
Kef�laio 3

Omoiìmorfh sunèqeia

Om�da A'

1. DeÐxte to je¸rhma mègisthc kai el�qisthc tim c gia mia suneq  sun�rthsh
f : [a, b] → R qrhsimopoi¸ntac to je¸rhma Bolzano–Weiertstrass.

Upìdeixh. DeÐqnoume pr¸ta ìti up�rqei M > 0 ¸ste |f(x)| ≤ M gia k�je x ∈ [a, b],
me apagwg  se �topo. An autì den isqÔei, mporoÔme na broÔme xn ∈ [a, b] ¸ste
|f(xn)| > n, n = 1, 2, . . .. H (xn) èqei upakoloujÐa (xkn

) ¸ste xkn
→ x0 ∈ [a, b].

AfoÔ h f eÐnai suneq c sto x0, apì thn arq  thc metafor�c èqoume f(xkn
) → f(x0),

�ra

|f(xkn
)| → |f(x0)|.

'Omwc, |f(xkn)| > kn ≥ n. 'Ara, |f(xkn)| → +∞, to opoÐo eÐnai �topo.

EÐdame ìti h f eÐnai fragmènh, �ra

M := sup{f(x) : x ∈ [a, b]} < ∞.

Tìte, mporoÔme na broÔme xn ∈ [a, b] ¸ste f(xn) → M (genik�, an s = sup(A) tìte
up�rqei akoloujÐa (an) sto A ¸ste an → s). H (xn) èqei upakoloujÐa (xkn

) ¸ste
xkn → x0 ∈ [a, b]. AfoÔ f(xn) → M , èqoume f(xkn) → M . Apì thn arq  thc
metafor�c,

f(x0) = lim
n→∞

f(xkn
) = M.

Autì apodeiknÔei ìti h f paÐrnei mègisth tim  (sto x0).

Ergazìmenoi ìmoia, deÐqnoume ìti h f paÐrnei el�qisth tim .

2. 'Estw X ⊆ R. Lème ìti mia sun�rthsh f : X → R ikanopoieÐ sunj kh Lipschitz
an up�rqei M ≥ 0 ¸ste: gia k�je x, y ∈ X,

|f(x)− f(y)| ≤ M · |x− y|.

DeÐxte ìti an h f : X → R ikanopoieÐ sunj kh Lipschitz tìte eÐnai omoiìmorfa
suneq c. IsqÔei to antÐstrofo?
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Upìdeixh. (a) 'Estw ε > 0. Epilègoume δ = δ(ε) = ε
M > 0. An x, y ∈ X kai

|x− y| < δ, tìte
|f(x)− f(y)| ≤ M |x− y| < Mδ = ε.

'Ara, h f eÐnai omoiìmorfa suneq c.

(b) H sun�rthsh f : [0, 1] → R me f(x) =
√

x eÐnai suneq c sto kleistì di�sthma
[0, 1], �ra eÐnai omoiìmorfa suneq c. 'Omwc, h f den ikanopoieÐ sunj kh Lipschitz
sto [0, 1]. Ja up rqe M > 0 ¸ste: gia k�je 0 < x < 1 na isqÔei

|
√

x− 0| ≤ M |x− 0|, dhlad  1 ≤ M
√

x.

Autì odhgeÐ se �topo ìtan x → 0+.

3. 'Estw f : [a, b] → R suneq c, paragwgÐsimh sto (a, b). DeÐxte ìti h f ikanopoieÐ
sunj kh Lipschitz an kai mìno an h f ′ eÐnai fragmènh.

Upìdeixh. 'Estw ìti h f ikanopoieÐ sunj kh Lipschitz, dhlad  up�rqei M > 0 ¸ste
|f(x) − f(y)| ≤ M |x − y| gia k�je x, y ∈ [a, b]. JewroÔme x0 ∈ (a, b). Tìte,

f ′(x0) = lim
x→x0

f(x)−f(x0)
x−x0

. 'Omwc, an x 6= x0 sto (a, b), èqoume

|f(x)− f(x0)|
|x− x0|

≤ M �ra |f ′(x0)| = lim
x→x0

|f(x)− f(x0)|
|x− x0|

≤ M.

Dhlad , h f ′ eÐnai fragmènh.
AntÐstrofa, ac upojèsoume ìti up�rqei M > 0 ¸ste |f ′(ξ)| ≤ M gia k�je

ξ ∈ (a, b). 'Estw x < y sto [a, b]. Apì to je¸rhma mèshc tim c up�rqei ξ ∈ (x, y)
¸ste

|f(x)− f(y)| = |f ′(ξ)| · |x− y| ≤ M · |x− y|.

Dhlad , h f eÐnai Lipschitz suneq c.

4. 'Estw n ∈ N, n ≥ 2 kai f(x) = x1/n, x ∈ [0, 1]. DeÐxte ìti h sun�rthsh f den
ikanopoieÐ sunj kh Lipschitz. EÐnai omoiìmorfa suneq c?

Upìdeixh. 'Eqoume f ′(x) = 1
nx

1
n−1 gia x ∈ (0, 1). AfoÔ 1

n − 1 < 0, èqoume

lim
x→0+

f ′(x) = +∞,

dhlad  h f ′ den eÐnai fragmènh. Apì thn 'Askhsh 3, h f den ikanopoieÐ sunj kh Lip-
schitz. EÐnai ìmwc omoiìmorfa suneq c wc suneq c sun�rthsh se kleistì di�sthma.

5. Exet�ste an oi parak�tw sunart seic ikanopoioÔn sunj kh Lipschitz:
(a) f : [0, 1] → R me f(x) = x sin 1

x an x 6= 0 kai f(0) = 0.
(b) g : [0, 1] → R me g(x) = x2 sin 1

x an x 6= 0 kai g(0) = 0.

Upìdeixh. Apì thn 'Askhsh 3 arkeÐ na exet�sete an kajemÐa apì tic f kai g èqei
fragmènh par�gwgo sto (0, 1). Elègxte ìti: h f den èqei fragmènh par�gwgo sto
(0, 1), en¸ h g èqei fragmènh par�gwgo sto (0, 1).

6. 'Estw A,B mh ken� uposÔnola tou R kai èstw f : A → B kai g : B → R
omoiìmorfa suneqeÐc sunart seic. DeÐxte ìti h g ◦ f eÐnai omoiìmorfa suneq c.
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Upìdeixh. 'Estw ε > 0. AfoÔ h g eÐnai omoiìmorfa suneq c, up�rqei ζ = ζ(ε) > 0
¸ste an u, v ∈ B kai |u− v| < ζ tìte |g(u)− g(v)| < ε.

H f eÐnai omoiìmorfa suneq c, �ra up�rqei δ = δ(ζ) > 0 ¸ste an x, y ∈ A kai
|x− y| < δ tìte |f(x)− f(y)| < ζ. Parathr ste ìti to δ exart�tai mìno apì to ε,
afoÔ to ζ exart�tai mìno apì to ε.

Jewr ste x, y ∈ A me |x− y| < δ. Tìte, ta u = f(x) kai v = f(y) an koun sto
B kai |u− v| = |f(x)− f(y)| < ζ. 'Ara,

|(g ◦ f)(x)− (g ◦ f)(y)| = |g(u)− g(v)| < ε.

'Epetai ìti h g ◦ f eÐnai omoiìmorfa suneq c.

7. 'Estw f, g : I → R omoiìmorfa suneqeÐc sunart seic. DeÐxte ìti

(a) h f + g eÐnai omoiìmorfa suneq c sto I.

(b) h f ·g den eÐnai anagkastik� omoiìmorfa suneq c sto I, an ìmwc oi f, g upotejoÔn
kai fragmènec tìte h f · g eÐnai omoiìmorfa suneq c sto I.

Upìdeixh. (a) 'Estw ε > 0. AfoÔ h f eÐnai omoiìmorfa suneq c sto I, up�rqei
δ1 > 0 ¸ste an x, y ∈ I kai |x− y| < δ1 tìte |f(x)− f(y)| < ε

2 . OmoÐwc, afoÔ h g
eÐnai omoiìmorfa suneq c sto I, up�rqei δ2 > 0 ¸ste an x, y ∈ I kai |x − y| < δ2

tìte |g(x)− g(y)| < ε
2 .

OrÐzoume δ = min{δ1, δ2} > 0. Tìte, an x, y ∈ I kai |x− y| < δ, èqoume

|(f + g)(x)− (f + g)(y)| = |(f(x)− f(y)) + (g(x)− g(y))|
≤ |f(x)− f(y)|+ |g(x)− g(y)|

<
ε

2
+

ε

2
= ε.

'Epetai ìti h f + g eÐnai omoiìmorfa suneq c sto I.

(b) An oi f, g eÐnai omoiìmorfa suneqeÐc sto I tìte h f · g den eÐnai anagkastik�
omoiìmorfa suneq c sto I: jewr ste tic f, g : [0,+∞) → R me f(x) = g(x) = x.
Autèc eÐnai omoiìmorfa suneqeÐc sto [0,+∞), ìmwc h (f · g)(x) = x2 den eÐnai
omoiìmorfa suneq c sto [0,+∞).

An ìmwc oi omoiìmorfa suneqeÐc sunart seic f, g : I → R upotejoÔn kai frag-
mènec, tìte h f · g eÐnai omoiìmorfa suneq c sto I. Up�rqoun M,N > 0 ¸ste
|f(x)| ≤ M kai |g(x)| ≤ N gia k�je x ∈ I. 'Estw ε > 0. Apì thn omoiìmorfh
sunèqeia twn f kai g mporoÔme na broÔme δ > 0 ¸ste an x, y ∈ I kai |x − y| < δ
tìte

|f(x)− f(y)| < ε

M + N
kai |g(x)− g(y)| < ε

M + N
.

Tìte, an x, y ∈ I kai |x− y| < δ èqoume

|f(x)g(x)− f(y)g(y)| ≤ |f(x)| · |g(x)− g(y)|+ |g(y)| · |f(x)− f(y)|

< M · ε

M + N
+ N · ε

M + N
= ε.

8. 'Estw f : R → R suneq c sun�rthsh me thn ex c idiìthta: gia k�je ε > 0
up�rqei M = M(ε) > 0 ¸ste an |x| ≥ M tìte |f(x)| < ε. DeÐxte ìti h f eÐnai
omoiìmorfa suneq c.
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ShmeÐwsh: H upìjesh, isodÔnama, mac lèei ìti

lim
x→−∞

f(x) = lim
x→+∞

f(x) = 0.

Upìdeixh. 'Estw ε > 0. Apì thn upìjesh, up�rqei M = M(ε) > 0 ¸ste an |x| ≥ M
tìte |f(x)| < ε/3. EpÐshc, h f eÐnai suneq c sto kleistì di�sthma [−M,M ], opìte
eÐnai omoiìmorfa suneq c sto [−M,M ]. 'Ara, up�rqei δ = δ(ε) > 0 me δ < M , ¸ste
an x, y ∈ [−M,M ] kai |x− y| < δ tìte |f(x)− f(y)| < ε/3.

Ja deÐxoume ìti an x, y ∈ R kai |x− y| < δ tìte |f(x)− f(y)| < ε. DiakrÐnoume
tic ex c peript¸seic:

(i) x, y ∈ (−∞,M ]: tìte, |f(x)− f(y)| ≤ |f(x)|+ |f(y)| < ε
3 + ε

3 < ε.

(ii) x, y ∈ [M,+∞): tìte, |f(x)− f(y)| ≤ |f(x)|+ |f(y)| < ε
3 + ε

3 < ε.

(iii) x, y ∈ [−M,M ]: tìte, apì thn epilog  tou δ èqoume |f(x)− f(y)| < ε
3 < ε.

(iv) x < M < y: tìte, x ∈ [−M,M ] (diìti δ < M) kai |x − M | < |x − y| < δ,
�ra |f(x) − f(M)| < ε

3 . EpÐshc, M,y ≥ M �ra |f(M)| < ε
3 kai |f(y)| < ε

3 .
Sunep¸c,

|f(x)− f(y)| ≤ |f(x)− f(M)|+ |f(M)− f(y)|
≤ |f(x)− f(M)|+ |f(M)|+ |f(y)|

<
ε

3
+

ε

3
+

ε

3
= ε.

(v) x < −M < y: ìmoia me thn prohgoÔmenh perÐptwsh.

To ε > 0  tan tuqìn, �ra h f eÐnai omoiìmorfa suneq c.

9. 'Estw a ∈ R kai f : [a,+∞) → R suneq c sun�rthsh me thn ex c idiìthta:
up�rqei to lim

x→+∞
f(x) kai eÐnai pragmatikìc arijmìc. DeÐxte ìti h f eÐnai omoiìmorfa

suneq c.

Upìdeixh. 'Estw ` := lim
x→+∞

f(x). JewroÔme th sun�rthsh g : [a,+∞) → R me

g(x) = f(x)−`. Tìte, lim
x→+∞

g(x) = 0. 'Ara, gia k�je ε > 0 up�rqei M = M(ε) > a

¸ste an x ≥ M tìte |g(x)| < ε. To epiqeÐrhma thc 'Askhshc 8 deÐqnei ìti h g eÐnai
omoiìmorfa suneq c sto [a,+∞). AfoÔ h stajer  sun�rthsh h(x) = ` eÐnai epÐshc
omoiìmorfa suneq c sto [a,+∞), èpetai ìti h f = g + h eÐnai omoiìmorfa suneq c
sto [a,+∞).

10. 'Estw f : R → R omoiìmorfa suneq c sun�rthsh. DeÐxte ìti up�rqoun A,B > 0
¸ste |f(x)| ≤ A|x|+ B gia k�je x ∈ R.

Upìdeixh. AfoÔ h f : R → R eÐnai omoiìmorfa suneq c, gia ε = 1 mporoÔme na
broÔme δ > 0 ¸ste: an x, y ∈ R kai |x− y| < δ tìte |f(x)− f(y)| < 1.

'Estw x > 0. JewroÔme ton el�qisto fusikì n = nx gia ton opoÐo nx
δ
2 > x

(autìc up�rqei, apì thn Arqim deia idiìthta kai apì thn arq  tou elaqÐstou). Tìte,

(∗) (nx − 1)
δ

2
≤ x < nx

δ

2
.
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JewroÔme ta shmeÐa: x0 = 0, x1 = δ
2 , . . . , xn = n δ

2 . 'Eqoume |xk+1 − xk| < δ gia
k�je k = 0, 1, . . . , n− 1 kai |x− xn| < δ. 'Ara,

|f(x)− f(0)| ≤ |f(x)− f(xn)|+ · · ·+ |f(x1)− f(x0)| < n + 1 = nx + 1 <
2
δ
x + 2

apì thn (∗). Dhlad , gia k�je x > 0.

|f(x)| ≤ 2
δ
x + 2 + |f(0)|.

DouleÔontac me ton Ðdio trìpo gia x < 0 deÐxte ìti

|f(x)| ≤ 2
δ
|x|+ 2 + |f(0)|

gia k�je x ∈ R. Epomènwc, to zhtoÔmeno isqÔei me A = 2
δ kai B = |f(0)|+ 2.

11. 'Estw n ∈ N, n > 1. Qrhsimopoi¸ntac thn prohgoÔmenh 'Askhsh deÐxte ìti h
sun�rthsh f(x) = xn, x ∈ R den eÐnai omoiìmorfa suneq c.

Upìdeixh. 'Estw n > 1. Upojètoume ìti h sun�rthsh f(x) = xn, x ∈ R eÐnai
omoiìmorfa suneq c. Apì thn 'Askhsh 10 up�rqoun A,B > 0 ¸ste xn ≤ Ax + B
gia k�je x > 0. Tìte,

xn−1 ≤ A +
B

x

gia k�je x > 0. AfoÔ n > 1, èqoume lim
x→+∞

xn−1 = +∞. 'Omwc, lim
x→+∞

(
A + B

x

)
=

A. Autì odhgeÐ se �topo.

12. (a) 'Estw f : [0,+∞) → R suneq c sun�rthsh. Upojètoume ìti up�rqei a > 0
¸ste h f na eÐnai omoiìmorfa suneq c sto [a,+∞). DeÐxte ìti h f eÐnai omoiìmorfa
suneq c sto [0,+∞).
(b) DeÐxte ìti h f(x) =

√
x eÐnai omoiìmorfa suneq c sto [0,+∞).

Upìdeixh. (a) 'Eqoume upojèsei ìti up�rqei a > 0 ¸ste h f na eÐnai omoiìmorfa
suneq c sto [a,+∞). EpÐshc, h f eÐnai suneq c sto kleistì di�sthma [0, a], �ra
eÐnai omoiìmorfa suneq c sto [0, a]. DeÐxte ìti h f eÐnai omoiìmorfa suneq c sto
[0,+∞) qrhsimopoi¸ntac thn teqnik  thc 'Askhshc 8 (diakrÐnontac peript¸seic).

(b) H f(x) =
√

x eÐnai suneq c sto [0,+∞). An x, y ∈ [1,+∞), tìte

|f(x)− f(y)| = |
√

x−√y| = |x− y|√
x +

√
y
≤ 1

2
|x− y|,

dhlad  h f ikanopoieÐ sunj kh Lipschitz sto [1,+∞). Sunep¸c, h f eÐnai omoiìmorfa
suneq c sto [1,+∞). T¸ra, mporeÐte na efarmìsete to (a).

13. 'Estw f : (a, b) → R omoiìmorfa suneq c sun�rthsh. DeÐxte ìti up�rqei

suneq c sun�rthsh f̂ : [a, b] → R ¸ste f̂(x) = f(x) gia k�je x ∈ (a, b).

Upìdeixh. EÐdame (sth jewrÐa) ìti an h f : (a, b) → R eÐnai omoiìmorfa suneq c
sun�rthsh, tìte up�rqoun ta

lim
x→a+

f(x) = ` kai lim
x→b−

f(x) = m
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kai eÐnai pragmatikoÐ arijmoÐ. An epekteÐnoume thn f sto [a, b] orÐzontac f̂(a) = `,
f̂(b) = m kai f̂(x) = f(x) gia x ∈ (a, b), tìte h f̂ : [a, b] → R eÐnai suneq c sto
[a, b].

14. Exet�ste an oi parak�tw sunart seic eÐnai omoiìmorfa suneqeÐc.

(i) f : R → R me f(x) = 3x + 1.

(ii) f : [2,+∞) → R me f(x) = 1
x .

(iii) f : (0, π] → R me f(x) = 1
x sin2 x.

(iv) f : (0,∞) → R me f(x) = sin 1
x .

(v) f : (0,∞) → R me f(x) = x sin 1
x .

(vi) f : (0,∞) → R me f(x) = sin x
x .

(vii) f : (1,∞) → R me f(x) = cos(x3)
x .

(viii) f : R → R me f(x) = 1
x2+4 .

(ix) f : R → R me f(x) = x
1+|x| .

(x) f : [−2, 0] → R me f(x) = x
x2+1 .

(xi) f : R → R me f(x) = x sinx.

(xii) f : [0,+∞) → R me f(x) = cos(x2)
x+1 .

Upìdeixh. 'Olec oi sunart seic eÐnai suneqeÐc sto pedÐo orismoÔ touc.

(i) f : R → R me f(x) = 3x + 1. H f eÐnai omoiìmorfa suneq c: eÐnai Lipschitz
suneq c me stajer� 3. Gia thn akrÐbeia,

|f(x)− f(y)| = 3|x− y|

gia k�je x, y ∈ R.
(ii) f : [2,+∞) → R me f(x) = 1

x . H f eÐnai omoiìmorfa suneq c: eÐnai Lipschitz
suneq c, afoÔ

|f ′(x)| = 1
x2

≤ 1
4

sto [2,+∞).
(iii) f : (0, π] → R me f(x) = 1

x sin2 x. H f orÐzetai sto hmianoiktì di�sthma (0, π]
kai

lim
x→0+

f(x) = lim
x→0+

sinx

x
· sinx = 1 · 0 = 0.

Sunep¸c, h f eÐnai omoiìmorfa suneq c.

(iv) f : (0,∞) → R me f(x) = sin 1
x . H f den eÐnai omoiìmorfa suneq c, diìti den

up�rqei to

lim
x→0+

sin
1
x

.

(v) f : (0,∞) → R me f(x) = x sin 1
x . EpekteÐnoume thn f se suneq  sun�rthsh sto

[0,+∞), jètontac

f(0) = lim
x→0+

f(x) = lim
x→0+

x sin
1
x

= 0.
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Gia k�je x > 0 èqoume

f ′(x) = sin
1
x
− 1

x
cos

1
x

.

An x ≥ 1 tìte

|f ′(x)| ≤
∣∣∣∣sin 1

x

∣∣∣∣+ 1
x

∣∣∣∣cos
1
x

∣∣∣∣ ≤ 2.

Sunep¸c, h f eÐnai Lipschitz suneq c, �ra kai omoiìmorfa suneq c, sto [1,+∞).
AfoÔ eÐnai kai suneq c sto [0,+∞), eÐnai omoiìmorfa suneq c (apì thn 'Askhsh
12(a)).

(vi) f : (0,∞) → R me f(x) = sin x
x . EpekteÐnoume thn f se suneq  sun�rthsh sto

[0,+∞), jètontac

f(0) = lim
x→0+

f(x) = lim
x→0+

sinx

x
= 1.

AfoÔ

lim
x→+∞

f(x) = lim
x→+∞

sinx

x
= 0,

h f eÐnai omoiìmorfa suneq c apì thn 'Askhsh 9.

(vii) f : (1,∞) → R me f(x) = cos(x3)
x . EpekteÐnoume thn f se suneq  sun�rthsh

sto [1,+∞), jètontac

f(0) = lim
x→0+

f(x) = lim
x→1+

cos(x3)
x

= cos(1).

AfoÔ

lim
x→+∞

f(x) = lim
x→+∞

cos(x3)
x

= 0,

h f eÐnai omoiìmorfa suneq c apì thn 'Askhsh 9.

(viii) f : R → R me f(x) = 1
x2+4 . AfoÔ lim

x→±∞
1

x2+4 = 0, h f ikanopoieÐ thn upìjesh

thc 'Askhshc 8. Sunep¸c, h f eÐnai omoiìmorfa suneq c.

(ix) f : R → R me f(x) = x
1+|x| . AfoÔ lim

x→+∞
f(x) = 1, h f eÐnai omoiìmorfa suneq c

sto [0,+∞), apì thn 'Askhsh 9. AfoÔ lim
x→−∞

f(x) = −1, h f eÐnai omoiìmorfa

suneq c sto (−∞, 0], p�li apì thn 'Askhsh 9. 'Epetai ìti eÐnai omoiìmorfa suneq c
sto R (qrhsimopoi ste thn teqnik  thc 'Askhshc 8).

(x) f : [−2, 0] → R me f(x) = x
x2+1 . K�je suneq c sun�rthsh orismènh se kleistì

di�sthma eÐnai omoiìmorfa suneq c, �ra h f eÐnai omoiìmorfa suneq c.

(xi) f : R → R me f(x) = x sinx. H f den eÐnai omoiìmorfa suneq c. ParathroÔme
ìti h f ′(x) = x cos x + sin x den eÐnai fragmènh kai ìti paÐrnei meg�lec timèc sta
shmeÐa thc morf c 2nπ ìpou n meg�loc fusikìc. OrÐzoume xn = 2nπ kai yn =
2nπ + 1

n . Tìte, yn − xn = 1
n → 0, all�

f(yn)−f(xn) =
(
2nπ+(1/n)

)
sin(1/n) = 2π

sin(1/n)
1/n

+
sin(1/n)

n
→ 2π·1+0 = 2π 6= 0

ìtan n → ∞. Apì ton qarakthrismì thc omoiìmorfhc sunèqeiac mèsw akolouji¸n
èpetai ìti h f den eÐnai omoiìmorfa suneq c.
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(xii) f : [0,+∞) → R me f(x) = cos(x2)
x+1 . AfoÔ lim

x→+∞
f(x) = 0, h f eÐnai omoiìmorfa

suneq c sto [0,+∞), apì thn 'Askhsh 9.

Om�da B'. Erwt seic katanìhshc

Exet�ste an oi parak�tw prot�seic eÐnai alhjeÐc   yeudeÐc (aitiolog ste pl rwc
thn ap�nths  sac).

15. H sun�rthsh f(x) = x2 + 1
x eÐnai omoiìmorfa suneq c sto (0, 1).

L�joc. An mia sun�rthsh f : (0, 1) → R eÐnai omoiìmorfa suneq c, tìte up�rqoun
ta lim

x→0+
f(x) kai lim

x→1−
f(x) (kai eÐnai pragmatikoÐ arijmoÐ). Gia thn f(x) = x2 + 1

x

èqoume f(x) → +∞ ìtan x → 0+.

16. H sun�rthsh f(x) = 1
x−1 eÐnai omoiìmorfa suneq c sto (0, 1).

L�joc. An mia sun�rthsh f : (0, 1) → R eÐnai omoiìmorfa suneq c, tìte up�rqoun
ta lim

x→0+
f(x) kai lim

x→1−
f(x) (kai eÐnai pragmatikoÐ arijmoÐ). Gia thn f(x) = 1

x−1

èqoume f(x) → −∞ ìtan x → 1−.

17. An h sun�rthsh f den eÐnai fragmènh sto (0, 1), tìte h f den eÐnai omoiìmorfa
suneq c sto (0, 1).

Swstì. 'Estw ìti h sun�rthsh f : (0, 1) → R eÐnai omoiìmorfa suneq c. Tìte,
up�rqoun ta lim

x→0+
f(x) kai lim

x→1−
f(x) (kai eÐnai pragmatikoÐ arijmoÐ). 'Epetai (deÐte

thn 'Askhsh 13) ìti up�rqei suneq c sun�rthsh f̃ : [0, 1] → R ¸ste f̃(x) = f(x)
gia k�je x ∈ (0, 1). H f̃ eÐnai fragmènh (wc suneq c sun�rthsh orismènh se k-
leistì di�sthma). Sunep¸c, h f eÐnai epÐshc fragmènh (wc periorismìc fragmènhc
sun�rthshc).

18. An h (xn) eÐnai akoloujÐa Cauchy kai h f eÐnai omoiìmorfa suneq c sto R, tìte
h (f(xn)) eÐnai akoloujÐa Cauchy.

Swstì. ApodeÐqjhke sth jewrÐa.

19. An h f eÐnai omoiìmorfa suneq c sto (0, 1), tìte to lim
n→∞

f
(

1
n

)
up�rqei.

Swstì. H akoloujÐa
(

1
n

)
n≥2

eÐnai akoloujÐa Cauchy sto (0, 1). AfoÔ h f eÐnai

omoiìmorfa suneq c, h akoloujÐa
(
f
(

1
n

))
eÐnai akoloujÐa Cauchy (apì to prohgoÔ-

meno er¸thma). Sunep¸c, h
(
f
(

1
n

))
sugklÐnei.

20. JewroÔme tic f(x) = x kai g(x) = sin x. Oi f kai g eÐnai omoiìmorfa suneqeÐc
sto R, ìmwc h fg den eÐnai omoiìmorfa suneq c sto R.

Swstì. Oi f kai g èqoun fragmènh par�gwgo, �ra eÐnai Lipschitz suneqeÐc (me
stajer� 1, exhg ste giatÐ). Sunep¸c, eÐnai omoiìmorfa suneqeÐc sto R. 'Omwc, h
(fg)(x) = x sinx den eÐnai omoiìmorfa suneq c sto R: deÐte thn 'Askhsh 14(xi).

21. H sun�rthsh f : R → R me f(x) = x an x > 0 kai f(x) = 2x an x ≤ 0, eÐnai
omoiìmorfa suneq c sto R.
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Swstì. H f eqei fragmènh par�gwgo (Ðsh me 1) sto (0,+∞), �ra eÐnai omoiì-
morfa suneq c sto [0,+∞). OmoÐwc, h f èqei fragmènh par�gwgo (Ðsh me 2) sto
(−∞, 0), �ra eÐnai omoiìmorfa suneq c sto (−∞, 0]. Qrhsimopoi¸ntac th mèjodo
thc 'Askhshc 8, mporeÐte na deÐxete ìti h f eÐnai omoiìmorfa suneq c sto R.
ShmeÐwsh: MporeÐte na elègxete apeujeÐac ìti

|f(x)− f(y)| ≤ 2|x− y|

gia k�je x, y ∈ R, diakrÐnontac tic peript¸seic (a) x, y ≥ 0, (b) x, y ≤ 0, (g)
x < 0 < y. AfoÔ h f eÐnai sun�rthsh Lipschitz me stajer� 2, sumperaÐnoume ìti
eÐnai omoiìmorfa suneq c.

22. K�je fragmènh kai suneq c sun�rthsh f : R → R eÐnai omoiìmorfa suneq c.

L�joc. H sun�rthsh f : R → R me f(x) = cos(x2) eÐnai fragmènh kai suneq c, ìmwc
den eÐnai omoiìmorfa suneq c. Gia tic akoloujÐec xn =

√
πn + π kai yn =

√
πn

èqoume xn − yn → 0, all� |f(xn)− f(yn)| = 2 → 2 6= 0 ìtan n →∞.

Om�da G'

23. DeÐxte ìti h sun�rthsh f : (0, 1) ∪ (1, 2) → R me f(x) = 0 an x ∈ (0, 1) kai
f(x) = 1 an x ∈ (1, 2) eÐnai suneq c all� den eÐnai omoiìmorfa suneq c.

Upìdeixh. H sun�rthsh f : (0, 1) ∪ (1, 2) → R me f(x) = 0 an x ∈ (0, 1) kai
f(x) = 1 an x ∈ (1, 2) eÐnai suneq c: èstw x0 ∈ (0, 1) kai èstw ε > 0. Epilègoume
δ = δ(x0) > 0 (den exart�tai apì to ε > 0) ¸ste (x0 − δ, x0 + δ) ⊂ (0, 1). An x ∈
(0, 1)∪ (1, 2) kai |x−x0| < δ, tìte x ∈ (0, 1). 'Ara, |f(x)−f(x0)| = |0−0| = 0 < ε.
Dhlad , h f eÐnai suneq c sto x0.

Me ton Ðdio trìpo mporeÐte na deÐxete ìti h f eÐnai suneq c se k�je x0 ∈ (1, 2).
'Ara, h f eÐnai suneq c sto (0, 1) ∪ (1, 2).

'Omwc, h f den eÐnai omoiìmorfa suneq c. Jewr ste tic akoloujÐec xn = 1− 1
n+1

kai yn = 1 + 1
n+1 . 'Eqoume xn ∈ (0, 1), yn ∈ (1, 2) kai yn − xn = 2

n+1 → 0. 'Omwc,
f(yn)− f(xn) = 1− 0 = 1 6→ 0. Apì ton qarakthrismì thc omoiìmorfhc sunèqeiac
mèsw akolouji¸n èpetai to sumpèrasma.

ShmeÐwsh: To Ðdio par�deigma deÐqnei ìti an oi periorismoÐ f |A kai f |B miac sun�rthsh-
c f se dÔo uposÔnola A kai B tou pedÐou orismoÔ thc eÐnai omoiìmorfa suneqeÐc
sunart seic, den èpetai anagkastik� ìti h f eÐnai omoiìmorfa suneq c sto A ∪ B
(exhg ste giatÐ).

24. 'Estw f : [a, b] → R suneq c sun�rthsh kai èstw ε > 0. DeÐxte ìti mporoÔme
na qwrÐsoume to [a, b] se peperasmèna to pl joc diadoqik� upodiast mata tou idÐou
m kouc ètsi ¸ste: an ta x, y an koun sto Ðdio upodi�sthma, tìte |f(x)− f(y)| < ε.

Upìdeixh. 'Estw ε > 0. H f eÐnai suneq c sto kleistì di�sthma [a, b], �ra eÐnai
omoiìmorfa suneq c. Up�rqei δ > 0 ¸ste an x, y ∈ [a, b] kai |x − y| < δ tìte
|f(x)−f(y)| < ε. Epilègoume fusikì arijmì n ¸ste b−a

n < δ kai qwrÐzoume to [a, b]
sta diadoqik� upodiast mata

[xk, xk+1] =
[
a + k

(b− a)
n

, a + (k + 1)
b− a

n

]
, k = 0, 1, . . . , n− 1.
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An ta x, y an koun sto Ðdio upodi�sthma [xk, xk+1], tìte |x − y| ≤ xk+1 − xk =
b−a
n < δ. 'Ara, |f(x)− f(y)| < ε.

25. 'Estw f : R → R suneq c, fragmènh kai monìtonh sun�rthsh. DeÐxte ìti h f
eÐnai omoiìmorfa suneq c.

Upìdeixh. QwrÐc periorismì thc genikìthtac upojètoume ìti h f eÐnai aÔxousa.
AfoÔ h f : R → R eÐnai fragmènh kai aÔxousa sun�rthsh, up�rqoun ta

lim
x→+∞

f(x) = ` = sup{f(x) : x ∈ R}

kai
lim

x→−∞
f(x) = m = inf{f(x) : x ∈ R}.

AfoÔ h f eÐnai suneq c kai lim
x→+∞

f(x) = ` ∈ R, h 'Askhsh 9 deÐqnei ìti h f

eÐnai omoiìmorfa suneq c sto [0,+∞). To Ðdio akrib¸c epiqeÐrhma deÐqnei ìti h f
eÐnai omoiìmorfa suneq c sto (−∞, 0]. Tèloc, mporeÐte na deÐxete thn omoiìmorfh
sunèqeia sto R me thn teqnik  thc 'Askhshc 8 (diakrÐnontac peript¸seic).

26. 'Estw f : R → R suneq c kai periodik  sun�rthsh. Dhlad , up�rqei T > 0
¸ste f(x + T ) = f(x) gia k�je x ∈ R. DeÐxte ìti h f eÐnai omoiìmorfa suneq c.

Upìdeixh. H f eÐnai suneq c sto [0, 2T ], �ra eÐnai omoiìmorfa suneq c sto [0, 2T ].
'Estw ε > 0. Up�rqei 0 < δ = δ(ε) < T ¸ste an x, y ∈ [0, 2T ] kai |x− y| < δ tìte
|f(x)− f(y)| < ε

2 .
DeÐxte ìti an x, y ∈ R kai |x − y| < δ tìte |f(x) − f(y)| < ε: mporeÐte na

upojèsete ìti x < y. Up�rqei m ∈ Z ¸ste mT ≤ x ≤ (m+1)T . Tìte, y < x+ δ <
(m + 1)T + T = mT + 2T . Parathr ste ìti x−mT, y −mT ∈ [0, 2T ] kai ìti

|f(x)− f(y)| = |f(x−mT )− f(y −mT )|

apì thn periodikìthta thc f . AfoÔ

|(x−mT )− (y −mT )| = |x− y| < δ,

èqoume |f(x−mT )− f(y −mT )| < ε kai èpetai to zhtoÔmeno.

27. 'Estw X ⊂ R fragmèno sÔnolo kai f : X → R omoiìmorfa suneq c sun�rthsh.
DeÐxte ìti h f eÐnai fragmènh: up�rqei M > 0 ¸ste |f(x)| ≤ M gia k�je x ∈ X.

Upìdeixh. Up�rqei kleistì di�sthma [a, b] ¸ste X ⊆ [a, b]. Gia ε = 1 up�rqei δ > 0
¸ste an x, y ∈ X kai |x− y| < δ tìte |f(x)− f(y)| < 1. Epilègoume diamèrish

P = {a = t0 < t1 < · · · < tn = b}

tou [a, b] ¸ste tk+1 − tk < δ gia k�je k = 0, 1, . . . , n− 1. Jètoume

Xk = [tk, tk+1] ∩X gia k�je k = 0, 1, . . . , n− 1.

An orÐsoume F = {k : Xk 6= ∅}, èqoume

X =
⋃

k∈F

Xk.
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Gia k�je k ∈ F epilègoume tuqìn xk ∈ Xk kai jètoume

α = max{|f(xk)| : k ∈ F}.

Parathr ste ìti an x ∈ X tìte up�rqei k ∈ F ¸ste x ∈ Xk. Tìte, |x − xk| ≤
tk+1 − tk < δ, �ra

|f(x)| ≤ |f(x)− f(xk)|+ |f(xk)| < 1 + α.

Dhlad , |f(x)| ≤ M := 1 + α gia k�je x ∈ X.

28. 'Estw A mh kenì uposÔnolo tou R. OrÐzoume f : R → R me

f(x) = inf{|x− a| : a ∈ A}

(f(x) eÐnai h {apìstash} tou x apì to A). DeÐxte ìti

(a) |f(x)− f(y)| ≤ |x− y| gia k�je x, y ∈ R.
(b) h f eÐnai omoiìmorfa suneq c.

Upìdeixh. (a) 'Estw x, y ∈ R. Gia k�je a ∈ A èqoume f(x) ≤ |x− a| kai |x− a| ≤
|x− y|+ |y − a| apì thn trigwnik  anisìthta. 'Ara,

f(x) ≤ |x− y|+ |y − a|.

AfoÔ
f(x)− |x− y| ≤ |y − a| gia k�je a ∈ A,

sumperaÐnoume ìti

f(x)− |x− y| ≤ inf{|y − a| : a ∈ A} = f(y).

Dhlad ,
f(x)− f(y) ≤ |x− y|.

Me ton Ðdio trìpo deÐqnoume ìti f(y) − f(x) ≤ |y − x| = |x − y|. 'Epetai ìti
|f(x)− f(y)| ≤ |x− y|.
(b) Apì to (a) h f eÐnai Lipschitz suneq c me stajer� 1, �ra eÐnai omoiìmorfa
suneq c.


