
Kef�laio 7

Je¸rhma Taylor

7.1 Je¸rhma Taylor

Orismìc 7.1.1. 'Estw f : [a, b] → R kai èstw x0 ∈ [a, b]. Upojètoume ìti h f eÐnai
n forèc paragwgÐsimh sto x0. To polu¸numo Taylor t�xhc n thc f sto x0

eÐnai to polu¸numo Tn,f,x0 : R → R pou orÐzetai wc ex c:

(7.1.1) Tn,f,x0(x) =
n∑
k=0

f (k)(x0)
k!

(x− x0)k,

dhlad ,
(7.1.2)

Tn,f,x0(x) = f(x0) + f ′(x0)(x− x0) +
f ′′(x0)

2
(x− x0)2 + · · ·+ f (n)(x0)

n!
(x− x0)n.

To upìloipo Taylor t�xhc n thc f sto x0 eÐnai h sun�rthsh Rn,f,x0 : [a, b] → R
pou orÐzetai wc ex c:

(7.1.3) Rn,f,x0(x) = f(x)− Tn,f,x0(x).

'Otan x0 = 0, sunhjÐzoume na onom�zoume ta Tn,f,0 kai Rn,f,0 polu¸numo MacLaurin
kai upìloipo MacLaurin thc f antÐstoiqa.

Parat rhsh 7.1.2. ParagwgÐzontac to Tn,f,x0 blèpoume ìti:

Tn,f,x0(x) =
n∑
k=0

f (k)(x0)
k!

(x− x0)k, �ra Tn,f,x0(x0) = f(x0),

T ′n,f,x0
(x) =

n∑
k=1

f (k)(x0)
(k − 1)!

(x− x0)k−1, �ra T ′n,f,x0
(x0) = f ′(x0),

T ′′n,f,x0
(x) =

n∑
k=2

f (k)(x0)
(k − 2)!

(x− x0)k−2, �ra T ′′n,f,x0
(x0) = f ′′(x0),

· · · · · ·

T
(n)
n,f,x0

(x) =
n∑
k=n

f (k)(x0)
(k − n)!

(x− x0)k−n, �ra T
(n)
n,f,x0

(x0) = f (n)(x0).
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Dhlad , to polu¸numo Taylor t�xhc n thc f sto x0 ikanopoieÐ tic

(7.1.3) T
(k)
n,f,x0

(x0) = f (k)(x0), k = 0, 1, . . . , n

kai eÐnai to monadikì polu¸numo bajmoÔ to polÔ Ðsou me n pou èqei aut  thn idiìthta
(exhg ste giatÐ).

Parat rhsh 7.1.3. 'Estw f : [a, b] → R kai èstw x0 ∈ [a, b]. Upojètoume ìti
h f eÐnai n − 1 forèc paragwgÐsimh sto [a, b] kai n forèc paragwgÐsimh sto x0.
Parathr ste ìti

(7.1.4) T ′n,f,x0
(x) =

n∑
k=1

f (k)(x0)
(k − 1)!

(x− x0)k−1

kai

(7.1.5) Tn−1,f ′,x0(x) =
n−1∑
s=0

f (s+1)(x0)
s!

(x− x0)s.

Jètontac k = s+ 1 sthn (7.1.5) sumperaÐnoume ìti

(7.1.6) T ′n,f,x0
= Tn−1,f ′,x0 .

'Epetai ìti

(7.1.7) R′n,f,x0
= Rn−1,f ′,x0 .

Prìtash 7.1.4. 'Estw f : [a, b] → R kai èstw x0 ∈ [a, b]. Upojètoume ìti h f eÐnai
n− 1 forèc paragwgÐsimh sto [a, b] kai n forèc paragwgÐsimh sto x0. Tìte,

(7.1.8) lim
x→x0

Rn,f,x0(x)
(x− x0)n

= 0.

Apìdeixh. Me epagwg  wc proc n. Gia n = 1 èqoume

R1,f,x0(x) = f(x)− f(x0)− f ′(x0)(x− x0),

�ra

(7.1.9)
R1,f,x0(x)
x− x0

=
f(x)− f(x0)

x− x0
− f ′(x0) → 0

ìtan x→ x0, apì ton orismì thc parag¸gou sto shmeÐo x0.
Upojètoume ìti h prìtash isqÔei gia n = m kai gia k�je sun�rthsh pou

ikanopoieÐ tic upojèseic. 'Estw f : [a, b] → R, m forèc paragwgÐsimh sto [a, b]
kai m+ 1 forèc paragwgÐsimh sto x0. Tìte,

(7.1.10) lim
x→x0

Rm+1,f,x0(x) = lim
x→x0

(x− x0)m+1 = 0

kai

(7.1.11) lim
x→x0

R′m+1,f,x0
(x)

[(x− x0)m+1]′
= lim
x→x0

Rm,f ′,x0(x)
(m+ 1)(x− x0)m

= 0

apì thn epagwgik  upìjesh gia thn f ′. Efarmìzontac ton kanìna l’Hospital oloklhr¸noume
to epagwgikì b ma. 2
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L mma 7.1.5. 'Estw p polu¸numo bajmoÔ to polÔ Ðsou me n to opoÐo ikanopoieÐ thn

(7.1.12) lim
x→x0

p(x)
(x− x0)n

= 0.

Tìte, p ≡ 0.

Apìdeixh. Me epagwg  wc proc n. Gia to epagwgikì b ma parathroÔme pr¸ta ìti

(7.1.13) p(x0) = lim
x→x0

p(x) = lim
x→x0

p(x)
(x− x0)n

(x− x0)n = 0,

Sunep¸c, p(x0) = 0. 'Ara,

(7.1.14) p(x) = (x− x0)p1(x),

ìpou p1 polu¸numo bajmoÔ to polÔ Ðsou me n− 1 to opoÐo ikanopoieÐ thn

(7.1.15) lim
x→x0

p1(x)
(x− x0)n−1

= lim
x→x0

p(x)
(x− x0)n

= 0.

An upojèsoume ìti h Prìtash isqÔei gia ton n− 1, tìte p1 ≡ 0 �ra p ≡ 0. 2.
H Prìtash 7.1.4 kai to L mma 7.1.5 apodeiknÔoun ton ex c qarakthrismì tou

poluwnÔmou Taylor Tn,f,x0 :

Je¸rhma 7.1.6. 'Estw f : [a, b] → R kai èstw x0 ∈ [a, b]. Upojètoume ìti h f
eÐnai n− 1 forèc paragwgÐsimh sto [a, b] kai n forèc paragwgÐsimh sto x0. Tìte, to
polu¸numo Taylor t�xhc n thc f sto x0 eÐnai to monadikì polu¸numo T bajmoÔ to
polÔ Ðsou me n to opoÐo ikanopoieÐ thn

(7.1.16) lim
x→x0

f(x)− T (x)
(x− x0)n

= 0.

Apìdeixh. H Prìtash 7.1.4 deÐqnei ìti to Tn,f,x0 ikanopoieÐ thn (7.1.16). Gia th
monadikìthta arkeÐ na parathr sete ìti an dÔo polu¸numa T1, T2 bajmoÔ to polÔ
Ðsou me n ikanopoioÔn thn (7.1.16), tìte to polu¸numo p := T1 − T2 ikanopoieÐ thn
(7.1.12). Apì to L mma 7.1.5 sumperaÐnoume ìti T1 ≡ T2. 2

Parat rhsh 7.1.7. To Je¸rhma 7.1.6 mac dÐnei ènan èmmeso trìpo gia na brÐsk-
oume to polu¸numo Taylor t�xhc n miac sun�rthshc f se k�poio shmeÐo x0. ArkeÐ
na broÔme èna polu¸numo bajmoÔ to polÔ Ðsou me n to opoÐo ikanopoieÐ thn (7.1.16).

(i) H sun�rthsh f(x) = 1
1−x eÐnai �peirec forèc paragwgÐsimh sto (−1, 1) kai èqoume

dei ìti
1

1− x
= 1 + x+ x2 + · · ·+ xn + · · · gia k�je |x| < 1.

Ja deÐxoume ìti, gia k�je n,

Tn,f,0(x) = Tn(x) := 1 + x+ · · ·+ xn.

ParathroÔme ìti

f(x)− Tn(x) =
1

1− x
− 1− xn+1

1− x
=
xn+1

1− x
.
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'Ara,

lim
x→0

f(x)− Tn(x)
xn

= lim
x→0

x

1− x
= 0,

kai to zhtoÔmeno prokÔptei apì to Je¸rhma 7.1.6.

(ii) H sun�rthsh f(x) = 1
1+x2 eÐnai �peirec forèc paragwgÐsimh sto R kai èqoume

dei ìti

1
1 + x2

= 1− x2 + x4 + · · ·+ (−1)nx2n + · · · gia k�je |x| < 1.

Ja deÐxoume ìti, gia k�je n,

T2n,f,0(x) = T2n+1,f,0(x) = T2n(x) := 1− x2 + x4 − · · ·+ (−1)nx2n.

ParathroÔme ìti

f(x)− Tn(x) =
1

1 + x2
− 1− (−1)n+1x2n+2

1 + x2
=

(−1)n+1x2n+2

1 + x2
.

'Ara,

lim
x→0

f(x)− T2n(x)
x2n+1

= lim
x→0

(−1)n+1x

1 + x2
= 0,

kai (profan¸c)

lim
x→0

f(x)− T2n(x)
x2n

= lim
x→0

(−1)n+1x2

1 + x2
= 0,

opìte to zhtoÔmeno prokÔptei apì to Je¸rhma 7.1.6.

To Je¸rhma Taylor dÐnei eÔqrhstec ekfr�seic gia to upìloipo Taylor Rn,f,x0

t�xhc n miac sun�rthshc f se k�poio shmeÐo x0.

Je¸rhma 7.1.8 (Je¸rhma Taylor). 'Estw f : [a, b] → R mia sun�rthsh n + 1
forèc paragwgÐsimh sto [a, b] kai èstw x0 ∈ [a, b]. Tìte, gia k�je x ∈ [a, b],

(i) Morf  Cauchy tou upoloÐpou Taylor: Up�rqei ξ metaxÔ twn x0 kai x ¸ste

(7.1.17) Rn,f,x0(x) =
f (n+1)(ξ)

n!
(x− ξ)n(x− x0).

(ii) Morf  Lagrange tou upoloÐpou Taylor: Up�rqei ξ metaxÔ twn x0 kai x
¸ste

(7.1.18) Rn,f,x0(x) =
f (n+1)(ξ)
(n+ 1)!

(x− x0)n+1.

(iii)Oloklhrwtik  morf  tou upoloÐpou Taylor: An h f (n+1) eÐnai oloklhr¸simh
sun�rthsh, tìte

(7.1.19) Rn,f,x0(x) =
1
n!

∫ x

x0

f (n+1)(t)(x− t)n dt.
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Apìdeixh. StajeropoioÔme to x ∈ [a, b] kai orÐzoume φ : [a, b] → R me

(7.1.20) φ(t) = Rn,f,t(x) = f(x)−
n∑
k=0

f (k)(t)
k!

(x− t)k.

ParagwgÐzontac wc proc t blèpoume ìti

φ′(t) = −f ′(t)−
n∑
k=1

(
f (k+1)(t)

k!
(x− t)k − f (k)(t)

(k − 1)!
(x− t)k−1

)

= −f
(n+1)(t)
n!

(x− t)n,

afoÔ to mesaÐo �jroisma eÐnai thleskopikì. Parathr ste epÐshc ìti

(7.1.21) φ(x0) = Rn,f,x0(x) kai φ(x) = Rn,f,x(x) = 0.

(i) Gia thn morf  Cauchy tou upoloÐpou efarmìzoume to Je¸rhma Mèshc Tim c gia
thn φ sto di�sthma me �kra x kai x0: Up�rqei ξ metaxÔ twn x0 kai x ¸ste

Rn,f,x0(x) = φ(x0)− φ(x) = φ′(ξ)(x0 − x).

Apì thn

φ′(ξ) = −f
(n+1)(ξ)
n!

(x− ξ)n

èpetai ìti

Rn,f,x0(x) =
f (n+1)(ξ)

n!
(x− ξ)n(x− x0).

(ii) Gia thn morf  Lagrange tou upoloÐpou efarmìzoume to Je¸rhma Mèshc Tim c
tou Cauchy gia thn φ kai gia thn g(t) = (x− t)n+1 sto di�sthma me �kra x kai x0:
Up�rqei ξ metaxÔ twn x0 kai x ¸ste

Rn,f,x0(x)
(x− x0)n+1

=
φ(x0)− φ(x)
g(x0)− g(x)

=
φ′(ξ)
g′(ξ)

.

'Epetai ìti

Rn,f,x0(x) =
− f(n+1)(ξ)

n! (x− ξ)n

−(n+ 1)(x− ξ)n
(x− x0)n+1 =

f (n+1)(ξ)
(n+ 1)!

(x− x0)n+1.

(iii) Gia thn oloklhrwtik  morf  tou upoloÐpou parathroÔme ìti (apì thn upìjes 
mac) h φ′ eÐnai oloklhr¸simh sto di�sthma me �kra x kai x0, opìte efarmìzetai to
deÔtero jemeli¸dec je¸rhma tou ApeirostikoÔ LogismoÔ:

Rn,f,x0(x) = φ(x0)− φ(x) =
∫ x0

x

φ′(t) dt

= −
∫ x0

x

f (n+1)(t)
n!

(x− t)n dt

=
∫ x

x0

f (n+1)(t)
n!

(x− t)n dt.

'Etsi, èqoume tic treic morfèc gia to upìloipo Rn,f,x0(x). 2

Sthn epìmenh Par�grafo ja qrhsimopoi soume to Je¸rhma Taylor gia na broume
to an�ptugma se dunamoseir� twn basik¸n uperbatik¸n sunart sewn.
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7.2 Dunamoseirèc kai anaptÔgmata Taylor

7.2aþ H ekjetik  sun�rthsh f(x) = ex

ParathroÔme ìti f (k)(x) = ex gia k�je x ∈ R kai k = 0, 1, 2, . . .. Eidikìtera,
f (k)(0) = 1 gia k�je k ≥ 0. Sunep¸c,

(7.2.1) Tn(x) := Tn,f,0(x) =
n∑
k=0

xk

k!
= 1 + x+

x2

2!
+ · · ·+ xn

n!
.

'Estw x 6= 0. Qrhsimopoi¸ntac thn morf  Lagrange tou upoloÐpou paÐrnoume

(7.2.2) Rn(x) := Rn,f,0(x) =
eξ

(n+ 1)!
xn+1

gia k�poio ξ metaxÔ twn 0 kai x. Gia na ektim soume to upìloipo diakrÐnoume dÔo
peript¸seic.

• An x > 0 tìte

|Rn(x)| =
eξ

(n+ 1)!
xn+1 ≤ exxn+1

(n+ 1)!
.

• An x < 0, tìte ξ < 0 kai eξ < 1, �ra

|Rn(x)| =
eξ

(n+ 1)!
|x|n+1 ≤ |x|n+1

(n+ 1)!
.

Se k�je perÐptwsh,

(7.2.3) |Rn(x)| ≤
e|x||x|n+1

(n+ 1)!
.

'Estw x 6= 0. Efarmìzontac to krit rio tou lìgou gia thn akoloujÐa an := e|x||x|n+1

(n+1)!

blèpoume ìti
an+1

an
=

|x|
n+ 2

→ 0,

�ra
lim
n→∞

|Rn(x)| = 0.

Sunep¸c,

(7.2.4) ex = lim
n→∞

Tn(x) =
∞∑
k=0

xk

k!

gia k�je x ∈ R.

7.2bþ H sun�rthsh f(x) = cosx

ParathroÔme ìti f (2k)(x) = (−1)k cosx kai f (2k+1)(x) = (−1)k sinx gia k�je x ∈ R
kai k = 0, 1, 2, . . .. Eidikìtera, f (2k)(0) = (−1)k kai f (2k+1)(0) = 0. Sunep¸c,

(7.2.5) T2n(x) := T2n,f,0(x) =
n∑
k=0

(−1)kx2k

(2k)!
= 1− x2

2!
+
x4

4!
− · · ·+ (−1)nx2n

(2n)!
.
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'Estw x 6= 0. Qrhsimopoi¸ntac thn morf  Lagrange tou upoloÐpou paÐrnoume

(7.2.6) R2n(x) := R2n,f,0(x) =
f (2n+1)(ξ)
(2n+ 1)!

x2n+1

gia k�poio ξ metaxÔ twn 0 kai x. Gia na ektim soume to upìloipo parathroÔme ìti
|f (2n+1)(ξ)| ≤ 1 (eÐnai k�poio hmÐtono   sunhmÐtono), �ra

(7.2.7) |R2n(x)| ≤
|x|2n+1

(2n+ 1)!
.

Efarmìzontac to krit rio tou lìgou gia thn akoloujÐa an := |x|2n+1

(2n+1)! blèpoume ìti

lim
n→∞

|R2n(x)| = 0.

Sunep¸c,

(7.2.8) cosx = lim
n→∞

T2n(x) =
∞∑
k=0

(−1)kx2k

(2k)!

gia k�je x ∈ R.

7.2gþ H sun�rthsh f(x) = sinx

ParathroÔme ìti f (2k)(x) = (−1)k sinx kai f (2k+1)(x) = (−1)k cosx gia k�je x ∈ R
kai k = 0, 1, 2, . . .. Eidikìtera, f (2k)(0) = 0 kai f (2k+1)(0) = (−1)k. Sunep¸c,
(7.2.9)

T2n+1(x) := T2n+1,f,0(x) =
n∑
k=0

(−1)kx2k+1

(2k + 1)!
= x− x3

3!
+
x5

5!
− · · ·+ (−1)nx2n+1

(2n+ 1)!
.

'Estw x 6= 0. Qrhsimopoi¸ntac thn morf  Lagrange tou upoloÐpou paÐrnoume

(7.2.10) R2n+1(x) := R2n+1,f,0(x) =
f (2n+2)(ξ)
(2n+ 2)!

x2n+2

gia k�poio ξ metaxÔ twn 0 kai x. Gia na ektim soume to upìloipo parathroÔme ìti
|f (2n+2)(ξ)| ≤ 1 (eÐnai k�poio hmÐtono   sunhmÐtono), �ra

(7.2.11) |R2n+1(x)| ≤
|x|2n+2

(2n+ 2)!
.

Efarmìzontac to krit rio tou lìgou gia thn akoloujÐa an := |x|2n+2

(2n+2)! blèpoume ìti

lim
n→∞

|R2n+1(x)| = 0.

Sunep¸c,

(7.2.12) sinx = lim
n→∞

T2n+1(x) =
∞∑
k=0

(−1)kx2k+1

(2k + 1)!

gia k�je x ∈ R.
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7.2dþ H sun�rthsh f(x) = ln(1 + x), x ∈ (−1, 1]

ParathroÔme ìti f (k)(x) = (−1)k−1(k−1)!
(1+x)k gia k�je x > −1 kai k = 1, 2, . . .. Ei-

dikìtera, f(0) = 0 kai f (k)(0) = (−1)k−1(k − 1)! gia k�je k ≥ 1. Sunep¸c,

(7.2.13) Tn(x) := Tn,f,0(x) =
n∑
k=1

(−1)k−1xk

k
= x− x2

2
+
x3

3
− · · ·+ (−1)n−1xn

n
.

'Estw x > −1. Qrhsimopoi¸ntac thn oloklhrwtik  morf  tou upoloÐpou paÐrnoume

(7.2.14) Rn(x) := Rn,f,0(x) = (−1)n
∫ x

0

(x− t)n

(1 + t)n+1
dt.

Jètoume u = x−t
1+t . Tìte, to u metab�lletai apì x wc 0 kai dt

1+t = −du
1+u (elègxte to).

Sunep¸c,

(7.2.15) Rn(x) =
∫ 0

x

−un

1 + u
du.

DiakrÐnoume dÔo peript¸seic:

• An −1 < x < 0 tìte

|Rn(x)| ≤
∫ 0

x

|u|n

1 + u
du ≤ 1

1 + x

∫ |x|

0

un du =
1

1 + x

|x|n+1

n+ 1
.

• An 0 < x ≤ 1 tìte

|Rn(x)| =
∫ x

0

un

1 + u
du ≤

∫ x

0

un du =
|x|n+1

(n+ 1)
.

Se k�je perÐptwsh,
lim
n→∞

|Rn(x)| = 0.

Sunep¸c,

(7.2.16) ln(1 + x) = lim
n→∞

Tn(x) =
∞∑
k=1

(−1)k−1xk

k

gia k�je x ∈ (−1, 1] (seir� Mercator).
Eidikìtera, gia x = 1 paÐrnoume ton tÔpo tou Leibniz

(7.2.17) ln 2 =
∞∑
k=1

(−1)k−1

k
= 1− 1

2
+

1
3
− 1

4
+ · · ·+ (−1)n−1

n
+ · · · .

DeÔteroc trìpoc: Apì th sqèsh

(7.2.18)
1

1 + t
= 1− t+ t2 + · · ·+ (−1)n−1tn−1 + (−1)n

tn

1 + t
(t 6= −1)

èqoume, gia k�je x > −1,
(7.2.19)

ln(1 + x) =
∫ x

0

1
1 + t

dt = x− x2

2
+
x3

3
+ · · ·+ (−1)n−1x

n

n
+ (−1)n

∫ x

0

tn

1 + t
dt.
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An onom�soume Fn(x) th diafor�

(7.2.20) ln(1 + x)−
(
x− x2

2
+
x3

3
+ · · ·+ (−1)n−1x

n

n

)
èqoume

(7.2.21) Fn(x) = (−1)n
∫ x

0

tn

1 + t
dt .

Ektim¸ntac to olokl rwma ìpwc prin, blèpoume ìti

(7.2.22) |Fn(x)| ≤ max
{

1,
1

x+ 1

}
|x|n+1

n+ 1

gia k�je −1 < x ≤ 1. Sunep¸c, limn→∞ Fn(x) = 0. 'Epetai ìti

(7.2.23) ln(1 + x) =
∞∑
n=1

(−1)n−1x
n

n

gia x ∈ (−1, 1]. Parathr ste epÐshc ìti lim
x→0

Fn(x)
xn

= 0, to opoÐo apodeiknÔei ìti

Fn(x) = Rn,f,0(x).
'Otan |x| > 1 h seir� apoklÐnei (afoÔ h akoloujÐa

(
xn

n

)
den teÐnei sto 0) kai gia

x = −1 epÐshc apoklÐnei (armonik  seir�).

7.2eþ H diwnumik  sun�rthsh f(x) = (1 + x)a, x > −1

H f orÐzetai apì thn f(x) = exp(a ln(1 + x)). An a > 0, to ìrio limx→−1 f(x)
up�rqei kai eÐnai Ðso me 0, diìti ln(1+x) = y → −∞ kai exp(ay) → 0. Se aut n thn
perÐptwsh mporoÔme na epekteÐnoume to pedÐo orismoÔ thc f sto [−1,∞) jètontac
f(−1) = 0. ParagwgÐzontac blèpoume ìti

f (k)(x) = a(a− 1) · · · (a− k + 1)(1 + x)a−k

f (k)(0) = a(a− 1) · · · (a− k + 1).

Sunep¸c,

(7.2.24) Tn(x) := Tn,f,0(x) =
n∑
k=0

(
a

k

)
xk

ìpou

(7.2.25)
(
a

k

)
=
a(a− 1) · · · (a− k + 1)

k!
.

Parathr ste ìti an a ∈ N tìte
(
a
k

)
= 0 gia k�je k ∈ N me k > a, opìte

(7.2.26) (1 + x)a =
a∑
k=0

(
a

k

)
xk.
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Upojètoume loipìn ìti a /∈ N. Ja deÐxoume ìti, ìtan |x| < 1, tìte Tn,f,0(x) → f(x).
QrhsimopoioÔme th morf  Cauchy tou upoloÐpou: up�rqei ξ an�mesa sto 0 kai sto
x ¸ste

Rn(x) =
f (n+1)(ξ)

n!
(x− ξ)nx =

a(a− 1) . . . (a− n)
n!

(1 + ξ)a−(n+1)(x− ξ)nx

=
a(a− 1) . . . (a− n)

n!

(
x− ξ

1 + ξ

)n
(1 + ξ)a−1x

Gia na deÐxoume ìti lim
n→∞

Rn(x) = 0 ìtan |x| < 1, parathroÔme pr¸ta ìti

(7.2.27)
∣∣∣∣x− ξ

1 + ξ

∣∣∣∣ ≤ |x| ìtan |x| < 1.

Pr�gmati, an 0 ≤ ξ ≤ x èqoume

(7.2.28)
∣∣∣∣x− ξ

1 + ξ

∣∣∣∣ = x− ξ

1 + ξ
≤ x

1 + ξ
≤ x = |x|.

An −1 < x ≤ ξ ≤ 0 jewroÔme thn sun�rthsh gx : [x, 0] → R me

(7.2.29) gx(ξ) =
x− ξ

1 + ξ
=
x+ 1
ξ + 1

− 1

h opoÐa eÐnai fjÐnousa (afoÔ x + 1 > 0) �ra èqei mègisth tim  thn gx(x) = 0 kai
el�qisth thn gx(0) = x opìte gia k�je t ∈ [x, 0] èqoume gx(ξ) ≤ 0 �ra

(7.2.30)
∣∣∣∣x− ξ

1 + ξ

∣∣∣∣ = −gx(ξ) ≤ −gx(0) = −x = |x|.

'Epetai ìti

|Rn(x)| =
∣∣∣∣a(a− 1) . . . (a− n)

n!

(
x− ξ

1 + ξ

)n
(1 + ξ)a−1x

∣∣∣∣
≤
∣∣∣∣a(a− 1) . . . (a− n)

n!
xn
∣∣∣∣ ∣∣(1 + ξ)a−1x

∣∣
≤
∣∣∣∣a(a− 1) . . . (a− n)

n!
xn
∣∣∣∣M(x)

ìpou M(x) = |x|max(1, (1 + x)a−1) (�skhsh), �ra arkeÐ na deÐxoume ìti

yn ≡
∣∣∣∣a(a− 1) . . . (a− n)

n!
xn
∣∣∣∣→ 0

kaj¸c n→∞. 'Eqoume

yn+1

yn
=
∣∣∣∣a(a− 1) . . . (a− n)(a− (n+ 1))

a(a− 1) . . . (a− n)
n!

(n+ 1)!
xn+1

xn

∣∣∣∣ = ∣∣∣∣a− n+ 1
n+ 1

x

∣∣∣∣ .
Gia k�je n ≥ a− 1 èqoume |a− (n+ 1)| = n+ 1− a, �ra

(7.2.31)
yn+1

yn
=
∣∣∣∣a− (n+ 1)

n+ 1
x

∣∣∣∣ = n+ 1− a

n+ 1
|x| → |x| < 1
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ìtan n→∞, �ra yn → 0. DeÐxame ìti an |x| < 1 tìte lim
n→∞

Rn(x) = 0. 'Ara,

(7.2.32) (1 + x)a =
∞∑
n=0

(
a

k

)
xk

gia −1 < x < 1.
Gia |x| > 1 h seir� apoklÐnei (krit rio lìgou). Gia |x| = 1 h sumperifor�

exart�tai apì thn tim  tou a. Gia par�deigma, ìtan a = −1, h seir� apoklÐnei kai
sta dÔo �kra (gewmetrik  seir� me lìgo x). ApodeiknÔetai ìti ìtan a = −1/2 h
seir� sugklÐnei gia x = 1 kai apoklÐnei gia x = −1, kai ìtan a = 1/2 (kai genikìtera
ìtan a > 0), h seir� sugklÐnei kai sta dÔo �kra.

7.2�þ H sun�rthsh f(x) = arctanx, |x| ≤ 1

Xekin�me apì thn

arctanx =
∫ x

0

1
1 + t2

dt.

AntÐ na paragwgÐsoume n forèc thn arctan sto 0, eÐnai eukolìtero na oloklhr¸-
soume thn

(7.2.33)
1

1 + t2
= 1− t2 + t4 − t6 + · · ·+ (−1)nt2n +

(−1)n+1t2n+2

1 + t2

opìte

(7.2.34)
∫ x

0

1
1 + t2

dt = x− x3

3
+ · · ·+ (−1)n

x2n+1

2n+ 1
+ (−1)n+1

∫ x

0

t2n+2

1 + t2
dt.

An orÐsoume

(7.2.35) pn(x) = x− x3

3
+ · · ·+ (−1)n

x2n+1

2n+ 1

èqoume

(7.2.36) |f(x)− pn(x)| =
∣∣∣∣∫ x

0

t2n+2

1 + t2
dt

∣∣∣∣ ≤ ∫ |x|

0

t2n+2dt ≤ |x|2n+3

2n+ 3

opìte, ìtan |x| ≤ 1, blèpoume ìti lim
n→∞

pn(x) = f(x), dhlad 

(7.2.37) arctanx =
∞∑
n=0

(−1)n
x2n+1

2n+ 1
= x− x3

3
+
x5

5
+ · · ·

gia x ∈ [−1, 1].

7.3 Sunart seic parast�simec se dunamoseir�
Sthn Par�grafo 2.4 suzht same gia pr¸th for� tic dunamoseirèc. EÐdame ìti an
∞∑
k=0

akx
k eÐnai mia dunamoseir� me suntelestèc ak, tìte to sÔnolo twn shmeÐwn sta
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opoÐa sugklÐnei h dunamoseir� eÐnai {ousiastik�} èna di�sthma summetrikì wc proc
to 0 ( , endeqomènwc, to {0}   to R). An orÐsoume

R := sup{|x| : h dunamoseir� sugklÐnei sto x},

tìte h dunamoseir� sugklÐnei apolÔtwc se k�je x ∈ (−R,R) kai apoklÐnei se k�je x
me |x| > R. To di�sthma (−R,R) onom�zetai di�sthma sÔgklishc thc dunamoseir�c.
To sÔnolo sÔgklishc thc dunamoseir�c, dhlad  to sÔnolo ìlwn twn shmeÐwn sta
opoÐa sugklÐnei, prokÔptei apì to (−R,R) me thn prosj kh (Ðswc) tou R   tou −R
  twn ±R. Sthn perÐptwsh pou R = +∞, h dunamoseir� sugklÐnei se k�je x ∈ R.
Sthn perÐptwsh pou R = 0, h dunamoseir� sugklÐnei mìno sto shmeÐo x = 0.

H epìmenh Prìtash dÐnei ènan {tÔpo} gia thn aktÐna sÔgklishc.

Prìtash 7.3.1. 'Estw
∞∑
k=0

akx
k mia dunamoseir� me suntelestèc ak. H aktÐna

sÔgklis c thc dÐnetai apì thn

R =
1

lim sup |ak|1/k
.

Apìdeixh. DeÐqnoume pr¸ta ìti an |x| lim sup
k→∞

k
√
|ak| < 1, tìte h seir�

∞∑
k=1

akx
k

sugklÐnei apolÔtwc. Pr�gmati, an jewr soume s > 0 me |x| lim sup k
√
|ak| < s < 1,

tìte apì ton qarakthrismì tou lim sup, up�rqei N ∈ N ¸ste |akxk| ≤ sk gia k�je
k ≥ N , kai to sumpèrasma èpetai apì to krit rio sÔgkrishc.

Sth sunèqeia deÐqnoume ìti an |x| lim sup
k→∞

k
√
|ak| > 1, tìte h seir�

∞∑
k=1

ak apok-

lÐnei. Pr�gmati, an jewr soume s > 0 me |x| lim sup k
√
|ak| > s > 1, tìte apì ton

qarakthrismì tou lim sup, up�rqoun �peiroi deÐktec k1 < k2 < · · · < kn < kn+1 <
· · · ¸ste |aknx

kn | ≥ skn > 1 gia k�je n ∈ N. 'Ara, akxk 6→ 0 kai efarmìzetai to
krit rio apìklishc.

Sundu�zontac ta parap�nw blèpoume ìti to di�sthma sÔgklishc thc dunamo-
seir�c eÐnai � anagkastik� � to (−R,R), ìpou R = 1

lim sup |ak|1/k . 2

Orismìc 7.3.2. Lème ìti mia sun�rthsh f : (−R,R) → R eÐnai parast�simh se
dunamoseir� me kèntro to 0 an up�rqei akoloujÐa (ak)∞k=0 pragmatik¸n arijm¸n ¸ste

f(x) =
∞∑
k=0

akx
k

gia k�je x ∈ (−R,R).

To je¸rhma pou akoloujeÐ deÐqnei ìti an mia sun�rthsh eÐnai parast�simh se
dunamoseir� sto (−R,R), tìte eÐnai �peirec forèc paragwgÐsimh kai oi par�gwgoÐ
thc upologÐzontai me parag¸gish twn ìrwn thc dunamoseir�c. An�loga, upologÐze-
tai to olokl rwm� thc se k�je upodi�sthma tou (−R,R).

Je¸rhma 7.3.3 (je¸rhma parag¸gishc dunamoseir¸n). 'Estw
∑∞
n=0 anx

n

mia dunamoseir� pou sugklÐnei sto (−R,R) gia k�poion R > 0. JewroÔme th
sun�rthsh f : (−R,R) → R me

f(x) =
∞∑
k=0

akx
k.
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Tìte, h f eÐnai �peirec forèc paragwgÐsimh: gia k�je k ≥ 0 kai gia k�je |x| < R
isqÔei

f (k)(x) =
∞∑
n=k

n(n− 1) · · · (n− k + 1)anxn−k.

EpÐshc,

an =
f (n)(0)
n!

, n = 0, 1, 2, . . .

kai, gia k�je |x| < R, h f eÐnai oloklhr¸simh sto [0, x] kai∫ x

0

f(t) dt =
∞∑
n=0

an
n+ 1

xn+1.

Apìdeixh. DeÐqnoume pr¸ta ìti, gia k�je x ∈ (−R,R),

(1) f ′(x) =
∞∑
n=1

nanx
n−1.

AfoÔ |x| < R, up�rqei δ > 0 ¸ste |x|+ δ < R. 'Epetai (exhg ste giatÐ) ìti

∞∑
n=0

|an|(|x|+ δ)n < +∞.

'Estw 0 < |t| < δ. Parathr ste ìti

|(x+ t)n − xn − nxn−1t| =

∣∣∣∣∣
n∑
k=2

(
n

k

)
xn−ktk

∣∣∣∣∣ = t2

∣∣∣∣∣
n∑
k=2

(
n

k

)
xn−ktk−2

∣∣∣∣∣
≤ t2

δ2

n∑
k=2

(
n

k

)
|x|n−ktk−2δ2 ≤ t2

δ2

n∑
k=2

(
n

k

)
|x|n−kδk

≤ t2

δ2
(|x|+ δ)n.

Sunep¸c,∣∣∣∣∣f(x+ t)− f(x)
t

−
∞∑
n=1

nanx
n−1

∣∣∣∣∣ =

∣∣∣∣∣
∞∑
n=1

an
(x+ t)n − xn − nxn−1t

t

∣∣∣∣∣
≤ |t|

δ2

∞∑
n=0

|an|(|x|+ δ)n.

PaÐrnontac to ìrio kaj¸c to t→ 0, blèpoume ìti

lim
t→0

f(x+ t)− f(x)
t

=
∞∑
n=1

nanx
n−1,

to opoÐo apodeiknÔei thn (1).
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Qrhsimopoi¸ntac thn Prìtash 7.3.1 blèpoume ìti h dunamoseir�
∑∞
n=1 nanx

n−1

èqei thn Ðdia aktÐna sÔgklishc me thn
∑∞
n=0 anx

n (exhg ste giatÐ). Efarmìzontac
loipìn ton Ðdio sullogismì gia thn f ′ sth jèsh thc f , blèpoume ìti

f (2)(x) =
∞∑
n=2

n(n− 1)anxn−2.

SuneqÐzontac me ton Ðdio trìpo, apodeiknÔoume ìti h f eÐnai �peirec forèc parag-
wgÐsimh kai ìti gia k�je k ≥ 0 kai gia k�je |x| < R isqÔei

(2) f (k)(x) =
∞∑
n=k

n(n− 1) · · · (n− k + 1)anxn−k.

Jètontac x = 0 sthn (2) blèpoume ìti

f (k)(0) = k!ak

gia k�je k ≥ 0 (parathr ste ìti: an jèsoume x = 0 sto dexiì mèloc thc (2), tìte
ìloi oi ìroi tou ajroÐsmatoc mhdenÐzontai, ektìc apì ekeÐnon pou antistoiqeÐ sthn
tim  n = k kai isoÔtai me k(k − 1) · · · 2 · 1 · akx0 = k!ak).

Gia ton teleutaÐo isqurismì, parathroÔme ìti h dunamoseir�
∑∞
n=0

an

n+1x
n+1 èqei

thn Ðdia aktÐna sÔgklishc me thn
∑∞
n=0 anx

n (exhg ste giatÐ) kai paragwgÐzontac
ìro proc ìro thn

F (x) =
∞∑
n=0

an
n+ 1

xn+1

sto (−R,R) paÐrnoume

F ′(x) =
∞∑
n=0

anx
n = f(x).

Apì to jemeli¸dec je¸rhma tou ApeirostikoÔ LogismoÔ èpetai ìti∫ x

0

f(t) dt = F (x)− F (0) = F (x) =
∞∑
n=0

an
n+ 1

xn+1

gia k�je x ∈ (−R,R). 2

Pìrisma 7.3.4 (je¸rhma monadikìthtac). 'Estw (ak), (bk) akoloujÐec prag-
matik¸n arijm¸n me thn ex c idiìthta: up�rqei R > 0 ¸ste

∞∑
k=0

akx
k =

∞∑
k=0

bkx
k

gia k�je x ∈ (−R,R). Tìte,

ak = bk gia k�je k = 0, 1, 2, . . . .

Apìdeixh. Apì to Je¸rhma 7.3.3, gia th sun�rthsh f : (−R,R) → R me

f(x) =
∞∑
k=0

akx
k =

∞∑
k=0

bkx
k

èqoume
f (k)(0) = k!ak = k!bk

gia k�je k ≥ 0. Sunep¸c, ak = bk gia k�je k ≥ 0. 2


