoÐqwc, kai
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gr�foume: ∫→b

a
f(x) dx = +∞   ∫→b

a
f(x) dx = −∞, antistoÐqwc.

ParadeÐgmata
1. 'Estw f : [1,+∞) → R me tÔpo f(x) = 1

x2 . H f eÐnai Riemann oloklh-
r¸simh sto [1, c] gia k�je c ≥ 1, kai ∫ c

1
1
x2 dx = 1 − 1

c . 'Ara, ∫→+∞
1

1
x2 dx =

limc→+∞(1− 1
c ) = 1.

2. 'Estw f : [1,+∞) → R me tÔpo f(x) = 1
x . H f eÐnai Riemann oloklh-

r¸simh sto [1, c] gia k�je c ≥ 1 kai ∫ c

1
1
x dx = log c. 'Ara, ∫→+∞

1
1
x dx =

limc→+∞ log c = +∞.
3. 'Estw f : [0, 1) → R me tÔpo f(x) = 1

x−1 . H f eÐnai Riemann oloklh-
r¸simh sto [0, c] gia k�je c me 0 ≤ c < 1 kai ∫ c

0
1

x−1 dx = log(1 − c). 'Ara,∫→1

0
1

x−1 dx = limc→1− log(1− c) = −∞.
4. 'Estw f : [0, 1) → R me tÔpo f(x) = 1√

1−x
. H f eÐnai Riemann oloklhr¸-

simh sto [0, c] gia k�je c me 0 ≤ c < 1 kai ∫ c

0
1√
1−x

dx = 2 − 2
√

1− c . 'Ara,∫→1

0
1√
1−x

dx = limc→1−
(
2− 2

√
1− c

)
= 2.

H epìmenh Prìtash 6.1 apodeiknÔei ìti to genikeumèno olokl rwma eÐnai
genÐkeush tou oloklhr¸matoc Riemann.

Prìtash 6.1 'Estw f : [a, b] → R mia Riemann oloklhr¸simh sun�rthsh

sto [a, b]. Tìte h f èqei genikeumèno olokl rwma sto [a, b) kai
∫→b

a
f(x) dx =∫ b

a
f(x) dx.

Apìdeixh: AfoÔ h f eÐnai Riemann oloklhr¸simh sto [a, b], eÐnai kai fragmènh.
Dhlad , up�rqei k�poio M ∈ R ¸ste |f(x)| ≤ M gia k�je x ∈ [a, b]. Akìmh,
h f eÐnai Riemann oloklhr¸simh se k�je upodi�sthma tou [a, b] kai, epomènwc,
se k�je [a, c] me a ≤ c < b. Mènei na apodeÐxoume ìti limc→b−

∫ c

a
f(x) dx =∫ b

a
f(x) dx. AfoÔ ∫ b

a
f(x) dx =

∫ c

a
f(x) dx +

∫ b

c
f(x) dx, arkeÐ na apodeÐxoume

ìti limc→b−
∫ b

c
f(x) dx = 0. 'Omwc,

∣∣∣ ∫ b

c

f(x) dx
∣∣∣ ≤ ∫ b

c

|f(x)| dx ≤M(b− c) ,

opìte limc→b−
∫ b

c
f(x) dx = 0. O.E.D.

PerÐptwsh 2. Akrib¸c ta an�loga, ìpwc sthn perÐptwsh 1, isqÔoun sqetik� me
to aristerì �kro tou diast matoc olokl rwshc. Dhlad , èstw f : (a, b] → R,
ìpou a ∈ R   a = −∞, kai gia k�je c me a < c ≤ b h f eÐnai Riemann
oloklhr¸simh sto [c, b]. OrÐzoume to genikeumèno olokl rwma thc f sto
(a, b] wc to ∫ b

a←
f(x) dx = lim

c→a+

∫ b

c

f(x) dx ,

an up�rqei to ìrio autì klp. klp.
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ParadeÐgmata:
1. 'Estw f(0, 2] → R me tÔpo f(x) = 1√

x
. An 0 < c ≤ 2, tìte ∫ 2

c
1√
x
dx =

2
√

2− 2
√
c . 'Ara, ∫ 2

0←
1√
x
dx = 2

√
2 .

2. 'Estw f : (0, 2] → R me tÔpo f(x) = 1
x . 'An 0 < c ≤ 2, ∫ 2

c
1
x dx = log

(
2
c

).
'Ara, ∫ 2

0←
1
x dx = +∞.

3. 'Estw f : (−∞, 0] → R me tÔpo f(x) = 1
(x−1)2 . An c ≤ 0, ∫ 0

c
1

(x−1)2 dx =

1− 1
1−c . 'Ara,

∫ 0

−∞←
1

(x−1)2 dx = 1.
IsqÔei, epÐshc, h Prìtash 6.1 prosarmosmènh kat�llhla.

Prìtash 6.2 'Estw f : [a, b] → R mia Riemann oloklhr¸simh sun�rthsh

sto [a, b]. Tìte h f èqei genikeumèno olokl rwma sto (a, b] kai
∫ b

a← f(x) dx =∫ b

a
f(x) dx.

Apìdeixh: H apìdeixh eÐnai parìmoia me thn apìdeixh thc Prìtashc 6.1. Qrh-
simopoi¸ntac thn ∣∣ ∫ c

a
f(x) dx

∣∣ ≤ ∫ c

a
|f(x)| dx ≤ M(c − a), apodeiknÔoume ìti

limc→a+

∫ c

a
f(x) dx = 0. Tèloc, apì thn ∫ b

c
f(x) dx =

∫ b

a
f(x) dx −

∫ c

a
f(x) dx,

paÐrnontac ìria kaj¸c c→ a+, brÐskoume ∫ b

a← f(x) dx =
∫ b

a
f(x) dx. O.E.D.

PerÐptwsh 3. An f : (a, b) → R, ìpou a ∈ R   a = −∞ kai b ∈ R   b = +∞,
qwrÐzoume to (a, b) me opoiod pote endi�meso shmeÐo d (a < d < b). An to∫→b

d
f(x) dx sugklÐnei kai to ∫ d

a← f(x) dx sugklÐnei, lème ìti h f èqei geni-
keumèno olokl rwma sto (a, b)∫ →b

a←
f(x) dx =

∫ d

a←
f(x) dx+

∫ →b

d

f(x) dx

  ìti to ∫→b

a← f(x) dx sugklÐnei. An toul�qiston èna apì ta ∫ d

a← f(x) dx kai∫→b

d
f(x) dx apoklÐnei, lème ìti to ∫→b

a← f(x) dx apoklÐnei. An kai ta dÔo ìria
up�rqoun kai toul�qiston èna eÐnai +∞  −∞, lème ìti to ∫→b

a← f(x) dx apoklÐnei
sto +∞   −∞, antistoÐqwc, arkeÐ na mhn èqoume tic peript¸seic (+∞)+(−∞)
  (−∞) + (+∞). EÔkola blèpei kaneÐc ìti h epilog  tou endi�mesou d den
ephre�zei th sÔgklish   thn apìklish   thn tim  tou ∫→b

a← f(x) dx.
L mma 6.1 'Estw f : (a, b) → R, ìpou a ∈ R   a = −∞ kai b ∈ R   b = +∞,

kai a < d < d′ < b. An up�rqei to
∫ d

a← f(x) dx+
∫→b

d
f(x) dx, tìte up�rqei kai

to
∫ d′

a← f(x) dx+
∫→b

d′
f(x) dx kai èqoun tic Ðdiec timèc.

Apìdeixh: 'Eqoume ∫ c

d′
f(x) dx =

∫ c

d
f(x) dx +

∫ d

d′
f(x) dx. Epomènwc, epeid 

up�rqei to limc→b−
∫ c

d
f(x) dx, up�rqei kai to limc→b−

∫ c

d′
f(x) dx kai isqÔei

limc→b−
∫ c

d′
f(x) dx = limc→b−

∫ c

d
f(x) dx+

∫ d

d′
f(x) dx. Dhlad , ∫→b

d′
f(x) dx =∫→b

d
f(x) dx+

∫ d

d′
f(x) dx.
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OmoÐwc, èqoume ∫ d′

c
f(x) dx =

∫ d

c
f(x) dx −

∫ d

d′
f(x) dx. Epomènwc, epeid 

up�rqei to limc→a+

∫ d

c
f(x) dx, up�rqei kai to limc→a+

∫ d′

c
f(x) dx kai isqÔei

limc→a+

∫ d′

c
f(x) dx = limc→a+

∫ d

c
f(x) dx−

∫ d

d′
f(x) dx. Dhlad , ∫ d′

a← f(x) dx =∫ d

a← f(x) dx−
∫ d

d′
f(x) dx.

Epeid  to ∫ d

d′
f(x) dx eÐnai pragmatikìc arijmìc, prosjètontac tic dÔo i-

sìthtec, paÐrnoume ∫ d′

a← f(x) dx +
∫→b

d′
f(x) dx =

∫ d

a← f(x) dx +
∫→b

d
f(x) dx.

O.E.D.
H epìmenh eÐnai an�logh twn Prot�sewn 6.1 kai 6.2.

Prìtash 6.3 'Estw f : [a, b] −→ R mia Riemann oloklhr¸simh sun�rthsh

sto [a, b]. Tìte h f èqei genikeumèno olokl rwma sto (a, b) kai
∫→b

a← f(x) dx =∫ b

a
f(x) dx.

Apìdeixh: PaÐrnoume d ∈ (a, b). H f eÐnai Riemann oloklhr¸simh sto [a, d] kai
sto [d, b]. Apì tic Prot�seic 6.1 kai 6.2 sunep�getai ∫ d

a← f(x) dx =
∫ d

a
f(x) dx

kai ∫→b

d
f(x) dx =

∫ b

d
f(x) dx kai, prosjètontac, paÐrnoume ∫→b

a← f(x) dx =∫ b

a
f(x) dx. O.E.D

ParadeÐgmata:
1. 'Estw f : (−∞,+∞) → R me tÔpo f(x) = x

x2+1 . Tìte ∫→+∞
0

x
x2+1 dx =

limc→+∞
∫ c

0
x

x2+1 dx = limc→+∞
1
2 log(c2 + 1) = +∞ kai ∫ 0

−∞←
x

x2+1 dx =

limc→−∞
∫ 0

c
x

x2+1 dx = − limc→−∞
1
2 log(c2 + 1) = −∞. 'Ara to ∫→+∞

−∞←
x

x2+1 dxapoklÐnei kai den orÐzetai tim  tou.
2. 'Estw f : (−∞,+∞) → R me tÔpo f(x) = 1

x2+1 . Tìte ∫→+∞
0

1
x2+1 dx =

limc→+∞
∫ c

0
1

x2+1 dx = limc→+∞ arctan c = π
2 kai, epÐshc, ∫ 0

−∞←
1

x2+1 dx =

limc→−∞
∫ 0

c
1

x2+1 dx = − limc→−∞ arctan c = π
2 . 'Ara,

∫→+∞
−∞←

1
x2+1 dx = π.

PerÐptwsh 4. H perÐptwsh aut  sundu�zei ìlec tic prohgoÔmenec peript¸seic.
JewroÔme f h opoÐa eÐnai orismènh se di�sthma (a, b) (ìpou ta a, b mporoÔn na
eÐnai �peira) ektìc, Ðswc, apì peperasmènou pl jouc shmeÐa. Dhlad , mporeÐ
na up�rqoun ξ1, . . . , ξn ¸ste

f : (a, ξ1) ∪ (ξ1, ξ2) ∪ · · · ∪ (ξn−1, ξn) ∪ (ξn, b) → R.

An ìla ta ∫→ξ1

a← f(x) dx, ∫→ξ2

ξ1← f(x) dx,. . . ,∫→ξn

ξn−1← f(x) dx kai ∫→b

ξn← f(x) dx su-
gklÐnoun, lème ìti to genikeumèno olokl rwma thc f sto (a, b) sugklÐnei
kai h tim  tou eÐnai∫ →ξ1

a←
f(x) dx+

n−1∑
k=1

∫ →ξk+1

ξk←
f(x) dx+

∫ →b

ξn←
f(x) dx.

An ìla ta oloklhr¸mata up�rqoun kai èna toul�qiston apì ta oloklhr¸mata
apoklÐnei sto +∞ kai kanèna den apoklÐnei sto −∞, lème ìti to genikeumèno
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olokl rwma thc f sto (a, b) apoklÐnei sto +∞. OmoÐwc, an ìla ta olo-
klhr¸mata up�rqoun kai èna toul�qiston apì ta oloklhr¸mata apoklÐnei sto
−∞ kai kanèna den apoklÐnei sto +∞, lème ìti to genikeumèno olokl rwma
thc f sto (a, b) apoklÐnei sto −∞. Se k�je �llh perÐptwsh to genikeumèno
olokl rwma thc f sto (a, b) den up�rqei.
Sumbolismìc:
Sto ex c ta genikeumèna oloklhr¸mata

∫→b

a
f(x) dx,

∫ b

a← f(x) dx,
∫→b

a← f(x) dx
kaj¸c kai to genikeumèno olokl rwma me ta di�fora ξ1, . . . , ξn sto eswterikì

tou (a, b) ja ta sumbolÐzoume
∫ b

a
f(x) dx.

Den up�rqei kÐndunoc sÔgqushc me to olokl rwma Riemann
∫ b

a
f(x) dx, diì-

ti, an to olokl rwma Riemann thc f sto [a, b] up�rqei, up�rqei kai to genikeu-
mèno olokl rwma kai oi timèc touc sumpÐptoun.

UpotÐjetai, bebaÐwc, ìti, analìgwc thc sugkekrimènhc k�je for� f , mporoÔ-
me na diakrÐnoume an prìkeitai gia genikeumèno   gia sunhjismèno olokl rwma
Riemann.

'Askhsh 1: DiakrÐnate ta ∫ 3

1
1
x dx,

∫ 3

1
2

x−2 dx,
∫ +∞
1

1√
x
dx, ∫ 7

−1
1

x2−3x+2 dx,∫ +∞
−∞

1
x dx,

∫ 7

2
log

(
x

x−1

)
dx kai ∫ +∞

0
log x dx se genikeumèna kai se sunhjismèna

oloklhr¸mata Riemann.

'Askhsh 2: GiatÐ ta ∫ 1

0
x log x dx, ∫ 5

0
sin x

x dx, ∫ 1

−1
1−cos x

x2 dx, ∫ 5

1
log x
x−1 dx kai∫ 1

0
log x log(1 + x) dx jewroÔntai sunhjismèna oloklhr¸mata Riemann?

'Askhsh 3: MporoÔn ta parak�tw oloklhr¸mata na jewrhjoÔn sunhjismè-
na oloklhr¸mata Riemann  , èstw, genikeumèna oloklhr¸mata? ∫ +∞

−∞
1

sin x dx,∫ +∞
0

log(cos2 x) dx kai ∫ 1

0
1

sin( 1
x )
dx.

PARADOQH: Sth jewrhtik  mac suz thsh apì ed¸ kai pèra ja pe-

rioristoÔme sthn perÐptwsh 1. Dhlad , to genikeumèno olokl rwma∫ b

a
f(x) dx ja eÐnai to

∫→b

a
f(x) dx. Autì shmaÐnei ìti h f ja eÐnai

Riemann oloklhr¸simh sto [a, c] gia k�je c (a ≤ c < b) kai
∫ b

a
f(x) dx

=
∫→b

a
f(x) dx = limc→b−

∫ c

a
f(x) dx. Se k�je �llh perÐptwsh ta apote-

lèsmata eÐnai an�loga kai apodeiknÔontai me an�logo trìpo.

Prìtash 6.4 Prosjetikìthta wc proc upodiast mata. 'Estw a < d < b
kai h f eÐnai Riemann oloklhr¸simh sto [a, c] gia k�je c ∈ [a, b). Tìte: to∫ b

a
f(x) dx up�rqei an kai mìnon an to

∫ b

d
f(x) dx up�rqei. EpÐshc, an ta dÔo

aut� oloklhr¸mata up�rqoun,∫ b

a

f(x) dx =
∫ d

a

f(x) dx+
∫ b

d

f(x) dx .

Apìdeixh 'Estw a < d < c < b. Apì thn prosjetikìthta tou oloklhr¸ma-
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toc Riemann:
∫ c

a
f(x) dx =

∫ d

a
f(x) dx +

∫ c

d
f(x) dx. Epeid  to ∫ d

a
f(x) dx eÐ-

nai pragmatikìc arijmìc, to limc→b−
∫ c

a
f(x) dx up�rqei an kai mìnon an to

limc→b−
∫ c

d
f(x) dx up�rqei. Autì, fusik�, shmaÐnei ìti: to ∫ b

a
f(x) dx up�rqei

an kai mìnon an to ∫ b

d
f(x) dx up�rqei.

Tèloc, paÐrnontac ìrio sthn ∫ c

a
f(x) dx =

∫ d

a
f(x) dx +

∫ c

d
f(x) dx, èqoume∫ b

a
f(x) dx =

∫ d

a
f(x) dx+

∫ b

d
f(x) dx. O.E.D.

Prìtash 6.5 An to
∫ b

a
f(x) dx sugklÐnei, tìte limc→b−

∫ b

c
f(x) dx = 0. Dhla-

d , gia k�je ε > 0 up�rqei c0 = c0(ε) ∈ [a, b) ¸ste:

c0 ≤ c < b ⇒
∣∣∣ ∫ b

c

f(x) dx
∣∣∣ < ε .

An to ∫ b

a
f(x) dx sugklÐnei, tìte, sÔmfwna me thn Prìtash 6.4, ta ∫ b

a
f(x) dx kai∫ b

c
f(x) dx eÐnai pragmatikoÐ arijmoÐ gia k�je c ∈ (a, b) kai limc→b−

∫ b

c
f(x) dx =

limc→b−
( ∫ b

a
f(x) dx−

∫ c

a
f(x) dx

)
=

∫ b

a
f(x) dx−

∫ b

a
f(x) dx = 0. O.E.D.

Prìtash 6.6 Grammikìthta wc proc th sun�rthsh. 1. An ta
∫ b

a
f(x) dx

kai
∫ b

a
g(x) dx up�rqoun kai den eÐnai +∞ kai −∞   −∞ kai +∞, tìte to∫ b

a
(f(x) + g(x)) dx up�rqei kai∫ b

a

(f(x) + g(x)) dx =
∫ b

a

f(x) dx+
∫ b

a

g(x) dx .

2. An λ ∈ R, λ 6= 0, kai up�rqei to
∫ b

a
f(x) dx, to

∫ b

a
(λf(x)) dx up�rqei kai∫ b

a

(λf(x)) dx = λ

∫ b

a

f(x) dx .

An λ = 0, h isìthta isqÔei kat� profan  trìpo ektìc an
∫ b

a
f(x) dx = +∞

  −∞, opìte h arister  pleur� eÐnai Ðsh me 0 kai h dexi� eÐnai aprosdiìristh
morf .

Apìdeixh: 1. Sthn ∫ c

a
(f(x) + g(x)) dx =

∫ c

a
f(x) dx+

∫ c

a
g(x) dx paÐrnoume ìrio

kaj¸c c→ b− .
2. OmoÐwc, sthn ∫ c

a
(λf(x)) dx = λ

∫ c

a
f(x) dx paÐrnoume ìrio kaj¸c c → b− .

O.E.D.
'Askhsh 4: UpologÐste ta ∫ +∞

1

(
1
x2 − 1

x2+1

)
dx kai ∫ +∞

1

(
1
x −

1
x+1

)
dx.

Prìtash 6.7 SÔgkrish oloklhrwm�twn, I. 'Estw ìti to
∫ b

a
f(x) dx kai to∫ b

a
g(x) dx up�rqoun kai f(x) ≤ g(x) gia k�je x ∈ [a, b). Tìte∫ b

a

f(x) dx ≤
∫ b

a

g(x) dx .
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Apìdeixh: Gia opoiod pote c ∈ [a, b) èqoume f(x) ≤ g(x) gia k�je x ∈ [a, c],
opìte ∫ c

a
f(x) dx ≤

∫ c

a
g(x) dx. PaÐrnontac ìria kaj¸c c→ b− , sumperaÐnoume

ìti ∫ b

a
f(x) dx ≤

∫ b

a
g(x) dx.

Prìtash 6.8 SÔgkrish oloklhrwm�twn, II. 'Estw f(x) ≤ g(x) gia k�je
x ∈ [a, b).
1. An

∫ b

a
f(x) dx = +∞ kai h g eÐnai Riemann oloklhr¸simh sto [a, c] gia k�je

c ∈ [a, b), tìte
∫ b

a
g(x) dx = +∞.

2. An
∫ b

a
g(x) dx = −∞ kai h f eÐnai Riemann oloklhr¸simh sto [a, c] gia k�je

c ∈ [a, b), tìte
∫ b

a
f(x) dx = −∞.

Apìdeixh: 1. Gia opoiod pote c ∈ [a, b) èqoume f(x) ≤ g(x) gia k�je x ∈
[a, c], opìte ∫ c

a
f(x) dx ≤

∫ c

a
g(x) dx. Epeid  ∫ c

a
f(x) dx → +∞ kaj¸c c → b− ,

sunep�getai ìti ∫ c

a
g(x) dx→ +∞ kaj¸c c→ b− .

2. 'Opwc sto mèroc 1.
Je¸rhma 6.1 Krit rio tou Cauchy. 'Estw ìti h f eÐnai Riemann oloklh-

r¸simh sto [a, c] gia k�je c ∈ [a, b). Tìte to
∫ b

a
f(x) dx sugklÐnei an kai mìnon

an gia k�je ε > 0 up�rqei c0 = c0(ε) ∈ [a, b) ¸ste:

c0 ≤ c1 < c2 < b ⇒
∣∣∣ ∫ c2

c1

f(x) dx
∣∣∣ < ε .

Apìdeixh: 'Estw ìti to ∫ b

a
f(x) dx sugklÐnei. Tìte, gia ε > 0 up�rqei c0 = c0(ε)

¸ste: c0 ≤ c < b ⇒
∣∣ ∫ c

a
f(x) dx −

∫ b

a
f(x) dx

∣∣ < ε
2 . 'Omwc, tìte: c0 ≤

c1 < c2 < b ⇒
∣∣ ∫ c2

c1
f(x) dx

∣∣ =
∣∣ ∫ c2

a
f(x) dx −

∫ c1

a
f(x) dx

∣∣ ≤ ∣∣ ∫ c2

a
f(x) dx −∫ b

a
f(x) dx

∣∣ +
∣∣ ∫ c1

a
f(x) dx−

∫ b

a
f(x) dx

∣∣ < ε
2 + ε

2 = ε.
Antistrìfwc, èstw opoiad pote akoloujÐa (cn) sto [a, b) ¸ste cn → b.

PaÐrnoume ε > 0, opìte up�rqei to c0 = c0(ε) me tic idiìthtec thc upìjeshc.
AfoÔ cn → b, up�rqei n0 ∈ N ¸ste: n ≥ n0 ⇒ c0 ≤ cn < b. 'Ara: n0 ≤
m < n ⇒

∣∣ ∫ cn

cm
f(x) dx

∣∣ < ε  , isodÔnama, ∣∣ ∫ cn

a
f(x) dx −

∫ cm

a
f(x) dx

∣∣ < ε.
'Ara, h ( ∫ cn

a
f(x) dx

) eÐnai akoloujÐa Cauchy. 'Ara, up�rqei arijmìc s ¸ste∫ cn

a
f(x) dx→ s. 'An p�roume mÐa �llh akoloujÐa (c′n) me c′n → b, tìte h mikt 

akoloujÐa c1, c′1, c2, c′2, c3, c′3, . . . sugklÐnei kai aut  sto b kai, sÔmfwna me ta
parap�nw, h ∫ c1

a
f(x) dx, ∫ c′1

a
f(x) dx, ∫ c2

a
f(x) dx, ∫ c′2

a
f(x) dx,. . . sugklÐnei se

k�poio ìrio. AfoÔ, ìmwc, ∫ cn

a
f(x) dx → s, to ìrio autì eÐnai, opwsd pote, to

s. 'Ara ∫ c′n
a
f(x) dx→ s.

Up�rqei, loipìn, akrib¸c ènac arijmìc s ¸ste gia k�je akoloujÐa (cn)
sto [a, b) me cn → b na isqÔei ∫ cn

a
f(x) dx → s. Autì, ìmwc, shmaÐnei ìti

limc→b−
∫ c

a
f(x) dx = s kai, epomènwc, to ∫ b

a
f(x) dx sugklÐnei. O.E.D.

Ta dÔo apotelèsmata thc epìmenhc Prìtashc 6.9 eÐnai polÔ qr sima. O
rìloc touc eÐnai o Ðdioc me ton rìlo twn an�logwn apotelesm�twn gia ta sun jh
oloklhr¸mata Riemann: qrhsimeÔoun gia upologismoÔc oloklhrwm�twn.
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Prìtash 6.9 1. Olokl rwsh kat� mèrh. 'Estw ìti oi f kai g èqoun suneq 
par�gwgo sto [a, b) kai ìti to limc→b− f(c)g(c) eÐnai pragmatikìc arijmìc. Tìte
to

∫ b

a
f ′(x)g(x) dx up�rqei an kai mìnon an to

∫ b

a
f(x)g′(x) dx up�rqei. EpÐshc,

sthn perÐptwsh pou ta dÔo oloklhr¸mata up�rqoun,∫ b

a

f ′(x)g(x) dx = lim
c→b−

f(c)g(c)− f(a)g(a)−
∫ b

a

f(x)g′(x) dx .

2. Allag  metablht c. An h φ : [A,B) → [a, b) eÐnai gnhsÐwc aÔxousa kai
epÐ tou [a, b) kai èqei suneq  par�gwgo sto [A,B), tìte∫ b

a

f(x) dx =
∫ B

A

f(φ(X))φ′(X) dX .

EnnoeÐtai ìti h Ôparxh enìc apì ta dÔo oloklhr¸mata sunep�getai thn Ôparxh
kai tou �llou.

Apìdeixh: 1. Gia k�je c ∈ [a, b), isqÔei ∫ c

a
f ′(x)g(x) dx = f(c)g(c)− f(a)g(a)−∫ c

a
f(x)g′(x) dx. Epeid  to limc→b− f(c)g(c) eÐnai pragmatikìc arijmìc, h Ôparxh

tou enìc apì ta limc→b−
∫ b

a
f ′(x)g(x) dx kai limc→b−

∫ b

a
f(x)g′(x) dx sunep�ge-

tai thn Ôparxh kai tou �llou. Sthn perÐptwsh Ôparxhc twn dÔo aut¸n orÐwn,
paÐrnontac ìrio sthn ∫ c

a
f ′(x)g(x) dx = f(c)g(c)−f(a)g(a)−

∫ c

a
f(x)g′(x) dx, ka-

tal goume sthn ∫ b

a
f ′(x)g(x) dx = limc→b− f(c)g(c)−f(a)g(a)−

∫ b

a
f(x)g′(x) dx.

2. Epeid  h φ : [A,B) → [a, b) eÐnai gnhsÐwc aÔxousa, suneq c sto [A,B) kai
epÐ tou [a, b), sunep�getai ìti limC→B− φ(C) = b. EpÐshc, up�rqei h antÐstrofh
sun�rthsh ψ : [a, b) → [A,B) kai eÐnai ki aut  gnhsÐwc aÔxousa, suneq c sto
[a, b) kai epÐ tou [A,B). 'Ara, limc→b− ψ(c) = B. Jètoume, t¸ra, c = φ(C)  ,
isodÔnama, C = ψ(c). IsqÔei, epomènwc, h isodunamÐa: c → b− ⇔ C → B− .
Apì th gnwst  sqèsh ∫ c

a
f(x) dx =

∫ C

A
f(φ(X))φ′(X) dX, paÐrnontac ìrio ka-

j¸c c → b−  , isodÔnama, kaj¸c C → B− , sumperaÐnoume ìti ∫ b

a
f(x) dx =∫ B

A
f(φ(X))φ′(X) dX. O.E.D.

'Askhsh 5: 'Estw a > 0. UpologÐste ta ∫ +∞
0

x
x2+a2 dx kai ∫ +∞

0
1

x2+a2 dx.
'Askhsh 6: ApodeÐxte ìti ∫ 1

0
xp log x dx = − 1

(p+1)2 gia k�je p > −1.
'Askhsh 7: ApodeÐxte ìti ∫ +∞

1
xp log x dx = 1

(p+1)2 gia k�je p < −1.
'Askhsh 8: ApodeÐxte ìti ∫ +∞

0
xn−1

(1+x)n+m dx = (n−1)!(m−1)!
(n+m−1)! gia k�je n,m ∈ N.

'Askhsh 9: Qrhsimopoi ste thn ∫ +∞
0

sin x
x dx = π

2 qwrÐc apìdeixh.
1. ApodeÐxte ìti ∫ +∞

0
sin x cos x

x dx = π
4 . (Upìdeixh: sin(2x) = 2 sinx cosx.)

2. ApodeÐxte ìti ∫ +∞
0

sin2 x
x2 dx = π

2 . (Upìdeixh: Olokl rwsh kat� mèrh sthn
isìthta tou mèrouc 1.)
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3. ApodeÐxte ìti ∫ +∞
0

sin4 x
x2 dx = π

4 . (Upìdeixh: sin2 x = 1− cos2 x.)
4. ApodeÐxte ìti ∫ +∞

0
sin4 x

x4 dx = π
3 .

'Askhsh 10: 'Estw ìti h f eÐnai Riemann oloklhr¸simh se k�je di�sthma [a, b]
me 0 < a ≤ b <∞ kai èstw 0 < A ≤ B < +∞,
1. OrÐzoume th sun�rthsh me tÔpo g(x) = 1

x

∫ x

1
f(t) dt gia k�je x ∈ (0,+∞)

kai èstw ìti to ìrio L = limx→+∞ g(x) up�rqei kai eÐnai pragmatikìc arijmìc.
ApodeÐxte ìti
(i)

∫ B

A
f(x)

x dx = g(B)− g(A) +
∫ B

A
g(x)

x dx ,
(ii) limT→+∞

∫ BT

AT
f(x)

x dx = L log
(

B
A

) kai
(iii)

∫ +∞
1

f(Ax)−f(Bx)
x dx = −L log

(
B
A

)
+

∫ B

A
f(x)

x dx .
2. OrÐzoume th sun�rthsh h(x) = x

∫ 1

x
f(t)
t2 dt gia k�je x ∈ (0,+∞) kai èstw

ìti to ìrio l = limx→0+ h(x) up�rqei kai eÐnai pragmatikìc arijmìc. ApodeÐxteìti
(i)

∫ B

A
f(x)

x dx = h(A)− h(B) +
∫ B

A
h(x)

x dx ,
(ii) limt→0+

∫ Bt

At
f(x)

x dx = l log
(

B
A

) kai
(iii)

∫ 1

0
f(Ax)−f(Bx)

x dx = l log
(

B
A

)
−

∫ B

A
f(x)

x dx .
3. Me tic upojèseic twn 1 kai 2: ∫ +∞

0
f(Ax)−f(Bx)

x dx = (L− l) log
(

A
B

).
4. ApodeÐxte ìti ∫ +∞

0
cos(Ax)−cos(Bx)

x dx = log
(

B
A

) kai ∫ +∞
0

e−Ax−e−Bx

x dx =
log

(
B
A

).
Orismìc 6.1 'Estw sun�rthsh f : [a, b) ∪ (b, d] → R, h opoÐa eÐnai Riemann
oloklhr¸simh se k�je di�sthma [a, c] (a ≤ c < b) kai se k�je di�sthma [c, d]
(b < c ≤ d). Onom�zoume prwteÔousa tim  tou genikeumènou oloklhr¸ma-

toc
∫ d

a
f(x) dx to ìrio (an up�rqei) limε→0+

( ∫ b−ε

a
f(x) dx +

∫ d

b+ε
f(x) dx

)
kai

th sumbolÐzoume P.V.
∫ d

a
f(x) dx. Dhlad ,

P.V.

∫ d

a

f(x) dx = lim
ε→0+

( ∫ b−ε

a

f(x) dx+
∫ d

b+ε

f(x) dx
)
.

Up�rqoun paradeÐgmata, ìpou den up�rqei to genikeumèno olokl rwma en¸
up�rqei h prwteÔousa tim  tou.
Par�deigma:
'Estw f(x) = 1

x gia k�je x ∈ [−1, 0) ∪ (0, 1].
To genikeumèno olokl rwma ∫ 1

−1
1
x dx den up�rqei, diìti ∫ 1

0
1
x dx = +∞,∫ 0

−1
1
x dx = −∞ kai to ∫ 0

−1
1
x dx+

∫ 1

0
1
x dx = (−∞) + (+∞) eÐnai aprosdiìristh

morf . 'Omwc, P.V. ∫ 1

−1
1
x dx = limε→0+

( ∫ −ε

−1
1
x dx+

∫ 1

ε
1
x dx

)
= limε→0+ 0 = 0.

Prìtash 6.10 'Estw f : [a, b)∪(b, d] → R, h opoÐa eÐnai Riemann oloklhr¸si-
mh se k�je di�sthma [a, c] (a ≤ c < b) kai se k�je di�sthma [c, d] (b < c ≤ d).
An to genikeumèno olokl rwma

∫ d

a
f(x) dx up�rqei, tìte up�rqei kai h prwteÔ-

ousa tim  tou kai eÐnai Ðsa.
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Apìdeixh: An to ∫ d

a
f(x) dx up�rqei, ta ∫ b

a
f(x) dx kai ∫ d

b
f(x) dx up�rqoun ex

orismoÔ. 'Ara, limε→0+

∫ b−ε

a
f(x) dx =

∫ b

a
f(x) dx kai limε→0+

∫ d

b+ε
f(x) dx =∫ d

b
f(x) dx. EpÐshc, ta ∫ b

a
f(x) dx kai ∫ d

b
f(x) dx den eÐnai +∞ kai −∞  

−∞ kai +∞. 'Ara, P.V. ∫ d

a
f(x) dx = limε→0+

( ∫ b−ε

a
f(x) dx +

∫ d

b+ε
f(x) dx

)
=∫ b

a
f(x) dx+

∫ d

b
f(x) =

∫ d

a
f(x) dx. O.E.D.

6.2 Mh arnhtikèc sunart seic.
Je¸rhma 6.2 'Estw ìti h f eÐnai Riemann oloklhr¸simh sto [a, c] gia k�je
c ∈ [a, b) kai ìti f(x) ≥ 0 gia k�je x ∈ [a, b).
1. An to

∫ c

a
f(x) dx eÐnai fragmèno wc sun�rthsh tou c sto [a, b), dhlad , an

up�rqei M ∈ R ¸ste 0 ≤
∫ c

a
f(x) dx ≤M gia k�je c ∈ [a, b), tìte to

∫ b

a
f(x) dx

sugklÐnei.
2. An to

∫ c

a
f(x) dx den eÐnai fragmèno wc sun�rthsh tou c sto [a, b), tìte∫ b

a
f(x) dx = +∞.

Apìdeixh: ParathroÔme ìti to ∫ c

a
f(x) dx eÐnai aÔxousa sun�rthsh tou c, afoÔ,

an a ≤ c1 < c2 < b, sunep�getai ∫ c2

a
f(x) dx =

∫ c1

a
f(x) dx +

∫ c2

c1
f(x) dx ≥∫ c1

a
f(x) dx. Epomènwc, an to ∫ c

a
f(x) dx eÐnai �nw fragmèno wc sun�rthsh tou c

sto [a, b), tìte to limc→b−
∫ c

a
f(x) dx up�rqei kai eÐnai pragmatikìc arijmìc en¸,

an to ∫ b

a
f(x) dx den eÐnai �nw fragmèno, tìte to limc→b−

∫ b

a
f(x) dx up�rqei,

all� eÐnai +∞. O.E.D.
EÐnai �mesh sunèpeia thc prohgoÔmenhc prìtashc ìti to genikeumèno olo-

kl rwma mh arnhtik¸n sunart sewn p�ntote up�rqei kai eÐnai eÐte pragmatikìc
arijmìc eÐte +∞. M�lista, epeid  f(x) ≥ 0 gia k�je x ∈ [a, b), sunep�getai∫ b

a
f(x) dx ≥

∫ b

a
0 dx = 0. 'Ara,

0 ≤
∫ b

a

f(x) dx ≤ +∞ .

MporoÔme, loipìn, na poÔme ìti h sÔgklish tou genikeumènou oloklhr¸matoc
isodunameÐ me th sunj kh ∫ b

a
f(x) dx < +∞ en¸ h apìklis  tou isodunameÐ me

th sunj kh ∫ b

a
f(x) dx = +∞.

AxÐzei na tonisjeÐ ìti, gia genik  sun�rthsh f , h anisìthta ∫ b

a
f(x) dx ≤ +∞

isqÔei kat� profan  trìpo, arkeÐ, ìmwc, to ∫ b

a
f(x) dx na up�rqei, dhlad , na

èqei upìstash wc stoiqeÐo tou R ∪ {−∞,+∞}. An h sun�rthsh èqei ìlec tic
timèc thc mh arnhtikèc, h proüpìjesh aut  eÐnai egguhmènh apì to Je¸rhma 6.2.
Prìtash 6.11 SÔgkrish oloklhrwm�twn, III. 'Estw ìti oi f kai g eÐnai
Riemann oloklhr¸simec sto [a, c] gia k�je c ∈ [a, b) kai ìti 0 ≤ f(x) ≤ g(x)
gia k�je x ∈ [a, b). Tìte
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1. 0 ≤
∫ b

a
f(x) dx ≤

∫ b

a
g(x) dx kai

2. an to
∫ b

a
g(x) dx sugklÐnei, tìte kai to

∫ b

a
f(x) dx sugklÐnei.

Apìdeixh: 1. Epeid  oi f kai g eÐnai mh arnhtikèc, ta ∫ b

a
f(x) dx kai ∫ b

a
g(x) dx

up�rqoun. Apì thn Prìtash 6.7 sunep�getai 0 ≤
∫ b

a
f(x) dx ≤

∫ b

a
g(x) dx.

2. Epeid  ∫ b

a
g(x) dx < +∞, sunep�getai ∫ b

a
f(x) dx < +∞.

Ac doÔme, t¸ra, merik� paradeÐgmata sunart sewn oi opoÐec qrhsimopoioÔ-
ntai suqnìtata wc sunart seic sÔgkrishc efarmìzontac eÐte thn Prìtash 6.11
eÐte, argìtera, to Je¸rhma 6.3.
ParadeÐgmata:
1. 'Estw g(x) = 1

xp (a ≤ x < +∞), ìpou a > 0 kai p ∈ R.
Tìte ∫ c

a
1

xp dx =
{ log c− log a , p = 1,

c1−p−a1−p

1−p , p 6= 1 kai, epomènwc,
∫ +∞

a

1
xp

dx =
{ +∞, p ≤ 1,

a1−p

p−1 , 1 < p .
2. 'Estw g(x) = 1

xp (0 < x ≤ a), ìpou a > 0 kai p ∈ R.
Tìte ∫ a

c
1

xp dx =
{ log a− log c , p = 1,

a1−p−c1−p

1−p , p 6= 1. 'Ara,∫ a

0

1
xp

dx =
{ +∞, 1 ≤ p ,

a1−p

1−p , p < 1.
3. 'Estw g(x) = xre−Axb

(a ≤ x < +∞), ìpou a > 0, r ∈ R, A > 0 kai b > 0.
Dialègoume m ∈ N, ¸ste m > r+1

b . Gia k�je x ≥ 0 èqoume ex ≥ xm

m!

kai, antikajist¸ntac to x me to Axb, eAxb ≥ Am

m! x
bm. 'Ara, g(x) = xre−Axb ≤

m!
Am

1
xbm−r gia k�je x > 0. Epeid  bm − r > 1, to ∫ +∞

a
1

xbm−r dx sugklÐnei. To∫ +∞
a

xre−Axb

dx up�rqei, epeid  eÐnai genikeumèno olokl rwma mh arnhtik c
sun�rthshc. SÔmfwna me thn Prìtash 6.11, to ∫ +∞

a
xre−Axb

dx sugklÐnei se
mh arnhtikì pragmatikì arijmì:

0 ≤
∫ +∞

a

xre−Axb

dx < +∞ .

'Askhsh 11: ApodeÐxte ìti ∫ +∞
1

sin2
(

1
x

)
dx ≤ 1. (Upìdeixh: | sin t| ≤ |t|.)

'Askhsh 12: ApodeÐxte ìti ∫ +∞
0

sin2 x
x2 dx ≤ 2. (Upìdeixh: sinx ≤ x gia

0 ≤ x ≤ 1 kai | sinx| ≤ 1 gia x ≥ 1.)
'Askhsh 13: ApodeÐxte ìti to ∫ 1

0
xp(1−x)q dx sugklÐnei an kai mìnon an p > −1

kai q > −1.
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'Askhsh 14: ApodeÐxte ìti to ∫ +∞
0

xp

1+xq dx sugklÐnei an kai mìnon an 0 <
p+ 1 < q.
'Askhsh 15: ApodeÐxte ìti ta ∫ +∞

0
e−(x+x−1) dx kai ∫ +∞

1
log x

x
√

x2−1
dx sugklÐ-

noun.
'Askhsh 16: ApodeÐxte ìti to ∫ +∞

0
xxe−xp

dx sugklÐnei an kai mìnon an p > 0.
'Askhsh 17: ApodeÐxte ìti to ∫ +∞

2
xp logq x dt sugklÐnei an kai mìnon an

p < −1   p = −1 kai q < −1. (Upìdeixh: Allag  metablht c x = eX .)
'Askhsh 18: ApodeÐxte ìti ∫ +∞

0
x2e−x8 sin2 x dx < +∞, ∫ +∞

1
1

1+x4 sin2 x
dx <

+∞, ∫ +∞
0

x3e−x8 sin2 x dx = +∞ kai ∫ +∞
1

1
1+x2 sin2 x

dx = +∞.
To epìmeno apotèlesma eÐnai, ousiastik�, to Ðdio me to apotèlesma thc

Prìtashc 1.9, afoÔ to limx→+∞
∫ x

1
f(t) dt pou emfanÐzetai sthn Prìtash 1.9

to sumbolÐzoume t¸ra ∫ +∞
1

f(x) dx.
Prìtash 6.12 Oloklhrwtikì krit rio sÔgklishc seir�c. Upojètoume ìti
h f : [1,+∞) → R eÐnai fjÐnousa proc to 0. Dhlad ,
(i) f(x1) ≥ f(x2) gia k�je x1, x2 me 1 ≤ x1 < x2 < +∞ kai
(ii) limx→+∞ f(x) = 0.
To sumpèrasma eÐnai:

1. an to
∫ +∞
1

f(x) dx sugklÐnei, h seir�
∑+∞

k=1 f(k) sugklÐnei kai
2. an

∫ +∞
1

f(x) dx = +∞, tìte
∑+∞

k=1 f(k) = +∞.
EpÐshc, se k�je perÐptwsh∫ +∞

1

f(x) dx ≤
+∞∑
k=1

f(k) ≤ f(1) +
∫ +∞

1

f(x) dx .

Apìdeixh: Kat' arq n, epeid  h f eÐnai monìtonh, eÐnai Riemann oloklhr¸simh
se k�je di�sthma [a, b] ⊆ [1,+∞).

AfoÔ h f eÐnai fjÐnousa, f(m+1) ≤
∫ m+1

m
f(x) dx ≤ f(m) gia k�je m ∈ N.

Prosjètontac tic aristerèc anisìthtec gia m = 1, . . . , n − 1 paÐrnoume f(2) +
· · · + f(n) ≤

∫ n

1
f(x) dx. Prosjètontac tic dexièc anisìthtec gia m = 1, . . . , n

paÐrnoume ∫ n+1

1
f(x) dx ≤ f(1) + · · ·+ f(n). 'Ara∫ n+1

1

f(x) dx ≤ f(1) + · · ·+ f(n) ≤ f(1) +
∫ n

1

f(x) dx .

Apì autèc tic anisìthtec eÐnai fanerì ìti ta merik� ajroÐsmata f(1)+ · · ·+
f(n) eÐnai �nw fragmèna an kai mìnon an to ∫ c

1
f(x) dx eÐnai �nw fragmèno wc

sun�rthsh tou c. 'Ara, sÔmfwna me ta Jewr mata 1.2 kai 6.2, to ∫ +∞
1

f(x) dx
sugklÐnei an kai mìnon an h seir� ∫ +∞

k=1
f(k) sugklÐnei.

Epiplèon, apì thn Ðdia sqèsh, paÐrnontac ìrio kaj¸c n → +∞, brÐskoume∫ +∞
1

f(x) dx ≤
∑+∞

k=1 f(k) ≤ f(1) +
∫ +∞
1

f(x) dx. O.E.D.
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Parat rhsh: H Prìtash 6.12 qrhsimopoieÐtai perissìtero gia na exetasjeÐ h
sÔgklish mÐac seir�c par� h sÔgklish enìc genikeumènou oloklhr¸matoc. Autì
sumbaÐnei diìti, sun jwc, eÐnai pio dÔskoloc o qeirismìc seir¸n kai pio eÔkoloc
o qeirismìc oloklhrwm�twn.
Par�deigma:
Jumìmaste to par�deigma thc armonik c seir�c ∑+∞

k=1
1
k . EÐnai eÔkolo na a-

podeiqjeÐ h apìklish tou antÐstoiqou oloklhr¸matoc ∫ +∞
1

1
x dx. Pr�gmati:

limc→+∞
∫ c

1
1
x dx = limc→+∞ log c = +∞. Parathr ste ìti eÐnai polÔ eÔko-

loc o upologismìc tou ∫ c

1
1
x dx en¸ o upologismìc tou antÐstoiqou ∑n

k=1
1
keÐnai adÔnatoc. Autì èqei wc apotèlesma thn duskolÐa eÔreshc tou orÐou

limn→+∞
∑n

k=1
1
k .

6.3 Apìluth sÔgklish.
Orismìc 6.2 'Estw ìti h f eÐnai Riemann oloklhr¸simh sto [a, c] gia k�je

c ∈ [a, b). Lème ìti to
∫ b

a
f(x) dx sugklÐnei apolÔtwc, an to

∫ b

a
|f(x)| dx

sugklÐnei. Lème ìti to
∫ b

a
f(x) dx sugklÐnei upì sunj kh, an to

∫ b

a
f(x) dx

sugklÐnei all� de sugklÐnei apolÔtwc.

Prìtash 6.13 'Estw ìti h f eÐnai Riemann oloklhr¸simh sto [a, c] gia k�je

c ∈ [a, b). An to
∫ b

a
f(x) dx sugklÐnei apolÔtwc, tìte sugklÐnei. EpÐshc,

∣∣∣ ∫ b

a

f(x) dx
∣∣∣ ≤ ∫ b

a

|f(x)| dx .

Apìdeixh: Efarmìzoume to krit rio Cauchy. 'Estw ε > 0. AfoÔ to ∫ b

a
|f(x)| dx

sugklÐnei, up�rqei c0 = c0(ε) me a ≤ c0 < b ¸ste: c0 ≤ c1 < c2 < b ⇒∫ c2

c1
|f(x)| dx < ε ⇒

∣∣ ∫ c2

c1
f(x) dx

∣∣ ≤ ∫ c2

c1
|f(x)| dx < ε. 'Ara, sÔmfwna me to

krit rio Cauchy, to ∫ b

a
f(x) dx sugklÐnei.

Tèloc, epeid  gia k�je c ∈ [a, b) isqÔei ∣∣ ∫ c

a
f(x) dx

∣∣ ≤ ∫ c

a
|f(x)| dx, paÐr-

nontac ìria kaj¸c c → b− , katal goume sthn ∣∣ ∫ b

a
f(x) dx

∣∣ ≤ ∫ b

a
|f(x)| dx.

O.E.D.
Parathr seic: 1. O rìloc thc Prìtashc 6.13 eÐnai ìti exasfalÐzei thn Ôparxh
tou ∫ b

a
f(x) dx sthn perÐptwsh pou ∫ b

a
|f(x)| dx < +∞.

2. An gnwrÐzoume ek twn protèrwn ìti to
∫ b

a
f(x) dx up�rqei, h anisìthta∣∣ ∫ b

a
f(x) dx

∣∣ ≤ ∫ b

a
|f(x)| dx isqÔei autom�twc. Pr�gmati, an ∫ b

a
|f(x)| dx < +∞,

h anisìthta eÐnai apotèlesma thc Prìtashc 6.13. An ∫ b

a
|f(x)| dx = +∞, h ari-

ster  pleur� thc anisìthtac eÐnai stoiqeÐo tou [0,+∞], diìti to ∫ b

a
f(x) dx eÐnai

stoiqeÐo tou R ∪ {−∞,+∞}, kai h anisìthta isqÔei kat� profan  trìpo diìti
h dexi� pleur� eÐnai +∞.
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ParadeÐgmata:
1. To ∫ +∞

1
cos x
x2 dx sugklÐnei apolÔtwc.

'Eqoume ìti ∣∣ cos x
x2

∣∣ ≤ 1
x2 gia k�je x ≥ 1. Apì thn Prìtash 6.11 sunep�getai∫ +∞

1

∣∣ cos x
x2

∣∣ dx ≤ ∫ +∞
1

1
x2 dx = 1. 'Ara, to ∫ +∞

1

∣∣ cos x
x2

∣∣ dx sugklÐnei.
2. To ∫ +∞

π
sin x

x dx sugklÐnei upì sunj khn.
Gia k�je c ≥ π, oloklhr¸nontac kat� mèrh, ∫ c

π
sin x

x dx = −
∫ c

π
1
x (cosx)′ dx =

cos π
π − cos c

c −
∫ c

π
cos x
x2 dx. Profan¸c, limc→+∞

cos c
c = 0. To limc→+∞

∫ c

π
cos x
x2 dx

up�rqei sto R, sÔmfwna me to prohgoÔmeno par�deigma. 'Ara, up�rqei kai to
limc→+∞

∫ c

π
sin x

x dx sto R kai, epomènwc, to ∫ +∞
π

sin x
x dx sugklÐnei. Apomènei,

t¸ra, na apodeÐxoume ìti ∫ +∞
π

∣∣ sin x
x

∣∣ dx = +∞.
'Eqoume ∫ nπ

π

∣∣ sin x
x

∣∣ dx =
∑n−1

k=1

∫ (k+1)π

kπ
| sin x|

x dx =
∑n−1

k=1

∫ π

0
| sin(x+kπ)|

x+kπ dx =∑n−1
k=1

∫ π

0
sin x
x+kπ dx =

∫ π

0
sinx

( ∑n−1
k=1

1
x+kπ

)
dx ≥

∫ π

0
sinx

( ∑n−1
k=1

1
π+kπ

)
dx =

1
π

(
1
2 + 1

3 + · · ·+ 1
n

) ∫ π

0
sinx dx = 2

π

(
1
2 + 1

3 + · · ·+ 1
n

)
→ +∞. 'Ara, to ∫ c

π

∣∣ sin x
x

∣∣ dx
den eÐnai fragmèno wc sun�rthsh tou c kai, epomènwc, ∫ +∞

π

∣∣ sin x
x

∣∣ dx = +∞.
'Askhsh 19: 'Estw f : [0,+∞) → R me tÔpo f(t) = (−1)n

n gia n − 1 ≤ t < n

kai gia n ∈ N. ApodeÐxte ìti to ∫ +∞
0

f(t) dt sugklÐnei upì sunj kh.
Je¸rhma 6.3 SÔgkrish oloklhrwm�twn, IV. 'Estw ìti oi f kai g eÐnai
Riemann oloklhr¸simec sto [a, c] gia k�je c ∈ [a, b), ìti g(x) ≥ 0 gia k�je
x ∈ [a, b) kai ìti up�rqei M ∈ R ¸ste |f(x)| ≤ Mg(x) gia k�je x ∈ [a, b). An
to

∫ b

a
g(x) dx sugklÐnei, to

∫ b

a
f(x) dx sugklÐnei apolÔtwc.

Apìdeixh: To ∫ b

a
(Mg(x)) dx sugklÐnei diìti ∫ b

a
(Mg(x)) dx = M

∫ b

a
g(x) dx <

+∞. Apì thn Prìtash 6.11 sunep�getai ìti to ∫ b

a
|f(x)| dx sugklÐnei. O.E.D.

Par�deigma:
To ∫ +∞

1
sin x
x2 dx sugklÐnei apolÔtwc, epeid  ∣∣ sin x

x2

∣∣ ≤ 1
x2 gia k�je x ∈ [1,+∞)

kai to ∫ +∞
1

1
x2 dx sugklÐnei.

'Askhsh 20: ApodeÐxte ìti ta oloklhr¸mata ∫ +∞
0

cos x
1+x2 dx, ∫ +∞

0
e−x cosx dx

kai ∫ +∞
1

1
x sin

(
1
x

)
dx sugklÐnoun apolÔtwc.

'Askhsh 21: ApodeÐxte ìti, an p > 1, to ∫ +∞
π

sin x
xp dx sugklÐnei apolÔtwc en¸,

an 0 < p ≤ 1, to Ðdio olokl rwma sugklÐnei upì sunj kh. (Upìdeixh: MimhjeÐte
to par�deigma 2 prin apì to Je¸rhma 6.3 me r = 1.)
'Askhsh 22: Gia 1 < x < +∞ orÐzoume ζ(x) =

∑+∞
k=1

1
kx . (DeÐte thn �skhsh

14 sto kef�laio 3 kai thn �skhsh 17 sto kef�laio 1.)
1. ApodeÐxte ìti ζ(x) = x

∫ +∞
1

[t]
tx+1 dt gia k�je x > 1. EpÐshc, apodeÐxte ìti

1
x−1 ≤ x

∫ +∞
1

[t]
tx+1 dt ≤ x

x−1 gia k�je x > 1, brÐskontac me deÔtero trìpo tic
anisìthtec thc �skhshc 17 sto kef�laio 1.
2. ApodeÐxte ìti ζ(x) = x

x−1 − x
∫ +∞
1

t−[t]
tx+1 dt gia k�je x > 1. ApodeÐxte ìti to
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olokl rwma sugklÐnei gia k�je x > 0. Epomènwc, h sun�rthsh ζ epekteÐnetai,
mèsw tou tÔpou autoÔ, kai sto di�sthma (0, 1).
'Askhsh 23: 'Estw ìti h f : [0, 1] → R eÐnai suneq c sto [0, 1] kai ìti
f(0) = 0 kai h f ′(0) up�rqei kai eÐnai pragmatikìc arijmìc. ApodeÐxte ìti
to ∫ 1

0
f(x)x−

3
2 dx sugklÐnei apolÔtwc. (Upìdeixh: limx→0+

f(x)
x = f ′(0). 'Ara,

h f(x)
x orÐzetai sto [0, 1] kai eÐnai suneq c sto [0, 1]. 'Ara eÐnai fragmènh. Su-

gkrÐnate me to ∫ 1

0
x

1
2 dx.)

'Askhsh 24: BreÐte tic timèc twn p, q gia tic opoÐec ta parak�tw oloklhr¸mata
sugklÐnoun eÐte apolÔtwc eÐte upì sunj kh: ∫ +∞

0
xp−1−xq−1

x−1 dx, ∫ +∞
0

sin(xp)
xq dx.

6.4 SÔgklish upì sunj kh.
'Ola ta apotelèsmata stic dÔo teleutaÐec enìthtec kai, fusik�, to Je¸rhma

6.3 apodeiknÔoun (me tic kat�llhlec upojèseic) thn apìluth sÔgklish genikeu-
mènwn oloklhrwm�twn. Me �lla lìgia, den eÐnai dunatìn na qrhsimopoihjoÔn
aut� ta apotelèsmata gia na apodeiqjeÐ sÔgklish upì sunj kh. Ja doÔme, t¸ra,
èna shmantikì apotèlesma to opoÐo (me tic kat�llhlec upojèseic) apodeiknÔei
sÔgklish oloklhrwm�twn qwrÐc na qrei�zetai aut� na sugklÐnoun apolÔtwc.
Je¸rhma 6.4 'Estw f, g : [a, b) → R me tic ex c idiìthtec:
(i) h g èqei suneq  par�gwgo sto [a, b) kai eÐnai fjÐnousa proc to 0, dhlad ,
g′(x) ≤ 0 gia k�je x ∈ [a, b) kai limx→b− g(x) = 0,
(ii) h f eÐnai suneq c sto [a, b) kai up�rqei arijmìc M ¸ste

∣∣ ∫ c

a
f(x) dx

∣∣ ≤M
gia k�je c ∈ [a, b).
Tìte to

∫ b

a
f(x)g(x) dx sugklÐnei.

Apìdeixh: OrÐzoume F (x) =
∫ x

a
f(t) dt gia k�je x ∈ [a, b), opìte |F (x)| ≤ M

gia k�je x ∈ [a, b). Epeid  h f eÐnai suneq c, sunep�getai F ′(x) = f(x) gia
k�je x ∈ [a, b).

T¸ra, ∫ c

a
f(x)g(x) dx =

∫ c

a
F ′(x)g(x) dx = F (c)g(c) −

∫ c

a
F (x)g′(x) dx gia

k�je c ∈ [a, b).
To ∫ b

a
F (x)g′(x) dx sugklÐnei apolÔtwc, afoÔ èqoume ∫ b

a
|F (x)g′(x)| dx ≤

M
∫ b

a
|g′(x)| dx = −M

∫ b

a
g′(x) dx = Mg(a) < +∞. H teleutaÐa isìthta isqÔei

diìti ∫ b

a
g′(x) dx = limc→b−

∫ c

a
g′(x) dx = limc→b−(g(c)−g(a)) = −g(a). 'Ara, to∫ b

a
F (x)g′(x) dx sugklÐnei, opìte to limc→b−

∫ c

a
F (x)g′(x) dx eÐnai pragmatikìc

arijmìc.
EpÐshc, |F (c)g(c)| ≤Mg(c) kai, epomènwc, limc→b− F (c)g(c) = 0.
Apì thn ∫ c

a
f(x)g(x) dx = F (c)g(c)−

∫ c

a
F (x)g′(x) dx sunep�getai, loipìn, ì-

ti to limc→b−
∫ c

a
f(x)g(x) dx eÐnai pragmatikìc arijmìc, opìte to ∫ b

a
f(x)g(x) dx

sugklÐnei.
Par�deigma:
Ja xanadoÔme to ∫ +∞

π
sin x

x dx, efarmìzontac to Je¸rhma 6.4.
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H sun�rthsh me tÔpo 1
x eÐnai fjÐnousa kai èqei suneq  par�gwgo sto [π,+∞)

kai ∣∣ ∫ c

π
sinx dx

∣∣ = | cosπ − cos c| ≤ 2 gia k�je c ≥ π. 'Ara, to olokl rwma su-
gklÐnei.
'Askhsh 25: 'Estw a > 0. ApodeÐxte ìti ta ∫ +∞

a
sin x
xp dx kai ∫ +∞

a
cos x
xp dx su-

gklÐnoun gia k�je p > 0.
'Askhsh 26: ApodeÐxte ìti to ∫ +∞

1

x−[x]− 1
2

xp dx sugklÐnei gia k�je p > 0.

6.5 Oloklhr¸mata me par�metro.
JewroÔme èna di�sthma [a, b), ìpou a ∈ R kai b ∈ R   b = +∞ kai èna �llo

di�sthma I kaj¸c kai mÐa sun�rthsh
f : [a, b)× I → R .

Sthn enìthta aut  ja melet soume to genikeumèno olokl rwma thc f wc
proc th metablht  x ∈ [a, b) en¸ to t ∈ I ja paÐzei to rìlo miac paramètrou:∫ b

a

f(x, t) dx , t ∈ I .

An gia k�je t ∈ I to genikeumèno olokl rwma sugklÐnei, orÐzetai mÐa su-
n�rthsh g : I → R me tÔpo

g(t) =
∫ b

a

f(x, t) dx , t ∈ I .

SkopeÔoume na doÔme upì poiec upojèseic h g eÐnai suneq c   paragwgÐsimh sto
di�sthma I.
ParadeÐgmata:
1. ∫ +∞

0
e−tx dx (t ∈ R).

Gia k�je c ≥ 0 èqoume ∫ c

0
e−tx dx =

{
− e−ct−1

t , t 6= 0,
c, t = 0

kai, epomènwc,∫ +∞
0

e−tx dx =
{

+∞, t ≤ 0,
1
t , 0 < t.

'Ara, an to t eÐnai sto di�sthma I = (0,+∞), tìte g(t) =
∫ +∞
0

e−tx dx = 1
t .ParathroÔme ìti h g eÐnai suneq c kai paragwgÐsimh sto I.

2. ∫ +∞
0

sin(tx)
x dx (t ∈ R).

Kat' arq n, an t = 0, to olokl rwma èqei thn tim  0. 'Estw, t¸ra, ìti
t > 0. H sun�rthsh φ : [0,+∞) → [0,+∞) me tÔpo x = φ(X) = X

t eÐ-
nai gnhsÐwc aÔxousa, epÐ tou [0,+∞) kai èqei suneq  par�gwgo sto [0,+∞).
'Ara, ∫ +∞

0
sin(tx)

x dx =
∫ +∞
0

sin X
X
t

1
t dX =

∫ +∞
0

sin X
X dX. 'Eqoume apodeÐxei ì-

ti to ∫ +∞
0

sin X
X dX sugklÐnei kai èstw A h tim  tou. 'Ara, ∫ +∞

0
sin(tx)

x dx =
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A gia k�je t > 0. An t < 0, tìte ∫ +∞
0

sin(tx)
x dx =

∫ +∞
0

sin(−x|t|)
x dx =

−
∫ +∞
0

sin(x|t|)
x dx = −A.

'Ara, g(t) =
∫ +∞
0

sin(tx)
x dx =

{
A, t > 0,
0, t = 0,
−A, t < 0.Ja doÔme ìti o arijmìc A eÐnai jetikìc, opìte h g den eÐnai suneq c sto 0 en¸

eÐnai suneq c kai paragwgÐsimh sto (−∞, 0)∪(0,+∞). Me olokl rwsh kat� mè-
rh, A =

∫ +∞
0

sin x
x dx =

∫ +∞
0

(1−cos x)′

x dx = limc→+∞
1−cos c

c +
∫ +∞
0

1−cos x
x2 dx =∫ π

4
0

1−cos x
x2 dx +

∫ 7π
4

π
4

1−cos x
x2 dx +

∫ +∞
7π
4

1−cos x
x2 dx ≥ 0 +

∫ 7π
4

π
4

1−cos x
x2 dx + 0 ≥

12(2−
√

2)
7π > 0 diìti 1 − cosx ≥ 1 − cos(π

4 ) = 2−
√

2
2 gia k�je x ∈ [π

4 ,
7π
4 ] kai∫ 7π

4
π
4

1
x2 dx = 24

7π . H tim  tou A eÐnai Ðsh me π
2 all� autì eÐnai dÔskolo na

apodeiqjeÐ.
Orismìc 6.3 Lème ìti to

∫ b

a
f(x, t) dx sugklÐnei sthn g(t) kat� shmeÐo

sto di�sthma I, an gia k�je t ∈ I h tim  tou genikeumènou oloklhr¸matoc

eÐnai g(t), dhlad ,
∫ b

a
f(x, t) dx = g(t)  , isodÔnama, an gia k�je ε > 0 up�rqei

c0 = c0(ε, t) sto [a, b) ¸ste:

c0 ≤ c < b ⇒
∣∣∣g(t)− ∫ c

a

f(x, t) dx
∣∣∣ ≤ ε .

Orismìc 6.4 Lème ìti to
∫ b

a
f(x, t) dx sugklÐnei sthn g(t) omoiìmorfa sto

di�sthma I, an gia k�je ε > 0 up�rqei c0 = c0(ε) sto [a, b) ¸ste:

c0 ≤ c < b ⇒
∣∣∣g(t)− ∫ c

a

f(x, t) dx
∣∣∣ ≤ ε gia k�je t ∈ I .

O Orismìc 6.4 diatup¸netai me isodÔnamo trìpo wc ex c: to ∫ b

a
f(x, t) dx

sugklÐnei sthn g(t) omoiìmorfa sto di�sthma I, an
lim

c→b−
sup
t∈I

∣∣∣g(t)− ∫ c

a

f(x, t) dx
∣∣∣ = 0 .

Autì isqÔei diìti: ∣∣g(t) − ∫ c

a
f(x, t) dx

∣∣ ≤ ε gia k�je t ∈ I ⇔ supt∈I

∣∣g(t) −∫ c

a
f(x, t) dx

∣∣ ≤ ε.
Parat rhsh: Ston orismì thc omoiìmorfhc sÔgklishc h epilog  tou c0 exar-
t�tai mìnon apì to ε kai ìqi apì to t. Ston orismì thc kat� shmeÐo sÔgklishc
autì den isqÔei, dhlad , gia to Ðdio ε, all�zontac to t, all�zei, pijanìn, kai h
epilog  tou c0.
Prìtash 6.14 An to

∫ b

a
f(x, t) dx sugklÐnei sthn g(t) omoiìmorfa sto di�sth-

ma I, tìte sugklÐnei sthn g(t) kai kat� shmeÐo sto I.

Apìdeixh: 'Estw tuqìn t0 ∈ I. PaÐrnoume opoiod pote ε > 0 kai, epeid  to∫ b

a
f(x, t) dx sugklÐnei sthn g(t) omoiìmorfa sto di�sthma I, brÐskoume c0 ∈
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[a, b) ¸ste: c0 ≤ c < b ⇒
∣∣g(t) − ∫ c

a
f(x, t) dx

∣∣ < ε gia k�je t ∈ I. Apì autì
sunep�getai: c0 ≤ c < b ⇒

∣∣g(t0) − ∫ c

a
f(x, t0) dx

∣∣ < ε. Epeid  autì isqÔei
gia opoiod pote ε > 0, èqoume g(t0) =

∫ b

a
f(x, t0) dx. Tèloc, epeid  autì isqÔei

gia tuqìn t0 ∈ I, sumperaÐnoume ìti to ∫ b

a
f(x, t) dx sugklÐnei sthn g(t) kat�

shmeÐo sto I. O.E.D.
Par�deigma:
'Eqoume  dh apodeÐxei ìti to ∫ +∞

0
e−tx dx sugklÐnei sthn 1

t kat� shmeÐo sto
(0,+∞).

Ja doÔme, t¸ra, ìti h sÔgklish den eÐnai omoiìmorfh sto (0,+∞). Pr�g-
mati: ∣∣ 1

t −
∫ c

0
e−tx dx

∣∣ < ε ⇔ 1
t e
−ct < ε ⇔ 1

t log
(

1
εt

)
< c. 'Ara, h epilog  tou

c0 = c0(ε, t) sto [0,+∞) eÐnai c0(ε, t) =
{

1
t log

(
1
εt

)
, an εt ≤ 1,

0, an εt > 1. ParathroÔ-
me, loipìn, ìti, limt→0+ c0(ε, t) = +∞, opìte h epilog  tou c0 den eÐnai dunatìn
na mhn exart�tai apì to t ∈ (0,+∞).

Apì thn �llh meri�, jewr¸ntac opoiod pote a > 0, ja apodeÐxoume ìti to∫ +∞
0

e−tx dx sugklÐnei sthn 1
t omoiìmorfa sto [a,+∞). Kat' arq n èqoume ìti∣∣ 1

t −
∫ c

0
e−tx dx

∣∣ = 1
t e
−ct ≤ 1

ae
−ca gia k�je t ∈ [a,+∞). T¸ra, gia k�je ε > 0

epilègoume c0 = c0(ε) =
{

1
a log

(
1
εa

)
, an 1

a log
(

1
εa

)
≥ a,

a, an 1
a log

(
1
εa

)
< a. Me thn epilog  aut 

tou c0 èqoume: c0 < c < +∞ ⇒
∣∣ 1

t −
∫ c

0
e−tx dx

∣∣ ≤ 1
ae
−ca < ε gia k�je

t ∈ [a,+∞). Epeid  to c0 den exart�tai apì to t ∈ [a,+∞), sunep�getai h
omoiìmorfh sÔgklish sto [a,+∞).

H Ðdia apìdeixh mporeÐ na gÐnei pio komy�: supt∈[a,+∞)

∣∣ 1
t −

∫ c

0
e−tx dx

∣∣ =
supt∈[a,+∞)

1
t e
−ct = 1

ae
−ca → 0 kaj¸c c→ +∞.

'Omwc, an antÐ gia to di�sthma [a,+∞) jewr soume to (0,+∞), tìte èqoume:
supt∈(0,+∞)

∣∣ 1
t −

∫ c

0
e−tx dx

∣∣ = supt∈(0,+∞)
1
t e
−ct = +∞ 6→ 0 kaj¸c c→ +∞.

Ac jewr soume mÐa akoloujÐa (cn) sto [a, b) ¸ste cn → b. OrÐzoume gia
k�je n ∈ N th sun�rthsh gn : I → R me tÔpo

gn(t) =
∫ cn

a

f(x, t) dx , t ∈ I .

ParathroÔme ìti, sÔmfwna me touc orismoÔc, an to ∫ b

a
f(x, t) dx sugklÐnei

sthn g(t) kat� shmeÐo   omoiìmorfa sto I, tìte gn
k.sv.−→ g   gn

om−→ g, antistoÐ-
qwc, sto I. Aut  h parat rhsh ja mac bohj sei na melet soume tic idiìthtec
sunèqeiac   paragwgisimìthtac thc g, diìti ja mac epitrèyei na qrhsimopoi -
soume ta sqetik� apotelèsmata gia akoloujÐec sunart sewn. Ja qreiastoÔme
ta akìlouja dÔo L mmata.
L mma 6.2 'Estw a, c ∈ R me a < c, di�sthma I kai f : [a, c] × I → R.
An h f eÐnai suneq c sto [a, c] × I, h sun�rthsh g : I → R me tÔpo g(t) =∫ c

a
f(x, t) dx (t ∈ I) eÐnai suneq c sto I.

Apìdeixh: JewroÔme tuqìn t0 ∈ I kai paÐrnoume kleistì kai fragmèno di�sthma(ìqi monosÔnolo) J ⊆ I ètsi ¸ste: an to t0 eÐnai dexiì   aristerì �kro tou I,
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to t0 na eÐnai, omoÐwc, dexiì   aristerì �kro tou J kai, an to t0 eÐnai eswterikì
shmeÐo tou I, to t0 na eÐnai, omoÐwc, eswterikì shmeÐo tou J . Epomènwc, gia
na apodeÐxoume th sunèqeia thc g sto t0 arkeÐ na apodeÐxoume ìti o periorismìc
thc g sto J eÐnai suneq c sto t0.

To orjog¸nio parallhlìgrammo [a, c]×J eÐnai sumpagèc uposÔnolo tou R2,
afoÔ eÐnai kleistì kai fragmèno uposÔnolo tou R2. T¸ra, h f eÐnai suneq c
sto [a, c]×J , opìte eÐnai omoiìmorfa suneq c sto [a, c]×J . 'Estw ε > 0, opìte
up�rqei δ > 0 ¸ste: x1, x2 ∈ [a, c], t1, t2 ∈ J , √

(x1 − x2)2 + (t1 − t2)2 < δ ⇒
|f(x1, t1)−f(x2, t2)| < ε

c−a+1 . Sunep�getai ìti: x ∈ [a, c], t ∈ J , |t− t0| < δ ⇒
|f(x, t) − f(x, t0)| < ε

c−a+1 . Epomènwc: t ∈ J , |t − t0| < δ ⇒ |g(t) − g(t0)| =∣∣ ∫ c

a
(f(x, t)−f(x, t0)) dx

∣∣ ≤ ∫ c

a
|f(x, t)−f(x, t0)| dx ≤

∫ c

a
ε

c−a+1 dx = (c−a)ε
c−a+1 < ε.

SumperaÐnoume, loipìn, ìti h g eÐnai suneq c sto tuqìn t0 ∈ I.
L mma 6.3 'Estw a, c ∈ R me a < c, di�sthma I kai f : [a, c] × I → R.
Upojètoume ìti h f eÐnai suneq c sto [a, c] × I kai h ft eÐnai, epÐshc, suneq c
sto [a, c]×I, ìpou h ft orÐzetai me ton tÔpo ft(x, t) = d

dtf(x, t) (x ∈ [a, c], t ∈ I).
Tìte h g(t) =

∫ c

a
f(x, t) dx eÐnai paragwgÐsimh sto I kai g′(t) =

∫ c

a
ft(x, t) dx

gia k�je t ∈ I. Dhlad ,

d

dt

∫ c

a

f(x, t) dx =
∫ c

a

d

dt
f(x, t) dx , (x, t) ∈ [a, b]× I .

Apìdeixh: JewroÔme tuqìn t0 ∈ I kai, ìpwc sthn apìdeixh tou L mmatoc 6.2,
jewroÔme to kleistì kai fragmèno di�sthma J ⊆ I pou perièqei to t0 kai arkeÐ
na apodeÐxoume ìti o periorismìc thc g sto J èqei par�gwgo sto t0 me g′(t0) =∫ c

a
ft(x, t0) dx.
Epeid  to [a, c]× J eÐnai sumpagèc uposÔnolo tou R2 kai h ft eÐnai suneq csto [a, c]× J , h ft eÐnai omoiìmorfa suneq c sto [a, c]× J . 'Estw ε > 0, opìte

up�rqei δ > 0 ¸ste: x1, x2 ∈ [a, c], t1, t2 ∈ J , √
(x1 − x2)2 + (t1 − t2)2 < δ ⇒

|ft(x1, t1)− ft(x2, t2)| < ε
c−a+1 . 'Estw, t¸ra, x ∈ [a, c] kai t ∈ J me |t− t0| < δ.

Up�rqei t′ = t′(x, t, t0) an�mesa sta t kai t0 ¸ste f(x,t)−f(x,t0)
t−t0

= ft(x, t′) kai,
epeid  |t′ − t0| ≤ |t − t0| < δ, èqoume ∣∣ f(x,t)−f(x,t0)

t−t0
− ft(x, t0)

∣∣ = |ft(x, t′) −
ft(x, t0)| < ε

c−a+1 . 'Ara: t ∈ J , |t − t0| < δ ⇒
∣∣∣ g(t)−g(t0)

t−t0
−

∫ c

a
ft(x, t0) dx

∣∣∣ =∣∣∣ ∫ c

a

( f(x,t)−f(x,t0)
t−t0

−ft(x, t0)
)
dx

∣∣∣ ≤ ∫ c

a

∣∣ f(x,t)−f(x,t0)
t−t0

−ft(x, t0)
∣∣ dx ≤ ε(c−a)

c−a+1 < ε.
Apì autì sunep�getai ìti g′(t0) =

∫ c

a
ft(x, t0) dx.

Parat rhsh: To nìhma tou teleutaÐou l mmatoc eÐnai ìti, me tic kat�llhlec
proôpojèseic, h par�gwgoc èxw apì to olokl rwma pern�ei mèsa sto olokl -
rwma.

Ta l mmata 6.2 kai 6.3 anafèrontai se sunhjismèno olokl rwma Riemann
se kleistì kai fragmèno di�sthma [a, c]. Mènei na p�roume ìrio kaj¸c c→ b−
gia na apodeÐxoume an�loga apotelèsmata gia genikeumèna oloklhr¸mata se
di�sthma [a, b).
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Je¸rhma 6.5 'Estw a ∈ R kai a < b ≤ +∞, di�sthma I kai f : [a, b)×I → R.

An h f eÐnai suneq c sto [a, b) × I kai to
∫ b

a
f(x, t) dx sugklÐnei sthn g(t)

omoiìmorfa sto I, h g : I → R eÐnai suneq c sto I.

Apìdeixh: PaÐrnoume opoiad pote akoloujÐa (cn) sto [a, b) ¸ste cn → b. Ka-
tìpin, orÐzoume tic sunart seic gn : I → R me tÔpouc gn(t) =

∫ cn

a
f(x, t)dx

(t ∈ I). Epeid  to ∫ b

a
f(x, t) dx sugklÐnei omoiìmorfa sthn g(t) sto I, sunep�-

getai ìti gn
om−→ g sto I. 'Omwc, h f eÐnai suneq c sto [a, cn] × I, afoÔ autì

eÐnai uposÔnolo tou [a, b) × I, opìte, sÔmfwna me to L mma 6.2, k�je gn eÐnai
suneq c sto I. 'Ara, lìgw omoiìmorfhc sÔgklishc, h g eÐnai suneq c sto I.
O.E.D.
'Askhsh 27: Sthn �skhsh 22 apodeÐxte ìti to olokl rwma ∫ +∞

1
[t]

tx+1 dt sugklÐ-nei omoiìmorfa se k�je di�sthma thc morf c [A,B], ìpou 1 < A ≤ B < +∞.
EpÐshc, apodeÐxte ìti to ∫ +∞

1
t−[t]
tx+1 dt sugklÐnei omoiìmorfa se k�je di�sthma

thc morf c [A,B], ìpou 0 < A ≤ B < +∞. ApodeÐxte th sunèqeia thc ζ sto
(1,+∞) kaj¸c kai th sunèqeia thc sun�rthshc me tÔpo (x−1)ζ(x) sto (0,+∞).
Je¸rhma 6.6 'Estw a ∈ R kai a < b ≤ +∞, kleistì kai fragmèno di�sthma
I kai f : [a, b)× I → R. Upojètoume ìti oi f kai ft eÐnai suneqeÐc sto [a, b)× I
kai ìti
(i) to

∫ b

a
ft(x, t) dx sugklÐnei se mÐa sun�rthsh h(t) omoiìmorfa sto I kai

(ii) to
∫ b

a
f(x, t0) dx sugklÐnei gia toul�qiston èna t0 ∈ I.

Tìte to
∫ b

a
f(x, t) dx sugklÐnei se mÐa sun�rthsh g(t) omoiìmorfa sto I kai h g

eÐnai paragwgÐsimh sto I kai g′(t) = h(t) gia k�je t ∈ I. Dhlad ,

d

dt

∫ b

a

f(x, t) dx =
∫ b

a

d

dt
f(x, t) dx , t ∈ I .

Apìdeixh: PaÐrnoume opoiad pote akoloujÐa (cn) sto [a, b) ¸ste cn → b kai orÐ-
zoume tic sunart seic gn : I → R me tÔpouc gn(t) =

∫ cn

a
f(x, t) dx (t ∈ I). SÔm-

fwna me to L mma 6.3, g′n(t) =
∫ cn

a
ft(x, t) dx gia k�je t ∈ I. Lìgw thc upìjeshc

(i), èqoume g′n om−→ h sto I. EpÐshc, lìgw thc upìjeshc (ii), h (gn(t0)) sugklÐ-nei. Apì to Je¸rhma 2.4 sunep�getai ìti h (gn) sugklÐnei se k�poia sun�rthsh
g omoiìmorfa sto I, ìti g(t0) = limn→+∞ gn(t0) = limn→+∞

∫ cn

a
f(x, t0) dx =∫ b

a
f(x, t0) dx, ìti h g eÐnai paragwgÐsimh sto I kai ìti g′(t) = h(t) gia k�je

t ∈ I.
ProkÔptei, t¸ra, to er¸thma kat� pìson h oriak  sun�rthsh g exart�tai

apì th sugkekrimènh akoloujÐa (cn) me thn opoÐa xekin�me. Ac jewr soume
mÐa deÔterh akoloujÐa (c′n) sto [a, b) ¸ste c′n → b kai ac p�roume th mikt 
akoloujÐa c1, c′1, c2, c′2, . . . h opoÐa èqei, epÐshc, ìrio b. Me thn Ðdia diadikasÐa,
sunep�getai ìti h ∫ c1

a
f(x, t) dx, ∫ c′1

a
f(x, t) dx, ∫ c2

a
f(x, t) dx, ∫ c′2

a
f(x, t) dx,. . .

sugklÐnei se k�poia sun�rthsh, h opoÐa eÐnai, anagkastik�, h g(t) lìgw thc
upoakoloujÐac twn ìrwn peritt c t�xhc. 'Ara, kai h upoakoloujÐa twn ìrwn
�rtiac t�xhc sugklÐnei sthn g(t).
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'Eqoume, loipìn, apodeÐxei ìti up�rqei k�poia g : I → R ¸ste gia k�je t ∈ I
kai gia k�je (cn) sto [a, b) me cn → b na isqÔei ∫ cn

a
f(x, t) dx → g(t). Autì

sunep�getai ìti limc→b−
∫ c

a
f(x, t) dx = g(t) gia k�je t ∈ I  , isodÔnama, ìti∫ b

a
f(x, t) dx = g(t) gia k�je t ∈ I. T¸ra, h sqèsh g′(t) = h(t) gia k�je t ∈ I

gr�fetai d
dt

∫ b

a
f(x, t) dx = g′(t) = h(t) =

∫ b

a
d
dtf(x, t) dx gia k�je t ∈ I.

Apomènei na apodeÐxoume ìti to ∫ b

a
f(x, t) dx sugklÐnei sthn g(t) omoiìmorfa

sto I. 'Estw ìti autì den isqÔei, opìte up�rqei ε0 > 0 ¸ste gia k�je c0 ∈
[a, b) up�rqoun c me c0 ≤ c < b kai t ∈ I ¸ste ∣∣ ∫ c

a
f(x, t) dx − g(t)

∣∣ ≥ ε0.
Epomènwc, gia k�je n ∈ N up�rqoun cn me b − 1

n ≤ cn < b, an b < +∞,  
n < cn, an b = +∞, kai tn ∈ I ¸ste ∣∣ ∫ cn

a
f(x, tn) dx − g(tn)

∣∣ ≥ ε0. Sunep¸c,
supt∈I

∣∣ ∫ cn

a
f(x, t) dx−g(t)

∣∣ ≥ ∣∣ ∫ cn

a
f(x, tn) dx−g(tn)

∣∣ ≥ ε0. Autì sunep�getai
ìti oi sunart seic ∫ cn

a
f(x, t) dx (t ∈ I) den sugklÐnoun sthn g(t) omoiìmorfa

sto I. Epeid  cn → b, to teleutaÐo eÐnai �topo, opìte to ∫ b

a
f(x, t) dx sugklÐnei

sthn g(t) omoiìmorfa sto I. O.E.D.
EÐnai safèc ìti gia thn efarmog  twn Jewrhm�twn 6.5 kai 6.6 qreiazìmaste

èna krit rio omoiìmorfhc sÔgklishc genikeumènwn oloklhrwm�twn. Ja doÔme,
t¸ra, èna polÔ shmantikì krit rio omoiìmorfhc sÔgklishc genikeumènwn olo-
klhrwm�twn, to opoÐo moi�zei polÔ me to krit rio Weierstrass gia omoiìmorfh
sÔgklish seir¸n sunart sewn.
Je¸rhma 6.7 'Estw f : [a, b)× I kai F : [a, b) → R ¸ste

|f(x, t)| ≤ F (x) , x ∈ [a, b), t ∈ I .

An to
∫ b

a
F (x) dx sugklÐnei, tìte to

∫ b

a
f(x, t) dx sugklÐnei omoiìmorfa se k�poia

sun�rthsh sto I.

Apìdeixh: Apì to Je¸rhma 6.3 sumperaÐnoume ìti to ∫ b

a
f(x, t) dx sugklÐnei gia

k�je t ∈ I. OrÐzetai, epomènwc h sun�rthsh g : I → R me tÔpo

g(t) =
∫ b

a

f(x, t) dx , t ∈ I .

Mènei na doÔme an to ∫ b

a
f(x, t) dx sugklÐnei sthn g(t) omoiìmorfa sto I.

AfoÔ to ∫ b

a
F (x) dx sugklÐnei, gia k�je ε > 0 up�rqei c0 = c0(ε) sto [a, b) ¸ste:

c0 ≤ c < b ⇒ 0 ≤
∫ b

c
F (x) dx < ε. 'Ara: c0 ≤ c < b ⇒

∣∣g(t)− ∫ c

a
f(x, t) dx

∣∣ =∣∣ ∫ b

a
f(x, t) dx−

∫ c

a
f(x, t) dx

∣∣ =
∣∣ ∫ b

c
f(x, t) dx

∣∣ ≤ ∫ b

c
|f(x, t)| dx ≤

∫ b

c
F (x) dx < ε

gia k�je t ∈ I. O.E.D.
Par�deigma:
Ja melet soume to genikeumèno olokl rwma ∫ +∞

0
e−x sin(tx) dx.

ParathroÔme ìti |e−x sin(tx)| ≤ e−x gia k�je x ∈ [0,+∞) kai gia k�-
je t ∈ R. To ∫ +∞

0
e−x dx sugklÐnei, opìte, sÔmfwna to Je¸rhma 6.7, to∫ +∞

0
e−x sin(tx) dx sugklÐnei se k�poia sun�rthsh g(t) omoiìmorfa sto R. H

155



sun�rthsh e−x sin(tx) eÐnai suneq c sto [0,+∞) × R. 'Ara, sÔmfwna me to
Je¸rhma 6.5, h g eÐnai suneq c sto R.

UpologÐzoume d
dt (e

−x sin(tx)) = xe−x cos(tx) kai h sun�rthsh aut  eÐnai
suneq c sto [0,+∞)×R. EpÐshc, |xe−x cos(tx)| ≤ xe−x gia k�je x ∈ [0,+∞)
kai k�je t ∈ R kai to ∫ +∞

0
xe−x dx sugklÐnei.

Ja apodeÐxoume, t¸ra, ìti h g eÐnai paragwgÐsimh sto R kai oti g′(t) =∫ +∞
0

xe−x cos(tx) dx gia k�je t ∈ R. To Je¸rhma 6.6 apaiteÐ to I na eÐ-
nai kleistì kai fragmèno di�sthma. H apaÐthsh aut , an kai apagoreÔei thn
efarmog  tou Jewr matoc 6.6 me to di�sthma I = R, den apoteleÐ ousia-
stikì prìblhma. Pr�gmati, dialègoume tuqìn t0 sto R kai met� dialègou-
me opoiod pote kleistì fragmèno di�sthma I to opoÐo perièqei to t0 wc esw-
terikì tou shmeÐo. AfoÔ to ∫ +∞

0
xe−x dx sugklÐnei, to ∫ +∞

0
xe−x cos(tx) dx

sugklÐnei se mÐa sun�rthsh h(t) omoiìmorfa sto I. 'Eqoume, epÐshc,  dh a-
podeÐxei ìti to ∫ +∞

0
e−x sin(tx) dx sugklÐnei sthn g(t) sto I. 'Ara, apì to

Je¸rhma 6.6, g′(t) = h(t) =
∫ +∞
0

xe−x cos(tx) dx gia k�je t ∈ I. 'Ara,
g′(t0) =

∫ +∞
0

xe−x cos(xt0) dx, afoÔ to t0 eÐnai eswterikì shmeÐo tou diast ma-
toc I. To t0  tan aujaÐreta epilegmèno apì to R, opìte

d

dt

∫ +∞

0

e−x sin(tx) dx =
∫ +∞

0

xe−x cos(tx) dx , x ∈ R .

'Askhsh 28: 'Estw f(t) =
( ∫ t

0
e−x2

dx
)2 kai g(t) =

∫ 1

0
e−t2(x2+1)

x2+1 dx.
1. ApodeÐxte ìti f ′(t) + g′(t) = 0 gia k�je t kai ìti f(t) + g(t) = π

4 gia k�je t.
(Upìdeixh: UpologÐste to g(0). Efarmìste sthn g to L mma 6.3.)
2. Qrhsimopoi¸ntac to 1, apodeÐxte ìti ∫ +∞

0
e−x2

dx =
√

π
2 . (Upìdeixh: 0 ≤

g(t) ≤
∫ 1

0
e−t2

1+x2 dx = π
4 e
−t2 → 0 kaj¸c t→ +∞.)

'Askhsh 29: 'Estw F (t) =
∫ +∞
0

e−x2
cos(2tx) dx gia k�je t ∈ R. ApodeÐxte ìti

F ′(t) + 2tF (t) = 0 gia k�je t. Katìpin, apodeÐxte ìti F (t) =
√

π
2 e−t2 gia k�je

t. (Upìdeixh: F ′(t) + 2tF (t) = 0 ⇒ d
dt (e

t2F (t)) = 0 ⇒ et2F (t) =stajerìc
arijmìc. Jèsate t = 0 kai qrhsimopoi ste to apotèlesma thc �skhshc 28.)
'Askhsh 30: 'Estw F (t) =

∫ +∞
0

e−tx sin x
x dx gia k�je t ∈ (0,+∞). ApodeÐxte

ìti F ′(t) = − 1
1+t2 gia k�je t ∈ (0,+∞). Apì ed¸ prokÔptei ìti F (t) = π

2 −
arctan t gia k�je t ∈ (0,+∞). Met� apodeÐxte ìti∫ +∞

0

sinx
x

dx = lim
t→0+

∫ +∞

0

e−tx sinx
x

dx = lim
t→0+

(π
2
− arctan t

)
=
π

2
.

(Upìdeixh: Gia to F ′(t) efarmìste to Je¸rhma 6.6 kai upologÐste to olokl -
rwma pou prokÔptei me dipl  olokl rwsh kat� mèrh. Katìpin: F (t) − F (a) =∫ t

a
1

1+x2 dx = − arctan t+ arctan a. ApodeÐxte ìti lima→+∞ F (a) = 0, qrhsimo-
poi¸ntac to ìti ∣∣ ∫ +∞

0
e−xa sin x

x dx
∣∣ ≤ ∫ +∞

0
e−xa dx → 0 kaj¸c a → +∞. Gia

to limt→0+

∫ +∞
0

e−tx sin x
x dx efarmìste krit rio Cauchy kai − sinx = d

dx cosx
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gia oloklhr¸sh kat� mèrh gia na apodeÐxete ìti to genikeumèno olokl rwma
sugklÐnei omoiìmorfa sto [0,+∞). AfoÔ k�je Fn(t) =

∫ n

0
e−tx sin x

x dx eÐnai
suneq c sto [0,+∞), ja eÐnai kai h F (t).)

6.6 H sun�rthsh Γ.
JewroÔme th sun�rthsh f : (0,+∞)× (0,+∞) → R me tÔpo

f(x, t) = xt−1e−x 0 < x < +∞ , 0 < t < +∞ .

kai sqhmatÐzoume to antÐstoiqo genikeumèno olokl rwma∫ +∞

0

xt−1e−x dx .

Prìtash 6.15 Ta
∫ +∞
0

xt−1e−x dx kai
∫ +∞
0

xt−1(log x)ne−x dx (n ∈ N) su-
gklÐnoun gia k�je t > 0. EpÐ plèon, ta genikeumèna aut� oloklhr¸mata sugklÐ-
noun se antÐstoiqec sunart seic omoiìmorfa se k�je di�sthma I thc morf c
I = [A,B], ìpou 0 < A ≤ B < +∞.

Apìdeixh: To pr¸to olokl rwma mporeÐ na jewrhjeÐ wc eidik  perÐptwsh tou
deutèrou me n = 0. To ∫ +∞

0
xt−1(log x)ne−x dx qwrÐzetai se dÔo genikeumèna

oloklhr¸mata∫ 1

0

xt−1(log x)ne−x dx ,

∫ +∞

1

xt−1(log x)ne−x dx .

JewroÔme A,B ¸ste 0 < A ≤ B < +∞ kai t ∈ [A,B]. An x ≥ 1, tìte
|xt−1(log x)ne−x| ≤ xn+t−1e−x ≤ xn+B−1e−x. Epeid  to ∫ +∞

1
xn+B−1e−x dx

sugklÐnei, to ∫ +∞
1

xt−1(log x)ne−x dx sugklÐnei omoiìmorfa sto [A,B]. 'An
0 < x ≤ 1, tìte |xt−1(log x)ne−x| ≤ xA−1| log x|n. AfoÔ to ∫ 1

0
xA−1| log x|n dx

sugklÐnei (giatÐ?), to ∫ 1

0
xt−1(log x)ne−x dx sugklÐnei omoiìmorfa sto [A,B].

'Ara, to ∫ +∞
0

xt−1(log x)ne−x dx sugklÐnei omoiìmorfa sto [A,B].
Gia na apodeÐxoume, t¸ra, ìti to olokl rwma sugklÐnei gia k�je t > 0, e-

farmìzoume th gnwst  diadikasÐa. Dhlad , paÐrnoume tuqìn t > 0 kai, katìpin,
dialègoume di�sthma [A,B] ¸ste 0 < A < t < B < +∞. AfoÔ èqoume apo-
deÐxei ìti to olokl rwma sugklÐnei (omoiìmorfa) sto [A,B], sumperaÐnoume ìti
sugklÐnei kai sto t. O.E.D.
Orismìc 6.5 H sun�rthsh pou orÐzetai apì to

∫ +∞
0

xt−1e−x dx sumbolÐzetai
Γ : (0,+∞) → R kai onom�zetai sun�rthsh Γ. Dhlad ,

Γ(t) =
∫ +∞

0

xt−1e−x dx , 0 < t < +∞ .

H sun�rthsh Γ eÐnai exairetik� shmantik  gia th Majhmatik  An�lush.
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Je¸rhma 6.8 H sun�rthsh Γ eÐnai �peirec forèc paragwgÐsimh sto (0,+∞)
kai

Γ(n)(t) =
∫ +∞

0

xt−1(log x)ne−x dx , 0 < t < +∞ , n ∈ N .

Apìdeixh: 'Estw tuqìn t ∈ (0,+∞). PaÐrnoume A,B ∈ R ¸ste 0 < A < t <
B < +∞ kai parathroÔme ìti h xt−1e−x kai h d

dt (x
t−1e−x) = xt−1 log x e−x

eÐnai suneqeÐc sto (0,+∞) × [A,B] kai h sÔgklish twn ∫ +∞
0

xt−1e−x dx kai∫ +∞
0

xt−1 log x e−x dx eÐnai omoiìmorfh sto [A,B]. SÔmfwna me to Je¸rhma
6.6, èqoume

Γ′(t) =
d

dt

∫ +∞

0

xt−1e−x dx =
∫ +∞

0

xt−1 log x e−x dx .

Epanalamb�noume me tic sunart seic xt−1 log x e−x kai d
dt (x

t−1 log x e−x) =
xt−1(log x)2e−x, oi opoÐec eÐnai suneqeÐc sto (0,+∞)× [A,B], kai me ta oloklh-
r¸mata ∫ +∞

0
xt−1 log x e−x dx kai ∫ +∞

0
xt−1(log x)2e−x dx, ta opoÐa sugklÐnoun

omoiìmorfa sto [A,B]. SÔmfwna me to Je¸rhma 6.6,

Γ′′(t) =
d

dt

∫ +∞

0

xt−1 log x e−x dx =
∫ +∞

0

xt−1(log x)2e−x dx .

H epagwgik  genÐkeush gia parag¸gouc an¸terhc t�xhc eÐnai, t¸ra, profa-
n c. O.E.D.
Je¸rhma 6.9 H sun�rthsh Γ èqei tic parak�tw idiìthtec:
1. Γ(t) > 0 gia k�je t ∈ (0,+∞).
2. limt→+∞ Γ(t) = +∞ kai limt→0+ Γ(t) = +∞.
3. Γ(t+ 1) = tΓ(t) gia k�je t ∈ (0,+∞).
4. Γ(1) = 1 kai Γ(n) = (n− 1)! gia k�je n ∈ N.
5. H Γ eÐnai kurt  sun�rthsh sto (0,+∞).

Apìdeixh: 1. AfoÔ xt−1e−x > 0 gia k�je x ∈ (0,+∞), sunep�getai ìti
Γ(t) =

∫ +∞
0

xt−1e−x dx ≥ 0. Gia th gn sia anisìthta, parathroÔme ìti h tim 
thc xt−1e−x gia x = 1 eÐnai 1

e > 0, opìte, lìgw sunèqeiac, up�rqoun a, b me
0 < a < 1 < b < +∞ ¸ste xt−1e−x ≥ 1

2e gia k�je x ∈ [a, b]. Sunep�getai
Γ(t) =

∫ +∞
0

xt−1e−x dx =
∫ a

0
xt−1e−x dx +

∫ b

a
xt−1e−x dx +

∫ +∞
b

xt−1e−x dx ≥
0 +

∫ b

a
1
2e dx+ 0 = b−a

2e > 0.
2. Γ(t) ≥

∫ 1

0
xt−1e−x dx ≥ e−1

∫ 1

0
xt−1 dx = 1

et . 'Ara, Γ(t) → +∞ ka-
j¸c t → 0+ . EpÐshc, gia k�je t ≥ 1 isqÔei Γ(t) ≥

∫ +∞
2

xt−1e−x dx ≥
2t−1

∫ +∞
2

e−x dx = 2t−1e−2. 'Ara, Γ(t) → +∞ kaj¸c t→ +∞.
3. Me olokl rwsh kat� mèrh, èqoume gia k�je t ∈ (0,+∞) ìti Γ(t + 1) =∫ +∞
0

xte−x dx = −
∫ +∞
0

xt d
dxe
−x dx =

∫ +∞
0

d
dxx

te−x dx = t
∫ +∞
0

xt−1e−x dx =
tΓ(t).
4. Γ(1) =

∫ +∞
0

e−x dx = 1. Apì thn Γ(t+1) = tΓ(t), me epagwg , sumperaÐnou-
me ìti Γ(2) = 1 · Γ(1) = 1, Γ(3) = 2Γ(2) = 2 · 1 = 2!, Γ(4) = 3Γ(3) = 3 · 2! = 3!
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kai, genik¸tera, Γ(n) = (n− 1)!.
5. Gia k�je t ∈ (0,+∞) èqoume Γ′′(t) =

∫ +∞
0

xt−1(log x)2e−x dx ≥ 0. O.E.D.
EÐnai qarakthristik  idiìthta thc sun�rthshc Γ ìti eÐnai orismènh se olì-

klhrh thn hmieujeÐa (0,+∞) kai sta diakrit� shmeÐa tou N tautÐzetai me th
sun�rthsh paragontikì.
'Askhsh 31: Qrhsimopoi¸ntac ìti ∫ +∞

0
e−x2

dx =
√

π
2 kai k�nontac kat�llhlh

allag  metablht c apodeÐxte ìti Γ
(

1
2

)
=
√
π. ApodeÐxte ìti

Γ
(
n+

1
2

)
= (2n)!

√
π

4nn!
, n ∈ N0 .

'Askhsh 32: JumhjeÐte thn sun�rthsh ζ : (1,+∞) → R h opoÐa orÐsjhke sthn
�skhsh 14 tou kefalaÐou 3 kai thn opoÐa xanaeÐdame sthn �skhsh 22 autoÔ tou
kefalaÐou. Se ìla ta parak�tw upojètoume ìti t > 1.
1. ApodeÐxte ìti gia k�je a > 0 h seir� ∑+∞

k=1 e
−kxxt−1 sugklÐnei omoiìmor-

fa sth sun�rthsh xt−1

ex−1 sto di�sthma [a,+∞). (Upìdeixh: An n ≥ t−1
a , h

xt−1e−nx eÐnai fjÐnousa sun�rthsh tou x sto [a,+∞). 'Ara, an n ≥ t−1
a , isqÔei∣∣ ∑n

k=1 e
−kxxt−1 − xt−1

ex−1

∣∣ = xt−1e−nx

ex−1 ≤ at−1e−na

ea−1 gia k�je x ∈ [a,+∞). Epomè-
nwc, limn→+∞ supx∈[a,+∞)

∣∣ ∑n
k=1 e

−kxxt−1 − xt−1

ex−1

∣∣ = limn→+∞
at−1e−na

ea−1 = 0.)
2. ApodeÐxte ìti gia k�je a, b me 0 < a < b < +∞ isqÔei ∫ b

a
xt−1

ex−1 dx =∑+∞
k=1

∫ b

a
e−kxxt−1 dx ≤

∑+∞
k=1

∫ +∞
0

e−kxxt−1 dx .
3. ApodeÐxte ìti ∫ +∞

0
xt−1

ex−1 dx ≤
∑+∞

k=1

∫ +∞
0

e−kxxt−1 dx .
4. ApodeÐxte ìti gia k�je n ∈ N isqÔei ∑n

k=1

∫ +∞
0

e−kxxt−1 dx ≤
∫ +∞
0

xt−1

ex−1 dx .
(Upìdeixh: ∑n

k=1 e
−kxxt−1 ≤ xt−1

ex−1 .)
5. ApodeÐxte ìti ∑+∞

k=1

∫ +∞
0

e−kxxt−1 dx ≤
∫ +∞
0

xt−1

ex−1 dx .Apì ta 3 kai 5 sunep�getai amèswc ìti
+∞∑
k=1

∫ +∞

0

e−kxxt−1 dx =
∫ +∞

0

xt−1

ex − 1
dx (t > 1).

7. Gia k�je k ∈ N apodeÐxte ìti ∫ +∞
0

e−kxxt−1 dx = Γ(t)
kt .

8. ApodeÐxte ìti

ζ(t)Γ(t) =
∫ +∞

0

xt−1

ex − 1
dx (t > 1).
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