
Kef�laio 2

Seirèc pragmatik¸n arijm¸n

A' Om�da. Erwt seic katanìhshc

'Estw (ak) mia akoloujÐa pragmatik¸n arijm¸n. Exet�ste an oi parak�tw prot�seic
eÐnai alhjeÐc   yeudeÐc (aitiolog ste pl rwc thn ap�nthsh sac).

1. An ak → 0 tìte h akoloujÐa sn = a1 + · · ·+ an eÐnai fragmènh.

L�joc. H akoloujÐa ak = 1
k → 0, ìmwc h akoloujÐa sn = 1 + 1

2 + · · ·+ 1
n den eÐnai

fragmènh (teÐnei sto +∞).

2. An h akoloujÐa sn = a1 + · · ·+ an eÐnai fragmènh tìte h seir�
∞∑

k=1

ak sugklÐnei.

L�joc. An jewr soume thn akoloujÐa ak = (−1)k−1, tìte èqoume sn = 1 an o n
eÐnai perittìc kai sn = 0 an o n eÐnai �rtioc. Dhlad , h akoloujÐa sn = a1 + · · ·+an

eÐnai fragmènh. 'Omwc, h seir�
∞∑

k=1

(−1)k−1 apoklÐnei, diìti ak 6→ 0.

3. An |ak| → 0, tìte h seir�
∞∑

k=1

ak sugklÐnei apolÔtwc.

L�joc. Jewr ste thn ak = 1
k . Tìte, |ak| = 1

k → 0 kai h
∞∑

k=1

|ak| =
∞∑

k=1

1
k apoklÐnei

sto +∞, dhlad  h
∞∑

k=1

ak den sugklÐnei apolÔtwc.

4. An h seir�
∞∑

k=1

|ak| sugklÐnei, tìte h seir�
∞∑

k=1

ak sugklÐnei.

Swstì. ApodeÐxame (sth jewrÐa) ìti an mia seir� sugklÐnei apolÔtwc tìte sugklÐnei.

5. An ak > 0 gia k�je k ∈ N kai an 0 < ak+1
ak

< 1 gia k�je k ∈ N, tìte h seir�
∞∑

k=1

ak sugklÐnei.

L�joc. Jewr ste thn ak = 1
k . Tìte, ak > 0 gia k�je k ∈ N kai ak+1

ak
= k

k+1 < 1

gia k�je k ∈ N. 'Omwc, h seir�
∞∑

k=1

1
k apoklÐnei.
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6. An ak > 0 gia k�je k ∈ N kai an lim
k→∞

ak+1
ak

= 1, tìte h seir�
∞∑

k=1

ak apoklÐnei.

L�joc. Jewr ste thn ak = 1
k2 . Tìte, ak > 0 gia k�je k ∈ N kai lim

k→∞
ak+1
ak

=

lim
k→∞

k2

(k+1)2 = 1. 'Omwc, h seir�
∞∑

k=1

1
k2 sugklÐnei.

7. An ak > 0 gia k�je k ∈ N kai an ak+1
ak

→ +∞, tìte h h seir�
∞∑

k=1

ak apoklÐnei.

Swstì. An ak+1
ak

→ +∞, up�rqei N ∈ N ¸ste ak+1
ak

≥ 1 gia k�je k ≥ N . AfoÔ
h (ak) èqei jetikoÔc ìrouc, sumperaÐnoume ìti 0 < aN ≤ aN+1 ≤ · · · ≤ ak ≤ · · · ,
dhlad  ak 6→ 0. Sunep¸c, h seir�

∞∑
k=1

ak apoklÐnei.

8. An ak → 0, tìte h seir�
∞∑

k=1

(−1)kak sugklÐnei.

L�joc. An jewr soume thn ak = (−1)k

k , tìte ak → 0. 'Omwc, h seir�
∞∑

k=1

(−1)kak =
∞∑

k=1

1
k apoklÐnei.

9. An ak > 0 gia k�je k ∈ N kai an h seir�
∞∑

k=1

ak sugklÐnei, tìte h seir�
∞∑

k=1

√
ak

sugklÐnei.

L�joc. Jewr ste thn ak = 1
k2 . Tìte, ak > 0 gia k�je k ∈ N kai h seir�

∞∑
k=1

1
k2

sugklÐnei. 'Omwc, h seir�
∞∑

k=1

√
ak =

∞∑
k=1

1
k apoklÐnei.

10. An h seir�
∞∑

k=1

ak sugklÐnei, tìte h seir�
∞∑

k=1

a2
k sugklÐnei.

L�joc. Apì to krit rio tou Dirichlet, h seir�
∞∑

k=1

(−1)k

√
k

sugklÐnei. 'Omwc, h seir�

∞∑
k=1

a2
k =

∞∑
k=1

1
k apoklÐnei.

11. An h seir�
∞∑

k=1

ak sugklÐnei kai an (akn
) eÐnai mia upakoloujÐa thc (an), tìte h

seir�
∞∑

k=1

akn
sugklÐnei.

L�joc. SÔmfwna me to krit rio Dirichlet, h seir�
∞∑

k=1

ak =
∞∑

k=1

(−1)k−1

k sugklÐnei.

'Omwc, h seir�
∞∑

k=1

a2k−1 =
∞∑

k=1

1
2k−1 apoklÐnei (sumperifèretai san thn armonik 

seir� � exhg ste giatÐ).
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12. An ak > 0 gia k�je k ∈ N kai an h seir�
∞∑

k=1

ak sugklÐnei, tìte h seir�
∞∑

k=1

a2
k

sugklÐnei.

Swstì. AfoÔ h
∞∑

k=1

ak sugklÐnei, èqoume ak → 0. 'Ara, up�rqei m ∈ N ¸ste: gia

k�je k ≥ m, 0 ≤ ak ≤ 1. Tìte, gia k�je k ≥ m èqoume 0 ≤ a2
k ≤ ak. Apì to

krit rio sÔgkrishc, h seir�
∞∑

k=1

a2
k sugklÐnei.

13. H seir�
∞∑

k=1

2·4·6···(2k)
k! sugklÐnei.

L�joc. Jètoume ak = 2·4·6···(2k)
k! . Tìte, ak > 0 kai

ak+1

ak
=

[2 · 4 · 6 · · · (2k)(2k + 2)]k!
[2 · 4 · 6 · · · (2k)](k + 1)!

=
2k + 2
k + 1

= 2 → 2 > 1.

Apì to krit rio tou lìgou, h seir�
∞∑

k=1

2·4·6···(2k)
k! apoklÐnei.

14. H seir�
∑∞

k=1 k(1 + k2)p sugklÐnei an kai mìno an p < −1.

Swstì. ParathroÔme ìti lim
k→∞

k(1+k2)p

k2p+1 = lim
k→∞

(
1 + 1

k2

)p = 1 > 0. Apì to ori-

akì krit rio sÔgkrishc, h seir�
∞∑

k=1

k(1 + k2)p sugklÐnei an kai mìno an h seir�

∞∑
k=1

1
k−(2p+1) sugklÐnei. Autì sumbaÐnei an kai mìno an −(2p + 1) > 1, dhlad  an kai

mìno an p < −1.

B' Om�da

15. DeÐxte ìti an lim
k→∞

bk = b tìte
∞∑

k=1

(bk − bk+1) = b1 − b.

Upìdeixh. To n-ostì merikì �jroisma thc seir�c isoÔtai me

sn = (b1 − b2) + (b2 − b3) + · · ·+ (bn − bn+1) = b1 − bn+1.

AfoÔ lim
k→∞

bk = b, blèpoume ìti lim
n→∞

sn = b1− b. Sunep¸c,
∞∑

k=1

(bk− bk+1) = b1− b.

16. DeÐxte ìti

(a)
∞∑

k=1

1
(2k−1)(2k+1) = 1

2 (b)
∞∑

k=1

2k+3k

6k = 3
2 (g)

∞∑
k=1

√
k+1−

√
k√

k2+k
= 1.

Upìdeixh. (a) Jètoume bk = 1
2k−1 . ParathroÔme ìti

bk − bk+1 =
1

2k − 1
− 1

2k + 1
=

2
(2k − 1)(2k + 1)

.
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'Eqoume b1 = 1 kai bk → 0. Apì thn 'Askhsh 15,

∞∑
k=1

1
(2k − 1)(2k + 1)

=
1
2

∞∑
k=1

2
(2k − 1)(2k + 1)

=
1
2
(b1 − b) =

1
2
.

(b) GnwrÐzoume ìti an 0 < x < 1, tìte
∞∑

k=1

xk = x
∞∑

k=0

xk =
x

1− x
.

Sunep¸c,

∞∑
k=1

2k + 3k

6k
=

∞∑
k=1

(
1
3

)k

+
∞∑

k=1

(
1
2

)k

=
1/3

1− (1/3)
+

1/2
1− (1/2)

=
1
2

+ 1 =
3
2
.

(g) Gr�foume

∞∑
k=1

√
k + 1−

√
k√

k2 + k
=

∞∑
k=1

(
1√
k
− 1√

k + 1

)
= 1− 0 = 1,

qrhsimopoi¸ntac thn 'Askhsh 15 gia thn bk = 1√
k
→ 0.

17. UpologÐste to �jroisma thc seir�c
∞∑

k=1

1
k(k+1)(k+2) .

Upìdeixh. ParathroÔme ìti

1
k(k + 1)(k + 2)

=
(k + 2)− k

2k(k + 1)(k + 2)
=

1
2k(k + 1)

− 1
2(k + 1)(k + 2)

.

Qrhsimopoi¸ntac thn 'Askhsh 15 gia thn bk = 1
2k(k+1) → 0, sumperaÐnoume ìti

∞∑
k=1

1
k(k + 1)(k + 2)

= b1 =
1
4
.

18. Exet�ste gia poièc timèc tou pragmatikoÔ arijmoÔ x sugklÐnei h seir�
∞∑

k=1

1
1+xk .

Upìdeixh. ParathroÔme ìti: an |x| < 1 tìte 1
1+xk → 1 6= 0, �ra h seir� apoklÐnei.

An x = 1, tìte 1
1+xk = 1

2 →
1
2 6= 0, �ra h seir� apoklÐnei. An x = −1, o k-ostìc

ìroc den orÐzetai sthn perÐptwsh pou o k eÐnai perittìc, �ra den èqei nìhma na
exet�soume th sÔgklish thc seir�c.

Upojètoume loipìn ìti |x| > 1. Tìte, mporoÔme na efarmìsoume to oriakì

krit rio sÔgkrishc, qrhsimopoi¸ntac thn
∞∑

k=1

1
|x|k (h opoÐa sugklÐnei wc gewmetrik 

seir� me lìgo 1
|x| < 1). 'Eqoume

|1/(1 + xk)|
1/|x|k

=
∣∣∣∣ xk

1 + xk

∣∣∣∣ = ∣∣∣∣ 1
(1/x)k + 1

∣∣∣∣→ 1.

Sunep¸c, h seir�
∞∑

k=1

1
1+xk sugklÐnei apolÔtwc.

19. Efarmìste ta krit ria lìgou kai rÐzac stic akìloujec seirèc:
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(a)
∞∑

k=1

kkxk (b)
∞∑

k=0

xk

k! (g)
∞∑

k=1

xk

k2 (d)
∞∑

k=0

k3xk

(e)
∞∑

k=0

2k

k! x
k (st)

∞∑
k=1

2kxk

k2 (z)
∞∑

k=0

k3

3k xk (h)
∞∑

k=1

k10xk

k! .

An gia k�poiec timèc tou x ∈ R kanèna apì aut� ta dÔo krit ria den dÐnei ap�nthsh,
exet�ste th sÔgklish   apìklish thc seir�c me �llo trìpo.

Upìdeixh. Exet�zoume merikèc apì autèc:

(a)
∞∑

k=1

kkxk: Me to krit rio tou lìgou. An x 6= 0, èqoume

(k + 1)k+1|x|k+1

kk|x|k
= (k + 1)

(
1 +

1
k

)k

|x| → +∞.

Sunep¸c, h seir� apoklÐnei. H seir� sugklÐnei mìno an x = 0.
Sto Ðdio sumpèrasma ja katal gate an qrhsimopoioÔsate to krit rio thc rÐzac:

parathr ste ìti k
√

kk|x|k = k|x| → +∞ an x 6= 0.

(b)
∞∑

k=0

xk

k! : Me to krit rio tou lìgou. An x 6= 0, èqoume

|x|k+1/(k + 1)!
|x|k/k!

=
|x|

k + 1
→ 0 < 1.

Sunep¸c, h seir� sugklÐnei apolÔtwc. H seir� sugklÐnei gia k�je x ∈ R.

(st)
∞∑

k=1

2kxk

k2 : Me to krit rio tou lìgou. An x 6= 0, èqoume

2k+1|x|k+1/(k + 1)2

2k|x|k/k2
= 2|x| k2

(k + 1)2
→ 2|x|.

Sunep¸c, h seir� sugklÐnei apolÔtwc an |x| < 1/2 kai apoklÐnei an |x| > 1/2.
Exet�zoume th sÔgklish qwrist� stic peript¸seic x = ±1/2. Parathr¸ntac ìti oi

seirèc
∞∑

k=1

(−1)k

k2 kai
∞∑

k=1

1
k2 sugklÐnoun, sumperaÐnoume telik� ìti h seir� sugklÐnei

an kai mìno an |x| ≤ 1/2.

20. Exet�ste an sugklÐnoun   apoklÐnoun oi seirèc

1
2

+
1
3

+
1
22

+
1
32

+
1
23

+
1
33

+
1
24

+
1
34

+ · · ·

kai
1
2

+ 1 +
1
8

+
1
4

+
1
32

+
1
16

+
1

128
+

1
64

+ · · · .

Upìdeixh. (a) Parathr ste ìti to (2n)-ostì merikì �jroisma thc seir�c

1
2

+
1
3

+
1
22

+
1
32

+
1
23

+
1
33

+
1
24

+
1
34

+ · · ·

isoÔtai me

s2n =
n∑

k=1

1
2k

+
n∑

k=1

1
3k

≤
∞∑

k=1

1
2k

+
∞∑

k=1

1
3k

= 1 +
1
2

=
3
2
.
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AfoÔ h seir� èqei jetikoÔc ìrouc kai s2n ≤ 3
2 gia k�je n, èpetai ìti h seir� sugklÐnei

(exhg ste giatÐ).

(b) Parathr ste ìti to (2n)-ostì merikì �jroisma thc seir�c

1
2

+ 1 +
1
8

+
1
4

+
1
32

+
1
16

+
1

128
+

1
64

+ · · ·

isoÔtai me

s2n =
2n−1∑
k=0

1
2k

<
∞∑

k=0

1
2k

= 2.

AfoÔ h seir� èqei jetikoÔc ìrouc kai s2n ≤ 2 gia k�je n, èpetai ìti h seir� sugklÐnei.

21. Na brejeÐ ikan  kai anagkaÐa sunj kh � gia thn akoloujÐa (an) � ¸ste na
sugklÐnei h seir�

a1 − a1 + a2 − a2 + a3 − a3 + · · · .

Upìdeixh. ParathroÔme ìti s2n = 0 gia k�je n ∈ N. EpÐshc,

s1 = a1, s3 = a2, s5 = a3, s7 = a4,

kai genik�, s2n−1 = an. 'Epetai ìti h seir� sugklÐnei an kai mìno an an → 0.
Pr�gmati, an h seir� sugklÐnei kai an s eÐnai to �jroism� thc, tìte s = lim s2n = 0
kai an = s2n−1 → s = 0. AntÐstrofa, an an → 0 tìte s2n = 0 → 0 kai s2n−1 =
an → 0, �ra sn → 0.

22. Exet�ste an sugklÐnei   apoklÐnei h seir�
∞∑

n=1
ak stic parak�tw peript¸seic:

(a) ak =
√

k + 1−
√

k (b) ak =
√

1 + k2 − k

(g) ak =
√

k+1−
√

k
k (d) ak = ( k

√
k − 1)k.

Upìdeixh. (a) An ak =
√

k + 1−
√

k, tìte sn = a1 + · · ·+ an =
√

n + 1− 1 → +∞,
�ra h seir� apoklÐnei.

(b) 'Eqoume ak =
√

1 + k2 − k = 1√
1+k2+k

. ParathroÔme ìti ak

1/k = k√
1+k2+k

→
1
2 > 0. AfoÔ h

∞∑
k=1

1
k apoklÐnei, h seir�

∞∑
k=1

ak apoklÐnei apì to oriakì krit rio

sÔgkrishc.

(g) 'Eqoume ak =
√

k+1−
√

k
k = 1

k(
√

k+1+
√

k)
. ParathroÔme ìti ak

1/k3/2 → 1
2 > 0. AfoÔ

h
∞∑

k=1

1
k3/2 sugklÐnei, h seir�

∞∑
k=1

ak sugklÐnei apì to oriakì krit rio sÔgkrishc.

(d) QrhsimopoioÔme to krit rio thc rÐzac: èqoume k
√

ak = k
√

k − 1 → 0 < 1, �ra h
seir� sugklÐnei.

23. Exet�ste an sugklÐnoun   apoklÐnoun oi seirèc

∞∑
k=1

k +
√

k

2k3 − 1
,

∞∑
k=1

( k
√

k − 1),
∞∑

k=1

cos2 k

k2
,

∞∑
k=1

k!
kk

.
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Upìdeixh. (a)
∞∑

k=1

k+
√

k
2k3−1 : parathroÔme ìti

ak

1/k2
=

k3 + k2
√

k

2k3 − 1
→ 1

2
> 0.

AfoÔ h
∞∑

k=1

1
k2 sugklÐnei, h seir�

∞∑
k=1

ak sugklÐnei apì to oriakì krit rio sÔgkrishc.

(b)
∞∑

k=1

( k
√

k− 1): jètoume θk = k
√

k− 1 ≥ 0. Tìte, k = (1 + θk)k. ParathroÔme ìti,

gia k�je k ≥ 3, (
1 +

1
k

)k

< e < 3 ≤ k = (1 + θk)k.

'Ara, θk > 1
k gia k�je k ≥ 3. AfoÔ h

∞∑
k=1

1
k apoklÐnei, h seir�

∞∑
k=1

θk apoklÐnei ki

aut .

(g)
∞∑

k=1

cos2 k
k2 : parathroÔme ìti |ak| ≤ 1

k2 . AfoÔ h
∞∑

k=1

1
k2 sugklÐnei, h seir�

∞∑
k=1

ak

sugklÐnei apì to krit rio sÔgkrishc.

(d)
∞∑

k=1

k!
kk : qrhsimopoioÔme to krit rio lìgou. 'Eqoume

ak+1

ak
=

(k + 1)!kk

k!(k + 1)k+1
=

kk

(k + 1)k
=

1(
1 + 1

k

)k → 1
e

< 1,

�ra h seir� sugklÐnei.

24. Exet�ste wc proc th sÔgklish tic parak�tw seirèc. 'Opou emfanÐzontai oi
par�metroi p, q, x ∈ R na brejoÔn oi timèc touc gia tic opoÐec oi antÐstoiqec seirèc
sugklÐnoun.

(a)
∞∑

k=1

(
1 + 1

k

)−k2

(b)
∞∑

k=1

pkkp (0 < p) (g)
∞∑

k=2

1
kp−kq (0 < q < p)

(d)
∞∑

k=1

1

k1+ 1
k

(e)
∞∑

k=1

1
pk−qk (0 < q < p) (st)

∞∑
k=1

2+(−1)k

2k

(z)
∞∑

k=1

kp
(

1√
k
− 1√

k+1

)
(h)

∞∑
k=1

kp
(√

k + 1− 2
√

k +
√

k − 1
)
.

Upìdeixh. (a)
∞∑

k=1

(
1 + 1

k

)−k2

: qrhsimopoioÔme to krit rio thc rÐzac. 'Eqoume

k
√

ak =
(
1 + 1

k

)−k → 1
e < 1, �ra h seir� sugklÐnei.

(b)
∞∑

k=1

pkkp: qrhsimopoioÔme to krit rio tou lìgou. 'Eqoume

ak+1

ak
= p

(k + 1)p

kp
→ p,

�ra h seir� sugklÐnei an 0 < p < 1 kai apoklÐnei an p > 1. Gia p = 1 paÐrnoume th

seir�
∞∑

k=1

k, h opoÐa apoklÐnei (k 6→ 0 ìtan k →∞!).
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(g)
∞∑

k=2

1
kp−kq : jewroÔme thn bk = 1/kp. AfoÔ q < p, èqoume ak

bk
= 1

1−k−(p−q) →

1 > 0. Apì to oriakì krit rio sÔgkrishc, h seir� mac sugklÐnei an kai mìno an h
∞∑

k=1

1
kp sugklÐnei, dhlad  an kai mìno an p > 1 (kai 0 < q < p).

(d)
∞∑

k=1

1

k1+ 1
k
: jewroÔme thn bk = 1/k. 'Eqoume ak

bk
= k

k
k√

k
= 1

k√
k
→ 1 > 0. Apì to

oriakì krit rio sÔgkrishc, h seir� apoklÐnei (diìti h
∞∑

k=1

1
k apoklÐnei).

(e)
∞∑

k=1

1
pk−qk : jewroÔme thn bk = 1/pk. AfoÔ 0 < q < p, èqoume ak

bk
= 1

1−(q/p)k →

1 > 0 (diìti (p/q)k → 0 afoÔ 0 < p/q < 1). Apì to oriakì krit rio sÔgkrishc, h

seir� mac sugklÐnei an kai mìno an h
∞∑

k=1

1
pk sugklÐnei, dhlad  an kai mìno an p > 1

(kai 0 < q < p).

(st)
∞∑

k=1

2+(−1)k

2k : parathroÔme ìti 0 < ak ≤ 3
2k . AfoÔ h

∞∑
k=1

1
2k sugklÐnei, h

∞∑
k=1

ak

sugklÐnei apì to krit rio sÔgkrishc.

(z)
∞∑

k=1

kp
(

1√
k
− 1√

k+1

)
: parathroÔme ìti

ak = kp

√
k + 1−

√
k√

k
√

k + 1
=

kp

√
k
√

k + 1(
√

k + 1 +
√

k)
.

JewroÔme thn bk = kp

k3/2 kai parathroÔme ìti ak

bk
→ 1

2 > 0. Apì to oriakì krit rio

sÔgkrishc, h
∞∑

k=1

ak sugklÐnei an kai mìno an h
∞∑

k=1

1
k(3/2)−p sugklÐnei. Dhlad , an

3
2 − p > 1, to opoÐo isqÔei an p < 1

2 .

(h)
∞∑

k=1

kp
(√

k + 1− 2
√

k +
√

k − 1
)
: parathroÔme ìti, gia k ≥ 2,

ak = kp(
√

k + 1−
√

k +
√

k − 1−
√

k)

= kp

(
1√

k
√

k + 1
− 1√

k
√

k − 1

)
= −2kp− 1

2
1√

k − 1
√

k + 1(
√

k + 1 +
√

k − 1)
.

Dhlad , h (ak)k≥2 èqei arnhtikoÔc ìrouc. 'Ara, sugklÐnei an kai mìno an h
∞∑

k=2

(−ak)

sugklÐnei (exhg ste giatÐ). JewroÔme thn bk = kp

k2 kai parathroÔme ìti −ak

bk
→ 1 >

0. Apì to oriakì krit rio sÔgkrishc, h
∞∑

k=1

ak sugklÐnei an kai mìno an h
∞∑

k=1

1
k2−p

sugklÐnei. Dhlad , an 2− p > 1, to opoÐo isqÔei an p < 1.

25. 'Estw ìti ak ≥ 0 gia k�je k ∈ N. DeÐxte ìti h seir�
∞∑

k=1

ak

1+k2ak
sugklÐnei.
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Upìdeixh. Parathr ste ìti 0 ≤ ak

1+k2ak
≤ 1

k2 gia k�je k ∈ N. Autì eÐnai fanerì an
ak = 0, en¸ an ak > 0 mporeÐte na gr�yete

0 <
ak

1 + k2ak
<

ak

k2ak
=

1
k2

.

AfoÔ h seir�
∞∑

k=1

1
k2 sugklÐnei, to sumpèrasma prokÔptei apì to krit rio sÔgkrishc.

26. OrÐzoume mia akoloujÐa (ak) wc ex c: an o k eÐnai tetr�gwno fusikoÔ arijmoÔ
jètoume ak = 1

k kai an o k den eÐnai tetr�gwno fusikoÔ arijmoÔ jètoume ak = 1
k2 .

Exet�ste an sugklÐnei h seir�
∞∑

k=1

ak.

Upìdeixh. H seir� èqei jetikoÔc ìrouc. ArkeÐ na deÐxete ìti h akoloujÐa twn
merik¸n ajroism�twn eÐnai �nw fragmènh. Parathr ste ìti gia k�je m ∈ N èqoume

sm2 =
m2∑
k=1

ak =
m∑

k=1

ak2 +
∑

k≤m2

k 6=s2

ak

≤
m∑

k=1

1
k2

+
m2∑
k=1

1
k2

≤ 2
∞∑

k=1

1
k2

= M < +∞.

An n ∈ N, tìte sn ≤ sn2 ≤ M . Dhlad , h (sn) eÐnai �nw fragmènh.

27. Exet�ste an sugklÐnei   apoklÐnei h seir�
∞∑

k=1

(−1)k 1
kp , ìpou p ∈ R.

Upìdeixh. An p > 0, tìte h seir�
∞∑

k=1

(−1)k 1
kp sugklÐnei apì to krit rio tou Dirich-

let. An p ≤ 0, tìte (−1)k 1
kp 6→ 0, �ra h seir� apoklÐnei.

28. 'Estw {ak} fjÐnousa akoloujÐa pou sugklÐnei sto 0. OrÐzoume

s =
∞∑

k=1

(−1)k−1ak.

DeÐxte ìti 0 ≤ (−1)n(s− sn) ≤ an+1.

Upìdeixh. Gr�foume (−1)n(s−sn) = (−1)n
∞∑

k=n+1

(−1)k−1ak =
∞∑

k=n+1

(−1)n+k−1ak.

Parathr ste ìti: gia k�je m ∈ N,

n+2m∑
k=n+1

(−1)n+k−1ak = (an+1 − an+2) + · · ·+ (an+2m−1 − an+2m) ≥ 0,

�ra

(−1)n(s− sn) = lim
m→∞

n+2m∑
k=n+1

(−1)n+k−1an ≥ 0.
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EpÐshc,

n+2m+1∑
k=n+1

(−1)n+k−1ak = an+1 − (an+2 − an+3)− · · · − (an+2m − an+2m+1) ≤ an+1,

�ra

(−1)n(s− sn) = lim
m→∞

n+2m+1∑
k=n+1

(−1)n+k−1an ≤ an+1.

29. 'Estw (ak) fjÐnousa akoloujÐa jetik¸n arijm¸n. DeÐxte ìti: an h
∞∑

k=1

ak

sugklÐnei tìte kak → 0.

Upìdeixh. 'Estw ε > 0. AfoÔ h
∞∑

k=1

ak sugklÐnei, h (sn) eÐnai akoloujÐa Cauchy.

'Ara, up�rqei n0 ∈ N ¸ste: an n > m ≥ n0 tìte

am+1 + · · ·+ an = |sn − sm| <
ε

2
.

Eidikìtera, an n ≥ 2n0, paÐrnontac m = n0 kai qrhsimopoi¸ntac thn upìjesh ìti h
(an) eÐnai fjÐnousa, èqoume

ε

2
> an0+1 + · · ·+ an ≥ (n− n0)an ≥

nan

2
,

diìti n− n0 ≥ n
2 . Dhlad , an n ≥ 2n0 èqoume nan < ε. 'Epetai ìti lim

n→∞
(nan) = 0.

30. 'Estw ìti ak > 0 gia k�je k ∈ N. An h
∞∑

k=1

ak sugklÐnei, deÐxte ìti oi

∞∑
k=1

a2
k,

∞∑
k=1

ak

1 + ak
,

∞∑
k=1

a2
k

1 + a2
k

sugklÐnoun epÐshc.

Upìdeixh. (a) AfoÔ h
∞∑

k=1

ak sugklÐnei, èqoume ak → 0. 'Ara, up�rqei m ∈ N ¸ste:

gia k�je k ≥ m, 0 ≤ ak ≤ 1. Tìte, gia k�je k ≥ m èqoume 0 ≤ a2
k ≤ ak. Apì to

krit rio sÔgkrishc, h seir�
∞∑

k=1

a2
k sugklÐnei.

(b) Parathr ste ìti 0 ≤ ak

1+ak
≤ ak gia k�je k ∈ N. Apì to krit rio sÔgkrishc, h

seir�
∞∑

k=1

ak

1+ak
sugklÐnei.

(g) Parathr ste ìti 0 ≤ a2
k

1+a2
k
≤ a2

k gia k�je k ∈ N.

31. Upojètoume ìti ak ≥ 0 gia k�je k ∈ N kai ìti h seir�
∞∑

k=1

ak sugklÐnei. DeÐxte

ìti h seir�
∞∑

k=1

√
akak+1 sugklÐnei. DeÐxte ìti, an h {ak} eÐnai fjÐnousa, tìte isqÔei

kai to antÐstrofo.
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Upìdeixh. Parathr ste ìti 0 ≤ √
akak+1 ≤ ak+ak+1

2 gia k�je k ∈ N kai efarmìste
to krit rio sÔgkrishc.

Me thn upìjesh ìti h (ak) eÐnai fjÐnousa, parathr ste ìti 0 ≤ ak+1 ≤
√

akak+1

gia k�je k ∈ N kai efarmìste to krit rio sÔgkrishc.

32. Upojètoume ìti ak ≥ 0 gia k�je k ∈ N kai ìti h seir�
∞∑

k=1

ak sugklÐnei. DeÐxte

ìti h seir�
∞∑

k=1

√
ak

k sugklÐnei.

Upìdeixh. Apì thn anisìthta Cauchy-Schwarz, gia k�je n ∈ N èqoume

n∑
k=1

√
ak

k
≤

(
n∑

k=1

ak

)1/2( n∑
k=1

1
k2

)1/2

≤
√

M1M2,

ìpou

M1 =
∞∑

k=1

ak < +∞ kai M2 =
∞∑

k=1

1
k2

< +∞.

33. Upojètoume ìti ak ≥ 0 gia k�je k ∈ N kai ìti h seir�
∞∑

k=1

ak apoklÐnei. DeÐxte

ìti
∞∑

k=1

ak

(1 + a1)(1 + a2) · · · (1 + ak)
= 1.

Upìdeixh. An b0 = 1 kai

bk =
1

(1 + a1)(1 + a2) · · · (1 + ak)

gia k ∈ N, deÐxte ìti

ak

(1 + a1)(1 + a2) · · · (1 + ak)
= bk−1 − bk

gia k�je k ∈ N, �ra

n∑
k=1

ak

(1 + a1)(1 + a2) · · · (1 + ak)
= b0 − bn = 1− bn.

Parathr¸ntac ìti

(1 + a1)(1 + a2) · · · (1 + an) > a1 + · · ·+ an → +∞

deÐxte ìti
n∑

k=1

ak

(1 + a1)(1 + a2) · · · (1 + ak)
= 1− bn → 1.
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G' Om�da

34. 'Estw (ak) fjÐnousa akoloujÐa jetik¸n arijm¸n me ak → 0. DeÐxte ìti: an h
∞∑

k=1

ak apoklÐnei tìte

∞∑
k=1

min
{

ak,
1
k

}
= +∞.

Upìdeixh. Upojètoume ìti h seir�
∞∑

k=1

min
{
ak, 1

k

}
sugklÐnei. AfoÔ h (ak) fjÐnei

proc to 0, to Ðdio isqÔei gia thn
(
min{ak, 1

k}
)
(exhg ste giatÐ). Apì to krit rio

sumpÔknwshc, h seir�

∞∑
k=1

2k min
{

a2k ,
1
2k

}
=

∞∑
k=1

min
{
2ka2k , 1

}
sugklÐnei. Eidikìtera, min

{
2ka2k , 1

}
→ 0, �ra telik� èqoume min

{
2ka2k , 1

}
=

2ka2k (exhg ste giatÐ).

'Epetai ìti h seir�
∞∑

k=1

2ka2k sugklÐnei. Qrhsimopoi¸ntac xan� to krit rio

sumpÔknwshc, aut  th for� gia th seir�
∞∑

k=1

ak, blèpoume ìti h
∞∑

k=1

ak sugklÐnei.

Autì eÐnai �topo apì thn upìjesh.

35. Upojètoume ìti ak > 0 gia k�je k ∈ N kai ìti h
∞∑

k=1

ak apoklÐnei. Jètoume

sn = a1 + a2 + · · ·+ an.

(a) DeÐxte ìti h
∞∑

k=1

ak

1+ak
apoklÐnei.

(b) DeÐxte ìti: gia 1 ≤ m < n,

am+1

sm+1
+ · · ·+ an

sn
≥ 1− sm

sn

kai sumper�nate ìti h
∞∑

k=1

ak

sk
apoklÐnei.

(g) DeÐxte ìti an

s2
n
≤ 1

sn−1
− 1

sn
kai sumper�nate ìti h

∞∑
k=1

ak

s2
k
sugklÐnei.

Upìdeixh. (a) 'Estw ìti h
∞∑

k=1

ak

1+ak
sugklÐnei. Tìte,

ak

1 + ak
→ 0 ⇒ 1

1 + ak
= 1− ak

1 + ak
→ 1 ⇒ 1 + ak → 1.

Sunep¸c, up�rqei m ∈ N ¸ste: 1 + ak < 3
2 gia k�je k ≥ m. 'Epetai ìti 0 ≤ ak ≤

3
2

ak

1+ak
gia k�je k ≥ m. Apì to krit rio sÔgkrishc, h

∞∑
k=1

ak sugklÐnei, �topo.
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(b) Parathr ste ìti h (sn) eÐnai aÔxousa. 'Ara, an 1 ≤ m < n èqoume

am+1

sm+1
+ · · ·+ an

sn
≥ am+1

sn
+ · · ·+ an

sn
=

am+1 + · · ·+ an

sn

=
sn − sm

sn
= 1− sm

sn
.

Ac upojèsoume ìti h
∞∑

k=1

ak

sk
sugklÐnei. Apì to krit rio Cauchy, gia ε = 1

2 > 0,

mporoÔme na broÔme n0 ∈ N ¸ste: an n > m ≥ n0 tìte

am+1

sm+1
+ · · ·+ an

sn
<

1
2
,

dhlad 

1− sm

sn
<

1
2

⇒ sm

sn
>

1
2
.

Stajeropoi ste m ≥ n0 kai af ste to n → ∞. AfoÔ h
∞∑

k=1

ak apoklÐnei, èqoume

sn →∞. 'Ara, lim
n→∞

sm

sn
= 0, to opoÐo odhgeÐ se �topo.

(g) Parathr ste ìti

an

s2
n

=
sn − sn−1

s2
n

≤ sn − sn−1

snsn−1
=

1
sn−1

− 1
sn

.

An tn eÐnai to n-ostì merikì �jroisma thc
∞∑

k=1

ak

s2
k
, tìte

tn =
a1

s2
1

+
a2

s2
2

+ · · ·+ an

s2
n

≤ 1
s1

+
(

1
s1
− 1

s2

)
+ · · ·+

(
1

sn−1
− 1

sn

)
≤ 2

s1
.

H (tn) eÐnai �nw fragmènh, �ra h
∞∑

k=1

ak

s2
k
sugklÐnei.

36. Upojètoume ìti ak > 0 gia k�je k ∈ N kai ìti h
∞∑

k=1

ak sugklÐnei. Jètoume

rn =
∞∑

k=n

ak.

(a) DeÐxte ìti: gia 1 ≤ m < n,

am

rm
+ · · ·+ an

rn
≥ 1− rn+1

rm

kai sumper�nate ìti h
∞∑

k=1

ak

rk
apoklÐnei.

(b) DeÐxte ìti an√
rn

< 2
(√

rn −
√

rn+1

)
kai sumper�nate ìti h

∞∑
k=1

ak√
rk

sugklÐnei.

Upìdeixh. AfoÔ h
∞∑

k=1

ak sugklÐnei, èqoume rn → 0. Parathr ste epÐshc ìti h (rn)

eÐnai fjÐnousa.
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(a) An 1 ≤ m < n,

am

rm
+ · · ·+ an

rn
≥ am

rm
+ · · ·+ an

rm
≥ am + · · ·+ an

rm

=
rm − rn+1

rm
= 1− rn+1

rm
≥ 1− rn

rm
.

Ac upojèsoume ìti h
∞∑

k=1

ak

rk
sugklÐnei. Apì to krit rio Cauchy up�rqei n0 ∈ N

¸ste: gia k�je n > m ≥ n0,

1− rn

rm
≤ am

rm
+ · · ·+ an

rn
<

1
2
.

Stajeropoi¸ntac m ≥ n0 kai af nontac to n →∞ katal xte se �topo.

(b) Parathr ste ìti

√
rn −

√
rn+1 =

rn − rn+1√
rn +√

rn+1
=

an√
rn +√

rn+1
≥ an

2
√

rn
.

'Ara, gia k�je n ∈ N,
n∑

k=1

ak√
rk
≤ 2

(√
r1 −

√
r2 +

√
r2 −

√
r3 + · · ·+

√
rn −

√
rn+1

)
≤ 2

√
r1.

'Epetai ìti h
∞∑

k=1

ak√
rk

sugklÐnei.

37. 'Estw (ak) akoloujÐa pragmatik¸n arijm¸n. DeÐxte ìti an h seir�
∞∑

k=1

ak apok-

lÐnei tìte kai h seir�
∞∑

k=1

kak apoklÐnei.

Upìdeixh. Jètoume bk = kak. Tìte, jèloume na deÐxoume ìti: an h seir�
∞∑

k=1

bk

k

apoklÐnei tìte kai h seir�
∞∑

k=1

bk apoklÐnei.

Parathr ste ìti an h
∞∑

k=1

bk sugklÐnei, tìte èqei fragmèna merik� ajroÐsmata.

AfoÔ h 1
k fjÐnei proc to 0, to krit rio Dirichlet deÐqnei ìti h

∞∑
k=1

bk

k sugklÐnei, to

opoÐo eÐnai �topo.

38. 'Estw (ak) akoloujÐa jetik¸n pragmatik¸n arijm¸n. DeÐxte ìti an h seir�
∞∑

k=1

ak sugklÐnei, tìte kai h
∞∑

k=1

a
k

k+1
k sugklÐnei.

Upìdeixh. Gr�foume a
k

k+1
k = ak

a
1

k+1
k

kai diakrÐnoume dÔo peript¸seic:

(a) An ak > 1/2k+1 tìte a
1

k+1
k > 1/2. Sunep¸c,

a
k

k+1
k ≤ 2ak.



· 29

(b) An ak ≤ 1/2k+1 tìte

a
k

k+1
k ≤

(
1

2k+1

) k
k+1

=
1
2k

.

Se k�je perÐptwsh,

a
k

k+1
k ≤ 2ak +

1
2k

.

'Omwc, h
∞∑

k=1

ak sugklÐnei, �ra h
∞∑

k=1

(2ak +2−k) sugklÐnei. To zhtoÔmeno èpetai apì

to krit rio sÔgkrishc.

39. 'Estw (ak) h akoloujÐa pou orÐzetai apì tic

a2k−1 =
1
k

kai a2k =
1
2k

.

Exet�ste an h seir�
∞∑

k=1

(−1)k−1ak sugklÐnei.

Upìdeixh. ParathroÔme ìti

s2n =
(

1− 1
2

)
+
(

1
2
− 1

22

)
+ · · ·+

(
1
n
− 1

2n

)
=

(
1 +

1
2

+ · · ·+ 1
n

)
−
(

1
2

+
1
22

+ · · ·+ 1
2n

)
≥

(
1 +

1
2

+ · · ·+ 1
n

)
− 1.

AfoÔ 1 + 1
2 + · · ·+ 1

n → +∞ ìtan n →∞, blèpoume ìti s2n → +∞. 'Ara, h seir�
apoklÐnei (kai m�lista sto +∞ � exhg ste giatÐ).

40. Upojètoume ìti ak ≥ 0 gia k�je k ∈ N. OrÐzoume

bk =
1
k

2k∑
m=k+1

am.

DeÐxte ìti h
∞∑

k=1

ak sugklÐnei an kai mìno an h
∞∑

k=1

bk sugklÐnei.

Upìdeixh. 'Estw sn kai tn ta merik� ajroÐsmata twn seir¸n
∞∑

k=1

ak kai
∞∑

k=1

bk an-

tÐstoiqa. Ja sugkrÐnoume ta s2n kai tn. 'Eqoume

tn = b1 +b2 + · · ·+bn = a2 +
1
2
(a3 +a4)+

1
3
(a4 +a5 +a6)+ · · ·+

1
n

(an+1 + · · ·+a2n).

DeÐxte ìti sto tn emfanÐzontai mìno oi a2, . . . , a2n kai ìti o suntelest c kajenìc ak

sto tn eÐnai mikrìteroc   Ðsoc tou 1. 'Epetai ìti tn ≤ s2n gia k�je n ∈ N. Sunep¸c,

an h
∞∑

k=1

ak sugklÐnei tìte h
∞∑

k=1

bk sugklÐnei.
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Apì thn �llh pleur�, jewr ste to merikì �jroisma t2n, kai deÐxte ìti k�je ak,
2 ≤ k ≤ n, emfanÐzetai ekeÐ me suntelest  σk = 1

m + · · ·+ 1
2m−1 an o k eÐnai �rtioc,

kai suntelest  σk = 1
m+1 + · · · + 1

2m an o k eÐnai perittìc. Se k�je perÐptwsh,

σk ≥ 1
2 . 'Ara,

sn = a1 + a2 + · · ·+ an ≤ a1 + 2t2n.

'Epetai ìti, an h
∞∑

k=1

bk sugklÐnei tìte h
∞∑

k=1

ak sugklÐnei.

41. 'Estw (ak) akoloujÐa jetik¸n pragmatik¸n arijm¸n. JewroÔme thn akoloujÐa

bk =
a1 + 2a2 + · · ·+ kak

k(k + 1)
.

DeÐxte ìti: an h
∞∑

k=1

ak sugklÐnei, tìte h seir�
∞∑

k=1

bk sugklÐnei kai ta ajroÐsmata

twn dÔo seir¸n eÐnai Ðsa.

Upìdeixh. An sn = a1 + · · ·+ an kai tn = b1 + · · ·+ bn, tìte

tn =
n∑

k=1

bk =
n∑

k=1

k∑
s=1

sas

k(k + 1)

=
n∑

s=1

sas

n∑
k=s

1
k(k + 1)

=
n∑

s=1

sas

n∑
k=s

(
1
k
− 1

k + 1

)

=
n∑

s=1

sas

(
1
s
− 1

n + 1

)

=
n∑

s=1

as −
a1 + 2a2 + · · ·+ nan

n + 1

= sn − nbn.

Ja deÐxoume ìti

nbn =
a1 + 2a2 + · · ·+ nan

n + 1
→ 0.

Me b�sh to L mma tou Abel, gr�foume

n∑
k=1

kak =
n−1∑
k=1

sk(k − (k + 1)) + nsn − 1 = −
n−1∑
k=1

sk + nsn − 1.

'Ara,

nbn =
1

n + 1

n∑
k=1

kak = −n− 1
n + 1

· s1 + · · ·+ sn−1

n− 1
+

nsn

n + 1
− 1

n + 1
→ −s+s−0 = 0,

ìpou s = lim sn =
∞∑

k=1

ak (ed¸ qrhsimopoioÔme to gegonìc ìti an sn → s tìte

s1+s2+···+sn−1
n−1 → s). AfoÔ nbn → 0, apì thn tn = sn − nbn blèpoume ìti tn → s.
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Dhlad ,
∞∑

k=1

bk =
∞∑

k=1

ak.

42. 'Estw (ak) akoloujÐa jetik¸n arijm¸n ¸ste
∞∑

k=1

ak = +∞ kai ak → 0. DeÐxte

ìti an 0 ≤ α < β tìte up�rqoun fusikoÐ m ≤ n ¸ste

α <
n∑

k=m

ak < β.

Upìdeixh. AfoÔ ak → 0, up�rqei m ∈ N ¸ste: an k ≥ m tìte

ak < β − α.

AfoÔ
∞∑

k=1

ak = +∞, up�rqei el�qistoc fusikìc ` ≥ m ¸ste

am + · · ·+ a` ≥ β.

(a) DeÐxte ìti ` > m.

(b) An n = `− 1, parathr ste ìti n ≥ m kai

am + · · ·+ an < β,

en¸
am + · · ·+ an ≥ β − a` > β − (β − α) = α.

43. DeÐxte ìti an 0 ≤ α < β tìte up�rqoun fusikoÐ m ≤ n ¸ste

α <
1
m

+
1

m + 1
+ · · ·+ 1

n
< β.

Upìdeixh. Efarmìste thn prohgoÔmenh �skhsh gia thn ak = 1
k .


