
Kef�laio 5

Par�gwgoc kai Olokl rwma

Om�da A'

1. 'Estw f : [a, b] → R oloklhr¸simh sun�rthsh. DeÐxte ìti up�rqei s ∈ [a, b] ¸ste∫ s

a

f(t)dt =
∫ b

s

f(t)dt.

MporoÔme p�nta na epilègoume èna tètoio s sto anoiktì di�sthma (a, b)?

Upìdeixh. Jewr ste th sun�rthsh g : [a, b] → R me

g(s) =
∫ s

a

f(t)dt−
∫ b

s

f(t)dt =
∫ s

a

f(t)dt−

(∫ b

a

f(t)dt−
∫ s

a

f(t)dt

)

= 2
∫ s

a

f(t)dt−
∫ b

a

f(t)dt.

AfoÔ h f eÐnai oloklhr¸simh, h g eÐnai suneq c. Parathr ste ìti

g(a) = −
∫ b

a

f(t)dt kai g(b) =
∫ b

a

f(t)dt.

AfoÔ g(a)g(b) = −
(∫ b

a
f(t)dt

)2

≤ 0, up�rqei s ∈ [a, b] ¸ste g(s) = 0. Gia k�je

tètoio s isqÔei h ∫ s

a

f(t)dt =
∫ b

s

f(t)dt.

MporoÔme na epilèxoume èna tètoio s sto anoiktì di�sthma (a, b) an
∫ b

a
f(t)dt 6= 0

(exhg ste giatÐ). An ìmwc p�rete thn f(x) = x sto [−1, 1], tìte ta mìna shmeÐa
s ∈ [−1, 1] gia ta opoÐa g(s) = 0 eÐnai ta s = ±1 (se autì to par�deigma, to
olokl rwma thc f sto [−1, 1] isoÔtai me mhdèn).

2. 'Estw f : [0, 1] → R oloklhr¸simh kai jetik  sun�rthsh ¸ste
∫ 1

0
f(x)dx = 1.

DeÐxte ìti gia k�je n ∈ N up�rqei diamèrish {0 = t0 < t1 < · · · < tn = 1} ¸ste∫ tk+1

tk
f(x)dx = 1

n gia k�je k = 0, 1, . . . , n− 1.
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Upìdeixh. Jewr ste th sun�rthsh F : [0, 1] → R me F (t) =
∫ t

0
f(x)dx. AfoÔ h

f eÐnai oloklhr¸simh kai jetik , h F eÐnai suneq c kai aÔxousa sto [0, 1]. AfoÔ∫ 1

0
f(x)dx = 1, èqoume F (0) = 0 kai F (1) = 1.
'Estw n ∈ N. Apì to je¸rhma endi�meshc tim c, gia k�je k = 1, . . . , n − 1

up�rqei tk ∈ [0, 1] ¸ste F (tk) = k
n . Jètoume t0 = 0 kai tn = 1: tìte F (t0) = 0 = 0

n
kai F (tn) = 1 = n

n . Parathr ste ìti tk < tk+1 gia k�je k = 0, 1, . . . , n− 1. An gia
k�poio k eÐqame tk ≥ tk+1, tìte ja paÐrname

k

n
=
∫ tk

0

f(x)dx =
∫ tk+1

0

f(x)dx +
∫ tk

tk+1

f(x)dx ≥
∫ tk+1

0

f(x)dx =
k + 1

n
,

to opoÐo eÐnai �topo. 'Ara, 0 = t0 < t1 < · · · < tn = 1 kai∫ tk+1

tk

f(x)dx =
∫ tk+1

0

f(x)dx−
∫ tk

0

f(x)dx =
k + 1

n
− k

n
=

1
n

gia k�je k = 0, 1, . . . , n− 1.

3. 'Estw f : [0, 1] → R suneq c sun�rthsh. DeÐxte ìti up�rqei s ∈ [0, 1] ¸ste∫ 1

0

f(x)x2dx =
f(s)

3
.

Upìdeixh. SÔmfwna me to je¸rhma mèshc tim c tou OloklhrwtikoÔ LogismoÔ, an
h f : [0, 1] → R eÐnai suneq c kai h mh arnhtik  sun�rthsh g : [0, 1] → R eÐnai
oloklhr¸simh, up�rqei s ∈ [0, 1] ¸ste∫ 1

0

f(x)g(x)dx = f(s)
∫ 1

0

g(x)dx.

Efarmìste to parap�nw gia thn g(x) = x2.

4. Upojètoume ìti h f : [0, 1] → R eÐnai suneq c kai ìti∫ x

0

f(t)dt =
∫ 1

x

f(t)dt

gia k�je x ∈ [0, 1]. DeÐxte ìti f(x) = 0 gia k�je x ∈ [0, 1].

Upìdeixh. Apì thn upìjesh èpetai ìti

2
∫ x

0

f(t)dt =
∫ 1

0

f(t)dt

gia k�je x ∈ [0, 1]. Dhlad , h sun�rthsh F : [0, 1] → R me F (x) =
∫ x

0
f(t)dt eÐnai

stajer . AfoÔ h f eÐnai suneq c, h F eÐnai paragwgÐsimh kai F ′(x) = f(x) gia
k�je x ∈ [0, 1]. AfoÔ h F eÐnai stajer , èqoume F ′ ≡ 0. 'Ara, f(x) = 0 gia k�je
x ∈ [0, 1].

5. 'Estw f, h : [0,+∞) → [0,+∞). Upojètoume ìti h h eÐnai suneq c kai h f eÐnai
paragwgÐsimh. OrÐzoume

F (x) =
∫ f(x)

0

h(t)dt.
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DeÐxte ìti F ′(x) = h(f(x)) · f ′(x).

Upìdeixh. AfoÔ h h eÐnai suneq c, h sun�rthsh G(y) =
∫ y

0
h(t)dt eÐnai paragwgÐsimh

sto [0,+∞) kai G′(y) = h(y). Parathr ste ìti F (x) = G(f(x)) = (G◦f)(x). AfoÔ
h f eÐnai paragwgÐsimh, efarmìzontac ton kanìna thc alusÐdac paÐrnoume

F ′(x) = G′(f(x)) · f ′(x) = h(f(x)) · f ′(x).

6. 'Estw f : R → R suneq c kai èstw δ > 0. OrÐzoume

g(x) =
∫ x+δ

x−δ

f(t)dt.

DeÐxte ìti h g eÐnai paragwgÐsimh kai breÐte thn g′.

Upìdeixh. Gr�foume

g(x) =
∫ x+δ

x−δ

f(t)dt =
∫ x+δ

0

f(t)dt−
∫ x−δ

0

f(t)dt = H1(x)−H2(x),

ìpou

H1(x) =
∫ x+δ

0

f(t)dt kai H2(x) =
∫ x−δ

0

f(t)dt.

To epiqeÐrhma thc prohgoÔmenhc 'Askhshc deÐqnei ìti oi H1,H2 eÐnai paragwgÐsimec,
H ′

1(x) = f(x + δ) kai H ′
2(x) = f(x− δ) (an 0 > x + δ   0 > x− δ, to sumpèrasma

exakoloujeÐ na isqÔei: jumhjeÐte th sÔmbash
∫ a

b
f = −

∫ b

a
f). 'Epetai ìti g′(x) =

f(x + δ)− f(x− δ).

7. 'Estw g, h : R → R paragwgÐsimec sunart seic. OrÐzoume

G(x) =
∫ g(x)

h(x)

t2dt.

DeÐxte ìti h G eÐnai paragwgÐsimh sto R kai breÐte thn G′.

Upìdeixh. Gr�foume

G(x) =
∫ g(x)

h(x)

t2dt =
∫ g(x)

0

t2dt−
∫ h(x)

0

t2dt.

AfoÔ oi g, h eÐnai paragwgÐsimec kai h f(t) = t2 eÐnai suneq c, h G eÐnai parag-
wgÐsimh sto R (deÐte tic prohgoÔmenec dÔo Ask seic) kai G′(x) = g2(x)g′(x) −
h2(x)h′(x).

8. 'Estw f : [1,+∞) → R suneq c sun�rthsh. OrÐzoume

F (x) =
∫ x

1

f
(x

t

)
dt.

BreÐte thn F ′.
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Upìdeixh. Jètoume u = x
t . Tìte, dt = − x

u2 du kai

F (x) =
∫ 1

x

−x
ϕ(u)
u2

du =
∫ x

1

x
ϕ(u)
u2

du = x

∫ x

1

ϕ(u)
u2

du.

'Ara,

F ′(x) =
∫ x

1

ϕ(u)
u2

du + x
ϕ(x)
x2

=
∫ x

1

ϕ(u)
u2

du +
ϕ(x)

x
.

9. 'Estw f : [0, a] → R suneq c. DeÐxte ìti, gia k�je x ∈ [0, a],∫ x

0

f(u)(x− u)du =
∫ x

0

(∫ u

0

f(t)dt

)
du.

Upìdeixh. Jewr ste tic sunart seic

F (x) =
∫ x

0

f(u)(x− u)du = x

∫ x

0

f(u)du−
∫ x

0

f(u)u du

kai

G(x) =
∫ x

0

(∫ u

0

f(t)dt

)
du =

∫ x

0

R(u)du,

ìpou

R(u) =
∫ u

0

f(t)dt.

AfoÔ h f eÐnai suneq c sto [0, a], to pr¸to jemeli¸dec je¸rhma tou ApeirostikoÔ
LogismoÔ deÐqnei ìti oi F,G kai R eÐnai paragwgÐsimec. EpÐshc,

F ′(x) =
∫ x

0

f(u)du + xf(x)− f(x)x =
∫ x

0

f(u)du

kai

G′(x) = R(x) =
∫ x

0

f(t)dt =
∫ x

0

f(u)du.

'Ara,

(G− F )′(x) = G′(x)− F ′(x) =
∫ x

0

f(u)du−
∫ x

0

f(u)du = 0.

'Epetai ìti h G − F eÐnai stajer  sto [0, a]. Parathr¸ntac ìti F (0) = G(0) = 0,
sumperaÐnoume ìti G ≡ F sto [0, a]. Dhlad ,∫ x

0

f(u)(x− u)du =
∫ x

0

(∫ u

0

f(t)dt

)
du

gia k�je x ∈ [0, a].

10. 'Estw a, b ∈ R me a < b kai f : [a, b] → R suneq¸c paragwgÐsimh sun�rthsh.
An P = {a = x0 < x1 < · · · < xn = b} eÐnai diamèrish tou [a, b], deÐxte ìti

n−1∑
k=0

|f(xk+1)− f(xk)| ≤
∫ b

a

|f ′(x)| dx.
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Upìdeixh. Gia k�je k = 0, . . . , n−1, h f eÐnai suneq¸c paragwgÐsimh sto [xk, xk+1].
Apì to deÔtero jemeli¸dec je¸rhma tou ApeirostikoÔ LogismoÔ (gia th suneq 
sun�rthsh f ′) èqoume

|f(xk+1)− f(xk)| =
∣∣∣∣∫ xk+1

xk

f ′(x) dx

∣∣∣∣ ≤ ∫ xk+1

xk

|f ′(x)| dx.

'Ara,
n−1∑
k=0

|f(xk+1)− f(xk)| ≤
n−1∑
k=0

∫ xk+1

xk

|f ′(x)| dx =
∫ b

a

|f ′(x)| dx.

11. 'Estw f : [0,+∞) → [0,+∞) gnhsÐwc aÔxousa, suneq¸c paragwgÐsimh sun�rthsh
me f(0) = 0. DeÐxte ìti, gia k�je x > 0,∫ x

0

f(t) dt +
∫ f(x)

0

f−1(t) dt = xf(x).

Upìdeixh. JewroÔme tic sunart seic L,R : [0,+∞) → [0,∞) me

L(x) =
∫ x

0

f(t) dt +
∫ f(x)

0

f−1(t) dt kai R(x) = xf(x).

Oi L,R eÐnai paragwgÐsimec (exhg ste giatÐ) kai L(0) = 0 = R(0). Parathr ste
ìti

L′(x) = f(x) + f−1(f(x)) · f ′(x) = f(x) + xf ′(x) = R′(x)

gia k�je x ≥ 0. 'Epetai ìti L(x) = R(x) gia k�je x ≥ 0.

Om�da B'

12. 'Estw f : [0, 1] → R suneq¸c paragwgÐsimh sun�rthsh me f(0) = 0. DeÐxte ìti
gia k�je x ∈ [0, 1] isqÔei

|f(x)| ≤
(∫ 1

0

|f ′(t)|2dt

)1/2

.

Upìdeixh. H f ′ eÐnai suneq c, �ra eÐnai oloklhr¸simh. Qrhsimopoi¸ntac thn f(0) =
0, to deÔtero je¸rhma tou ApeirostikoÔ LogismoÔ kai thn anisìthta Cauchy-
Schwarz, gia k�je x ∈ [0, 1] gr�foume

|f(x)| = |f(x)− f(0)| =
∣∣∣∣∫ x

0

f ′(t)dt

∣∣∣∣ ≤ ∫ x

0

|f ′(t)| · 1 dt

≤
(∫ x

0

|f ′(t)|2dt

)1/2(∫ x

0

12dt

)1/2

=
(∫ x

0

|f ′(t)|2dt

)1/2√
x

≤
(∫ 1

0

|f ′(t)|2dt

)1/2

.
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13. 'Estw f : [0,+∞) → R suneq c sun�rthsh me f(x) 6= 0 gia k�je x > 0, h
opoÐa ikanopoieÐ thn

f(x)2 = 2
∫ x

0

f(t)dt

gia k�je x ≥ 0. DeÐxte ìti f(x) = x gia k�je x ≥ 0.

Upìdeixh. An upojèsoume ìti h f eÐnai paragwgÐsimh, tìte paragwgÐzontac ta dÔo
mèlh thc

(∗) f(x)2 = 2
∫ x

0

f(t)dt

paÐrnoume
2f(x)f ′(x) = 2f(x)

gia k�je x > 0, kai qrhsimopoi¸ntac thn upìjesh ìti f(x) 6= 0 gia k�je x > 0
sumperaÐnoume ìti f ′(x) = 1 gia k�je x > 0. Apì thn (∗) blèpoume (jètontac
x = 0) ìti f(0) = 0, �ra

f(x) = f(0) +
∫ x

0

f ′(t)dt =
∫ x

0

dt = x

gia k�je x ≥ 0. Mènei na deÐxoume ìti h f eÐnai paragwgÐsimh. Apì thn (∗) kai thn
f(x) 6= 0 èqoume: gia k�je x > 0 isqÔei

∫ x

0
f(t)dt > 0 kai

f(x) = g(x) :=
√

2

√∫ x

0

f(t)dt   f(x) = h(x) := −
√

2

√∫ x

0

f(t)dt.

AfoÔ h f eÐnai suneq c kai den mhdenÐzetai sto (0,+∞), to je¸rhma endi�meshc
tim c deÐqnei ìti eÐte f ≡ g sto [0,+∞)   f ≡ h sto [0,+∞). H deÔterh perÐptwsh
apokleÐetai, afoÔ h h paÐrnei arnhtikèc timèc sto (0,+∞) kai

∫ x

0
f(t)dt > 0 gia

k�je x > 0. 'Ara,

f(x) = g(x) :=
√

2

√∫ x

0

f(t)dt

gia k�je x ≥ 0. AfoÔ h f eÐnai suneq c, èpetai ìti h g (dhlad , h f) eÐnai parag-
wgÐsimh.

14. 'Estw f : [a, b] → R suneq¸c paragwgÐsimh sun�rthsh. DeÐxte ìti

lim
n→∞

∫ b

a

f(x) cos(nx)dx = 0 kai lim
n→∞

∫ b

a

f(x) sin(nx)dx = 0.

Upìdeixh. AfoÔ h f ′ eÐnai suneq c, mporoÔme na efarmìsoume olokl rwsh kat�
mèrh:∫ b

a

f(x) cos(nx)dx =
∫ b

a

f(x)
(

sin(nx)
n

)′
dx

=
f(b) sin(nb)− f(a) sin(na)

n
− 1

n

∫ b

a

f ′(x) sin(nx)dx.
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H f ′ eÐnai suneq c sto [a, b], �ra up�rqei M > 0 ¸ste |f ′(x)| ≤ M gia k�je
x ∈ [a, b]. 'Epetai ìti∣∣∣∣f(b) sin(nb)− f(a) sin(na)

n

∣∣∣∣ ≤ |f(a)|+ |f(b)|
n

→ 0

kai ∣∣∣∣∣ 1n
∫ b

a

f ′(x) sin(nx)dx

∣∣∣∣∣ ≤ 1
n

∫ b

a

|f ′(x)|dx ≤ M(b− a)
n

→ 0

kaj¸c to n →∞. Sunep¸c,

lim
n→∞

∫ b

a

f(x) cos(nx)dx = 0, kai ìmoia, lim
n→∞

∫ b

a

f(x) sin(nx)dx = 0.

15. Exet�ste wc proc th sÔgklish tic akoloujÐec

an =
∫ π

0

sin(nx)dx kai bn =
∫ π

0

| sin(nx)|dx.

Upìdeixh. Gr�foume

an =
∫ π

0

sin(nx)dx =
∫ π

0

(
− cos(nx)

n

)′
dx =

cos 0− cos(nπ)
n

.

'Ara, |an| ≤ 2/n gia k�je n ∈ N. 'Epetai ìti an → 0 kaj¸c to n → ∞. Gia thn
(bn) k�noume thn antikat�stash y = nx:

bn =
∫ π

0

| sin(nx)| dx =
1
n

∫ nπ

0

| sin y| dy.

Parathr ste ìti ∫ (k+1)π

kπ

| sin y| dy =
∫ π

0

| sin y| dy

gia k�je k ∈ Z (k�nte thn antikat�stash y = kπ + u). 'Ara,

bn =
1
n

∫ nπ

0

| sin y| dy =
1
n

n−1∑
k=0

∫ (k+1)π

kπ

| sin y| dy

=
1
n

n−1∑
k=0

∫ π

0

| sin y| dy =
∫ π

0

| sin y| dy

=
∫ π

0

sin y dy = cos(0)− cos(π) = 2

gia k�je n ∈ N. 'Epetai ìti bn → 2.

16. 'Estw f : [0,+∞) → R suneq¸c paragwgÐsimh sun�rthsh. DeÐxte ìti up�rqoun
suneqeÐc, aÔxousec kai jetikèc sunart seic g, h : [0,+∞) → R ¸ste f = g − h.
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Upìdeixh. Ja qrhsimopoi soume to ex c: an g, h : [0,+∞) → R eÐnai suneqeÐc
sunart seic tìte oi max{g, h} kai min{g, h} eÐnai suneqeÐc. Autì èpetai apì tic

max{g, h} =
g + h + |g − h|

2
kai min{g, h} =

g + h− |g − h|
2

.

H f : [0,+∞) → R eÐnai suneq¸c paragwgÐsimh, �ra oi sunart seic

g := max{f ′, 0} kai h := −min{f ′, 0}

eÐnai suneqeÐc kai mh arnhtikèc sto [0,+∞). EpÐshc,

g − h = max{f ′, 0}+ min{f ′, 0} = f ′.

OrÐzoume

G1(x) =
∫ x

0

g(t)dt kai H1(x) =
∫ x

0

h(t)dt.

AfoÔ oi g, h eÐnai suneqeÐc kai mh arnhtikèc, oi G1,H1 eÐnai paragwgÐsimec, aÔxousec
kai G1(0) = H1(0) = 0. Apì ton trìpo orismoÔ touc kai apì to deÔtero jemeli¸dec
je¸rhma tou ApeirostikoÔ LogismoÔ blèpoume ìti

G1(x)−H1(x) =
∫ x

0

(g(t)− h(t)) dt =
∫ x

0

f ′(t)dt = f(x)− f(0)

gia k�je x ≥ 0. OrÐzoume

G(x) = 1 + |f(0)|+ G1(x) kai H(x) = 1 + |f(0)| − f(0) + H1(x).

Tìte, oi G, H eÐnai paragwgÐsimec, aÔxousec, jetikèc kai

G(x)−H(x) = G1(x)−H1(x) + f(0) = f(x)

gia k�je x ≥ 0. Dhlad , h f gr�fetai san diafor� dÔo suneq¸n, auxous¸n kai
jetik¸n sunart sewn sto [0,+∞).


