
Kef�laio 4

Olokl rwma Riemann

Om�da A'. Erwt seic katanìhshc

'Estw f : [a, b] → R. Exet�ste an oi parak�tw prot�seic eÐnai alhjeÐc   yeudeÐc
(aitiolog ste pl rwc thn ap�nths  sac).

1. An h f eÐnai Riemann oloklhr¸simh, tìte h f eÐnai fragmènh.

Swstì. Apì ton orismì tou oloklhr¸matoc Riemann: exet�zoume an h f : [a, b] → R
eÐnai oloklhr¸simh mìno an h f eÐnai fragmènh.

2. An h f eÐnai Riemann oloklhr¸simh, tìte paÐrnei mègisth tim .

L�joc. H sun�rthsh f : [0, 1] → R me f(0) = 0 kai f(x) = 1− x an 0 < x ≤ 1 den
paÐrnei mègisth tim , eÐnai ìmwc oloklhr¸simh: gia k�je 0 < b < 1, h f eÐnai suneq c
sto [b, 1], �ra eÐnai oloklhr¸simh sto [b, 1]. Apì thn 'Askhsh 9 (blèpe parak�tw)
h f eÐnai oloklhr¸simh sto [0, 1].

3. An h f eÐnai fragmènh, tìte eÐnai Riemann oloklhr¸simh.

L�joc. H f : [0, 1] → R me f(x) = 1 an x ∈ Q kai f(x) = −1 an x /∈ Q eÐnai
fragmènh, all� den eÐnai oloklhr¸simh: gia k�je diamèrish P tou [0, 1] èqoume
U(f, P ) = 1 kai L(f, P ) = −1, �ra∫ b

a

f(x) dx = −1 < 1 =
∫ 1

0

f(x) dx.

4. An h |f | eÐnai Riemann oloklhr¸simh, tìte h f eÐnai Riemann oloklhr¸simh.

L�joc. Gia th sun�rthsh f tou prohgoÔmenou erwt matoc èqoume |f(x)| = 1 gia
k�je x ∈ [0, 1]. 'Ara, h |f | eÐnai oloklhr¸simh, en¸ h f den eÐnai oloklhr¸simh.

5. An h f eÐnai Riemann oloklhr¸simh, tìte up�rqei c ∈ [a, b] ¸ste f(c)(b− a) =∫ b

a
f(x) dx.

L�joc. H f : [0, 2] → R me f(x) = 1 an x ∈ [0, 1] kai f(x) = −1 an x ∈ (1, 2] eÐnai
oloklhr¸simh kai

∫ 2

0
f(x) dx = 0 (exhg ste giatÐ). 'Omwc, den up�rqei c ∈ [0, 2]
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¸ste 2f(c) =
∫ 2

0
f(x) dx. Ja eÐqame f(c) = 0, en¸ h f den mhdenÐzetai poujen� sto

[0, 2].

6. An h f eÐnai fragmènh kai an L(f, P ) = U(f, P ) gia k�je diamèrish P tou [a, b],
tìte h f eÐnai stajer .

Swstì. 'Estw ìti h f den eÐnai stajer . Tìte, up�rqoun y, z ∈ [a, b] ¸ste f(y) <
f(z). Jewr ste th diamèrish Q = {a, b} tou [a, b] (pou perièqei mìno ta �kra a kai
b tou diast matoc [a, b]). Tìte,

U(f,Q)− L(f,Q) = (M0 −m0)(b− a)

ìpou

m0 = inf{f(x) : x ∈ [a, b]} ≤ f(y) < f(z) ≤ sup{f(x) : x ∈ [a, b]} = M0.

'Ara, M0−m0 > 0 opìte U(f,Q)−L(f,Q) > 0. Autì eÐnai �topo: apì thn upìjesh
èqoume L(f, P ) = U(f, P ) gia k�je diamèrish P tou [a, b].

'Ara, h f eÐnai stajer : up�rqei c ∈ R ¸ste f(x) = c gia k�je x ∈ [a, b], kai to
olokl rwma thc f sto [a, b] isoÔtai me c(b− a).

7. An h f eÐnai fragmènh kai an up�rqei diamèrish P ¸ste L(f, P ) = U(f, P ), tìte
h f eÐnai Riemann oloklhr¸simh.

Swstì. MporoÔme m�lista na deÐxoume ìti h f eÐnai stajer . 'Estw P = {a = x0 <
x1 < · · · < xn = b} diamèrish tou [a, b] ¸ste U(f, P ) = L(f, P ). Autì shmaÐnei ìti

n−1∑
k=0

(Mk −mk)(xk+1 − xk) = U(f, P )− L(f, P ) = 0,

kai, afoÔ mk ≤ Mk gia k�je k = 0, 1, . . . , n− 1, sumperaÐnoume ìti

mk = inf{f(x) : x ∈ [xk, xk+1]} = sup{f(x) : x ∈ [xk, xk+1]} = Mk

gia k�je k = 0, 1, . . . , n− 1. Dhlad , h f(x) = mk = Mk gia k�je x ∈ [xk, xk+1].
Parathr ste t¸ra ìti: x1 ∈ [x0, x1], �ra f(x1) = m0 = M0. 'Omwc, x1 ∈

[x1, x2], �ra f(x1) = m1 = M1. Dhlad , m0 = M0 = m1 = M1.
SuneqÐzontac me ton Ðdio trìpo (gia ta epìmena upodiast mata), sumperaÐnoume

ìti up�rqei α ∈ R ¸ste

α = m0 = M0 = m1 = M1 = · · · = mk = Mk = · · · = mn−1 = Mn−1.

'Epetai ìti f(x) = α gia k�je x ∈ [a, b]. Dhlad , h f eÐnai stajer .

8. An h f eÐnai Riemann oloklhr¸simh kai an f(x) = 0 gia k�je x ∈ [a, b] ∩ Q,
tìte ∫ b

a

f(x)dx = 0.

Swstì. Jewr ste tuqoÔsa diamèrish P = {a = x0 < x1 < · · · < xn = b} tou [a, b].
Se k�je upodi�sthma [xk, xk+1] up�rqei rhtìc arijmìc qk. Apì thn upìjesh èqoume
f(qk) = 0, �ra mk ≤ 0 ≤ Mk. 'Epetai ìti

L(f, P ) =
n−1∑
k=0

mk(xk+1 − xk) ≤ 0 ≤
n−1∑
k=0

Mk(xk+1 − xk) = U(f, P ).
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'Ara, sup
P

L(f, P ) ≤ 0 kai inf
P

U(f, P ) ≥ 0. H f eÐnai oloklhr¸simh, �ra

∫ b

a

f(x)dx = sup
P

L(f, P ) ≤ 0 kai

∫ b

a

f(x)dx = inf
P

U(f, P ) ≥ 0.

Dhlad , ∫ b

a

f(x)dx = 0.

Om�da B'

9. 'Estw f : [0, 1] → R fragmènh sun�rthsh me thn idiìthta: gia k�je 0 < b ≤ 1
h f eÐnai oloklhr¸simh sto di�sthma [b, 1]. DeÐxte ìti h f eÐnai oloklhr¸simh sto
[0, 1].

Upìdeixh. H f eÐnai fragmènh, �ra up�rqei A > 0 ¸ste |f(x)| ≤ A gia k�je
x ∈ [0, 1]. Ja deÐxoume ìti h f eÐnai oloklhr¸simh qrhsimopoi¸ntac to krit rio tou
Riemann. 'Estw ε > 0. Epilègoume 0 < b < 1 arket� mikrì ¸ste na ikanopoieÐtai h

2Ab <
ε

2
.

Apì thn upìjesh, h f eÐnai oloklhr¸simh sto di�sthma [b, 1], �ra up�rqei diamèrish
Q tou [b, 1] me thn idiìthta

U(f,Q)− L(f,Q) <
ε

2
.

JewroÔme th diamèrish P = {0} ∪Q tou [0, 1]. Tìte,

U(f, P )− L(f, P ) = b(M0 −m0) + U(f,Q)− L(f,Q) < b(M0 −m0) +
ε

2
,

ìpou

M0 = sup{f(x) : 0 ≤ x ≤ b} ≤ A kai m0 = inf{f(x) : 0 ≤ x ≤ b} ≥ −A.

Apì tic teleutaÐec anisìthtec paÐrnoume M0 −m0 ≤ 2A, �ra

U(f, P )− L(f, P ) < 2Ab +
ε

2
<

ε

2
+

ε

2
= ε.

Apì to krit rio tou Riemann, h f eÐnai oloklhr¸simh sto [0, 1].

10. ApodeÐxte ìti h sun�rthsh f : [−1, 1] → R me f(x) = sin 1
x an x 6= 0 kai

f(0) = 2 eÐnai oloklhr¸simh.

Upìdeixh. DeÐqnoume pr¸ta ìti h f eÐnai oloklhr¸simh sto [0, 1]. Parathr ste ìti
h f eÐnai fragmènh sto [0, 1] kai, gia k�je 0 < b < 1, h f(x) = sin 1

x eÐnai suneq c
sto [b, 1], �ra oloklhr¸simh sto [b, 1]. Apì thn 'Askhsh 9, h f eÐnai oloklhr¸simh
sto [0, 1].

OmoÐwc deÐqnoume ìti h f eÐnai oloklhr¸simh sto [−1, 0]. 'Ara, h f eÐnai oloklhr¸simh
sto [−1, 1].
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11. 'Estw g : [a, b] → R fragmènh sun�rthsh. Upojètoume ìti h g eÐnai suneq c
pantoÔ, ektìc apì èna shmeÐo x0 ∈ (a, b). DeÐxte ìti h g eÐnai oloklhr¸simh.

Upìdeixh. Akrib¸c ìpwc sthn prohgoÔmenh 'Askhsh, deÐxte ìti h f eÐnai oloklhr¸simh
sto [a, x0] kai sto [x0, b].
ShmeÐwsh. To Ðdio akrib¸c epiqeÐrhma deÐqnei ìti an mia fragmènh sun�rthsh f :
[a, b] → R èqei peperasmèna to pl joc shmeÐa asunèqeiac sto [a, b], tìte h f eÐnai
oloklhr¸simh.

12. Qrhsimopoi¸ntac to krit rio tou Riemann apodeÐxte ìti oi parak�tw sunart -
seic eÐnai oloklhr¸simec:

(a) f : [0, 1] → R me f(x) = x.

(b) f : [0, π/2] → R me f(x) = sin x.

Upìdeixh. (a) f : [0, 1] → R me f(x) = x. H f eÐnai aÔxousa. Jewr ste th diamèrish
Pn tou [0, 1] se n Ðsa upodiast mata m kouc 1/n. DeÐxte ìti

U(f, Pn)− L(f, Pn) =
f(1)− f(0)

n
=

1
n
→ 0.

Apì to krit rio tou Riemann, h f eÐnai oloklhr¸simh sto [0, 1].
(b) f : [0, π/2] → R me f(x) = sinx. H f eÐnai aÔxousa. Jewr ste th diamèrish Pn

tou [0, π/2] se n Ðsa upodiast mata m kouc π/(2n). DeÐxte ìti

U(f, Pn)− L(f, Pn) =
π(f(π/2)− f(0))

2n
=

π

2n
→ 0.

Apì to krit rio tou Riemann, h f eÐnai oloklhr¸simh sto [0, π/2].

13. Exet�ste an oi parak�tw sunart seic eÐnai oloklhr¸simec sto [0, 2] kai up-
ologÐste to olokl rwma touc (an up�rqei):

(a) f(x) = x + [x].
(b) f(x) = 1 an x = 1

k gia k�poion k ∈ N, kai f(x) = 0 alli¸c.

Upìdeixh. (a) f(x) = x + [x]. H f eÐnai aÔxousa sto [0, 2], �ra eÐnai oloklhr¸simh.
MporeÐte na gr�yete ∫ 2

0

f(x)dx =
∫ 2

0

xdx +
∫ 2

0

[x]dx.

To pr¸to olokl rwma eÐnai Ðso me 2 kai to deÔtero Ðso me 1 (exhg ste giatÐ).

(b) f(x) = 1 an x = 1
k gia k�poion k ∈ N, kai f(x) = 0 alli¸c. H f eÐnai

oloklhr¸simh sto [0, 2]. DeÐxte diadoqik� ta ex c:

(i) H f eÐnai fragmènh.

(ii) An 0 < b < 2, tìte h f èqei peperasmèna to pl joc shmeÐa asunèqeiac sto
[b, 2] (eÐnai akrib¸c tìsa ìsoi eÐnai oi fusikoÐ k gia touc opoÐouc 1/k ≥ b).

(iii) An 0 < b < 2, tìte h f eÐnai oloklhr¸simh sto [b, 2] (apì thn shmeÐwsh met�
thn 'Askhsh 3).

(iv) H f eÐnai oloklhr¸simh sto [0, 2] (apì thn 'Askhsh 9).



· 49

14. 'Estw f : [a, b] → R suneq c sun�rthsh me f(x) ≥ 0 gia k�je x ∈ [a, b]. DeÐxte
ìti ∫ b

a

f(x)dx = 0

an kai mìno an f(x) = 0 gia k�je x ∈ [a, b].

Upìdeixh. 'Estw ìti
∫ b

a
f(x)dx = 0. Upojètoume ìti h f den eÐnai tautotik� mh-

denik . Tìte, up�rqei x0 ∈ [a, b] ¸ste f(x0) > 0. Lìgw sunèqeiac, h f paÐrnei
jetikèc timèc se mia (arket� mikr ) perioq  tou x0, mporoÔme loipìn na upojèsoume
ìti a < x0 < b (ìti x0 6= a kai x0 6= b).

Epilègoume ε = f(x0)/2 > 0 kai efarmìzoume ton orismì thc sunèqeiac: m-
poroÔme na broÔme δ > 0 (kai an qrei�zetai na to mikrÔnoume) ¸ste a < x0 − δ <
x0 + δ < b kai, gia k�je x ∈ [x0 − δ, x0 + δ],

|f(x)− f(x0)| <
f(x0)

2
=⇒ f(x) >

f(x0)
2

.

AfoÔ h f eÐnai mh arnhtik  pantoÔ sto [a, b], èqoume∫ b

a

f(x)dx =
∫ x0−δ

a

f(x)dx +
∫ x0+δ

x0−δ

f(x)dx +
∫ b

x0+δ

f(x)dx

≥ 0 +
∫ x0+δ

x0−δ

f(x)dx + 0 ≥ 2δ · f(x0)
2

= δf(x0) > 0.

Katal xame se �topo, �ra f(x) = 0 gia k�je x ∈ [a, b]. O antÐstrofoc isqurismìc
isqÔei profan¸c.

15. 'Estw f, g : [a, b] → R suneqeÐc sunart seic ¸ste∫ b

a

f(x)dx =
∫ b

a

g(x)dx.

DeÐxte ìti up�rqei x0 ∈ [a, b] ¸ste f(x0) = g(x0).

Upìdeixh. Jewr¸ntac thn h = f − g blèpoume ìti arkeÐ na deÐxoume to ex c: an

h : [a, b] → R suneq c sun�rthsh kai
∫ b

a
h(x)dx = 0, tìte up�rqei x0 ∈ [a, b] ¸ste

h(x0) = 0.
Ac upojèsoume ìti h(x) 6= 0 gia k�je x ∈ [a, b]. Tìte, eÐte h(x) > 0 pantoÔ sto

[a, b]   h(x) < 0 pantoÔ sto [a, b] (an h h èpairne kai arnhtikèc kai jetikèc timèc
sto [a, b] tìte, apì to je¸rhma endi�meshc tim c, ja up rqe shmeÐo sto opoÐo ja
mhdenizìtan).

'Estw loipìn ìti h(x) > 0 gia k�je x ∈ [a, b]. H h paÐrnei el�qisth jetik  tim 
sto [a, b]: up�rqei y ∈ [a, b] ¸ste h(x) ≥ h(y) > 0 gia k�je x ∈ [a, b]. Tìte,∫ b

a

h(x)dx ≥ h(y)(b− a) > 0,

to opoÐo eÐnai �topo. OmoÐwc katal goume se �topo an upojèsoume ìti h(x) < 0
gia k�je x ∈ [a, b].
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16. 'Estw f : [a, b] → R suneq c sun�rthsh me thn idiìthta: gia k�je suneq 
sun�rthsh g : [a, b] → R isqÔei∫ b

a

f(x)g(x)dx = 0.

DeÐxte ìti f(x) = 0 gia k�je x ∈ [a, b].

Upìdeixh. Apì thn upìjesh, gia k�je suneq  sun�rthsh g : [a, b] → R isqÔei∫ b

a
f(x)g(x)dx = 0. H f eÐnai suneq c, mporoÔme loipìn na efarmìsoume thn upì-

jesh gia thn g = f . Tìte,
∫ b

a
f2(x)dx = 0. H f2 eÐnai suneq c kai mh arnhtik .

Apì thn 'Askhsh 14 sumperaÐnoume ìti f2(x) = 0 gia k�je x ∈ [a, b], �ra f(x) = 0
gia k�je x ∈ [a, b].

17. 'Estw f : [a, b] → R suneq c sun�rthsh me thn idiìthta: gia k�je suneq 
sun�rthsh g : [a, b] → R pou ikanopoieÐ thn g(a) = g(b) = 0, isqÔei∫ b

a

f(x)g(x)dx = 0.

DeÐxte ìti f(x) = 0 gia k�je x ∈ [a, b].

Upìdeixh. Upojètoume ìti h f den eÐnai tautotik� mhdenik . Tìte, qwrÐc periorismì
thc genikìthtac, mporoÔme na upojèsoume ìti up�rqei x0 ∈ (a, b) ¸ste f(x0) > 0.
'Opwc sthn 'Askhsh 6, mporoÔme na broÔme δ > 0 ¸ste a < x0 − δ < x0 + δ < b kai
f(x) > f(x0)/2 > 0 gia k�je x ∈ [x0 − δ, x0 + δ].

OrÐzoume mia suneq  sun�rthsh g : [a, b] → R wc ex c: jètoume g(x) = 0 sta
[a, x0 − δ] kai [x0 + δ, b], orÐzoume g(x0) = f(x0), kai epekteÐnoume grammik� sta
[x0− δ, x0] kai [x0, x0 + δ]. AfoÔ g(a) = g(b) = 0, apì thn upìjesh prèpei na isqÔei∫ b

a
f(x)g(x)dx = 0. 'Omwc,

0 =
∫ b

a

f(x)g(x)dx =
∫ x0+δ

x0−δ

f(x)g(x)dx

kai h fg eÐnai mh arnhtik  sto [x0−δ, x0+δ]. Apì thn 'Askhsh 14, èqoume f(x)g(x) =
0 gia k�je x ∈ [x0 − δ, x0 + δ]. Eidikìtera, 0 = f(x0)g(x0) = f2(x0), to opoÐo eÐnai
�topo.

18. 'Estw f, g : [a, b] → R oloklhr¸simec sunart seic. DeÐxte thn anisìthta
Cauchy-Schwarz:(∫ b

a

f(x)g(x)dx

)2

≤

(∫ b

a

f2(x)dx

)
·

(∫ b

a

g2(x)dx

)
.

Upìdeixh. Jewr ste th sun�rthsh P : R → R pou orÐzetai apì thn

P (t) =
∫ b

a

(tf(x) + g(x))2dx.
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H P orÐzetai kal�: afoÔ oi f, g eÐnai oloklhr¸simec, h tf + g (�ra kai h (tf + g)2)
eÐnai oloklhr¸simh sto [a, b] gia k�je t ∈ R. Parathr ste ìti h P eÐnai polu¸numo
deutèrou bajmoÔ:

P (t) = t2

(∫ b

a

f2(x)dx

)
+ 2t

(∫ b

a

f(x)g(x)dx

)
+

(∫ b

a

g2(x)dx

)
.

AfoÔ P (t) ≥ 0 gia k�je t ∈ R, h diakrÐnousa eÐnai mh arnhtik :

4

(∫ b

a

f(x)g(x)dx

)2

− 4

(∫ b

a

f2(x)dx

)
·

(∫ b

a

g2(x)dx

)
≤ 0.

19. 'Estw f : [0, 1] → R oloklhr¸simh sun�rthsh. DeÐxte ìti(∫ 1

0

f(x)dx

)2

≤
∫ 1

0

f2(x)dx.

IsqÔei to Ðdio an antikatast soume to [0, 1] me tuqìn di�sthma [a, b]?

Upìdeixh. Efarmìste thn anisìthta Cauchy-Schwarz gia thn f kai th stajer 
sun�rthsh g ≡ 1:(∫ 1

0

f(x) · 1 dx

)2

≤
(∫ 1

0

f2(x)dx

)(∫ 1

0

12dx

)
=
∫ 1

0

f2(x)dx.

H Ðdia anisìthta isqÔei an antikatast soume to [0, 1] me opoiod pote di�sthma [a, b]
pou èqei m koc mikrìtero   Ðso tou 1 (an ìmwc p�rete san [a, b] to [0, 2] kai san f
th stajer  sun�rthsh f(x) = 1, tìte h anisìthta paÐrnei th morf  4 ≤ 2, �topo).

20. 'Estw f : [0,+∞) → R suneq c sun�rthsh. DeÐxte ìti

lim
x→0+

1
x

∫ x

0

f(t)dt = f(0).

Upìdeixh. 'Estw ε > 0. H f eÐnai suneq c sto 0, �ra up�rqei δ > 0 ¸ste: an
0 ≤ t < δ tìte |f(t)− f(0)| < ε. 'Estw x ∈ (0, δ). Tìte, gia k�je t ∈ [0, x] èqoume
0 ≤ t ≤ x < δ, �ra |f(t)− f(0)| < ε. MporoÔme loipìn na gr�youme∣∣∣∣ 1x

∫ x

0

f(t)dt− f(0)
∣∣∣∣ =

∣∣∣∣ 1x
∫ x

0

f(t)dt− 1
x

∫ x

0

f(0)dt

∣∣∣∣
=

1
x

∣∣∣∣∫ x

0

(f(t)− f(0))dt

∣∣∣∣
≤ 1

x

∫ x

0

|f(t)− f(0)| dt

≤ 1
x

∫ x

0

ε dt =
εx

x
= ε.

'Epetai ìti

lim
x→0+

1
x

∫ x

0

f(t)dt = f(0).
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21. 'Estw f : [0, 1] → R oloklhr¸simh sun�rthsh. DeÐxte ìti h akoloujÐa

an =
1
n

n∑
k=1

f

(
k

n

)

sugklÐnei sto
∫ 1

0
f(x)dx.

Upìdeixh. JewroÔme thn akoloujÐa diamerÐsewn P (n) =
{
0 < 1

n < 2
n < · · · < 1

}
kai

thn epilog  shmeÐwn Ξ(n) =
{

1
n , 2

n , . . . , 1
}
. AfoÔ to pl�toc thc diamèrishc P (n)

eÐnai ‖P (n)‖ = 1
n → 0, apì ton orismì tou Riemann èqoume

an =
1
n

n∑
k=1

f

(
k

n

)
=
∑(

f, P (n),Ξ(n)
)
→
∫ b

a

f(x) dx.

22. DeÐxte ìti

lim
n→∞

√
1 +

√
2 + · · ·+

√
n

n
√

n
=

2
3
.

Upìdeixh. Efarmìzontac to sumpèrasma thc prohgoÔmenhc 'Askhshc gia thn oloklhr¸simh
sun�rthsh f(x) =

√
x sto [0, 1], paÐrnoume

√
1 +

√
2 + · · ·+

√
n

n
√

n
=

1
n

n∑
k=1

√
k

n
→
∫ 1

0

√
x dx =

2
3
.

23. 'Estw f : [0, 1] → R suneq c sun�rthsh. OrÐzoume mia akoloujÐa (an) jètontac
an =

∫ 1

0
f(xn)dx. DeÐxte ìti an → f(0).

Upìdeixh. H f eÐnai suneq c, �ra up�rqei M > 0 ¸ste |f(y)| ≤ M gia k�je
y ∈ [0, 1]. 'Estw 0 < ε < 1. Apì th sunèqeia thc f sto 0, up�rqei 0 < δ < 1 ¸ste:
an 0 ≤ y ≤ δ tìte

|f(y)− f(0)| < ε

2
.

Epilègoume n0 ∈ N me thn idiìthta: gia k�je n ≥ n0 isqÔei(
1− ε

4M + 1

)n

< δ.

Tìte, gia k�je n ≥ n0 mporoÔme na gr�youme (parathr ste ìti an 0 < x < 1− ε
4M+1

tìte |f(xn)− f(0)| < ε/2)

|an − f(0)| =

∣∣∣∣∣
∫ 1− ε

4M+1

0

(f(xn)− f(0))dx +
∫ 1

1− ε
4M+1

(f(xn)− f(0))dx

∣∣∣∣∣
≤

∫ 1− ε
4M+1

0

|f(xn)− f(0)| dx +
∫ 1

1− ε
4M+1

(|f(xn)|+ |f(0)|) dx

≤
(

1− ε

4M + 1

)
· ε

2
+

ε

4M + 1
· 2M

< ε.
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'Ara, an → f(0).

24. DeÐxte ìti h akoloujÐa γn = 1 + 1
2 + 1

3 + · · ·+ 1
n −

∫ n

1
1
xdx sugklÐnei.

Upìdeixh. H f(x) = 1
x eÐnai fjÐnousa sto [1,+∞), �ra

1
k + 1

≤
∫ k+1

k

1
x

dx ≤ 1
k

gia k�je k ∈ N. 'Epetai ìti

γn+1 − γn =
1

n + 1
−
∫ n+1

n

1
x

dx ≤ 0,

dhlad  h (γn) eÐnai fjÐnousa. EpÐshc,∫ n

1

1
x

dx =
∫ 2

1

1
x

dx +
∫ 3

2

1
x

dx + · · ·+
∫ n

n−1

1
x

dx ≤ 1 +
1
2

+ · · ·+ 1
n− 1

,

�ra

γn = 1 +
1
2

+ · · ·+ 1
n− 1

+
1
n
−
∫ n

1

1
x

dx ≥ 1
n

> 0

gia k�je n ∈ N. AfoÔ h (γn) eÐnai fjÐnousa kai k�tw fragmènh apì to 0, sugklÐnei.

25. 'Estw f : [0, 1] → R Lipschitz suneq c sun�rthsh ¸ste

|f(x)− f(y)| ≤ M |x− y|

gia k�je x, y ∈ [0, 1]. DeÐxte ìti∣∣∣∣ ∫ 1

0

f(x)dx− 1
n

n∑
k=1

f

(
k

n

) ∣∣∣∣ ≤ M

2n

gia k�je n ∈ N.

Upìdeixh. Parathr ste ìti∣∣∣∣ ∫ 1

0

f(x)dx− 1
n

n∑
k=1

f

(
k

n

) ∣∣∣∣ ≤ n∑
k=1

∫ k/n

(k−1)/n

|f(x)− f(k/n)|dx.

Sto di�sthma
[

k−1
n , k

n

]
èqoume

|f(x)− f(k/n)| ≤ M

(
k

n
− x

)
,

�ra∫ k/n

(k−1)/n

|f(x)− f(k/n)| ≤ M

∫ k/n

(k−1)/n

(
k

n
− x

)
dx = M

∫ 1/n

0

y dy =
M

2n2
.

'Ara, ∣∣∣∣ ∫ 1

0

f(x)dx− 1
n

n∑
k=1

f

(
k

n

) ∣∣∣∣ ≤ n∑
k=1

M

2n2
=

M

2n
.
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Om�da G'

26. 'Estw f : [a, b] → R gnhsÐwc aÔxousa kai suneq c sun�rthsh. DeÐxte ìti∫ b

a

f(x)dx = bf(b)− af(a)−
∫ f(b)

f(a)

f−1(x)dx.

Upìdeixh. K�je diamèrish P = {a = x0 < x1 < . . . < xk < xk+1 < · · · < xn = b}
tou [a, b] orÐzei me fusiologikì trìpo mia diamèrish tou [f(a), f(b)]: thn

Q = {f(a) = f(x0) < f(x1) < · · · < f(xk) < f(xk+1) < · · · < f(xn) = f(b)}.

H f eÐnai aÔxousa, �ra

L(f, P ) =
n−1∑
k=0

f(xk)(xk+1 − xk).

H f−1 eÐnai epÐshc aÔxousa, �ra

U(f−1, Q) =
n−1∑
k=0

f−1(f(xk+1))(f(xk+1)− f(xk)) =
n−1∑
k=0

xk+1(f(xk+1)− f(xk)).

Prosjètontac, paÐrnoume

(∗) L(f, P ) + U(f−1, Q) =
n−1∑
k=0

(xk+1f(xk+1)− xkf(xk)) = bf(b)− af(a).

Oi f kai f−1 eÐnai suneqeÐc, �ra oloklhr¸simec. Apì thn (∗) paÐrnoume

bf(b)− af(a) = L(f, P ) + U(f−1, Q) ≥ L(f, P ) +
∫ f(b)

f(a)

f−1(x)dx

kai, afoÔ h P  tan tuqoÔsa, paÐrnontac supremum wc proc P èqoume

bf(b)− af(a) ≥
∫ b

a

f(x)dx +
∫ f(b)

f(a)

f−1(x)dx.

Me an�logo trìpo deÐxte ìti gia tic diamerÐseic P kai Q isqÔei

(∗∗) U(f, P ) + L(f−1, Q) = bf(b)− af(a).

Tìte,

U(f, P ) +
∫ f(b)

f(a)

f−1(x)dx ≥ U(f, P ) + L(f−1, Q) = bf(b)− af(a),

kai paÐrnontac infimum wc proc P èqoume∫ b

a

f(x)dx +
∫ f(b)

f(a)

f−1(x)dx ≥ bf(b)− af(a).
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'Ara, ∫ b

a

f(x)dx +
∫ f(b)

f(a)

f−1(x)dx = bf(b)− af(a).

27. 'Estw f : [0,+∞) → [0,+∞) gnhsÐwc aÔxousa, suneq c kai epÐ sun�rthsh me
f(0) = 0. DeÐxte ìti, gia k�je a, b > 0,

ab ≤
∫ a

0

f(x)dx +
∫ b

0

f−1(x)dx

me isìthta an kai mìno an f(a) = b.

Upìdeixh. Upojètoume pr¸ta ìti f(a) ≥ b. An b = f(y) tìte y ≤ a (diìti h f
eÐnai aÔxousa) kai apì thn prohgoÔmenh 'Askhsh (ja qreiasteÐte thn upìjesh ìti
f(0) = 0) èqoume

yb = yf(y) =
∫ y

0

f(x)dx +
∫ b

0

f−1(x)dx.

Gia na deÐxoume ìti

ab ≤
∫ a

0

f(x)dx +
∫ b

0

f−1(x)dx

arkeÐ na elègxoume (exhg ste giatÐ) ìti

b(a− y) ≤
∫ a

y

f(x)dx.

'Omwc, h f eÐnai gnhsÐwc aÔxousa kai suneq c sto [y, a], �ra∫ a

y

f(x)dx ≥ f(y)(a− y) = b(a− y)

me isìthta mìno an a = y, dhlad  an f(a) = b.

Exet�ste thn perÐptwsh f(a) ≤ b me ton Ðdio trìpo.

28. 'Estw f : [a, b] → R suneq c sun�rthsh me thn ex c idiìthta: up�rqei M > 0
¸ste

|f(x)| ≤ M

∫ x

a

|f(t)|dt

gia k�je x ∈ [a, b]. DeÐxte ìti f(x) = 0 gia k�je x ∈ [a, b].

Upìdeixh. H f eÐnai suneq c, �ra up�rqei A > 0 ¸ste |f(t)| ≤ A gia k�je t ∈ [a, b].
Autì deÐqnei ìti

|f(x)| ≤ M

∫ x

a

|f(t)|dt ≤ M

∫ x

a

A dt = MA(x− a)

gia k�je x ∈ [a, b]. Eis�gontac aut  thn ektÐmhsh p�li sthn upìjesh, paÐrnoume

|f(x)| ≤ M

∫ x

a

|f(t)|dt ≤ M2A

∫ x

a

(t− a) dt =
M2A

2
(x− a)2
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gia k�je x ∈ [a, b], kai epagwgik�,

|f(x)| ≤ MnA

n!
(x− a)n

gia k�je x ∈ [a, b] kai gia k�je n ∈ N. 'Omwc,

lim
n→∞

MnA

n!
(x− a)n = 0,

�ra f(x) = 0 gia k�je x ∈ [a, b].

29. 'Estw a ∈ R. DeÐxte ìti den up�rqei jetik  suneq c sun�rthsh f : [0, 1] → R
¸ste ∫ 1

0

f(x)dx = 1,
∫ 1

0

xf(x)dx = a kai

∫ 1

0

x2f(x)dx = a2.

Upìdeixh. 'Estw ìti up�rqei jetik  suneq c sun�rthsh f : [0, 1] → R pou ikanopoieÐ
tic ∫ 1

0

f(x)dx = 1,
∫ 1

0

xf(x)dx = a kai

∫ 1

0

x2f(x)dx = a2.

Tìte,∫ 1

0

(x− a)2f(x)dx =
∫ 1

0

x2f(x)dx− 2a

∫ 1

0

xf(x)dx + a2

∫ 1

0

f(x)dx

= a2 − 2a · a + a2 · 1 = 0.

AfoÔ h (x − a)2f(x) eÐnai mh arnhtik  kai suneq c, apì thn 'Askhsh 14 blèpoume
ìti (x − a)2f(x) = 0 gia k�je x ∈ [0, 1]. 'Omwc h f eÐnai pantoÔ jetik , �ra x = a
gia k�je x ∈ [0, 1]. Autì eÐnai �topo.

30. 'Estw f : [a, b] → R suneq c, mh arnhtik  sun�rthsh. Jètoume M =
max{f(x) : x ∈ [a, b]}. DeÐxte oti h akoloujÐa

γn =

(∫ b

a

[f(x)]ndx

)1/n

sugklÐnei, kai limn→∞ γn = M .

Upìdeixh. 'Estw ε > 0. Parathr ste ìti

γn =

(∫ b

a

[f(x)]ndx

)1/n

≤

(∫ b

a

Mndx

)1/n

= M(b− a)1/n

kai M(b− a)1/n → M ìtan n →∞, �ra up�rqei n1 ∈ N ¸ste

γn < M + ε gia k�je n ≥ n1.

AfoÔ h f eÐnai suneq c sto [a, b], paÐrnei th mègisth tim  thc: up�rqei x0 ∈ [a, b]
¸ste f(x0) = M . AfoÔ h f eÐnai suneq c sto x0, up�rqei k�poio di�sthma J ⊂ [a, b]
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me m koc δ > 0 kai x0 ∈ J , ¸ste f(x) > M − ε
2 gia k�je x ∈ J . EpÐshc, afoÔ

δ1/n → 1, up�rqei n2 ∈ N ¸ste: gia k�je n ≥ n2,(∫ b

a

[f(x)]ndx

)1/n

≥
(∫

J

[f(x)]ndx

)1/n

≥
(
M − ε

2

)
δ1/n > M − ε.

Tìte, gia k�je n ≥ n0 = max{n1, n2} èqoume

|γn −M | =

∣∣∣∣∣∣
(∫ b

a

[f(x)]ndx

)1/n

−M

∣∣∣∣∣∣ < ε.

Dhlad , γn → M .

ShmeÐwsh. Qrhsimopoi¸ntac ta lim sup γn kai lim inf γn mporoÔme na aplousteÔ-
soume (k�pwc) to epiqeÐrhma. Apì thn anisìthta γn ≤ M(b − a)1/n � pou deÐxame
parap�nw � kai apì thn M(b− a)1/n → M sumperaÐnoume ìti lim sup γn ≤ M . Apì
thn anisìthta γn ≥

(
M − ε

2

)
δ1/n � pou deÐxame parap�nw � kai apì thn δ1/n → 1

sumperaÐnoume ìti lim inf γn ≥ M − ε
2 gia tuqìn ε > 0, sunep¸c, lim inf γn ≥ M .

'Epetai ìti lim sup γn = lim inf γn = M , �ra γn → 1.

31. 'Estw f : [a, b] → R oloklhr¸simh sun�rthsh. Skopìc aut c thc �skhshc
eÐnai na deÐxoume ìti h f èqei poll� shmeÐa sunèqeiac.

(a) Up�rqei diamèrish P tou [a, b] ¸ste U(f, P )−L(f, P ) < b− a (exhg ste giatÐ).
DeÐxte ìti up�rqoun a1 < b1 sto [a, b] ¸ste b1 − a1 < 1 kai

sup{f(x) : a1 ≤ x ≤ b1} − inf{f(x) : a1 ≤ x ≤ b1} < 1.

(b) Epagwgik� orÐste kibwtismèna diast mata [an, bn] ⊆ (an−1, bn−1) me m koc
mikrìtero apì 1/n ¸ste

sup{f(x) : an ≤ x ≤ bn} − inf{f(x) : an ≤ x ≤ bn} <
1
n

.

(g) H tom  aut¸n twn kibwtismènwn diasthm�twn perièqei akrib¸c èna shmeÐo.
DeÐxte ìti h f eÐnai suneq c se autì.

(d) T¸ra deÐxte ìti h f èqei �peira shmeÐa sunèqeiac sto [a, b] (den qrei�zetai peris-
sìterh doulei�!).

Upìdeixh. (a) AfoÔ h f eÐnai oloklhr¸simh, mporoÔme na broÔme diamèrish P1 =
{a = x0 < x1 < · · · < xn = b} tou [a, b] ¸ste U(f, P1)−L(f, P1) < b−a. Pern¸ntac
an qreiasteÐ se eklèptunsh thc P1 mporoÔme na upojèsoume ìti to pl�toc thc P1

eÐnai mikrìtero apì 1. AfoÔ

n−1∑
k=0

(Mk −mk)(xk+1 − xk) < b− a =
n−1∑
k=0

(xk+1 − xk),

up�rqei k ∈ {0, 1, . . . , n−1} ¸ste Mk−mk < 1. An jèsoume a1 = xk kai b1 = xk+1,
blèpoume ìti a1 < b1, a1, b1 ∈ [a, b], b1 − a1 < 1 kai

sup{f(x) : a1 ≤ x ≤ b1} − inf{f(x) : a1 ≤ x ≤ b1} = Mk −mk < 1.
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(b) Me ton Ðdio trìpo deÐxte ìti up�rqei [a2, b2] ⊆ (a1, b1) me m koc mikrìtero apì
1/2 ¸ste

sup{f(x) : a2 ≤ x ≤ b2} − inf{f(x) : a2 ≤ x ≤ b2} <
1
2
.

Gia na petÔqete ton egkleismì [a2, b2] ⊂ (a1, b1) xekin ste apì èna upodi�sthma
[c, d] tou [a1, b1] me a1 < c < d < b1 (h f eÐnai oloklhr¸simh kai sto [c, d]). BreÐte
diamèrish P2 tou [c, d] me U(f, P2) − L(f, P2) < d−c

2 kai pl�toc mikrìtero apì 1/2
kai suneqÐste ìpwc prin.

Epagwgik� mporeÐte na breÐte [an, bn] ⊂ (an−1, bn−1) ¸ste bn − an < 1/n kai

sup{f(x) : an ≤ x ≤ bn} − inf{f(x) : an ≤ x ≤ bn} <
1
n

.

(g) H tom  twn kibwtismènwn diasthm�twn [an, bn] perièqei akrib¸c èna shmeÐo x0.
Ja deÐxoume ìti h f eÐnai suneq c sto x0: èstw ε > 0. Epilègoume n ∈ N me
1
n < ε. AfoÔ x0 ∈ [an+1, bn+1], èqoume x0 ∈ (an, bn). Up�rqei δ > 0 ¸ste
(x0 − δ, x0 + δ) ⊂ (an, bn). Tìte, gia k�je x ∈ (x0 − δ, x0 + δ) èqoume

|f(x)− f(x0)| ≤ sup{f(x) : an ≤ x ≤ bn} − inf{f(x) : an ≤ x ≤ bn} <
1
n

< ε.

Autì deÐqnei th sunèqeia thc f sto x0.

(d) Ac upojèsoume ìti h f èqei peperasmèna to pl joc shmeÐa sunèqeiac sto [a, b].
Tìte, up�rqei di�sthma [c, d] ⊂ [a, b] sto opoÐo h f den èqei kanèna shmeÐo sunè-
qeiac (exhg ste giatÐ). Autì eÐnai �topo apì to prohgoÔmeno b ma: h f eÐnai
oloklhr¸simh sto [c, d], �ra èqei toul�qiston èna shmeÐo sunèqeiac se autì.

Gia thn akrÐbeia, to epiqeÐrhma pou qrhsimopoi same deÐqnei k�ti isqurìtero:
an h f eÐnai oloklhr¸simh tìte èqei toul�qiston èna shmeÐo sunèqeiac se k�je
upodi�sthma tou [a, b]. Me �lla lìgia, to sÔnolo twn shmeÐwn sunèqeiac thc f eÐnai
puknì sto [a, b].

32. 'Estw f : [a, b] → R oloklhr¸simh (ìqi anagkastik� suneq c) sun�rthsh me
f(x) > 0 gia k�je x ∈ [a, b]. DeÐxte ìti∫ b

a

f(x)dx > 0.

Upìdeixh. Apì thn prohgoÔmenh 'Askhsh, afoÔ h f eÐnai oloklhr¸simh sto [a, b],
up�rqei x0 ∈ [a, b] sto opoÐo h f eÐnai suneq c. AfoÔ f(x0) > 0, up�rqei di�sthma
J ⊆ [a, b] me m koc δ > 0 ¸ste: gia k�je x ∈ J isqÔei f(x) > f(x0)/2. SuneqÐste
ìpwc sthn 'Askhsh 14.


