
Apeirostikìc Logismìc II (2010-11)

Epanalhptikèc Ask seic

1. D¸ste par�deigma akoloujÐac (an) h opoÐa den sugklÐnei, all� ikanopoieÐ to ex c: gia k�je
k ∈ N,

lim
n→∞

(an+k − an) = 0.

2. 'Estw f : R → R fragmènh sun�rthsh. DeÐxte ìti up�rqei gnhsÐwc aÔxousa akoloujÐa (xn) sto
R ¸ste h akoloujÐa (f(xn)) na sugklÐnei.

3. 'Estw (an) mia akoloujÐa. An sup{an : n ∈ N} = 1 kai an 6= 1 gia k�je n ∈ N, tìte up�rqei
gnhsÐwc aÔxousa upakoloujÐa (akn) thc (an) ¸ste akn → 1.

4. 'Estw (an) akoloujÐa jetik¸n arijm¸n. JewroÔme to sÔnolo A = {an : n ∈ N}. An inf A = 0,
deÐxte ìti h (an) èqei fjÐnousa upakoloujÐa pou sugklÐnei sto 0.

5. 'Estw (an) akoloujÐa sto R. Upojètoume ìti up�rqei 0 < b < 1 ¸ste: |an+1− an| ≤ bn gia k�je
n ∈ N. DeÐxte ìti h (an) sugklÐnei.

6. Na brejoÔn ta lim inf kai lim sup twn parak�tw akolouji¸n:

αn = cos
πn

3
, βn = ((−1)n + 1)n2

γn =
(

1− 1
n

)
sin

πn

2
, δn =

n

3
−

[n

3

]
εn = n sin

πn

3
, ζn = sin

πn

2
cos

πn

2
.

Aitiolog ste tic apant seic sac.

7. 'Estw (bn) akoloujÐa pragmatik¸n arijm¸n me lim inf bn = −5 kai lim sup bn = 10. Exet�ste an
sugklÐnei h akoloujÐa

γn =
bn

1 + lnn
.

8. 'Estw {qn : n = 1, 2, . . .} mia arÐjmhsh twn rht¸n arijm¸n tou (0, 1) (jumhjeÐte ìti to Q ∩ (0, 1)
eÐnai arijm simo). DeÐxte ìti k�je x ∈ [0, 1] eÐnai oriakì shmeÐo thc akoloujÐac (qn).

9. 'Estw (an), (bn) dÔo fragmènec akoloujÐec. An an → a deÐxte ìti:

lim sup(an + bn) = a + lim sup bn kai lim inf(an + bn) = a + lim inf bn.

10. K�je fusikìc arijmìc n gr�fetai monos manta sth morf  n = 2s−1(2k − 1), ìpou s, k ∈ N.
OrÐzoume

xn =
1
s

+
1
k
.
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Na brejoÔn ìla ta oriak� shmeÐa thc (xn), to lim supxn kai to lim inf xn.

11. Exet�ste an sugklÐnei   apoklÐnei kajemÐa apì tic parak�tw seirèc:

(a)
∞∑

k=1

k10

10k
, (b)

∞∑
k=1

(k!)2

(2k)!
, (g)

∞∑
k=1

e−
√

k

(d)
∞∑

k=1

k −
√

k

k2 + 1
, (e)

∞∑
k=1

(−1)k−1

√
k

, (st)
∞∑

k=1

cos(kx)
k2

, x ∈ R

(z)
∞∑

k=1

1
2k + k

, (h)
∞∑

k=1

2kk!
kk

, (j)
∞∑

k=1

3kk!
kk

.

12. Exet�ste an sugklÐnei   apoklÐnei kajemÐa apì tic parak�tw seirèc:

(a)
∞∑

k=1

ln k

k
, (b)

∞∑
k=2

1
(ln k)6

, (g)
∞∑

k=2

(−1)k−1 1
ln k

(d)
∞∑

k=2

1
k ln k

, (e)
∞∑

k=2

1
k(ln k)2

, (st)
∞∑

k=2

1
(ln k)k

(z)
∞∑

k=2

1
(ln k)ln k

, (h)
∞∑

k=3

1
(ln(ln k))ln k

, (j)
∞∑

k=1

ln
(

1 +
1
kp

)
, p > 0.

13. Exet�ste gia poièc timèc tou x ∈ R sugklÐnoun oi seirèc

∞∑
k=1

1
k

xk

1− xk
,

∞∑
k=1

(−1)k−1

x2 − k2
.

14. ProsdiorÐste to sÔnolo twn x ∈ R gia touc opoÐouc sugklÐnei h dunamoseir�:

∞∑
k=0

2kxk

k
,

∞∑
k=1

xk

√
k
,

∞∑
k=0

xk

(k + 1)2

∞∑
k=0

k!xk,

∞∑
k=0

k!xk!,

∞∑
k=0

xk2

k!
.

15. 'Estw (ak), (bk) dÔo akoloujÐec pragmatik¸n arijm¸n. DeÐxte ìti: an oi seirèc
∑∞

k=1 a2
k kai∑∞

k=1 b2
k sugklÐnoun, tìte h seir�

∑∞
k=1 akbk sugklÐnei apolÔtwc.

16. 'Estw (ak) mia akoloujÐa pragmatik¸n arijm¸n. DeÐxte ìti: an h seir�
∑∞

k=1 a2
k sugklÐnei kai

an p > 1/2, tìte h seir�
∑∞

k=1
ak
np sugklÐnei apolÔtwc.
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17. ProsdiorÐste tic timèc twn a, b, c gia tic opoÐec sugklÐnei h seir�

∞∑
k=2

ak

kb(ln k)c
.

18. ProsdiorÐste tic timèc twn a, b, c > 0 gia tic opoÐec sugklÐnei h seir�

∞∑
k=1

ka sin
(

1
kb

)
cos

(
1
kc

)
.

19. 'Estw (ak) akoloujÐa jetik¸n pragmatik¸n arijm¸n me lim
k→∞

ak > 1. DeÐxte ìti h seir�

∞∑
k=1

1
kak

sugklÐnei.

20. 'Estw (ak) akoloujÐa jetik¸n pragmatik¸n arijm¸n me thn idiìthta 0 < ak ≤ a2k + a2k+1 gia
k�je k ∈ N. DeÐxte ìti h seir�

∑∞
k=1 ak apoklÐnei.

21. 'Estw (an) akoloujÐa sto R. Upojètoume ìti |an+1 − an| ≤ 1
n2 gia k�je n ∈ N. DeÐxte ìti h

(an) sugklÐnei.

22. 'Estw (ak) akoloujÐa mh arnhtik¸n arijm¸n. DeÐxte ìti: an h
∑∞

k=1 ak sugklÐnei, tìte
lim inf(kak) = 0.

23. 'Estw (ak), (bk) dÔo akoloujÐec pragmatik¸n arijm¸n. DeÐxte ìti: an h seir�
∑∞

k=1 ak sugklÐnei
kai an h (bk) eÐnai monìtonh kai fragmènh, tìte h seir�

∑∞
k=1 akbk sugklÐnei.

24. 'Estw (ak), (bk) dÔo akoloujÐec. An h
∑∞

k=1 ak sugklÐnei kai h
∑∞

k=1 |bk − bk+1| sugklÐnei,
deÐxte ìti h

∑∞
k=1 akbk sugklÐnei.

25. 'Estw (ak) akoloujÐa jetik¸n pragmatik¸n arijm¸n me ak → 0. DeÐxte ìti up�rqei upakoloujÐa
(ask

) thc (ak) me thn idiìthta
∑∞

k=1 3kask
< +∞.

26. 'Estw f : [0,+∞) → R suneq c sun�rthsh me lim
x→+∞

f(x) = 0. DeÐxte ìti h f eÐnai omoiìmorfa

suneq c.

27. Exet�ste an oi parak�tw sunart seic eÐnai omoiìmorfa suneqeÐc.

1. f : [2,+∞) → R me f(x) = 1
x2+4

.

2. f : (0, 1) → R me f(x) =
√

x lnx.

3. f : R → R me f(x) = x cos x.

4. f : [0,+∞) → R me f(x) =
√

x.

3



28. 'Estw f : [0, 1] → R fragmènh sun�rthsh me thn ex c idiìthta: gia k�je 0 < b < 1 h f eÐnai
oloklhr¸simh sto [b, 1]. DeÐxte ìti h f eÐnai oloklhr¸simh sto [0, 1].

29. 'Estw f : R → R fragmènh sun�rthsh, h opoÐa eÐnai oloklhr¸simh se k�je di�sthma thc morf c
[r, q], ìpou r, q ∈ Q. Qrhsimopoi¸ntac to krit rio tou Riemann deÐxte ìti h f eÐnai oloklhr¸simh se
k�je di�sthma thc morf c [a, b], ìpou a, b ∈ R.

30. DeÐxte ìti h sun�rthsh h : [0, 1] → R me

h(x) =
{

x an x rhtìc
0 an x �rrhtoc

den eÐnai Riemann oloklhr¸simh.

31. DeÐxte ìti up�rqei monadik  suneq c sun�rthsh g : R → R me thn idiìthta

g(x) = 1 +
∫ x

0
g(t)dt

gia k�je x ∈ R. BreÐte thn g.

32. 'Estw f : [0, a] → R suneq¸c paragwgÐsimh sun�rthsh me f(0) = 0. DeÐxte ìti

[f(x)]2 ≤ x

∫ x

0
[f ′(t)]2dt

gia k�je x ∈ [0, a].

33. 'Estw f : [0, 1] → R oloklhr¸simh sun�rthsh. An

an =
∫ 1

0
xnf(x) dx,

deÐxte ìti an → 0.

34. 'Estw g : [0,+∞) → R suneq c kai aÔxousa. DeÐxte ìti h G : (0,+∞) → R me G(x) =
1
x

∫ x
0 g(t) dt eÐnai aÔxousa.

35. 'Estw f : [0, 1] → R me f(0) = 0. Upojètoume ìti h f èqei suneq  par�gwgo kai ìti 0 < f ′(x) ≤ 1
gia k�je x ∈ [0, 1]. DeÐxte ìti ∫ 1

0
[f(x)]3dx ≤

(∫ 1

0
f(x) dx

)2

.

36. 'Estw f : [0, a] → R sun�rthsh me suneq  par�gwgo kai f(0) = 0. DeÐxte ìti∫ a

0
|f(t)f ′(t)| dt ≤ a

2

∫ a

0
|f ′(t)|2dt.
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37. 'Estw f : [1,+∞) → R suneq c sun�rthsh. OrÐzoume

F (x) =
∫ x

1
f

(x

t

)
dt.

BreÐte thn F ′.

38. BreÐte to ìrio

lim
x→0+

1
x4

∫ x2

0
et sin t dt.

39. UpologÐste to ìrio

lim
x→+∞

∫ x+
√

x

x

t

1 + t2
dt.

40. OrÐzoume G : R → R me

G(x) =
∫ x

0
et cos(x− t) dt.

UpologÐste thn G′.

41. OrÐzoume f : (0,∞) → R me

f(x) =
∫ x

0

1
1 + t2

dt +
∫ 1

x

0

1
1 + t2

dt.

DeÐxte ìti h f eÐnai stajer .

42. 'Estw f : [0,∞) → [0,∞) gnhsÐwc aÔxousa sun�rthsh me suneq  par�gwgo kai f(0) = 0.
DeÐxte ìti ∫ x

0
f(t) dt +

∫ f(x)

0
f−1(t) dt = xf(x)

gia k�je x > 0.

43. UpologÐste ta oloklhr¸mata∫
1

(x + 1)(x + 2)
dx,

∫
x5 + x4 − 8

x3 − 4x
dx,

∫
x + 1

x2 + 4x + 5
dx.

44. 'Estw a, b ∈ R me a 6= b. UpologÐste ta oloklhr¸mata∫
x

(x− a)2(x− b)
dx,

∫
x2

(x2 + a2)(x2 + b2)
dx,

∫
x2 − a2

x(x2 + a2)2
dx.

45. UpologÐste ta oloklhr¸mata∫
cos4 x dx,

∫
cos4 x

sinx
dx,

∫
sinx

sin x + cos x
dx,

∫
1

4 + 3 tanx
dx.
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46. UpologÐste ta oloklhr¸mata∫
e2x − 1

ex
dx,

∫
1√

ex + 1
dx,

∫
ex − e−x

ex + e−x
dx,

∫
1√

e2x + ex + 1
dx

47. UpologÐste ta oloklhr¸mata∫
x2

√
1− x2

dx,

∫
x2 + 1√
x2 + 4

dx,

∫
(x + 1)

√
x2 + 1 dx.

48. Qrhsimopoi¸ntac olokl rwsh kat� mèrh upologÐste ta oloklhr¸mata∫
x cos2 x dx,

∫
x

sin2 x
dx,

∫
ln(x2 + 1)

x2
dx.

49. 'Estw f0 : [0,∞) → R suneq c sun�rthsh. Gia k�je k = 1, 2, . . . orÐzoume fk : [0,∞) → R me

fk(x) =
∫ x

0
fk−1(t) dt.

DeÐxte ìti

fk(x) =
1

(k − 1)!

∫ x

0
f(t)(x− t)k−1dt.

50. 'Estw f : [0,∞) → (0,∞) omoiìmorfa suneq c sun�rthsh. Upojètoume ìti to genikeumèno
olokl rwma

∫∞
0 f(x) dx eÐnai peperasmèno. DeÐxte ìti lim

x→∞
f(x) = 0.

51. 'Estw f : [a, b] → R me f(a) = f(b) = 0. Upojètoume ìti h f ′ eÐnai suneq c kai ìti
∫ b
a [f(x)]2dx =

1. Me olokl rwsh kat� par�gontec deÐxte ìti∫ b

a
xf(x)f ′(x) dx = −1

2
,

kai, qrhsimopoi¸ntac to parap�nw, deÐxte ìti(∫ b

a
x2[f(x)]2 dx

) (∫ b

a
[f ′(x)]2dx

)
≥ 1

4
.

52. 'Estw f, g : [a, b] → R oloklhr¸simec sunart seic. DeÐxte ìti

1
2

∫ b

a

[∫ b

a
(f(y)− f(x))(g(y)− g(x)) dy

]
dx

= (b− a)
∫ b

a
f(x)g(x) dx−

(∫ b

a
f(x) dx

) (∫ b

a
g(x) dx

)
.
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An oi f kai g eÐnai aÔxousec, qrhsimopoi¸ntac to parap�nw deÐxte ìti(∫ b

a
f(x) dx

) (∫ b

a
g(x) dx

)
≤ (b− a)

∫ b

a
f(x)g(x) dx.

53. 'Estw f : [1,∞) → R sun�rthsh me suneq  par�gwgo. DeÐxte ìti, gia k�je k ∈ N,

f(k) =
∫ k+1

k
f(x) dx−

∫ k+1

k
(k + 1− x)f ′(x) dx.

54. (a) 'Estw f : [0, 1] → R suneq c sun�rthsh. DeÐxte ìti

lim
n→∞

∫ 1

0
xn−1f(x) dx = 0.

(b) 'Estw f : [0, 1] → R sun�rthsh me suneq  par�gwgo. DeÐxte ìti

lim
n→∞

n

∫ 1

0
xn−1f(x) dx = f(1).

55. (a) 'Estw f : [a, b] → R sun�rthsh me suneq  par�gwgo. DeÐxte ìti

lim
n→∞

∫ 1/
√

n

0
nf(x)e−nx dx = f(0).

(b) 'Estw f : [a, b] → R sun�rthsh me suneq  par�gwgo. DeÐxte ìti

lim
n→∞

∫ 1

0
nf(x)e−nx dx = f(0).

56. 'Estw (ak)k≥0 fragmènh akoloujia. Upojètoume ìti h
∑∞

k=0 ak apoklÐnei. DeÐxte ìti h aktÐna
sÔgklishc R thc dunamoseir�c

∑∞
k=0 akx

k isoÔtai me 1.

57. 'Estw (ak)k≥0 akoloujia pragmatik¸n arijm¸n. Upojètoume ìti h
∑∞

k=0 ak sugklÐnei upì
sunj kh. DeÐxte ìti h aktÐna sÔgklishc R thc dunamoseir�c

∑∞
k=0 akx

k isoÔtai me 1.

58. 'Estw f : [0, 1] → R dÔo forèc paragwgÐsimh sun�rthsh me f(0) = f(1) = 0. Upojètoume ìti
|f ′′(x)| ≤ M gia k�je x ∈ (0, 1). DeÐxte ìti |f ′(x)| ≤ M/2 gia k�je x ∈ [0, 1].

59. 'Estw f : R → R dÔo forèc paragwgÐsimh sun�rthsh. An Mk = sup{|f (k)(x)| : x ∈ R},
k = 0, 1, 2, deÐxte ìti

M1 ≤
√

2M0M1.

60. 'Estw f : R → R sun�rthsh gia thn opoÐa up�rqei h f ′′(0). Qrhsimopoi¸ntac kat�llhlo
polu¸numo Taylor thc f , deÐxte ìti

f ′′(0) = lim
t→0

f(t) + f(−t)− 2f(0)
t2

.
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