
Pragmatik  An�lush (2010�11)

SumpageÐc metrikoÐ q¸roi � Ask seic

Om�da A'

1. 'Ena uposÔnolo K tou X lègetai sumpagèc, an eÐnai sumpag c metrikìc q¸roc me th sqetik 
metrik . DeÐxte ìti autì eÐnai isodÔnamo me to ex c: gia k�je k�je anoiktì k�lumma (Vi)i∈I tou
K up�rqoun i1, . . . , im ∈ I ¸ste K ⊆

⋃m
j=1 Vij

.

2. 'Estw a < b sto R. Qrhsimopoi¸ntac mìno ton orismì tou sumpagoÔc metrikoÔ q¸rou deÐxte
ìti to [a, b] eÐnai sumpagèc uposÔnolo tou R me th sun jh metrik , en¸ ta diast mata (a, b), [a, b)
kai [a,∞) den eÐnai sumpag  uposÔnola tou R me th sun jh metrik .

3. An A,B eÐnai sumpag  uposÔnola enìc metrikoÔ q¸rou (X, ρ), apodeÐxte ìti to A ∪ B eÐnai
sumpagèc.

4. 'Estw (X, ρ) metrikìc q¸roc kai E,F uposÔnola tou X ¸ste to E na eÐnai sumpagèc, to F
kleistì kai E ∩ F = ∅. ApodeÐxte ìti dist(E,F ) > 0.

DeÐxte epÐshc ìti up�rqoun A,B kleist�, xèna uposÔnola tou R2 ¸ste dist(A,B) = 0.

5. 'Estw (X, ρ) metrikìc q¸roc. ApodeÐxte ìti:

(a) An x ∈ X kai A sumpagèc uposÔnolo tou X, tìte up�rqei y ∈ A ¸ste dist(x,A) = ρ(x, y).
(b) An A,B eÐnai sumpag  uposÔnola tou X tìte, up�rqoun x ∈ A, y ∈ B ¸ste dist(A,B) =
ρ(x, y).

6. 'Estw (X, ρ) metrikìc q¸roc.

(a) Upojètoume ìti up�rqei ε > 0 ¸ste gia k�je x ∈ X to sÔnolo B(x, ε) na eÐnai sumpagèc.
DeÐxte ìti o X eÐnai pl rhc metrikìc q¸roc.

(b) An gia k�je x ∈ X up�rqei ε > 0 ¸ste to sÔnolo B(x, ε) na eÐnai sumpagèc, tìte eÐnai o X
kat� an�gkhn pl rhc?

7. 'Estw (X, ρ) sumpag c metrikìc q¸roc kai f : X → Y . DeÐxte ìti ta akìlouja eÐnai isodÔnama:

(a) H f eÐnai suneq c.

(b) H sun�rthsh gr�fhma Gf : X → X × Y me Gf (x) = (x, f(x)) eÐnai suneq c.
(g) To gr�fhma Gr(f) = {(x, f(x)) : x ∈ X} eÐnai sumpagèc ston X × Y .

EÐnai anagkaÐa upìjesh o metrikìc q¸roc X na eÐnai sumpag c?

8. 'Estw (X, ρ) metrikìc q¸roc kai F ⊆ X. ApodeÐxte ìti to F eÐnai kleistì an kai mìnon an gia
k�je sumpagèc uposÔnolo K tou X to F ∩K eÐnai kleistì.

9. GnwrÐzoume ìti k�je sumpagèc uposÔnolo K enìc metrikoÔ q¸rou (X, ρ) eÐnai fragmèno.
ApodeÐxte ìti up�rqoun x, y ∈ K ¸ste ρ(x, y) = diam(K).

10. 'Estw (X, d), (Y, ρ) metrikoÐ q¸roi me ton Y sumpag  kai f : X → Y sun�rthsh. DeÐxte ìti
ta akìlouja eÐnai isodÔnama:

(a) H f eÐnai suneq c.

(b) To gr�fhma Gr(f) thc f eÐnai kleistì ston (X × Y, ρ1).

11. 'Estw (X, ρ) metrikìc q¸roc. DeÐxte ìti:

(a) An A1, . . . , Am eÐnai olik� fragmèna uposÔnola tou X tìte to A1∪· · ·∪Am eÐnai epÐshc olik�
fragmèno.

(b) An A eÐnai olik� fragmèno uposÔnolo tou X tìte to A eÐnai epÐshc olik� fragmèno.

12. (a) 'Estw f : (X, ρ) → (Y, σ) omoiìmorfa suneq c sun�rthsh. DeÐxte ìti h f apeikonÐzei ta
olik� fragmèna uposÔnola tou X se olik� fragmèna uposÔnola tou Y .



(b) DeÐxte ìti h idiìthta tou olik� fragmènou den diathreÐtai apì omoiomorfismoÔc. (Upìdeixh:
Ta R kai (0, 1) eÐnai omoiomorfik�.)

13. 'Estw (X, ρ) metrikìc q¸roc kai (xn) basik  akoloujÐa ston X. DeÐxte ìti to sÔnolo
A = {xn : n ∈ N} eÐnai olik� fragmèno.

Om�da B'

14. 'Estw (X, ρ) sumpag c metrikìc q¸roc. ApodeÐxte ìti:

(a) K�je isometrÐa f : X → X eÐnai epÐ.

(b) An (Y, σ) eÐnai metrikìc q¸roc ¸ste na up�rqoun isometrÐec g : X → Y kai h : Y → X, tìte
kai o Y eÐnai sumpag c.

15. 'Estw (X, ρ) sumpag c metrikìc q¸roc kai (Fn) fjÐnousa akoloujÐa kleist¸n uposunìlwn
tou X. DeÐxte ìti:

(a) An G eÐnai anoiktì uposÔnolo tou X ¸ste
⋂∞

n=1 Fn ⊆ G, tìte up�rqei n0 ∈ N me Fn0 ⊆ G.

(b) An
⋂∞

n=1 Fn = ∅, tìte up�rqei m0 ∈ N ¸ste Fm0 = ∅.
(g) An

⋂∞
n=1 Fn eÐnai monosÔnolo, tìte diam(Fn) → 0.

16. 'Estw f : (X, d) → (Y, ρ) suneq c kai K1 ⊇ K2 ⊇ . . . akoloujÐa sumpag¸n uposunìlwn tou
X. ApodeÐxte ìti

f

( ∞⋂
n=1

Kn

)
=
∞⋂

n=1

f(Kn).

17. 'Estw E ⊆ R mh sumpagèc. DeÐxte ìti up�rqei suneq c sun�rthsh f : E → R h opoÐa:

(a) den eÐnai fragmènh.

(b) eÐnai fragmènh all� den paÐrnei mègisth tim .

18. 'Estw (X, ρ) sumpag c metrikìc q¸roc kai sun�rthsh f : X → X ¸ste ρ(f(x), f(y)) <
ρ(x, y) gia k�je x, y ∈ X me x 6= y. ApodeÐxte ìti h f èqei akrib¸c èna stajerì shmeÐo.

19. 'Estw (X, ρ) metrikìc q¸roc. ApodeÐxte ìti ta akìlouja eÐnai isodÔnama:

(a) O X eÐnai sumpag c.

(b) K�je fjÐnousa akoloujÐa (Fn) mh ken¸n, kleist¸n uposunìlwn tou X èqei mh ken  tom ,
dhlad 

⋂∞
n=1 Fn 6= ∅.

20. (a) 'Estw (X, ρ) pl rhc metrikìc q¸roc kai A ⊆ X. DeÐxte ìti to A eÐnai sumpagèc an kai
mìnon an eÐnai kleistì kai olik� fragmèno.

(b) 'Estw (X, ρ) olik� fragmènoc metrikìc q¸roc. DeÐxte ìti h pl rws  tou (X̃, ρ̃) eÐnai sumpag c
metrikìc q¸roc.

21. DeÐxte ìti o metrikìc q¸roc (X, d) eÐnai olik� fragmènoc an kai mìnon an o (X, ρ) eÐnai olik�
fragmènoc, ìpou ρ = d

1+d .

22. (a) 'Estw (X1, d1), . . . , (Xk, dk) peperasmènh oikogèneia olik� fragmènwn metrik¸n q¸rwn.

DeÐxte ìti o q¸roc (X, ρ1), ìpou X =
∏k

i=1 Xi kai ρ1 =
∑k

i=1 di eÐnai olik� fragmènoc metrikìc
q¸roc.
(b) DeÐxte ìti èna uposÔnolo A tou Rk eÐnai olik� fragmèno an kai mìnon an eÐnai fragmèno.

23. 'Estw (X, ρ) metrikìc q¸roc. DeÐxte ìti ta akìlouja eÐnai isodÔnama:

(a) K�je kleistì kai fragmèno uposÔnolo tou X eÐnai sumpagèc.

(b) O X eÐnai pl rhc kai k�je fragmèno uposÔnolo tou X eÐnai olik� fragmèno.

24. (a) 'Estw A ⊆ R ¸ste k�je suneq c sun�rthsh f : A → R na eÐnai omoiìmorfa suneq c.
DeÐxte ìti to A eÐnai kleistì uposÔnolo tou R. EÐnai kat� an�gkhn fragmèno?



(b) 'Estw A ⊆ R fragmèno kai ìqi kleistì. DeÐxte ìti up�rqei g : A → R Lipschitz kai fragmènh,
h opoÐa den paÐrnei mègisth tim .

(g) 'Estw K ⊆ R kleistì kai fragmèno. DeÐxte ìti k�je suneq c sun�rthsh f : K → R eÐnai
omoiìmorfa suneq c.

(d) 'Estw f : R → R omoiìmorfa suneq c kai A ⊆ R fragmèno. DeÐxte ìti to f(A) eÐnai epÐshc
fragmèno.

Om�da G'

25. (a) 'Estw {(Xn, ρn)} akoloujÐa metrik¸n q¸rwn me ρn(x, y) ≤ 1 gia k�je x, y ∈ Xn kai
n = 1, 2, . . .. DeÐxte ìti o q¸roc ginìmeno (

∏∞
n=1 X,

∑∞
n=1

1
2n ρn) eÐnai sumpag c.

(b) DeÐxte ìti kÔboc tou Hilbert H∞ eÐnai sumpag c metrikìc q¸roc.

26. 'Estw (X, ρ) sumpag c metrikìc q¸roc kai (Gi)n
i=1 anoiktì k�lumma tou X. Jètoume f :

X → R me f(x) = max{dist(x, X \Gi) : i = 1, . . . , n} gia x ∈ X. ApodeÐxte ìti

(a) Gia k�je x ∈ X isqÔei f(x) > 0.
(b) H f eÐnai suneq c.

(g) Qrhsimopoi¸ntac ta (a) kai (b) apodeÐxte to l mma tou Lebesgue.

27. (a) DeÐxte ìti h sun�rthsh R : [0, 2π) → S1, me R(t) = (cos t, sin t), ìpou S1 = {x ∈
R2 : ‖x‖2 = 1} o monadiaÐoc kÔkloc eÐnai suneq c, 1-1 kai epÐ. EÐnai oi q¸roi [0, 2π) kai S1

omoiomorfikoÐ?

(b) Exet�ste an oi q¸roi ([0, 2π], | · |) kai (S1, ‖ · ‖2) eÐnai omoiomorfikoÐ.

28. (a) 'Estw (X, ρ) sumpag c metrikìc q¸roc kai f : X → X sun�rthsh me thn idiìthta

ρ(f(x), f(y)) ≥ ρ(x, y)

gia k�je x, y ∈ X. DeÐxte ìti h f eÐnai isometrÐa kai epÐ.

(b) 'Estw (X, ρ) sumpag c metrikìc q¸roc kai f : X → X 1-1, epÐ ¸ste

ρ(f(x), f(y)) ≤ ρ(x, y)

gia k�je x, y ∈ X. DeÐxte ìti h f eÐnai isometrÐa.

29. (a) 'Estw (En) akoloujÐa xènwn an� duo diasthm�twn tou [0, 1]. DeÐxte ìti diam(En) → 0
kaj¸c n →∞.

(b) 'Estw δ > 0. BreÐte akoloujÐa (Fn) xènwn an� dÔo kleist¸n uposunìlwn tou [0, 1] ¸ste
diam(Fn) ≥ 1− δ gia n = 1, 2, . . .. Exhg ste pou ofeÐletai h diafor� twn apotelesm�twn (a) kai
(b).

(g) DeÐxte ìti gia k�je ε > 0 up�rqei akoloujÐa xènwn an� dÔo kleist¸n uposunìlwn (Fn) tou
monadiaÐou dÐskou D = {(x, y) : x2 + y2 ≤ 1} ¸ste diam(Fn) ≥ 2− ε gia n = 1, 2, . . ..

(d) 'Estw K ⊆ Rd fragmèno kai (Bn) akoloujÐa apì xènec an� dÔo kleistèc mp�lec sto K.
DeÐxte ìti diam(Bn) → 0 kaj¸c n →∞.

(e) 'Estw (X, ρ) olik� fragmènoc metrikìc q¸roc kai Bn akoloujÐa apì xènec an� dÔo mp�lec
ston X. DeÐxte ìti lim

n→∞

(
diam(Bn)

)
= 0.

30. 'Estw (X, ρ) metrikìc q¸roc kai δ > 0. 'Ena uposÔnolo A tou X lègetai δ�diaqwrismèno an
gia k�je x, y ∈ A me x 6= y isqÔei ρ(x, y) ≥ δ.

(a) DeÐxte ìti an k�je δ�diaqwrismèno uposÔnolo tou X eÐnai peperasmèno kai an to A ⊆ X eÐnai
δ�diaqwrismèno, tìte up�rqei B ⊆ X megistikì δ�diaqwrismèno ¸ste A ⊆ B.

(b) DeÐxte ìti an k�je δ�diaqwrismèno uposÔnolo tou X eÐnai peperasmèno, tìte o (X, ρ) eÐnai
diaqwrÐsimoc.

31. 'Estw (X, ρ) metrikìc q¸roc. DeÐxte ìti ta akìlouja eÐnai isodÔnama:



(a) O X eÐnai olik� fragmènoc.

(b) Gia k�je δ > 0, k�je δ�diaqwrismèno uposÔnolo tou X eÐnai peperasmèno.

32. 'Estw (X, ρ) metrikìc q¸roc kai A ⊆ X. To A lègetai sqetik� sumpagèc uposÔnolo tou X
an to A eÐnai eÐnai sumpagèc uposÔnolo tou X.

(a) ApodeÐxte ìti to A eÐnai sqetik� sumpagèc an kai mìnon an k�je akoloujÐa (an) stoiqeÐwn
tou A èqei upakoloujÐa pou sugklÐnei (ìqi kat� an�gkhn se stoiqeÐo tou A).

(b) 'Estw (Y, ρ) metrikìc q¸roc kai f : X → Y suneq c. DeÐxte ìti h f apeikonÐzei sqetik�
sumpag  uposÔnola tou X se sqetik� sumpag  uposÔnola tou Y .

(g) ApodeÐxte ìti k�je sqetik� sumpagèc uposÔnolo eÐnai olik� fragmèno. IsqÔei to antÐstrofo?


