
Pragmatik  An�lush (2010�11)

MetrikoÐ q¸roi � Ask seic

Om�da A'

1. 'Estw (X, ‖ · ‖) q¸roc me nìrma. DeÐxte ìti h nìrma eÐnai �rtia sun�rthsh kai ikanopoieÐ thn anisìthta∣∣ ‖x‖ − ‖y‖
∣∣ ≤ ‖x− y‖

gia k�je x, y ∈ X.

2. 'Estw (X, ρ) metrikìc q¸roc. DeÐxte ìti:

(a) |ρ(x, z)− ρ(y, z)| ≤ ρ(x, y) gia k�je x, y, z ∈ X.
(b) |ρ(x, y)− ρ(z, w)| ≤ ρ(x, z) + ρ(y, w) gia k�je x, y, z, w ∈ X.

3. Sto R jewroÔme th sun�rthsh σ : R×R → R me σ(a, b) =
√
|a− b|. ApodeÐxte ìti o (R, σ) eÐnai metrikìc

q¸roc.
Genikìtera, deÐxte ìti: an (X, ‖ · ‖) eÐnai q¸roc me nìrma kai an jewr soume thn d : X ×X → R me

d(x, y) =
√
‖x− y‖, x, y ∈ X,

tìte o (X, d) eÐnai metrikìc q¸roc.

4. 'Estw (X, d) metrikìc q¸roc. DeÐxte ìti oi sunart seic ρ1 = min{d, 1}, ρ2 = d
1+d kai dα = dα (0 < α < 1)

eÐnai metrikèc sto X.

5. An d1, d2 eÐnai metrikèc sto sÔnolo X exet�ste an oi d1 + d2, max{d1, d2}, min{d1, d2} eÐnai metrikèc sto
X. An h d eÐnai metrik  sto X, eÐnai h d2 metrik  sto X?

6. 'Estw (X, d) metrikìc q¸roc. ApodeÐxte tic akìloujec idiìthtec thc diamètrou:
(a) diam(A) = 0 an kai mìno an A = ∅   to A eÐnai monosÔnolo (dhlad , A = {x} gia k�poio x ∈ X).

(b) An A ⊆ B ⊆ X tìte diam(A) ≤ diam(B).
(g) An A,B ⊆ X tìte isqÔei h anisìthta

diam(A ∩B) ≤ min{diam(A),diam(B)} ≤ max{diam(A),diam(B)} ≤ diam(A ∪B).

IsqÔei h anisìthta
diam(A ∪B) ≤ diam(A) + diam(B)

gia k�je zeug�ri uposunìlwn A,B tou X?

(d) An (An) eÐnai mia akoloujÐa uposunìlwn tou X me diam(An) → 0 kaj¸c n →∞, deÐxte ìti to
⋂∞

n=1 An

eÐnai to polÔ monosÔnolo (èqei to polÔ èna stoiqeÐo).

7. DeÐxte ìti èna uposÔnolo A tou metrikoÔ q¸rou (X, ρ) eÐnai fragmèno an kai mìnon an up�rqoun x0 ∈ X
kai r > 0 ¸ste ρ(a, x0) ≤ r gia k�je a ∈ A.

8. 'Estw A1, . . . , Ak fragmèna mh ken� uposÔnola tou metrikoÔ q¸rou (X, ρ). DeÐxte ìti to sÔnolo A1 ∪
A2 ∪ · · · ∪Ak eÐnai epÐshc fragmèno.
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Om�da B'

9. (a) 'Estw f : [0,∞) → [0,∞) aÔxousa sun�rthsh me f(0) = 0 kai f(x) > 0 gia k�je x > 0. Upojètoume
epÐshc ìti h f eÐnai upoprosjetik , dhl. f(x + y) ≤ f(x) + f(y) gia k�je x, y ≥ 0. DeÐxte ìti: an h d eÐnai
metrik  sto X tìte kai h f ◦ d eÐnai metrik  sto X.

(b) ApodeÐxte ìti an f : [0,∞) → R+, tìte kajemi� apì tic akìloujec idiìthtec eÐnai ikan  na exasfalÐsei
thn upoprosjetikìthta thc f :

(i) H f eÐnai koÐlh sun�rthsh.

(ii) H sun�rthsh x 7→ f(x)
x , x > 0 eÐnai fjÐnousa.

(g) Qrhsimopoi¸ntac ta (a) kai (b) deÐxte ìti oi sunart seic thc 'Askhshc 4 eÐnai metrikèc.

10. (Anisìthta Hölder gia sunart seic) 'Estw f, g : [0, 1] → R suneqeÐc sunart seic kai p, q suzugeÐc ekjètec
(dhl. p, q > 1 kai 1

p + 1
q = 1). DeÐxte ìti

∫ 1

0

|f(t)g(t)| dt ≤
(∫ 1

0

|f(t)|p dt

)1/p (∫ 1

0

|g(t)|q dt

)1/q

.

11. DeÐxte ìti o q¸roc (C([0, 1]), ‖ · ‖p) me

‖f‖p =
(∫ 1

0

|f(x)|p dx

)1/p

eÐnai q¸roc me nìrma.

12. JewroÔme ton q¸ro S ìlwn twn akolouji¸n pragmatik¸n arijm¸n. 'Estw (mk) akoloujÐa jetik¸n
arijm¸n, me

∑
k mk < +∞. OrÐzoume apìstash d ston S wc ex c: an x = (x(n)), y = (y(n)) ∈ S, jètoume

d(x, y) =
∞∑

n=1

mn
|x(n)− y(n)|

1 + |x(n)− y(n)|
.

DeÐxte ìti o (S, d) eÐnai metrikìc q¸roc, kai upologÐste th di�metrì tou.

13. 'Estw P to sÔnolo twn poluwnÔmwn me pragmatikoÔc suntelestèc. An p(x) = a0 + a1x + · · · + anxn

eÐnai èna polu¸numo apì to P, to Ôyoc tou p eÐnai to

h(p) = max{|ai| : i = 0, 1, . . . , n}.

(a) DeÐxte ìti o P eÐnai grammikìc q¸roc me tic pr�xeic kat� shmeÐo kai h sun�rthsh h : P → R eÐnai nìrma
ston P.
(b) DeÐxte ìti h sun�rthsh σ : P → R, me

σ(p) = |a0|+ |a1|+ · · ·+ |an|

eÐnai nìrma ston P.
(g) DeÐxte ìti h(p) ≤ σ(p) ≤ (n + 1)h(p) gia k�je polu¸numo p bajmoÔ to polÔ n.

14. JewroÔme to q¸ro (P, h) thc prohgoÔmenhc �skhshc kai ton (c00, ‖ · ‖∞). ApodeÐxte ìti h sun�rthsh
f : (P, h) → (c00, ‖ · ‖∞) me

p(x) = a0 + a1x + · · ·+ anxn f7−→ f(p) := a = (a0, a1, . . . , an, 0, 0, . . .)

eÐnai isomorfismìc grammik¸n q¸rwn pou diathreÐ tic apost�seic. Dhlad , h f eÐnai 1-1, epÐ kai ikanopopoieÐ
tic sqèseic
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1. f(p + q) = f(p) + f(q),

2. f(λp) = λf(p),

3. ‖f(p)‖∞ = h(p)

gia k�je p, q ∈ P kai λ ∈ R.

Om�da G'

15. StajeropoioÔme ènan pr¸to arijmì p kai jewroÔme to sÔnolo Z twn akeraÐwn. An m,n ∈ Z me m 6= n,
jètoume p(n, m) th megalÔterh dÔnamh tou p pou diaireÐ ton |n−m|, dhlad  an m 6= n, tìte

p(m,n) = max{k ≥ 0 : m ≡ n mod pk}.

OrÐzoume σp : Z× Z → R me

σp(m,n) =
{

2−p(m,n), m 6= n
0, m = n

DeÐxte ìti h σp eÐnai metrik  sto Z kai o (Z, σp) eÐnai fragmènoc metrikìc q¸roc.

16. 'Estw ∅ 6= A ⊆ (0,+∞). ApodeÐxte ìti up�rqei metrikìc q¸roc (X, ρ) ¸ste

A = {ρ(x, y) : x, y ∈ X, x 6= y}.

17. JewroÔme touc q¸rouc `p, 1 ≤ p ≤ ∞ kai c0.

(a) DeÐxte ìti: an 1 ≤ p < q ≤ ∞ tìte `p ⊆ `q kai ìti o egkleismìc eÐnai gn sioc.

(b) DeÐxte ìti: an 1 ≤ p < ∞ tìte `p ⊆ c0 kai ìti o egkleismìc eÐnai gn sioc.

(g) Na brejeÐ akoloujÐa x = (xn) pou sugklÐnei sto 0 all� den an kei se kanènan `p, 1 ≤ p < ∞. Me �lla
lìgia, o c0 perièqei gn sia thn ènwsh

⋃
{`p : 1 ≤ p < ∞}.

(d) Na brejeÐ akoloujÐa x = (xn) ¸ste x /∈ `1 all� x ∈ `p gia k�je p > 1.

18. O kÔboc tou Hilbert H∞ eÐnai h sullog  ìlwn twn akolouji¸n x = (x(n)) me |x(n)| ≤ 1 gia k�je n ∈ N.
(a) DeÐxte ìti h

d(x, y) =
∞∑

n=1

2−n|x(n)− y(n)|

orÐzei metrik  sto H∞.

(b) An x, y ∈ H∞ kai k ∈ N, jètoume Mk = max{|x(1)− y(1)|, . . . , |x(k)− y(k)|}. DeÐxte ìti

2−kMk ≤ d(x, y) ≤ 2−k+1 + Mk.

19. JewroÔme th monadiaÐa EukleÐdeia sfaÐra Sm−1 = {x ∈ Rm : ‖x‖2 = 1} ston Rm. OrÐzoume {apìstash}
ρ(x, y) dÔo shmeÐwn x, y ∈ Sm−1 na eÐnai h kurt  gwnÐa xoy sto epÐpedo pou orÐzetai apì thn arq  twn axìnwn
o kai ta x, y. DeÐxte ìti: an ρ(x, y) = θ tìte

‖x− y‖2 = 2 sin
θ

2

kai sumper�nate ìti
2
π

ρ(x, y) ≤ ‖x− y‖2 ≤ ρ(x, y), x, y ∈ Sm−1.

EÐnai h ρ metrik  sthn Sm−1?
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