
Kef�laio 7

Je¸rhma Taylor

1. 'Estw p(x) = a0 + a1x+ · · ·+ anxn polu¸numo bajmoÔ n kai èstw a ∈ R. DeÐxte
ìti up�rqoun b0, b1, · · · , bn ∈ R ¸ste

p(x) = b0 + b1(x− a) + · · ·+ bn(x− a)n gia k�jex ∈ R.

DeÐxte ìti

bk =
p(k)(a)

k!
, k = 0, 1, . . . , n.

Upìdeixh. Me epagwg . Gia n = 1 mporoÔme na gr�youme p(x) = a0 + a1x =
a0 + a1a + a1(x− a) = p(a) + a1(x− a) kai na jèsoume b0 = p(a), b1 = a1.

Gia to epagwgikì b ma parathr ste ìti p(x)− p(a) = (a1x + · · ·+ anxn)− (a1a +
· · · + anan) = (x − a)p1(x), ìpou p1 polu¸numo bajmoÔ n − 1. To p1 gr�fetai
sth morf  b1 + b2(x− a) + · · ·+ bn(x− a)n−1 (apì thn epagwgik  upìjesh) opìte
p(x) = p(a) + (x− a)p1(x) = b0 + b1(x− a) + · · ·+ bn(x− a)n, me b0 = p(a).

ParagwgÐzontac blèpoume ìti p(k)(x) =
∑n

s=k s(s − 1) · · · (s − k + 1)bs(x − a)s−k,
opìte p(k)(a) = [k(k − 1) · · · 1]bk = k!bk.

2. Gr�yte kajèna apì ta parak�tw polu¸numa sth morf  b0 + b1(x − 3) + · · · +
bn(x− 3)n:

p1(x) = x2 − 4x− 9, p2(x) = x4 − 12x3 + 44x2 + 2x + 1, p3(x) = x5.

3. Gia k�je mÐa apì tic parak�tw sunart seic, na brejeÐ to polu¸numo Taylor Tn,f,a

pou upodeiknÔetai.

(T3,f,0) : f(x) = exp(sinx).
(T2n+1,f,0) : f(x) = (1 + x2)−1.

(Tn,f,0) : f(x) = (1 + x)−1.

(T4,f,0) : f(x) = x5 + x3 + x.

(T6,f,0) : f(x) = x5 + x3 + x.

(T5,f,1) : f(x) = x5 + x3 + x.
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4. 'Estw n ≥ 1 kai f, g : (a, b) → R sunart seic n forèc paragwgÐsimec sto
x0 ∈ (a, b) ¸ste f(x0) = f ′(x0) = · · · = f (n−1)(x0) = 0, g(x0) = g′(x0) = · · · =
g(n−1)(x0) = 0 kai g(n)(x0) 6= 0. DeÐxte ìti

lim
x→x0

f(x)
g(x)

=
f (n)(x0)
g(n)(x0)

.

Upìdeixh. Parathr ste ìti Tn,f,x0(x) = f(n)(x0)
n! (x−x0)n kai Tn,g,x0(x) = g(n)(x0)

n! (x−
x0)n. EpÐshc, lim

x→x0

Rn,f,x0 (x)

(x−x0)n = lim
x→x0

Rn,g,x0 (x)

(x−x0)n = 0. Sunep¸c,

lim
x→x0

f(x)
g(x)

= lim
x→x0

f(n)(x0)
n! + Rn,f,x0 (x)

(x−x0)n

f(n)(x0)
n! + Rn,f,x0 (x)

(x−x0)n

=
f (n)(x0)
g(n)(x0)

.

5. 'Estw n ≥ 2 kai f : (a, b) → R sun�rthsh n forèc paragwgÐsimh sto x0 ∈ (a, b)
¸ste f(x0) = f ′(x0) = · · · = f (n−1)(x0) = 0 kai f (n)(x0) 6= 0. DeÐxte ìti:

(a) An o n eÐnai �rtioc kai f (n)(x0) > 0, tìte h f èqei topikì el�qisto sto x0.

(b) An o n eÐnai �rtioc kai f (n)(x0) < 0, tìte h f èqei topikì mègisto sto x0.

(g) An o n eÐnai perittìc, tìte h f den èqei topikì mègisto oÔte topikì el�qisto sto
x0, all� to x0 eÐnai shmeÐo kamp c gia thn f .

Upìdeixh. Parathr ste ìti Tn,f,x0(x) = f(n)(x0)
n! (x− x0)n, sunep¸c,

lim
x→x0

f(x)
(x− x0)n

= lim
x→x0

Tn,f,x0(x) + Rn,f,x0(x)
(x− x0)n

=
f (n)(x0)

n!
.

(a) An f (n)(x0) > 0, tìte h f kont� sto x0 èqei to Ðdio prìshmo me thn (x−x0)n kai
afoÔ o n eÐnai �rtioc sumperaÐnoume ìti f(x) ≥ 0 kont� sto x0. AfoÔ f(x0) = 0, h
f èqei topikì el�qisto sto x0.

(b) An f (n)(x0) < 0, tìte h f kont� sto x0 èqei antÐjeto prìshmo apì thn (x−x0)n

kai afoÔ o n eÐnai �rtioc sumperaÐnoume ìti f(x) ≤ 0 kont� sto x0. AfoÔ f(x0) = 0,
h f èqei topikì mègisto sto x0.

(g) Upojètoume ìti f (n)(x0) > 0. DouleÔontac ìpwc sta (a) kai (b), kai qrhsi-
mopoi¸ntac thn upìjesh ìti o n eÐnai perittìc, blèpoume ìti up�rqei δ > 0 ¸ste
f(x) < 0 sto (x0 − δ) kai f(x) > 0 sto (x0, x0 + δ). 'Ara, h f den èqei topikì
mègisto oÔte topikì el�qisto sto x0.

To Ðdio akrib¸c isqÔei gia thn f ′′. Parathr ste pr¸ta ìti n ≥ 3 (eÐnai perittìc
kai megalÔteroc   Ðsoc tou 2). Jewr¸ntac thn g = f ′′ blèpoume ìti g(n−2)(x0) > 0
kai ìlec oi prohgoÔmenec par�gwgoi thc g mhdenÐzontai sto x0. 'Ara, h g = f ′′ èqei
diaforetikì prìshmo se perioqèc arister� kai dexi� tou x0, to opoÐo shmaÐnei ìti to
x0 eÐnai shmeÐo kamp c gia thn f .

6. An f(x) = lnx, x > 0, breÐte thn plhsièsterh eujeÐa kai thn plhsièsterh
parabol  sto gr�fhma thc f sto shmeÐo (e, 1).

Upìdeixh. Zht�me ta T1,f,e(x) kai T2,f,e(x). AfoÔ f(e) = 1, f ′(e) = 1
e kai f ′′(e) =

− 1
e2 , sumperaÐnoume ìti T1,f,e(x) = 1 + x−e

e = x
e kai T2,f,e(x) = x

e −
1
e2 (x− e)2.
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7. BreÐte to polu¸numo Taylor Tn,f,0 gia th sun�rthsh

f(x) =
∫ x

0

e−t2dt, (x ∈ R).

Upìdeixh. Apì to an�ptugma thc ekjetik c sun�rthshc, gia k�je x ∈ R èqoume

e−t2 =
n∑

k=0

(−1)kt2k

k!
+ gn(t)

ìpou

|gn(t)| ≤ et2

(n + 1)!
(t2)n+1.

'Ara,

f(x) =
∫ x

0

e−t2dt =
n∑

k=0

(−1)k

k!

∫ x

0

t2kdt +
∫ x

0

gn(t)dt.

ParathroÔme ìti∣∣∣∣∫ x

0

gn(t) dt

∣∣∣∣ ≤ ex2

(n + 1)!

∣∣∣∣∫ x

0

t2n+2dt

∣∣∣∣ ≤ ex2 |x|2n+3

(n + 1)!(2n + 3)
.

Jètoume

P2n+1(x) =
n∑

k=0

(−1)k

k!

∫ x

0

t2kdt =
n∑

k=0

(−1)kx2k+1

k!(2k + 1)
.

Tìte,∣∣∣∣f(x)− P2n+1(x)
x2n+2

∣∣∣∣ = ∣∣∣∣ 1
x2n+2

∫ x

0

gn(t) dt

∣∣∣∣ ≤ ex2 |x|2n+3

|x|2n+2(n + 1)!(2n + 3)
→ 0

ìtan x → 0. Apì ton qarakthrismì tou poluwnÔmou Taylor Ts,f,0 èpetai ìti

T2n+1,f,0(x) = T2n+2,f,0(x) = P2n+1(x) =
n∑

k=0

(−1)kx2k+1

k!(2k + 1)
.

8. BreÐte to polu¸numo Taylor Tn,f,0 gia th sun�rthsh f : R → R pou orÐzetai wc
ex c: f(0) = 0 kai

f(x) = e−1/x2
, x 6= 0.

Upìdeixh. (a) Parathr ste ìti f ′(x) = 2
x3 e−1/x2

kai

f ′(0) = lim
x→0

1
x

e−1/x2
= lim

y→±∞

y

ey2 = 0.

(b) H deÔterh par�gwgoc thc f , all� kai k�je par�gwgoc thc f eÐnai thc morf c

f (k)(x) = Pk

(
1
x

)
e−1/x2

, x 6= 0
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ìpou Pk polu¸numo. DeÐxte to me epagwg .

(g) DeÐxte ìti limy→±∞ P (y)e−y2
= 0 gia k�je polu¸numo P (y) kai, apì to (b),

sumper�nate ìti f (k)(0) = 0 gia k�je k = 0, 1, 2, . . .. Pr�gmati,

f (k+1)(0) = lim
x→0

1
x

Pk

(
1
x

)
e−1/x2

= lim
y→±∞

yPk(y)e−y2

kai h sun�rthsh y 7→ yPk(y) eÐnai polu¸numo.
'Epetai ìti Tn,f,0(x) =

∑n
k=0

f(k)(0)
k! xk = 0 gia k�je x ∈ R.

9. Qrhsimopoi¸ntac to an�ptugma Taylor thc sun�rthshc arctanx (−1 ≤ x ≤ 1)
upologÐste to �jroisma

∞∑
n=0

(−1)n 1
3n(2n + 1)

.

Upìdeixh. GnwrÐzoume ìti arctanx =
∑∞

n=0(−1)n x2n+1

2n+1 an −1 ≤ x ≤ 1. Sunep¸c,

arctan
1√
3

=
∞∑

n=0

(−1)n 1
3n
√

3
1

2n + 1
.

'Epetai ìti
∞∑

n=0

(−1)n 1
3n(2n + 1)

=
√

3 arctan
1√
3

=
π
√

3
6

.

10. 'Estw f : R → R �peirec forèc paragwgÐsimh sun�rthsh. Upojètoume ìti
f ′′′ = f kai f(0) = 1, f ′(0) = f ′′(0) = 0.
(a) 'Estw R > 0. DeÐxte ìti up�rqei M = M(R) > 0 ¸ste: gia k�je x ∈ [−R,R]
kai gia k�je k = 0, 1, 2, . . .,

|f (k)(x)| ≤ M.

(b) BreÐte to polu¸numo Taylor T3n,f,0 kai, qrhsimopoi¸ntac to (a) kai opoiond pote
tÔpo upoloÐpou, deÐxte ìti

f(x) =
∞∑

k=0

x3k

(3k)!

gia k�je x ∈ R.

Upìdeixh. (a) Apì thn upìjesh ìti f ′′′ = f blèpoume ìti, gia k�je k = 0, 1, 2 . . ., h
f (k) eÐnai k�poia apì tic f , f ′, f ′′. Oi treic autèc sunart seic eÐnai paragwgÐsimec,
�ra suneqeÐc. Sunep¸c, an stajeropoi soume R > 0 tìte kajemÐa apì tic f , f ′, f ′′

eÐnai fragmènh sto [−R,R]. Dhlad , up�rqei M = M(R) > 0 ¸ste |f(x)| ≤ M ,
|f ′(x)| ≤ M kai |f ′′(x)| ≤ M gia k�je x ∈ [−R,R]. 'Epetai ìti, gia k�je x ∈
[−R,R] kai gia k�je k = 0, 1, 2, . . .,

|f (k)(x)| ≤ M.

(b) 'Eqoume f (3k)(0) = 1, f (3k+1)(0) = 0 kai f (3k+2)(0) = 0 gia k�je k = 0, 1, 2, . . ..
'Ara,

T3n,f,0(x) =
3n∑

s=0

f (s)(0)
s!

xs =
n∑

k=0

1
(3k)!

x3k.
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'Estw x ∈ R. StajeropoioÔme R > |x| kai jewroÔme thn stajer� M = M(R) apì
to (a). IsqÔei

|R3n,f,0(x)| =
∣∣∣∣f (3n+1)(ξ)

(3n + 1)!
x3n+1

∣∣∣∣
gia k�poio ξ metaxÔ twn 0 kai x. AfoÔ |ξ| ≤ |x| < R, èqoume |f (3n+1)(ξ)| ≤ M .
'Ara,

|R3n,f,0(x)| ≤ M

(3n + 1)!
|x|3n+1.

Me to krit rio tou lìgou blèpoume ìti h akoloujÐa tou dexioÔ mèlouc sugklÐnei sto
0. 'Ara, R3n,f,0(x) → 0 ìtan n →∞. 'Epetai ìti

f(x) = lim
n→∞

T3n,f,0(x) =
∞∑

k=0

x3k

(3k)!
.

To x ∈ R  tan tuqìn, opìte èqoume to zhtoÔmeno.

11. BreÐte proseggistik  tim , me sf�lma mikrìtero tou 10−6, gia kajènan apì
touc arijmoÔc

sin 1, sin 2, sin
1
2
, e, e2.

12. (a) DeÐxte ìti
π

4
= arctan

1
2

+ arctan
1
3

kai
π

4
= 4 arctan

1
5
− arctan

1
239

.

(b) DeÐxte ìti π = 3.14159 · · · (me �lla lìgia, breÐte proseggistik  tim  gia ton
arijmì π me sf�lma mikrìtero tou 10−6).


