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1. Exet�ste an oi parak�tw prot�seic eÐnai alhjeÐc   yeudeÐc (aitiolog ste pl rwc thn
ap�nths  sac).
(a) An h f eÐnai paragwgÐsimh sto [a, b] kai paÐrnei th mègisth tim  thc sto x0 = a, tìte
f ′(a) = 0.

(b) An ak → 0, tìte h seir�
∞∑

k=1

(−1)kak sugklÐnei.

(g) 'Estw f : [a, b] → R. An h f eÐnai fragmènh kai an up�rqei diamèrish P ¸ste L(f, P ) =
U(f, P ), tìte h f eÐnai Riemann oloklhr¸simh.

(2m)

2. Exet�ste an sugklÐnoun   apoklÐnoun oi seirèc

∞∑

k=1

(
√

1 + k2 − k),
∞∑

k=1

( k
√

k − 1)k,
∞∑

k=1

k!
kk

.

(2m)

3. Upojètoume ìti ak ≥ 0 gia k�je k ∈ N kai ìti h seir�
∞∑

k=1

ak sugklÐnei. DeÐxte ìti

h seir�
∞∑

k=1

√
akak+1 sugklÐnei. DeÐxte ìti, an h {ak} eÐnai fjÐnousa, tìte isqÔei kai to

antÐstrofo.
(2m)

4. (a) 'Estw f : [0,+∞) → R suneq c sun�rthsh. Upojètoume ìti h f eÐnai omoiìmorfa
suneq c sto [2, +∞). DeÐxte ìti h f eÐnai omoiìmorfa suneq c sto [0,+∞).
(b) DeÐxte ìti h f(x) =

√
x eÐnai omoiìmorfa suneq c sto [0, +∞).

(2m)

5. 'Estw f : [a, b] → R oloklhr¸simh sun�rthsh. ApodeÐxte pl rwc ìti:
(a) To aìristo olokl rwma F (x) =

∫ x
a f(t)dt thc f eÐnai Lipschitz suneq c sun�rthsh.

(b) An h f eÐnai suneq c sto x0 ∈ (a, b), tìte

lim
h→0+

F (x0 + h)− F (x0)
h

= f(x0).

(2m)

6. 'Estw f : [0, +∞) → [0, +∞) suneq c sun�rthsh me f(x) > 0 gia k�je x > 0, h opoÐa
ikanopoieÐ thn

f(x)2 = 2
∫ x

0
f(t)dt

gia k�je x ≥ 0. DeÐxte ìti f(x) = x gia k�je x ≥ 0.
(2m)

Kal  epituqÐa!



Apant seic

1. (a) L�joc. JewroÔme th sun�rthsh f : [0, 1] → R me f(x) = 1 − x. H f eÐnai paragwgÐsimh
sto [0, 1] kai paÐrnei th mègisth tim  thc sto x0 = 0, ìmwc f ′(x) = −1 gia k�je x ∈ [0, 1], �ra
f ′(0) = −1 6= 0.

(b) L�joc. An jewr soume thn ak = (−1)k

k , tìte ak → 0. 'Omwc, h seir�
∞∑

k=1

(−1)kak =
∞∑

k=1

1
k

apoklÐnei.

(g) Swstì. 'Estw ε > 0. Gia thn diamèrish P pou mac dìjhke, èqoume U(f, P )−L(f, P ) = 0 < ε.
Apì to krit rio tou Riemann èpetai ìti h f eÐnai oloklhr¸simh.

2. (a) 'Eqoume ak =
√

1 + k2 − k = 1√
1+k2+k

. ParathroÔme ìti ak

1/k = k√
1+k2+k

→ 1
2 > 0. AfoÔ

h
∞∑

k=1

1
k apoklÐnei, h seir�

∞∑
k=1

ak apoklÐnei apì to oriakì krit rio sÔgkrishc.

(b) QrhsimopoioÔme to krit rio thc rÐzac: èqoume k
√

ak = k
√

k− 1 → 0 < 1, �ra h seir� sugklÐnei.

(g) QrhsimopoioÔme to krit rio lìgou. 'Eqoume

ak+1

ak
=

(k + 1)!kk

k!(k + 1)k+1
=

kk

(k + 1)k
=

1(
1 + 1

k

)k
→ 1

e
< 1,

�ra h seir� sugklÐnei.

3. ParathroÔme ìti 0 ≤ √
akak+1 ≤ ak+ak+1

2 gia k�je k ∈ N. AfoÔ h
∑∞

k=1 ak sugklÐnei, to Ðdio
isqÔei kai gia thn

∑∞
k=1 ak+1. 'Ara, h

∑∞
k=1

ak+ak+1
2 sugklÐnei ki aut . Apì to krit rio sÔgkrishc

sumperaÐnoume ìti h
∑∞

k=1

√
akak+1 sugklÐnei.

Me thn upìjesh ìti h (ak) eÐnai fjÐnousa, parathroÔme ìti 0 ≤ ak+1 ≤ √
akak+1 gia k�je

k ∈ N. Apì to krit rio sÔgkrishc, h
∑∞

k=1 ak+1 sugklÐnei, �ra kai h
∑∞

k=1 ak sugklÐnei.

4. (a) 'Eqoume upojèsei ìti h f eÐnai omoiìmorfa suneq c sto [2,+∞). EpÐshc, h f eÐnai suneq c
sto kleistì di�sthma [0, 2], �ra eÐnai omoiìmorfa suneq c sto [0, 2]. 'Estw ε > 0. Up�rqei δ1 > 0
¸ste: an x, y ≥ 2 kai |x − y| < δ1, tìte |f(x) − f(y)| < ε

2 . OmoÐwc, up�rqei δ2 > 0 ¸ste: an
x, y ∈ [0, 2] kai |x− y| < δ2, tìte |f(x)− f(y)| < ε

2 .
Jètoume δ = min{δ1, δ2}. Ja deÐxoume ìti an x, y ≥ 0 kai |x− y| < δ tìte |f(x)− f(y)| < ε.

DiakrÐnoume tic ex c peript¸seic:

1. x, y ≥ 2: afoÔ |x− y| < δ ≤ δ1, èqoume |f(x)− f(y)| < ε
2 < ε.

2. x, y ∈ [0, 2]: afoÔ |x− y| < δ ≤ δ2, èqoume |f(x)− f(y)| < ε
2 < ε.

3. 0 ≤ x < 2 < y: parathroÔme ìti x, 2 ∈ [0, 2] kai |x− 2| < |x− y| < δ ≤ δ2. EpÐshc, y, 2 ≥ 2
kai |y − 2| < |x− y| < δ ≤ δ1. Sunep¸c,

|f(x)− f(y)| ≤ |f(x)− f(2)|+ |f(2)− f(y)| < ε

2
+

ε

2
= ε.

To ε > 0  tan tuqìn, �ra h f eÐnai omoiìmorfa suneq c.
(b) H f(x) =

√
x eÐnai suneq c sto [0,+∞). An x, y ∈ [2, +∞), tìte

|f(x)− f(y)| = |√x−√y| = |x− y|√
x +

√
y
≤ 1

2
√

2
|x− y|,

dhlad  h f ikanopoieÐ sunj kh Lipschitz sto [2, +∞). Sunep¸c, h f eÐnai omoiìmorfa suneq c
sto [2, +∞). T¸ra, mporoÔme na efarmìsoume to (a).

5. (a) AfoÔ h f eÐnai oloklhr¸simh, eÐnai ex orismoÔ fragmènh. Dhlad , up�rqei M > 0 ¸ste
|f(x)| ≤ M gia k�je x ∈ [a, b]. 'Estw x < y sto [a, b]. Tìte,

|F (x)− F (y)| =
∣∣∣∣
∫ y

a

f(t)dt−
∫ x

a

f(t)dt

∣∣∣∣ =
∣∣∣∣
∫ y

x

f(t)dt

∣∣∣∣

≤
∫ y

x

|f(t)|dt ≤ M |x− y|.



'Ara, h F eÐnai Lipschitz suneq c (me stajer� M).

(b) Gr�foume

F (x0 + h)− F (x0)
h

− f(x0) =
1
h

(∫ x0+h

a

f(t)dt−
∫ x0

a

f(t)dt

)
− f(x0)

=
1
h

(∫ x0+h

x0

f(t)dt−
∫ x0+h

x0

f(x0)dt

)

=
1
h

∫ x0+h

x0

[f(t)− f(x0)]dt.

'Estw ε > 0. H f eÐnai suneq c sto x0, �ra up�rqei δ > 0 ¸ste an x0 ≤ x < x0 +δ tìte x ∈ (a, b)
kai |f(x)− f(x0)| < ε.

An 0 < h < δ, tìte gia k�je t ∈ [x0, x0 + h] èqoume x0 ≤ t ≤ x0 + h < x0 + δ. Sunep¸c,
∣∣∣∣
F (x0 + h)− F (x0)

h
− f(x0)

∣∣∣∣ =
∣∣∣∣
1
h

∫ x0+h

x0

[f(t)− f(x0)]dt

∣∣∣∣

≤ 1
h

∫ x0+h

x0

|f(t)− f(x0)|dt

<
1
h

∫ x0+h

x0

εdt =
1
h
· hε = ε.

'Ara, lim
h→0+

F (x0+h)−F (x0)
h = f(x0).

6. An upojèsoume ìti h f eÐnai paragwgÐsimh, tìte paragwgÐzontac ta dÔo mèlh thc

(1) f(x)2 = 2
∫ x

0

f(t)dt

paÐrnoume
2f(x)f ′(x) = 2f(x)

gia k�je x > 0, kai qrhsimopoi¸ntac thn upìjesh ìti f(x) > 0 gia k�je x > 0 sumperaÐnoume ìti
f ′(x) = 1 gia k�je x > 0. Apì thn (1) blèpoume (jètontac x = 0) ìti f(0) = 0, �ra

f(x) = f(0) +
∫ x

0

f ′(t)dt =
∫ x

0

dt = x

gia k�je x ≥ 0. Mènei na deÐxoume ìti h f eÐnai paragwgÐsimh. Apì thn (1) kai thn f(x) > 0
èqoume: gia k�je x > 0 isqÔei

∫ x

0
f(t)dt > 0 kai

(2) f(x) =
√

2

√∫ x

0

f(t)dt.

AfoÔ h f eÐnai suneq c, to dexiì mèloc thc (2) eÐnai paragwgÐsimh sun�rthsh (to aìristo olokl -
rwma suneqoÔc sun�rthshc eÐnai paragwgÐsimh sun�rthsh). 'Epetai ìti h f eÐnai paragwgÐsimh.


