
Kef�laio 3

Omoiìmorfh sunèqeia

3.1 Omoiìmorfh sunèqeia
Prin d¸soume ton orismì thc omoiìmorfhc sunèqeiac, ja exet�soume pio pros-

ektik� dÔo apl� paradeÐgmata suneq¸n sunart sewn.

(a) JewroÔme th sun�rthsh f(x) = x, x ∈ R. GnwrÐzoume ìti h f eÐnai suneq c
sto R, k�ti pou eÔkola epibebai¸noume austhr� qrhsimopoi¸ntac ton orismì thc
sunèqeiac:

'Estw x0 ∈ R kai èstw ε > 0. Zht�me δ > 0 ¸ste

(3.1.1) |x− x0| < δ =⇒ |f(x)− f(x0)| < ε, dhlad  |x− x0| < ε.

H epilog  tou δ eÐnai profan c: arkeÐ na p�roume δ = ε. Parathr ste ìti to δ pou
br kame exart�tai mìno apì to ε pou dìjhke kai ìqi apì to sugkekrimèno shmeÐo
x0. H sun�rthsh f metab�lletai me ton {Ðdio rujmì} se olìklhro to pedÐo orismoÔ
thc: an x, y ∈ R kai |x− y| < ε, tìte |f(x)− f(y)| < ε.

(b) JewroÔme t¸ra th sun�rthsh g(x) = x2, x ∈ R. EÐnai p�li gnwstì ìti h g
eÐnai suneq c sto R (afoÔ g = f · f). An jel soume na to epibebai¸soume me ton
eyilontikì orismì, jewroÔme x0 ∈ R kai ε > 0, kai zht�me δ > 0 me thn idiìthta

(3.1.2) |x− x0| < δ =⇒ |x2 − x2
0| < ε.

'Enac trìpoc gia na epilèxoume kat�llhlo δ eÐnai o ex c. SumfwnoÔme apì thn arq 
ìti ja p�roume 0 < δ ≤ 1, opìte

|x2 − x2
0| = |x− x0| · |x+ x0| ≤ (|x|+ |x0|) · |x− x0|

≤ (2|x0|+ 1)|x− x0|.

An loipìn epilèxoume

(3.1.3) δ = min
{

1,
ε

2|x0|+ 1

}
,

tìte

(3.1.4) |x− x0| < δ =⇒ |x2 − x2
0| < (2|x0|+ 1)δ ≤ ε.
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'Ara, h g eÐnai suneq c sto x0. Parathr ste ìmwc ìti to δ pou epilèxame den
exart�tai mìno apì to ε pou mac dìjhke, all� kai apì to shmeÐo x0 sto opoÐo
elègqoume thn sunèqeia thc g. H epilog  pou k�name sthn (3.1.3) deÐqnei ìti ìso
pio makri� brÐsketai to x0 apì to 0, tìso pio mikrì prèpei na epilèxoume to δ.

Ja mporoÔse bèbaia na pei kaneÐc ìti Ðswc up�rqei kalÔteroc trìpoc epilog c
tou δ, akìma kai anex�rthtoc apì to shmeÐo x0. Ac doÔme to Ðdio prìblhma me
ènan deÔtero trìpo. JewroÔme x0 > 0 kai ε > 0. MporoÔme na upojèsoume
ìti ε < x2

0, afoÔ ta mikr� ε eÐnai aut� pou parousi�zoun endiafèron. MporoÔme
epÐshc na koit�me mìno x > 0, afoÔ mac endiafèrei ti gÐnetai kont� sto x0 to
opoÐo èqei upotejeÐ jetikì. H anisìthta |x2 − x2

0| < ε ikanopoieÐtai an kai mìno an
x2

0 − ε < x2 < x2
0 + ε, dhlad  an kai mìno an

(3.1.5)
√
x2

0 − ε < x <
√
x2

0 + ε.

IsodÔnama, an

(3.1.6) −
(
x0 −

√
x2

0 − ε

)
< x− x0 <

√
x2

0 + ε− x0.

Autì sumbaÐnei an kai mìno an

|x− x0| < min
{
x0 −

√
x2

0 − ε,
√
x2

0 + ε− x0

}
= min

{
ε√

x2
0 − ε+ x0

,
ε√

x2
0 + ε+ x0

}
=

ε√
x2

0 + ε+ x0

.

Upojèsame ìti x2
0 > ε. 'Ara,

(3.1.7)
ε√

x2
0 + ε+ x0

<
x2

0√
x2

0 + ε+ x0

<
x2

0

x0
= x0.

An loipìn |x − x0| < ε√
x2
0+ε+x0

, tìte |x − x0| < x0 ⇒ x > 0 kai o prohgoÔmenoc

upologismìc deÐqnei ìti |x2 − x2
0| < ε. Dhlad , an 0 < ε < x2

0 tìte h kalÔterh
epilog  tou δ sto shmeÐo x0 eÐnai

(3.1.8) δ = δ(ε, x0) =
ε√

x2
0 + ε+ x0

.

Den mporoÔme na exasfalÐsoume thn (3.1.2) an epilèxoume megalÔtero δ.

An ta prohgoÔmena dÔo epiqeir mata den eÐnai apolÔtwc peistik�, dÐnoume ki èna
trÐto.

Isqurismìc. JewroÔme thn g(x) = x2, x ∈ R. 'Estw ε > 0. Den up�rqei δ > 0 me
thn idiìthta: an x, y ∈ R kai |y − x| < δ tìte |g(y)− g(x)| < ε.

Parathr ste ìti o isqurismìc eÐnai isodÔnamoc me to ex c: gia dojèn ε > 0 den
up�rqei k�poia omoiìmorfh epilog  tou δ pou na mac epitrèpei na elègqoume thn
(3.1.2) se k�je x0 ∈ R.
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Apìdeixh tou isqurismoÔ. Ac upojèsoume ìti up�rqei δ > 0 ¸ste: an x, y ∈ R kai
|y−x| < δ tìte |g(y)−g(x)| < ε. AfoÔ gia k�je x ∈ R èqoume

∣∣x+ δ
2 − x

∣∣ = δ
2 < δ,

prèpei, gia k�je x ∈ R na isqÔei h

(3.1.9)

∣∣∣∣∣
(
x+

δ

2

)2

− x2

∣∣∣∣∣ < ε.

Eidikìtera, gia k�je x > 0 prèpei na isqÔei h

(3.1.10) δx < δx+
δ2

4
=

∣∣∣∣∣
(
x+

δ

2

)2

− x2

∣∣∣∣∣ < ε.

'Omwc tìte, gia k�je x > 0 ja eÐqame

(3.1.11) x <
ε

δ
.

Autì eÐnai �topo: to R ja  tan �nw fragmèno. 2

Ta paradeÐgmata pou d¸same deÐqnoun mia {par�leiy } mac ston orismì thc
sunèqeiac. 'Enac pio prosektikìc orismìc ja  tan o ex c:

H f : A → R eÐnai suneq c sto x0 ∈ A an gia k�je ε > 0 up�rqei
δ(ε, x0) > 0 ¸ste: an x ∈ A kai |x− x0| < δ, tìte |f(x)− f(x0)| < ε.

O sumbolismìc δ(ε, x0) ja èdeiqne ìti to δ exart�tai tìso apì to ε ìso kai apì to
shmeÐo x0. Oi sunart seic (ìpwc h f(x) = x) pou mac epitrèpoun na epilègoume to
δ anex�rthta apì to x0 lègontai omoiìmorfa suneqeÐc:

Orismìc 3.1.1. 'Estw f : A→ R mia sun�rthsh. Lème ìti h f eÐnai omoiìmorfa
suneq c sto A an gia k�je ε > 0 mporoÔme na broÔme δ = δ(ε) > 0 ¸ste

(3.1.12) an x, y ∈ A kai |x− y| < δ tìte |f(x)− f(y)| < ε.

ParadeÐgmata

(a) H f(x) = x eÐnai omoiìmorfa suneq c sto R.
(b) H g(x) = x2 den eÐnai omoiìmorfa suneq c sto R.
(g) JewroÔme th sun�rthsh g(x) = x2 tou (b), periorismènh ìmwc sto kleistì
di�sthma [−M,M ], ìpou M > 0. Tìte, gia k�je x, y ∈ [−M,M ] èqoume

(3.1.13) |g(y)− g(x)| = |y2 − x2| = |x+ y| · |y − x| ≤ 2M · |y − x|.

DÐnetai ε > 0. An epilèxoume δ(ε) = ε
2M tìte h (3.1.13) deÐqnei ìti an x, y ∈

[−M,M ] kai |x− y| < δ èqoume

(3.1.14) |g(y)− g(x)| ≤ 2M · |y − x| < 2Mδ = ε.

Dhlad , h g eÐnai omoiìmorfa suneq c sto [−M,M ].
To par�deigma (g) odhgeÐ ston ex c orismì.

Orismìc 3.1.2. 'Estw f : A → R mia sun�rthsh. Lème ìti h f eÐnai Lipschitz
suneq c an up�rqei M > 0 ¸ste: gia k�je x, y ∈ A

(3.1.15) |f(x)− f(y)| ≤M |x− y|.
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Prìtash 3.1.3. K�je Lipschitz suneq c sun�rthsh eÐnai omoiìmorfa suneq c.

Apìdeixh. 'Estw f : A → R kai M > 0 ¸ste |f(x) − f(y)| ≤ M |x − y| gia k�je
x, y ∈ A. An mac d¸soun ε > 0, epilègoume δ = ε

M . Tìte, gia k�je x, y ∈ A me
|x− y| < δ èqoume

(3.1.16) |f(x)− f(y)| ≤M |x− y| < Mδ = ε.

'Epetai ìti h f eÐnai omoiìmorfa suneq c sto A. 2

H epìmenh Prìtash mac dÐnei èna qr simo krit rio gia na exasfalÐzoume ìti mia
sun�rthsh eÐnai Lipschitz suneq c (�ra, omoiìmorfa suneq c).

Prìtash 3.1.4. 'Estw I èna di�sthma kai èstw f : I → R paragwgÐsimh sun�rthsh.
Upojètoume ìti h f ′ eÐnai fragmènh: up�rqei stajer�M > 0 ¸ste: |f ′(x)| ≤M gia
k�je eswterikì shmeÐo x tou I. Tìte, h f eÐnai Lipschitz suneq c me stajer� M .

Apìdeixh. 'Estw x < y sto I. Apì to je¸rhma mèshc tim c up�rqei ξ ∈ (x, y) ¸ste

(3.1.17) f(y)− f(x) = f ′(ξ)(y − x).

Tìte,

(3.1.18) |f(y)− f(x)| = |f ′(ξ)| · |y − x| ≤M |y − x|.

SÔmfwna me ton Orismì 3.1.2, h f eÐnai Lipschitz suneq c me stajer� M . 2

Apì th suz thsh pou prohg jhke tou orismoÔ thc omoiìmorfhc sunèqeiac, eÐnai
logikì na perimènoume ìti oi omoiìmorfa suneqeÐc sunart seic eÐnai suneqeÐc. Autì
apodeiknÔetai me apl  sÔgkrish twn dÔo orism¸n:

Prìtash 3.1.5. An h f : A→ R eÐnai omoiìmorfa suneq c, tìte eÐnai suneq c.

Apìdeixh. Pr�gmati: èstw x0 ∈ A kai ε > 0. Apì ton orismì thc omoiìmorfhc
sunèqeiac, up�rqei δ > 0 ¸ste an x, y ∈ A kai |x− y| < δ tìte |f(x)− f(y)| < ε.

Epilègoume autì to δ. An x ∈ A kai |x−x0| < δ, tìte |f(x)−f(x0)| < ε (p�rte
y = x0). AfoÔ to ε > 0  tan tuqìn, h f eÐnai suneq c sto x0. 2

3.2 Qarakthrismìc thc omoiìmorfhc sunèqeiac mèsw akolou-
ji¸n

JumhjeÐte ton qarakthrismì thc sunèqeiac mèsw akolouji¸n: an f : A → R, tìte
h f eÐnai suneq c sto x0 ∈ A an kai mìno an gia k�je akoloujÐa (xn) me xn ∈ A
kai xn → x0, isqÔei f(xn) → f(x0).

O antÐstoiqoc qarakthrismìc thc omoiìmorfhc sunèqeiac èqei wc ex c:

Je¸rhma 3.2.1. 'Estw f : A→ R mia sun�rthsh. H f eÐnai omoiìmorfa suneq c
sto A an kai mìno an gia k�je zeug�ri akolouji¸n (xn), (yn) sto A me xn− yn → 0
isqÔei

(3.2.1) f(xn)− f(yn) → 0.
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Apìdeixh. Upojètoume pr¸ta ìti h f eÐnai omoiìmorfa suneq c sto A. 'Estw (xn),
(yn) dÔo akoloujÐec sto A me xn − yn → 0. Ja deÐxoume ìti f(xn)− f(yn) → 0:

'Estw ε > 0. Apì ton orismì thc omoiìmorfhc sunèqeiac, up�rqei δ > 0 ¸ste

(3.2.2) an x, y ∈ A kai |x− y| < δ tìte |f(x)− f(y)| < ε.

AfoÔ xn − yn → 0, up�rqei n0(δ) ∈ N ¸ste: an n ≥ n0 tìte |xn − yn| < δ. 'Estw
n ≥ n0. Tìte, |xn − yn| < δ kai xn, yn ∈ A, opìte h (3.2.2) dÐnei

(3.2.3) |f(xn)− f(yn)| < ε.

AfoÔ to ε > 0  tan tuqìn, sumperaÐnoume ìti f(xn)− f(yn) → 0.
AntÐstrofa: ac upojèsoume ìti

(3.2.4) an xn, yn ∈ A kai xn − yn → 0 tìte f(xn)− f(yn) → 0.

Ja deÐxoume ìti h f eÐnai omoiìmorfa suneq c sto A. 'Estw ìti den eÐnai. Tìte,
up�rqei ε > 0 me thn ex c idiìthta:

Gia k�je δ > 0 up�rqoun xδ, yδ ∈ A me |xδ − yδ| < δ all� |f(xδ) −
f(yδ)| ≥ ε.

Epilègontac diadoqik� δ = 1, 1
2 , . . . ,

1
n , . . ., brÐskoume zeug�ria xn, yn ∈ A ¸ste

(3.2.5) |xn − yn| <
1
n

all� |f(xn)− f(yn)| ≥ ε.

JewroÔme tic akoloujÐec (xn), (yn). Apì thn kataskeu  èqoume xn− yn → 0, all�
apì thn |f(xn) − f(yn)| ≥ ε gia k�je n ∈ N blèpoume ìti den mporeÐ na isqÔei h
f(xn) − f(yn) → 0 (exhg ste giatÐ). Autì eÐnai �topo, �ra h f eÐnai omoiìmorfa
suneq c sto A. 2

ParadeÐgmata

(a) JewroÔme th sun�rthsh f(x) = 1
x sto (0, 1]. H f eÐnai suneq c all� den eÐnai

omoiìmorfa suneq c. Gia na to doÔme, arkeÐ na broÔme dÔo akoloujÐec (xn), (yn) sto
(0, 1] pou na ikanopoioÔn thn xn−yn → 0 all� na mhn ikanopoioÔn thn 1

xn
− 1
yn
→ 0.

PaÐrnoume xn = 1
n kai yn = 1

2n . Tìte, xn, yn ∈ (0, 1] kai

(3.2.6) xn − yn =
1
n
− 1

2n
=

1
2n

→ 0

all�

(3.2.7) f(xn)− f(yn) =
1
xn

− 1
yn

= n− 2n = −n→ −∞.

(b) JewroÔme th sun�rthsh g(x) = x2 sto R. OrÐzoume xn = n + 1
n kai yn = n.

Tìte,

(3.2.8) xn − yn =
1
n
→ 0

all�

(3.2.9) g(xn)− g(yn) =
(
n+

1
n

)2

− n2 = 2 +
1
n2

→ 2 6= 0.
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'Ara, h g den eÐnai omoiìmorfa suneq c sto R.
(g) OrÐzoume f(x) = cos(x2), x ∈ R. H f eÐnai suneq c sto R kai |f(x)| ≤ 1 gia
k�je x ∈ R. Dhlad , h f eÐnai epiplèon fragmènh. 'Omwc h f den eÐnai omoiìmorfa
suneq c: gia na to deÐte, jewr ste tic akoloujÐec

(3.2.10) xn =
√

(n+ 1)π kai yn =
√
nπ.

Tìte,
(3.2.11)

xn − yn =
√

(n+ 1)π −
√
nπ =

(n+ 1)π − nπ√
(n+ 1)π +

√
nπ

=
π√

(n+ 1)π +
√
nπ

→ 0,

all�

(3.2.12) |f(xn)− f(yn)| = | cos((n+ 1)π)− cos(nπ)| = 2

gia k�je n ∈ N. Apì to Je¸rhma 3.2.1 èpetai to sumpèrasma. Up�rqoun loipìn
fragmènec suneqeÐc sunart seic pou den eÐnai omoiìmorfa suneqeÐc (sqedi�ste th
grafik  par�stash thc cos(x2) gia na deÐte to lìgo: gia meg�la x, h f anebaÐnei
apì thn tim  −1 sthn tim  1 kai katebaÐnei apì thn tim  1 sthn tim  −1 ìlo kai pio
gr gora - o rujmìc metabol c thc gÐnetai polÔ meg�loc).

3.3 SuneqeÐc sunart seic se kleist� diast mata
Sthn par�grafo §3.1 eÐdame ìti h sun�rthsh g(x) = x2 den eÐnai omoiìmorfa
suneq c sto I = R all� eÐnai omoiìmorfa suneq c se k�je di�sthma thc morf c
I = [−M,M ], M > 0 (osod pote meg�lo ki an eÐnai to M). Autì pou isqÔei genik�
eÐnai ìti k�je suneq c sun�rthsh f : [a, b] → R eÐnai omoiìmorfa suneq c:

Je¸rhma 3.3.1. 'Estw f : [a, b] → R suneq c sun�rthsh. Tìte, h f eÐnai omoiì-
morfa suneq c sto [a, b].

Apìdeixh. Ac upojèsoume ìti h f den eÐnai omoiìmorfa suneq c. Tìte, ìpwc sthn
apìdeixh tou Jewr matoc 3.2.1, mporoÔme na broÔme ε > 0 kai dÔo akoloujÐec (xn),
(yn) sto [a, b] me xn − yn → 0 kai |f(xn)− f(yn)| ≥ ε gia k�je n ∈ N.

AfoÔ a ≤ xn, yn ≤ b gia k�je n ∈ N, oi (xn) kai (yn) eÐnai fragmènec akolou-
jÐec. Apì to Je¸rhma Bolzano-Weierstrass, up�rqei upakoloujÐa (xkn

) thc (xn) h
opoÐa sugklÐnei se k�poio x ∈ R. AfoÔ a ≤ xkn

≤ b gia k�je n, sumperaÐnoume ìti
a ≤ x ≤ b. Dhlad ,

(3.3.1) xkn
→ x ∈ [a, b].

Parathr ste ìti xkn
− ykn

→ 0, �ra

(3.3.2) ykn
= xkn

− (xkn
− ykn

) → x− 0 = x.

Apì th sunèqeia thc f sto x èpetai ìti

(3.3.3) f(xkn
) → f(x) kai f(ykn

) → f(x).

Dhlad ,

(3.3.4) f(xkn
)− f(ykn

) → x− x = 0.
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Autì eÐnai �topo, afoÔ |f(xkn) − f(ykn)| ≥ ε gia k�je n ∈ N. 'Ara, h f eÐnai
omoiìmorfa suneq c sto [a, b]. 2

Parat rhsh. To gegonìc ìti h f  tan orismènh sto kleistì di�sthma [a, b]
qrhsimopoi jhke me dÔo trìpouc. Pr¸ton, mporèsame na broÔme sugklÐnousec up-
akoloujÐec twn (xn), (yn) (je¸rhma Bolzano-Weierstrass). DeÔteron, mporoÔsame
na poÔme ìti to koinì ìrio x aut¸n twn upakolouji¸n exakoloujeÐ na brÐsketai sto
pedÐo orismoÔ [a, b] thc f . Qrhsimopoi same dhlad  to ex c:

(3.3.5) an a ≤ zn ≤ b kai zn → z, tìte a ≤ z ≤ b.

To epìmeno je¸rhma apodeiknÔei ìti oi omoiìmorfa suneqeÐc sunart seic èqoun thn
ex c {kal  idiìthta}: apeikonÐzoun akoloujÐec Cauchy se akoloujÐec Cauchy. Autì
den isqÔei gia ìlec tic suneqeÐc sunart seic: jewr ste thn f(x) = 1

x sto (0, 1]. H
xn = 1

n eÐnai akoloujÐa Cauchy sto (0, 1], ìmwc h f(xn) = n den eÐnai akoloujÐa
Cauchy.

Je¸rhma 3.3.2. 'Estw f : A → R omoiìmorfa suneq c sun�rthsh kai èstw (xn)
akoloujÐa Cauchy sto A. Tìte, h (f(xn)) eÐnai akoloujÐa Cauchy.

Apìdeixh. 'Estw ε > 0. Up�rqei δ > 0 ¸ste: an x, y ∈ A kai |x − y| < δ tìte
|f(x)− f(y)| < ε. H (xn) eÐnai akoloujÐa Cauchy, �ra up�rqei n0(δ) ¸ste

(3.3.6) an m,n ≥ n0(δ), tìte |xn − xm| < δ.

'Omwc tìte,

(3.3.7) |f(xn)− f(xm)| < ε.

Br kame n0 ∈ N me thn idiìthta

(3.3.8) an m,n ≥ n0(δ) tìte |f(xn)− f(xm)| < ε.

AfoÔ to ε > 0  tan tuqìn, h (f(xn)) eÐnai akoloujÐa Cauchy. 2

EÐdame ìti k�je suneq c sun�rthsh f orismènh se kleistì di�sthma eÐnai omoiì-
morfa suneq c. Ja exet�soume to ex c er¸thma: 'Estw f : (a, b) → R suneq c
sun�rthsh. P¸c mporoÔme na elègxoume an h f eÐnai omoiìmorfa suneq c sto (a, b)?

Je¸rhma 3.3.3. 'Estw f : (a, b) → R suneq c sun�rthsh. H f eÐnai omoiìmorfa
suneq c sto (a, b) an kai mìno an up�rqoun ta lim

x→a+
f(x) kai lim

x→b−
f(x).

Apìdeixh. Upojètoume pr¸ta ìti up�rqoun ta lim
x→a+

f(x) kai lim
x→b−

f(x). OrÐzoume

mia {epèktash} g thc f sto [a, b], jètontac: g(a) = lim
x→a+

f(x), g(b) = lim
x→b−

f(x)

kai g(x) = f(x) an x ∈ (a, b).
H g eÐnai suneq c sto kleistì di�sthma [a, b] (exhg ste giatÐ), �ra omoiìmorfa

suneq c. Ja deÐxoume ìti h f eÐnai ki aut  omoiìmorfa suneq c sto (a, b). 'Estw
ε > 0. AfoÔ h g eÐnai omoiìmorfa suneq c, up�rqei δ > 0 ¸ste: an x, y ∈ [a, b] kai
|x− y| < δ tìte |g(x)− g(y)| < ε.

JewroÔme x, y ∈ (a, b) me |x− y| < δ. Tìte, apì ton orismì thc g èqoume

(3.3.9) |f(x)− f(y)| = |g(x)− g(y)| < ε.
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AntÐstrofa, upojètoume ìti h f eÐnai omoiìmorfa suneq c sto (a, b) kai deÐqnoume
ìti up�rqei to limx→a+ f(x) (h Ôparxh tou �llou pleurikoÔ orÐou apodeiknÔetai me
ton Ðdio trìpo).

Ja deÐxoume ìti an (xn) eÐnai akoloujÐa sto (a, b) me xn → a, tìte h (f(xn))
sugklÐnei. Autì eÐnai �meso apì to Je¸rhma 3.3.2: h (xn) sugklÐnei, �ra h (xn) eÐnai
akoloujÐa Cauchy, �ra h (f(xn)) eÐnai akoloujÐa Cauchy, �ra h (f(xn)) sugklÐnei
se k�poion pragmatikì arijmì `.

EpÐshc, to ìrio thc (f(xn)) eÐnai anex�rthto apì thn epilog  thc (xn): èstw
(yn) mia �llh akoloujÐa sto (a, b) me yn → a. Tìte, xn−yn → 0. Apì to Je¸rhma
3.2.1,

(3.3.10) f(xn)− f(yn) → 0.

Xèroume  dh ìti lim
n→∞

f(xn) = `, �ra

(3.3.11) f(yn) = f(xn)− (f(xn)− f(yn)) → `+ 0 = `.

Apì thn arq  thc metafor�c (gia to ìrio sun�rthshc) èpetai ìti lim
x→a+

f(x) = `. 2

ParadeÐgmata

(a) JewroÔme th sun�rthsh f(x) =
√
x sto [0, 1]. H f eÐnai suneq c sto [0, 1],

epomènwc eÐnai omoiìmorfa suneq c. 'Omwc, h f den eÐnai Lipschitz suneq c sto
[0, 1].

An  tan, ja up rqe M > 0 ¸ste

(3.3.12) |f(x)− f(y)| ≤M |x− y|

gia k�je x, y ∈ [0, 1]. Eidikìtera, gia k�je n ∈ N ja eÐqame

(3.3.13)
∣∣∣∣f ( 1

n2

)
− f(0)

∣∣∣∣ = 1
n

= n ·
∣∣∣∣ 1
n2

− 0
∣∣∣∣ ≤M ·

∣∣∣∣ 1
n2

− 0
∣∣∣∣ .

Dhlad , n ≤M gia k�je n ∈ N. Autì eÐnai �topo: to N ja  tan �nw fragmèno.

(b) H sun�rthsh f(x) =
√
x eÐnai Lipschitz suneq c sto [1,+∞), �ra omoiìmorfa

suneq c. Pr�gmati, an x ≥ 1 tìte

(3.3.14) |f ′(x)| = 1
2
√
x
≤ 1

2
,

dhlad  h f èqei fragmènh par�gwgo sto [1,+∞). Apì thn Prìtash 3.1.4 eÐnai
Lipschitz suneq c me stajer� 1/2.
(g) Ac doÔme t¸ra thn Ðdia sun�rthsh f(x) =

√
x sto [0,+∞). H f den eÐnai

Lipschitz suneq c sto [0,+∞) oÔte mporoÔme na efarmìsoume to Je¸rhma 3.3.1.
EÐdame ìmwc ìti h f eÐnai omoiìmorfa suneq c sto [0, 1] kai omoiìmorfa suneq c sto
[1,+∞). Autì ft�nei gia na deÐxoume ìti eÐnai omoiìmorfa suneq c sto [0,+∞):

'Estw ε > 0. Up�rqei δ1 > 0 ¸ste: an x, y ∈ [0, 1] kai |x − y| < δ1 tìte
|f(x)− f(y)| < ε

2 (apì thn omoiìmorfh sunèqeia thc f sto [0, 1]).
EpÐshc, up�rqei δ2 > 0 ¸ste: an x, y ∈ [1,+∞) kai |x − y| < δ2 tìte |f(x) −

f(y)| < ε
2 (apì thn omoiìmorfh sunèqeia thc f sto [1,+∞)).

Jètoume δ = min{δ1, δ2} > 0. 'Estw x < y ∈ [0,+∞) me |x − y| < δ. DiakrÐ-
noume treÐc peript¸seic:
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(i) An 0 ≤ x < y ≤ 1 kai |x−y| < δ, tìte |x−y| < δ1 �ra |f(x)−f(y)| < ε
2 < ε.

(ii) An 1 ≤ x < y kai |x− y| < δ, tìte |x− y| < δ2 �ra |f(x)− f(y)| < ε
2 < ε.

(iii) An x < 1 < y kai |x − y| < δ, parathroÔme ìti |x − 1| < δ kai |1 − y| < δ.
'Omwc, x, 1 ∈ [0, 1] kai 1, y ∈ [1,+∞). MporoÔme loipìn na gr�youme

|f(x)− f(y)| ≤ |f(x)− f(1)|+ |f(1)− f(y)| < ε

2
+
ε

2
= ε.

3.4 Sustolèc � je¸rhma stajeroÔ shmeÐou
Orismìc 3.4.1. Mia sun�rthsh f : A→ R lègetai sustol  an up�rqei 0 < M < 1
¸ste: gia k�je x, y ∈ A

(3.4.1) |f(x)− f(y)| ≤M |x− y|.

Profan¸c, k�je sustol  eÐnai Lipschitz suneq c.

Je¸rhma 3.4.2 (je¸rhma stajeroÔ shmeÐou). 'Estw f : R → R sustol .
Up�rqei monadikì y ∈ R me thn idiìthta

(3.4.2) f(y) = y.

Apìdeixh. Apì thn upìjesh up�rqei 0 < M < 1 ¸ste |f(x)− f(y)| ≤M |x− y| gia
k�je x, y ∈ R. H f eÐnai Lipschitz suneq c, �ra omoiìmorfa suneq c. Epilègoume
tuqìn x1 ∈ R. OrÐzoume mia akoloujÐa (xn) mèsw thc

(3.4.3) xn+1 = f(xn), n ∈ N.

Tìte,

(3.4.4) |xn+1 − xn| = |f(xn)− f(xn−1)| ≤M |xn − xn−1|

gia k�je n ≥ 2. Epagwgik� apodeiknÔoume ìti

(3.4.5) |xn+1 − xn| ≤Mn−1|x2 − x1|

gia k�je n ≥ 2. 'Epetai ìti an n > m sto N, tìte

|xn − xm| ≤ |xn − xn−1|+ · · ·+ |xm+1 − xm|
≤ (Mn−2 + · · ·+Mm−1)|x2 − x1|

=
1−Mn−m

1−M
Mm−1|x2 − x1|

≤ Mm−1

1−M
|x2 − x1|.

AfoÔ 0 < M < 1, èqoume Mm → 0. 'Ara, gia dojèn ε > 0 mporoÔme na broÔme

n0(ε) ¸ste: an n > m ≥ n0 tìte Mm−1

1−M |x2 − x1| < ε, kai sunep¸c, |xn − xm| < ε.
Epomènwc, h (xn) eÐnai akoloujÐa Cauchy kai autì shmaÐnei ìti sugklÐnei: up�r-

qei y ∈ R ¸ste xn → y. Ja deÐxoume ìti f(y) = y: apì thn xn → y kai th sunèqeia
thc f sto y blèpoume ìti f(xn) → f(y). 'Omwc xn+1 = f(xn) kai xn+1 → y, �ra
f(xn) → y. Apì th monadikìthta tou orÐou akoloujÐac prokÔptei h f(y) = y.

To y eÐnai to monadikì stajerì shmeÐo thc f . 'Estw z 6= y me f(z) = z. Tìte,

(3.4.6) 0 < |z − y| = |f(z)− f(y)| ≤M |z − y|,

dhlad  1 ≤M , to opoÐo eÐnai �topo. 2


