
Kef�laio 2

Seirèc pragmatik¸n arijm¸n

2.1 SÔgklish seir�c
Orismìc 2.1.1. 'Estw (ak) mia akoloujÐa pragmatik¸n arijm¸n. JewroÔme thn
akoloujÐa

(2.1.1) sn = a1 + · · ·+ an.

Dhlad ,

(2.1.2) s1 = a1, s2 = a1 + a2, s3 = a1 + a2 + a3, . . .

To sÔmbolo
∞∑
k=1

ak eÐnai h seir� me k-ostì ìro ton ak. To �jroisma sn =
n∑
k=1

ak

eÐnai to n-ostì merikì �jroisma thc seir�c
∞∑
k=1

ak kai h (sn) eÐnai h akoloujÐa twn

merik¸n ajroism�twn thc seir�c
∞∑
k=1

ak.

An h (sn) sugklÐnei se k�poion pragmatikì arijmì s, tìte gr�foume

(2.1.3) s = a1 + a2 + · · ·+ an + · · ·   s =
∞∑
k=1

ak

kai lème ìti h seir� sugklÐnei (sto s), to de ìrio s = lim
n→∞

sn eÐnai to �jroisma thc

seir�c.

An sn → +∞   an sn → −∞, tìte gr�foume
∞∑
k=1

ak = +∞  
∞∑
k=1

ak = −∞ kai

lème ìti h seir�
∞∑
k=1

ak apoklÐnei sto +∞   sto −∞ antÐstoiqa.

An h (sn) den sugklÐnei se pragmatikì arijmì, tìte lème ìti h seir�
∞∑
k=1

ak

apoklÐnei.

Parathr seic 2.1.2. (a) Pollèc forèc exet�zoume th sÔgklish seir¸n thc morf c
∞∑
k=0

ak  
∞∑
k=m

ak ìpou m ≥ 2. Se aut n thn perÐptwsh jètoume sn+1 = a0 + a1 +
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· · ·+ an   sn−m+1 = am + am+1 + · · ·+ an (gia n ≥ m) antÐstoiqa, kai exet�zoume
th sÔgklish thc akoloujÐac (sn).
(b) Apì touc orismoÔc pou d¸same eÐnai fanerì ìti gia na exet�soume th sÔgklish
  apìklish miac seir�c, apl¸c exet�zoume th sÔgklish   apìklish miac akoloujÐac
(thc akoloujÐac (sn) twn merik¸n ajroism�twn thc seir�c). O n-ostìc ìmwc ìroc
thc akoloujÐac (sn) eÐnai èna {�jroisma me oloèna auxanìmeno m koc}, to opoÐo
adunatoÔme (sun jwc) na gr�youme se kleist  morf . Sunep¸c, h eÔresh tou orÐou
s = lim

n→∞
sn (ìtan autì up�rqei) eÐnai polÔ suqn� anèfikth. Skopìc mac eÐnai loipìn

na anaptÔxoume k�poia krit ria ta opoÐa na mac epitrèpoun (toul�qiston) na poÔme
an h (sn) sugklÐnei se pragmatikì arijmì   ìqi.

Prin proqwr soume se paradeÐgmata, ja doÔme k�poiec aplèc prot�seic pou ja
qrhsimopoioÔme eleÔjera sth sunèqeia.

An èqoume dÔo seirèc
∞∑
k=1

ak ,
∞∑
k=1

bk, mporoÔme na sqhmatÐsoume ton grammikì

sunduasmì touc
∞∑
k=1

(λak + µbk), ìpou λ, µ ∈ R.

Prìtash 2.1.3. An
∞∑
k=1

ak = s kai
∞∑
k=1

bk = t, tìte

(2.1.4)
∞∑
k=1

(λak + µbk) = λs+ µt = λ
∞∑
k=1

ak + µ
∞∑
k=1

bk.

Apìdeixh. An sn =
n∑
k=1

ak, tn =
n∑
k=1

bk kai un =
n∑
k=1

(λak + µbk) eÐnai ta n-ost�

merik� ajroÐsmata twn seir¸n, tìte un = λsn + µtn. Autì prokÔptei eÔkola apì
tic idiìthtec thc prìsjeshc kai tou pollaplasiasmoÔ, afoÔ èqoume ajroÐsmata me
peperasmènouc to pl joc ìrouc. 'Omwc, sn → s kai tn → t, �ra un → λs+µt. Apì
ton orismì tou ajroÐsmatoc seir�c èpetai h (2.1.4). 2

Prìtash 2.1.4. (a) An apaleÐyoume peperasmèno pl joc {arqik¸n} ìrwn miac
seir�c, den ephre�zetai h sÔgklish   apìklis  thc.

(b) An all�xoume peperasmènouc to pl joc ìrouc miac seir�c, den ephre�zetai h
sÔgklish   apìklish thc.

Apìdeixh. (a) JewroÔme th seir�
∞∑
k=1

ak. Me th fr�sh {apaleÐfoume touc arqikoÔc

ìrouc a1, a2, . . . , am−1} ennooÔme ìti jewroÔme thn kainoÔrgia seir�
∞∑
k=m

ak. An

sumbolÐsoume me sn kai tn ta n-ost� merik� ajroÐsmata twn dÔo seir¸n antistoÐqwc,
tìte gia k�je n ≥ m èqoume

(2.1.5) sn = a1 + a2 + · · ·+ am−1 + am + · · ·+ an = a1 + · · ·+ am−1 + tn−m+1.

'Ara h (sn) sugklÐnei an kai mìnon an h (tn−m+1) sugklÐnei, dhlad  an kai mìnon an
h (tn) sugklÐnei. EpÐshc, an sn → s kai tn → t, tìte s = a1 + a2 + · · ·+ am−1 + t.
Dhlad ,

(2.1.6)
∞∑
k=1

ak = a1 + · · ·+ am−1 +
∞∑
k=m

ak.
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(b) JewroÔme th seir�
∞∑
k=1

ak. All�zoume peperasmènouc to pl joc ìrouc thc (ak).

JewroÔme dhlad  mia nèa seir�
∞∑
k=1

bk pou ìmwc èqei thn ex c idiìthta: up�rqei

m ∈ N ¸ste ak = bk gia k�je k ≥ m. An apaleÐyoume touc pr¸touc m − 1 ìrouc

twn dÔo seir¸n, prokÔptei h Ðdia seir�
∞∑
k=m

ak. T¸ra, efarmìzoume to (a). 2

Prìtash 2.1.5. (a) An
∞∑
k=1

ak = s, tìte an → 0.

(b) An h seir�
∞∑
k=1

ak sugklÐnei, tìte gia k�je ε > 0 up�rqei N = N(ε) ∈ N ¸ste:

gia k�je n ≥ N ,

(2.1.7)

∣∣∣∣∣
∞∑

k=n+1

ak

∣∣∣∣∣ < ε.

Apìdeixh. (a) An sn =
n∑
k=1

ak, tìte sn → s kai sn−1 → s. 'Ara,

(2.1.8) an = sn − sn−1 → s− s = 0.

Sthn pragmatikìthta, autì pou k�noume ed¸ eÐnai na jewr soume mia deÔterh akolou-
jÐa (tn) h opoÐa orÐzetai wc ex c: dÐnoume aujaÐreth tim  ston t1 � gia par�deigma,
t1 = 0 � kai gia k�je n ≥ 2 jètoume tn = sn−1. Tìte, tn → s (�skhsh) kai gia
k�je n ≥ 2 èqoume an = sn − tn → s− s = 0 (exhg ste thn pr¸th isìthta).

'Enac �lloc trìpoc gia na apodeÐxoume ìti an → 0 eÐnai me ton orismì. 'Estw
ε > 0. AfoÔ sn → s, up�rqei n1 ∈ N ¸ste |sn − s| < ε

2 gia k�je n ≥ n1. Jètoume
n0 = n1 + 1. Tìte, gia k�je n ≥ n0 èqoume n ≥ n1 kai n − 1 ≥ n1. Sunep¸c,
|s− sn| < ε

2 kai |s− sn−1| < ε
2 , ap� ìpou èpetai ìti

|an| = |sn − sn−1| ≤ |sn − s|+ |s− sn−1| <
ε

2
+
ε

2
= ε

gia k�je n ≥ n0. Me b�sh ton orismì, an → 0.

(b) An
∞∑
k=1

ak = s, tìte apì thn (2.1.6) èqoume

(2.1.9) βn :=
∞∑

k=n+1

ak = s− sn → 0

kaj¸c to n → ∞. Apì ton orismì tou orÐou akoloujÐac, gia k�je ε > 0 up�rqei
N = N(ε) ∈ N ¸ste: gia k�je n ≥ N , |βn| < ε. 2

ShmeÐwsh. To mèroc (a) thc Prìtashc 2.1.5 qrhsimopoieÐtai san krit rio apìk-

lishc: An h akoloujÐa (ak) den sugklÐnei sto 0 tìte h seir�
∞∑
k=1

ak anagkastik�

apoklÐnei.
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ParadeÐgmata

(a) H gewmetrik  seir� me lìgo x ∈ R eÐnai h seir�

(2.1.10)
∞∑
k=0

xk.

Dhlad  ak = xk, k = 0, 1, 2, . . .. An x = 1 tìte sn = n+ 1, en¸ an x 6= 1 èqoume

(2.1.11) sn = 1 + x+ x2 + · · ·+ xn =
xn+1 − 1
x− 1

.

DiakrÐnoume dÔo peript¸seic:

(i) An |x| ≥ 1 tìte |ak| = |x|k ≥ 1, dhlad  ak 6→ 0. Apì thn Prìtash 2.1.5(a)
blèpoume ìti h seir� (2.1.10) apoklÐnei.

(ii) An |x| < 1 tìte xn+1 → 0, opìte h (2.1.11) deÐqnei ìti sn → 1
1−x . Dhlad ,

(2.1.12)
∞∑
k=0

xk =
1

1− x
.

(b) Thleskopikèc seirèc. Upojètoume ìti h akoloujÐa (ak) ikanopoieÐ thn

(2.1.13) ak = bk − bk+1

gia k�je k ∈ N, ìpou (bk) mia �llh akoloujÐa. Tìte, h seir�
∞∑
k=1

ak sugklÐnei an

kai mìnon an h akoloujÐa (bk) sugklÐnei. Pr�gmati, èqoume

(2.1.14) sn = a1 + · · ·+ an = (b1 − b2) + (b2 − b3) + · · ·+ (bn − bn+1) = b1 − bn+1,

opìte bn → b an kai mìnon an sn → b1 − b.

San par�deigma jewroÔme th seir�
∞∑
k=1

1
k(k+1) . Tìte,

(2.1.15) ak =
1

k(k + 1)
=

1
k
− 1
k + 1

= bk − bk+1,

ìpou bk = 1
k . 'Ara,

sn = a1 + · · ·+ an

=
(

1− 1
2

)
+
(

1
2
− 1

3

)
+ · · ·+

(
1
n
− 1
n+ 1

)
= 1− 1

n+ 1
→ 1.

Dhlad ,

(2.1.16)
∞∑
k=1

1
k(k + 1)

= 1.
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Je¸rhma 2.1.6 (krit rio Cauchy). H seir�
∞∑
k=1

ak sugklÐnei an kai mìno an

isqÔei to ex c: gia k�je ε > 0 up�rqei N = N(ε) ∈ N ¸ste: an N ≤ m < n tìte

(2.1.17)

∣∣∣∣∣
n∑

k=m+1

ak

∣∣∣∣∣ = |am+1 + · · ·+ an| < ε.

Apìdeixh. An sn = a1 + a2 + · · · + an eÐnai to n-ostì merikì �jroisma thc seir�c,
h seir� sugklÐnei an kai mìnon an h (sn) sugklÐnei. Dhlad , an kai mìnon an h (sn)
eÐnai akoloujÐa Cauchy. Autì ìmwc eÐnai (apì ton orismì thc akoloujÐac Cauchy)
isodÔnamo me to ex c: gia k�je ε > 0 up�rqei N = N(ε) ∈ N ¸ste gia k�je
N ≤ m < n,

(2.1.18) |am+1 + · · ·+an| = |(a1 + · · ·+an)− (a1 + · · ·+am)| = |sn− sm| < ε. 2

Par�deigma: H armonik  seir�
∞∑
k=1

1
k .

'Eqoume ak = 1
k gia k�je k ∈ N. ParathroÔme ìti: an n > m tìte

(2.1.19) am+1 + · · ·+ an =
1

m+ 1
+

1
m+ 2

+ · · ·+ 1
n
≥ n−m

n
.

Efarmìzoume to krit rio tou Cauchy. An h armonik  seir� sugklÐnei, tìte, gia
ε = 1

4 , prèpei na up�rqei N ∈ N ¸ste: an N ≤ m < n tìte

(2.1.20) |am+1 + · · ·+ an| <
1
4
.

Epilègoume m = N kai n = 2N . Tìte, sundu�zontac tic (2.1.19) kai (2.1.20)
paÐrnoume

(2.1.21)
1
4
> aN+1 + · · ·+ a2N ≥ 2N −N

2N
=

1
2
,

pou eÐnai �topo. 'Ara, h armonik  seir� apoklÐnei.

ShmeÐwsh: To par�deigma thc armonik c seir�c deÐqnei ìti to antÐstrofo thc Pro-

tashc 2.1.5(a) den isqÔei. An ak → 0 den eÐnai aparaÐthta swstì ìti h seir�
∞∑
k=1

ak

sugklÐnei.

2.2 Seirèc me mh arnhtikoÔc ìrouc
Se aut  thn par�grafo suzht�me th sÔgklish   apìklish seir¸n me mh arnhtikoÔc
ìrouc. H basik  parat rhsh eÐnai ìti an gia thn akoloujÐa (ak) èqoume ak ≥ 0
gia k�je k ∈ N, tìte h akoloujÐa (sn) twn merik¸n ajroism�twn eÐnai aÔxousa:
pr�gmati, gia k�je n ∈ N èqoume

(2.2.1) sn+1 − sn = (a1 + · · ·+ an + an+1)− (a1 + · · ·+ an) = an+1 ≥ 0.

Je¸rhma 2.2.1. 'Estw (ak) akoloujÐa me ak ≥ 0 gia k�je k ∈ N. H seir�
∞∑
k=1

ak

sugklÐnei an kai mìnon an h akoloujÐa (sn) twn merik¸n ajroism�twn eÐnai �nw

fragmènh. An h (sn) den eÐnai �nw fragmènh, tìte
∞∑
k=1

ak = +∞.
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Apìdeixh. H (sn) eÐnai aÔxousa akoloujÐa. An eÐnai �nw fragmènh tìte sugklÐnei
se pragmatikì arijmì, �ra h seir� sugklÐnei. An h (sn) den eÐnai �nw fragmènh
tìte, afoÔ eÐnai aÔxousa, èqoume sn → +∞. 2

ShmeÐwsh. EÐdame ìti mia seir� me mh arnhtikoÔc ìrouc sugklÐnei   apoklÐnei sto

+∞. Epistrèfontac sto par�deigma thc armonik c seir�c
∞∑
k=1

1
k , blèpoume ìti, afoÔ

den sugklÐnei, apoklÐnei sto +∞:

(2.2.2)
∞∑
k=1

1
k

= +∞.

Ja d¸soume mia apeujeÐac apìdeixh gia to gegonìc ìti h akoloujÐa sn = 1 + 1
2 +

· · ·+ 1
n teÐnei sto +∞. Pio sugkekrimèna, ja deÐxoume me epagwg  ìti

(∗) s2n ≥ 1 +
n

2
gia k�je n ∈ N.

Gia n = 1 h anisìthta isqÔei wc isìthta: s2 = 1 + 1
2 . Upojètoume ìti h (∗) isqÔei

gia k�poion fusikì n. Tìte,

s2n+1 = s2n +
1

2n + 1
+

1
2n + 2

+ · · ·+ 1
2n+1

.

Parathr ste ìti o s2n+1 − s2n eÐnai èna �jroisma 2n to pl joc arijm¸n kai ìti o
mikrìteroc apì autoÔc eÐnai o 1

2n+1 . Sunep¸c,

s2n+1 ≥ s2n + 2n · 1
2n+1

= s2n +
1
2
≥ 1 +

n

2
+

1
2

= 1 +
n+ 1

2
.

'Ara, h (∗) isqÔei gia ton fusikì n + 1. 'Epetai ìti s2n → +∞. AfoÔ h (sn) eÐnai
aÔxousa kai èqei upakoloujÐa pou teÐnei sto +∞, sumperaÐnoume ìti sn → +∞.

2.2aþ Seirèc me fjÐnontec mh arnhtikoÔc ìrouc

Pollèc forèc sunant�me seirèc
∞∑
k=1

ak twn opoÐwn oi ìroi ak fjÐnoun proc to 0:

ak+1 ≤ ak gia k�je k ∈ N kai ak → 0. 'Ena krit rio sÔgklishc pou efarmìzetai
suqn� se tètoiec peript¸seic eÐnai to krit rio sumpÔknwshc.

Prìtash 2.2.2 (Krit rio sumpÔknwshc - Cauchy). 'Estw (ak) mia fjÐnousa

akoloujÐa me ak > 0 kai ak → 0. H seir�
∞∑
k=1

ak sugklÐnei an kai mìno an h seir�

∞∑
k=0

2k a2k sugklÐnei.

Apìdeixh. Upojètoume pr¸ta ìti h
∞∑
k=0

2ka2k sugklÐnei. Tìte, h akoloujÐa twn

merik¸n ajroism�twn

(2.2.3) tn = a1 + 2a2 + 4a4 + · · ·+ 2na2n

eÐnai �nw fragmènh. 'Estw M èna �nw fr�gma thc (tn). Ja deÐxoume ìti o M eÐnai

�nw fr�gma gia ta merik� ajroÐsmata thc
∞∑
k=1

ak. 'Estw sm = a1 + · · · + am. O
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arijmìc m brÐsketai an�mesa se dÔo diadoqikèc dun�meic tou 2: Ôp�rqei n ∈ N ¸ste
2n ≤ m < 2n+1. Tìte, qrhsimopoi¸ntac thn upìjesh ìti h (ak) eÐnai fjÐnousa,
èqoume

sm = a1 + (a2 + a3) + (a4 + a5 + a6 + a7) + · · ·+ (a2n−1 + · · ·+ a2n−1)
+(a2n + · · ·+ am)

= a1 + (a2 + a3) + (a4 + a5 + a6 + a7) + · · ·+ (a2n−1 + · · ·+ a2n−1)
+(a2n + · · ·+ am + · · ·+ a2n+1−1)

≤ a1 + 2a2 + 4a4 + · · ·+ 2n−1a2n−1 + 2na2n

≤ M.

AfoÔ h
∞∑
k=1

ak èqei mh arnhtikoÔc ìrouc kai h akoloujÐa twn merik¸n ajroism�twn

thc eÐnai �nw fragmènh, to Je¸rhma 2.2.1 deÐqnei ìti h
∞∑
k=1

ak sugklÐnei.

AntÐstrofa: upojètoume ìti h
∞∑
k=1

ak sugklÐnei, dhlad  ìti h (sm) eÐnai �nw

fragmènh: up�rqei M ∈ R ¸ste sm ≤ M gia k�je m ∈ N. Tìte, gia to tuqìn

merikì �jroisma (tn) thc seir�c
∞∑
k=1

2k a2k èqoume

tn = a1 + 2a2 + 4a4 + · · ·+ 2na2n

≤ 2a1 + 2a2 + 2(a3 + a4) + · · ·+ 2(a2n−1+1 + · · ·+ a2n)
= 2s2n ≤ 2M.

AfoÔ h (tn) eÐnai �nw fragmènh, to Je¸rhma 2.2.1 deÐqnei ìti h
∞∑
k=0

2ka2k sugklÐnei.

2

ParadeÐgmata

(a)
∞∑
k=1

1
kp , ìpou p > 0. 'Eqoume ak = 1

kp . AfoÔ p > 0, h (ak) fjÐnei proc to 0.

JewroÔme thn

(2.2.4)
∞∑
k=0

2ka2k =
∞∑
k=0

2k
1

(2k)p
=

∞∑
k=0

( 1
2p−1

)k
.

H teleutaÐa seir� eÐnai gewmetrik  seir� me lìgo xp = 1
2p−1 EÐdame ìti sugklÐnei an

xp = 1
2p−1 < 1, dhlad  an p > 1 kai apoklÐnei an xp = 1

2p−1 ≥ 1, dhlad  an p ≤ 1.

Apì to krit rio sumpÔknwshc, h seir�
∞∑
k=1

1
kp sugklÐnei an p > 1 kai apoklÐnei

sto +∞ an 0 < p ≤ 1.

(b)
∞∑
k=2

1
k(log k)p , ìpou p > 0. 'Eqoume ak = 1

k(log k)p . AfoÔ p > 0, h (ak) fjÐnei proc

to 0. JewroÔme thn

(2.2.5)
∞∑
k=1

2ka2k =
∞∑
k=1

2k
1

2k(log(2k))p
=

1
(log 2)p

∞∑
k=1

1
kp
.
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Apì to prohgoÔmeno par�deigma, aut  sugklÐnei an p > 1 kai apoklÐnei an p ≤ 1.

Apì to krit rio sumpÔknwshc, h seir�
∞∑
k=2

1
k(log k)p sugklÐnei an p > 1 kai apoklÐnei

sto +∞ an 0 < p ≤ 1.

2.2bþ O arijmìc e

'Eqoume orÐsei ton arijmì e wc to ìrio thc gnhsÐwc aÔxousac kai �nw fragmènhc
akoloujÐac αn :=

(
1 + 1

n

)n
kaj¸c to n→∞.

Prìtash 2.2.3. O arijmìc e ikanopoieÐ thn

(2.2.6) e =
∞∑
k=0

1
k!
.

Apìdeixh. JumhjeÐte ìti 0! = 1. Gr�foume sn gia to n-ostì merikì �jroisma thc
seir�c sto dexiì mèloc:

(2.2.7) sn = 1 +
1
1!

+
1
2!

+ · · ·+ 1
n!
.

Apì to diwnumikì an�ptugma, èqoume(
1 +

1
n

)n
= 1 +

(
n

1

)
1
n

+
(
n

2

)
1
n2

+ · · ·+
(
n

n

)
1
nn

= 1 +
n

1!
1
n

+
n(n− 1)

2!
1
n2

+ · · ·+ n(n− 1) · · · (n− k + 1)
k!

1
nk

+ · · ·+ n(n− 1) · · · 2 · 1
n!

1
nn

= 1 +
1
1!

+
1
2!

(
1− 1

n

)
+ · · ·+ 1

n!

[(
1− 1

n

)
· · ·
(

1− n− 1
n

)]
≤ 1 +

1
1!

+
1
2!

+ · · ·+ 1
n!
,

dhlad ,

(2.2.8) αn ≤ sn.

'Estw n ∈ N. O prohgoÔmenoc upologismìc deÐqnei ìti an k > n tìte(
1 +

1
k

)k
= 1 +

1
1!

+
1
2!

(
1− 1

k

)
+ · · ·+ 1

n!

[(
1− 1

k

)
· · ·
(

1− n− 1
k

)]
+ · · ·+ 1

k!

[(
1− 1

k

)
· · ·
(

1− k − 1
k

)]
≥ 1 +

1
1!

+
1
2!

(
1− 1

k

)
+ · · ·+ 1

n!

[(
1− 1

k

)
· · ·
(

1− n− 1
k

)]
.

Krat¸ntac to n stajerì kai af nontac to k →∞, blèpoume ìti

(2.2.9) e = lim
k→∞

(
1 +

1
k

)k
≥ 1 +

1
1!

+
1
2!

+ · · ·+ 1
n!

= sn.
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AfoÔ h aÔxousa akoloujÐa (sn) eÐnai �nw fragmènh apì ton e, èpetai ìti h (sn)
sugklÐnei kai lim

n→∞
sn ≤ e. Apì thn �llh pleur�, h (2.2.8) deÐqnei ìti e = lim

n→∞
αn ≤

lim
n→∞

sn. 'Ara,

(2.2.10) e = lim
n→∞

sn =
∞∑
k=0

1
k!
,

ìpwc isqurÐzetai h Prìtash. 2

Qrhsimopoi¸ntac aut n thn anapar�stash tou e, ja deÐxoume ìti eÐnai �rrhtoc
arijmìc.

Prìtash 2.2.4. O e eÐnai �rrhtoc.

Apìdeixh. Upojètoume ìti o e eÐnai rhtìc. Tìte, up�rqoun m,n ∈ N ¸ste

(2.2.11) e =
m

n
=

∞∑
k=0

1
k!
.

Dhlad ,

(2.2.12)
m

n
=
(

1 +
1
1!

+ · · ·+ 1
n!

)
+
(

1
(n+ 1)!

+ · · ·+ 1
(n+ s)!

+ · · ·
)
.

Pollaplasi�zontac ta dÔo mèlh thc (2.2.12) me n!, mporoÔme na gr�youme

0 < A = n!
[
m

n
−
(

1 +
1
1!

+ · · ·+ 1
n!

)]
=

1
n+ 1

+
1

(n+ 1)(n+ 2)
+ · · ·+ 1

(n+ 1) · · · (n+ s)
+ · · · .

Parathr ste ìti, apì ton trìpo orismoÔ tou, o

(2.2.13) A = n!
[
m

n
−
(

1 +
1
1!

+ · · ·+ 1
n!

)]
eÐnai fusikìc arijmìc. 'Omwc, gia k�je s ∈ N èqoume

1
n+ 1

+
1

(n+ 1)(n+ 2)
+ · · ·+ 1

(n+ 1) · · · (n+ s)
≤ 1

2
+

1
6

+
1
23

+ · · ·+ 1
2s

<
2
3

+
1
8

∞∑
k=0

1
2k

=
2
3

+
1
4

=
11
12
.

'Ara,

(2.2.14)
1

n+ 1
+

1
(n+ 1)(n+ 2)

+ · · ·+ 1
(n+ 1) · · · (n+ s)

+ · · · ≤ 11
12
.

'Epetai ìti o fusikìc arijmìc A ikanopoieÐ thn

(2.2.15) 0 < A ≤ 11
12

kai èqoume katal xei se �topo. 2
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2.3 Genik� krit ria
2.3aþ Apìluth sÔgklish seir�c

Orismìc 2.3.1. Lème ìti h seir�
∞∑
k=1

ak sugklÐnei apolÔtwc an h seir�
∞∑
k=1

|ak|

sugklÐnei. Lème ìti h seir�
∞∑
k=1

ak sugklÐnei upì sunj kh an sugklÐnei all� den

sugklÐnei apolÔtwc.

H epìmenh prìtash deÐqnei ìti h apìluth sÔgklish eÐnai isqurìterh apì thn (apl )
sÔgklish.

Prìtash 2.3.2. An h seir�
∞∑
k=1

ak sugklÐnei apolÔtwc, tìte h seir�
∞∑
k=1

ak sugk-

lÐnei.

Apìdeixh. Ja deÐxoume ìti ikanopoieÐtai to krit rio Cauchy (Je¸rhma 2.1.6). 'Estw

ε > 0. AfoÔ h seir�
∞∑
k=1

|ak| sugklÐnei, up�rqei N ∈ N ¸ste: gia k�je N ≤ m < n,

(2.3.1)
n∑

k=m+1

|ak| < ε.

Tìte, gia k�je N ≤ m < n èqoume

(2.3.2)

∣∣∣∣∣
n∑

k=m+1

ak

∣∣∣∣∣ ≤
n∑

k=m+1

|ak| < ε.

'Ara h seir�
∞∑
k=1

ak ikanopoieÐ to krit rio Cauchy. Apì to Je¸rhma 2.1.6, sugklÐnei.

2

ParadeÐgmata

(a) H seir�
∞∑
k=1

(−1)k−1

k2 sugklÐnei. MporoÔme na elègxoume ìti sugklÐnei apolÔtwc:

èqoume

(2.3.3)
∞∑
k=1

∣∣∣∣∣ (−1)k−1

k2

∣∣∣∣∣ =
∞∑
k=1

1
k2

kai h teleutaÐa seir� sugklÐnei (eÐnai thc morf c
∞∑
k=1

1
kp me p = 2 > 1).

(b) H seir�
∞∑
k=1

(−1)k−1

k den sugklÐnei apolÔtwc, afoÔ

(2.3.4)
∞∑
k=1

∣∣∣∣∣ (−1)k−1

k

∣∣∣∣∣ =
∞∑
k=1

1
k
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(armonik  seir�). MporoÔme ìmwc na deÐxoume ìti h seir� sugklÐnei upì sunj kh.
JewroÔme pr¸ta to merikì �jroisma

s2m =
2m∑
k=1

(−1)k−1

k

= 1− 1
2

+
1
3
− 1

4
+ · · ·+ 1

2m− 1
− 1

2m

=
1

1 · 2
+

1
3 · 4

+
1

5 · 6
+ · · ·+ 1

(2m− 1)2m
.

'Epetai ìti

(2.3.5) s2m+2 = s2m +
1

(2m+ 1)(2m+ 2)
> s2m,

dhlad , h upakoloujÐa (s2m) eÐnai gnhsÐwc aÔxousa. ParathroÔme epÐshc ìti h
(s2m) eÐnai �nw fragmènh, afoÔ

(2.3.6) s2m <
1
12

+
1
32

+
1
52

+ · · ·+ 1
(2m− 1)2

,

kai to dexiì mèloc thc (2.3.6) fr�ssetai apì to (2m− 1)-ostì merikì �jroisma thc

seir�c
∞∑
k=1

1
k2 h opoÐa sugklÐnei. 'Ara h upakoloujÐa (s2m) sugklÐnei se k�poion

pragmatikì arijmì s. Tìte,

(2.3.7) s2m−1 = s2m +
1

2m
→ s+ 0 = s.

AfoÔ oi upakoloujÐec (s2m) kai (s2m−1) twn �rtiwn kai twn peritt¸n ìrwn thc (sm)
sugklÐnoun ston s, sumperaÐnoume ìti sn → s.

2.3bþ Krit ria sÔgkrishc

Je¸rhma 2.3.3 (krit rio sÔgkrishc). JewroÔme tic seirèc
∞∑
k=1

ak kai
∞∑
k=1

bk,

ìpou bk > 0 gia k�je k ∈ N. Upojètoume ìti up�rqei M > 0 ¸ste

(2.3.8) |ak| ≤M · bk

gia k�je k ∈ N kai ìti h seir�
∞∑
k=1

bk sugklÐnei. Tìte, h seir�
∞∑
k=1

ak sugklÐnei

apolÔtwc.

Apìdeixh. Jètoume sn =
n∑
k=1

|ak| kai tn =
n∑
k=1

bk. Apì thn (2.3.8) èpetai ìti

(2.3.9) sn ≤M · tn

gia k�je n ∈ N. AfoÔ h seir�
∞∑
k=1

bk sugklÐnei, h akoloujÐa (tn) eÐnai �nw fragmènh.

Apì thn (2.3.9) sumperaÐnoume ìti kai h (sn) eÐnai �nw fragmènh. 'Ara, h
∞∑
k=1

|ak|

sugklÐnei. 2
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Je¸rhma 2.3.4 (oriakì krit rio sÔgkrishc). JewroÔme tic seirèc
∞∑
k=1

ak kai

∞∑
k=1

bk, ìpou bk > 0 gia k�je k ∈ N. Upojètoume ìti

(2.3.10) lim
k→∞

ak
bk

= ` ∈ R

kai ìti h seir�
∞∑
k=1

bk sugklÐnei. Tìte, h seir�
∞∑
k=1

ak sugklÐnei apolÔtwc.

Apìdeixh. H akoloujÐa
(
ak

bk

)
sugklÐnei, �ra eÐnai fragmènh. Dhlad , up�rqei

M > 0 ¸ste

(2.3.11)
∣∣∣∣akbk

∣∣∣∣ ≤M

gia k�je k ∈ N. Tìte, ikanopoieÐtai h (2.3.8) kai mporoÔme na efarmìsoume to
Je¸rhma 2.3.3. 2

Je¸rhma 2.3.5 (isodÔnamh sumperifor�). JewroÔme tic seirèc
∞∑
k=1

ak kai
∞∑
k=1

bk,

ìpou ak, bk > 0 gia k�je k ∈ N. Upojètoume ìti

(2.3.10) lim
k→∞

ak
bk

= ` > 0.

Tìte, h seir�
∞∑
k=1

bk sugklÐnei an kai mìno an h seir�
∞∑
k=1

ak sugklÐnei.

Apìdeixh. An h
∑∞
k=1 bk sugklÐnei, tìte h

∑∞
k=1 ak sugklÐnei apì to Je¸rhma 2.3.4.

AntÐstrofa, ac upojèsoume ìti h
∑∞
k=1 ak sugklÐnei. AfoÔ

ak

bk
→ ` > 0, èqoume

bk

ak
→ 1

` . Enall�ssontac touc rìlouc twn (ak) kai (bk), blèpoume ìti h
∑∞
k=1 bk

sugklÐnei, qrhsimopoi¸ntac xan� to Je¸rhma 2.3.4. 2

ParadeÐgmata

(a) Exet�zoume th sÔgklish thc seir�c
∞∑
k=1

sin(kx)
k2 , ìpou x ∈ R. ParathroÔme ìti

(2.3.12)
∣∣∣∣ sin(kx)

k2

∣∣∣∣ ≤ 1
k2
.

AfoÔ h
∞∑
k=1

1
k2 sugklÐnei, sumperaÐnoume (apì to krit rio sÔgkrishc) ìti h seir�

∞∑
k=1

sin(kx)
k2 sugklÐnei apolÔtwc.

(b) Exet�zoume th sÔgklish thc seir�c
∞∑
k=1

k+1
k4+k2+3 . ParathroÔme ìti an ak =

k+1
k4+k2+3 kai bk = 1

k3 , tìte

(2.3.13)
ak
bk

=
k4 + k3

k4 + k2 + 3
→ 1.
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AfoÔ h
∞∑
k=1

1
k3 sugklÐnei, sumperaÐnoume (apì to oriakì krit rio sÔgkrishc) ìti h

∞∑
k=1

k+1
k4+k2+3 sugklÐnei.

(g) Tèloc, exet�zoume th sÔgklish thc seir�c
∞∑
k=1

k+1
k2+2 . 'Opwc sto prohgoÔmeno

par�deigma, an jewr soume tic akoloujÐec bk = k+1
k2+2 kai ak = 1

k , tìte

(2.3.14)
ak
bk

=
k2 + 2
k2 + k

→ 1 > 0.

Apì to Je¸rhma 2.3.5 èpetai ìti h
∞∑
k=1

k+1
k2+2 èqei thn Ðdia sumperifor� me thn

∞∑
k=1

1
k ,

dhlad  apoklÐnei.

2.3gþ Krit rio lìgou kai krit rio rÐzac

Je¸rhma 2.3.6 (Krit rio lìgou - D’ Alembert). 'Estw
∞∑
k=1

ak mia seir� me

mh mhdenikoÔc ìrouc.

(a) An lim
k→∞

∣∣∣ak+1
ak

∣∣∣ < 1, tìte h
∞∑
k=1

ak sugklÐnei apolÔtwc.

(b) An lim
k→∞

∣∣∣ak+1
ak

∣∣∣ > 1, tìte h
∞∑
k=1

ak apoklÐnei.

Apìdeixh. (a) Upojètoume ìti lim
k→∞

∣∣∣ak+1
ak

∣∣∣ = ` < 1. 'Estw x > 0 me ` < x < 1.

Tìte, up�rqei N ∈ N ¸ste: |ak+1
ak

| ≤ x gi� k�je k ≥ N . Dhlad ,

(2.3.15) |aN+1| ≤ x|aN |, |aN+2| ≤ x|aN+1| ≤ x2|aN | klp.

Epagwgik� deÐqnoume ìti

(2.3.16) |ak| ≤ xk−N |aN | =
|aN |
xN

· xk

gi� k�je k ≥ N .

SugkrÐnoume tic seirèc
∞∑
k=N

|ak| kai
∞∑
k=N

xk. Apì thn (2.3.16) blèpoume ìti

(2.3.17) |ak| ≤M · xk

gia k�je k ≥ N , ìpou M = |aN |
xN . H seir�

∞∑
k=N

xk sugklÐnei, diìti proèrqetai apì

thn gewmetrik  seir�
∞∑
k=0

xk (me apaloif  twn pr¸twn ìrwn thc) kai 0 < x < 1.

'Ara, h
∞∑
k=N

|ak| sugklÐnei. 'Epetai ìti h
∞∑
k=1

|ak| sugklÐnei ki aut .

(b) AfoÔ lim
k→∞

∣∣∣ak+1
ak

∣∣∣ > 1, up�rqei N ∈ N ¸ste
∣∣∣ak+1
ak

∣∣∣ ≥ 1 gia k�je k ≥ N . Dhlad ,

(2.3.18) |ak| ≥ |ak−1| ≥ · · · ≥ |aN | > 0
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gia k�je k ≥ N . Tìte, ak 6→ 0 kai, apì thn Prìtash 2.1.5(a), h
∞∑
k=1

ak apoklÐnei.

2

ShmeÐwsh. An lim
k→∞

∣∣∣ak+1
ak

∣∣∣ = 1, prèpei na exet�soume alli¸c th sÔgklish   apìklish

thc
∞∑
k=1

ak. Parathr ste ìti h
∞∑
k=1

1
k apoklÐnei kai

∣∣∣ak+1
ak

∣∣∣ = k
k+1 → 1, en¸ h

∞∑
k=1

1
k2

sugklÐnei kai
∣∣∣ak+1
ak

∣∣∣ = k2

(k+1)2
→ 1.

Par�deigma

Exet�zoume th sÔgklish thc seir�c
∞∑
k=0

1
k! . 'Eqoume

(2.3.19)
∣∣∣∣ak+1

ak

∣∣∣∣ = k!
(k + 1)!

=
1

k + 1
→ 0 < 1.

'Ara, h seir� sugklÐnei.

Parat rhsh. H apìdeixh tou Jewr matoc 2.3.6, qwrÐc ousiastik  metatrop , dÐnei

to ex c isqurìtero apotèlesma: 'Estw
∞∑
k=1

ak mia seir� me mhdenikoÔc ìrouc.

(a) An lim sup
k→∞

∣∣∣ak+1
ak

∣∣∣ < 1, tìte h seir�
∞∑
k=1

ak sugklÐnei apolÔtwc. Pr�gmati, an

jewr soume x > 0 me ` < x < 1, tìte apì ton qarakthrismì tou lim sup, up�rqei
N ∈ N ¸ste

∣∣∣ak+1
ak

∣∣∣ ≤ x gia k�je k ≥ N . SuneqÐzoume thn apìdeixh ìpwc prin.

(b) An lim inf
k→∞

∣∣∣ak+1
ak

∣∣∣ > 1, tìte h seir�
∞∑
k=1

ak apoklÐnei. Pr�gmati, an jewr soume

x > 0 me ` > x > 1, tìte apì ton qarakthrismì tou lim inf, up�rqei N ∈ N ¸ste∣∣∣ak+1
ak

∣∣∣ ≥ x > 1 gia k�je k ≥ N . SuneqÐzoume thn apìdeixh ìpwc prin.

Je¸rhma 2.3.7 (krit rio rÐzac - Cauchy). 'Estw
∞∑
k=1

ak mia seir� pragmatik¸n

arijm¸n.

(a) An lim
k→∞

k
√
|ak| < 1, tìte h seir� sugklÐnei apolÔtwc.

(b) An lim
k→∞

k
√
|ak| > 1, tìte h seir� apoklÐnei.

Apìdeixh (a) Epilègoume x > 0 me thn idiìthta lim
k→∞

k
√
|ak| < x < 1. Tìte, up�rqei

N ∈ N ¸ste k
√
|ak| ≤ x gia k�je k ≥ N . IsodÔnama,

(2.3.21) |ak| ≤ xk

gia k�je k ≥ n. SugkrÐnoume tic seirèc
∞∑
k=N

|ak| kai
∞∑
k=N

xk. AfoÔ x < 1, h deÔterh

seir� sugklÐnei. 'Ara h
∞∑
k=N

|ak| sugklÐnei. 'Epetai ìti h
∞∑
k=1

ak sugklÐnei apolÔtwc.

(b) AfoÔ lim
k→∞

k
√
|ak| > 1, up�rqei N ∈ N ¸ste k

√
|ak| ≥ 1 gia k�je k ≥ N .

Dhlad , |ak| ≥ 1 telik�. 'Ara ak 6→ 0 kai h
∞∑
k=1

ak apoklÐnei. 2
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ShmeÐwsh. An lim
k→∞

k
√
|ak| = 1, prèpei na exet�soume alli¸c th sÔgklish   apìklish

thc
∞∑
k=1

ak. Gia tic
∞∑
k=1

1
k ,

∞∑
k=1

1
k2 èqoume k

√
|ak| → 1. H pr¸th apoklÐnei en¸ h

deÔterh sugklÐnei.

ParadeÐgmata

(a) Exet�zoume th sÔgklish thc seir�c
∞∑
k=1

xk

k , ìpou x ∈ R. 'Eqoume k
√
|ak| =

|x|
k√
k
→ |x|. An |x| < 1, tìte lim

k→∞
k
√
|ak| = |x| < 1 kai h seir� sugklÐnei apolÔtwc.

An |x| > 1, tote lim
k→∞

k
√
|ak| = |x| > 1 kai h seir� apoklÐnei. An |x| = 1, to

krit rio rÐzac den dÐnei sumpèrasma. Gia x = 1 paÐrnoume thn armonik  seir�
∞∑
k=1

1
k

h opoÐa apoklÐnei. Gia x = −1 paÐrnoume thn {enall�ssousa seir�}
∞∑
k=1

(−1)k

k h

opoÐa sugklÐnei. 'Ara, h seir� sugklÐnei an kai mìno an −1 ≤ x < 1.

(b) Exet�zoume th sÔgklish thc seir�c
∞∑
k=1

x2k

k2 , ìpou x ∈ R. 'Eqoume k
√
|ak| =

x2

k√
k
2 → x2. 'Ara, lim

k→∞
k
√
|ak| = x2. An |x| > 1 h seir� apoklÐnei. An |x| < 1 h

seir� sugklÐnei apolÔtwc. An |x| = 1 to krit rio rÐzac den dÐnei sumpèrasma. Sthn

perÐptwsh x = ±1 h seir� paÐrnei th morf 
∞∑
k=1

1
k2 , dhlad  sugklÐnei. 'Ara, h seir�

sugklÐnei apolÔtwc ìtan |x| ≤ 1.

Parat rhsh. H apìdeixh tou Jewr matoc 2.3.7, qwrÐc ousiastik  metatrop , dÐnei

to ex c isqurìtero apotèlesma: 'Estw
∞∑
k=1

ak mia seir� me mhdenikoÔc ìrouc.

(a) An lim sup
k→∞

k
√
|ak| < 1, tìte h seir�

∞∑
k=1

ak sugklÐnei apolÔtwc. Pr�gmati, an

jewr soume x > 0 me ` < x < 1, tìte apì ton qarakthrismì tou lim sup, up�rqei
N ∈ N ¸ste |ak| ≤ xk gia k�je k ≥ N . SuneqÐzoume thn apìdeixh ìpwc prin.

(b) An lim sup
k→∞

k
√
|ak| > 1, tìte h seir�

∞∑
k=1

ak apoklÐnei. Pr�gmati, an jewr soume

x > 0 me ` > x > 1, tìte apì ton qarakthrismì tou lim sup, up�rqoun �peiroi
deÐktec k1 < k2 < · · · < kn < kn+1 < · · · ¸ste |akn

| ≥ xkn > 1 gia k�je n ∈ N.
'Ara, an 6→ 0 kai efarmìzetai to krit rio apìklishc.

2.3dþ To krit rio tou Dirichlet

To krit rio tou Dirichlet exasfalÐzei (merikèc forèc) th sÔgklish miac seir�c h
opoÐa den sugklÐnei apolÔtwc (sugklÐnei upì sunj kh).

L mma 2.3.8 (�jroish kat� mèrh - Abel). 'Estw (ak) kai (bk) dÔo akoloujÐec.
OrÐzoume sn = a1 + · · ·+ an, s0 = 0. Gia k�je 1 ≤ m < n, isqÔei h isìthta

(2.3.22)
n∑

k=m

akbk =
n−1∑
k=m

sk(bk − bk+1) + snbn − sm−1bm.
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Apìdeixh. Gr�foume

n∑
k=m

akbk =
n∑

k=m

(sk − sk−1)bk

=
n∑

k=m

skbk −
n∑

k=m

sk−1bk

=
n∑

k=m

skbk −
n−1∑

k=m−1

skbk+1

=
n−1∑
k=m

sk(bk − bk+1) + snbn − sm−1bm,

pou eÐnai to zhtoÔmeno. 2

Je¸rhma 2.3.9 (krit rio Dirichlet). 'Estw (ak) kai (bk) dÔo akoloujÐec me tic
ex c idiìthtec:

(a) H (bk) èqei jetikoÔc ìrouc kai fjÐnei proc to 0.
(b) H akoloujÐa twn merik¸n ajroism�twn sn = a1+· · ·+an thc (ak) eÐnai fragmènh:
up�rqei M > 0 ¸ste

(2.3.23) |sn| ≤M

gia k�je n ∈ N. Tìte, h seir�
∞∑
k=1

akbk sugklÐnei.

Apìdeixh. Ja qrhsimopoi soume to krit rio tou Cauchy. 'Estw ε > 0. Qrhsi-
mopoi¸ntac thn upìjesh (a), brÐskoume N ∈ N ¸ste

(2.3.24)
ε

2M
> bN ≥ bN+1 ≥ bN+2 ≥ · · · > 0.

'An N ≤ m < n, tìte∣∣∣∣∣
n∑

k=m

akbk

∣∣∣∣∣ =

∣∣∣∣∣
n−1∑
k=m

sk(bk − bk+1) + snbn − sm−1bm

∣∣∣∣∣
≤

n−1∑
k=m

|sk||bk − bk+1|+ |sn||bn|+ |sm−1||bm|

≤ M
n−1∑
k=m

(bk − bk+1) +Mbn +Mbm

= 2Mbm < 2M
ε

2M
= ε.

Apì to krit rio tou Cauchy, h seir�
∞∑
k=1

akbk sugklÐnei. 2
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Par�deigma (krit rio Leibniz)

Seirèc me enallassìmena prìshma
∞∑
k=1

(−1)k−1
bk, ìpou h {bk} fjÐnei proc to 0.

Ta merik� ajroÐsmata thc ((−1)k−1) eÐnai fragmèna, afoÔ sn = 0 an o n eÐ-
nai �rtioc kai sn = 1 an o n eÐnai perittìc. 'Ara, k�je tètoia seir� sugklÐnei.

Par�deigma, h seir�
∞∑
k=1

(−1)k−1

k .

2.3eþ *Dekadik  par�stash pragmatik¸n arijm¸n

Skopìc mac se aut n thn par�grafo eÐnai na deÐxoume ìti k�je pragmatikìc arijmìc
èqei dekadik  par�stash: eÐnai dhlad  �jroisma seir�c thc morf c

(2.3.25)
∞∑
k=0

ak
10k

= a0 +
a1

10
+

a2

102
+ · · · ,

ìpou a0 ∈ Z kai ak ∈ {0, 1, . . . , 9} gia k�je k ≥ 1.
Parathr ste ìti k�je seir� aut c thc morf c sugklÐnei kai orÐzei ènan prag-

matikì arijmì x =
∞∑
k=0

ak

10k . Pr�gmati, h gewmetrik  seir�
∞∑
k=0

1
10k sugklÐnei kai

epeid  0 ≤ ak

10k ≤ 9
10k gia k�je k ≥ 1, h seir�

∞∑
k=0

ak

10k sugklÐnei sÔmfwna me to

krit rio sÔgkrishc seir¸n.

L mma 2.3.10. An N ≥ 1 kai ak ∈ {0, 1, . . . , 9} gia k�je k ≥ N , tìte

(2.3.26) 0 ≤
∞∑
k=N

ak
10k

≤ 1
10N−1

.

H arister  anisìthta isqÔei san isìthta an kai mìnon an ak = 0 gia k�je k ≥ N ,
en¸ h dexi� anisìthta isqÔei san isìthta an kai mìnon an ak = 9 gia k�je k ≥ N .

Apìdeixh. 'Eqoume

(2.3.27)
∞∑
k=N

ak
10k

≥
∞∑
k=N

0
10k

= 0.

An ak = 0 gia k�je k ≥ N , tìte
∞∑
k=N

ak

10k = 0. AntÐstrofa, an am ≥ 1 gia k�poion

m ≥ N , tìte

∞∑
k=N

ak
10k

=
am
10m

+
∞∑

k=N
k 6=m

ak
10k

≥ 1
10m

+
∞∑

k=N
k 6=m

0
10k

=
1

10m
> 0.
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Apì thn �llh pleur�,

(2.3.28)
∞∑
k=N

ak
10k

≤
∞∑
k=N

9
10k

=
9

10N

(
1 +

1
10

+
1

102
+ · · ·

)
=

1
10N−1

.

An ak = 9 gia k�je k ≥ N , tìte

(2.3.29)
∞∑
k=N

ak
10k

=
∞∑
k=N

9
10k

=
1

10N−1
.

AntÐstrofa, an am ≤ 8 gia k�poion m ≥ N , tìte

∞∑
k=N

ak
10k

=
am
10m

+
∞∑

k=N
k 6=m

ak
10k

≤ 8
10m

+
∞∑

k=N
k 6=m

9
10k

=
9

10m
− 1

10m
+

∞∑
k=N
k 6=m

9
10k

= − 1
10m

+
∞∑
k=N

9
10k

= − 1
10m

+
1

10N−1

<
1

10N−1
,

ki autì sumplhr¸nei thn apìdeixh tou L mmatoc. 2

L mma 2.3.11. 'Estw n mh arnhtikìc akèraioc kai èstw N ≥ 0. Tìte up�rqoun
akèraioi p0, p1, . . . pn ¸ste: pk ∈ {0, 1, . . . , 9} gia 0 ≤ k ≤ N − 1, pN ≥ 0 kai

(2.3.30) n = 10NpN + 10N−1pN−1 + · · ·+ 10p1 + p0.

Apìdeixh. Diair¸ntac diadoqik� me 10 paÐrnoume

n = 10q1 + p0, ìpou 0 ≤ p0 ≤ 9 kai q1 ≥ 0
q1 = 10q2 + p1, ìpou 0 ≤ p1 ≤ 9 kai q2 ≥ 0
q2 = 10q3 + p2, ìpou 0 ≤ p2 ≤ 9 kai q3 ≥ 0
...

...

qN−1 = 10pN + pN−1, ìpou 0 ≤ pN−1 ≤ 9 kai qN ≥ 0.

Epagwgik�, èqoume:

n = 10q1 + p0 = 102q2 + 10p1 + p0 = 103q3 + 102p2 + 10p1 + p0 = · · ·
= 10NqN + 10N−1pN−1 + 10p1 + p0.

Jètontac pN = qN èqoume to zhtoÔmeno. 2

Qrhsimopoi¸ntac ta L mmata 2.3.10 kai 2.3.11 ja deÐxoume ìti k�je pragmatikìc
arijmìc èqei dekadik  par�stash.
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Je¸rhma 2.3.12. (a) K�je pragmatikìc arijmìc x ≥ 0 gr�fetai san �jroisma
{dekadik c seir�c}:

(2.3.31) x =
∞∑
k=0

ak
10k

= a0 +
a1

10
+

a2

102
+ · · · ,

ìpou a0 ∈ N∪{0} kai ak ∈ {0, 1, . . . , 9} gia k�je k ≥ 1. Tìte, lème ìti o x èqei th
dekadik  par�stash x = a0.a1a2a3 · · · .
(b) Oi arijmoÐ thc morf c x = m

10N ìpou m ∈ N kai N ≥ 0 èqoun akrib¸c dÔo
dekadikèc parast�seic:

(2.3.32) x = a0.a1a2 · · · aN9999 · · · = a0.a1a2 · · · aN−1(aN + 1)000 · · ·

'Oloi oi �lloi mh arnhtikoÐ pragmatikoÐ arijmoÐ èqoun monadik  dekadik  par�stash.

Apìdeixh. (a) 'Estw x ≥ 0. Up�rqei mh arnhtikìc akèraioc a0, to akèraio mèroc
tou x, ¸ste:

(2.3.33) a0 ≤ x < a0 + 1.

QwrÐzoume to di�sthma [a0, a0 + 1) se 10 Ðsa upodiast mata m kouc 1
10 . O x an kei

se èna apì aut�. 'Ara, up�rqei a1 ∈ {0, 1, . . . , 9} ¸ste

(2.3.34) a0 +
a1

10
≤ x < a0 +

a1 + 1
10

.

QwrÐzoume to nèo autì di�sthma (pou èqei m koc 1
10 ) se 10 Ðsa upodiast mata m kouc

1
102 . O x an kei se èna apì aut�, �ra up�rqei a2 ∈ {0, 1, . . . , 9} ¸ste

(2.3.35) a0 +
a1

10
+

a2

102
≤ x < a0 +

a1

10
+
a2 + 1
102

.

SuneqÐzontac epagwgik�, gia k�je k ≥ 1 brÐskoume ak ∈ {0, 1, . . . , 9} ¸ste

(2.3.36) a0 +
a1

10
+ · · ·+ ak

10k
≤ x < a0 +

a1

10
+ · · ·+ ak + 1

10k
.

Apì thn kataskeu , ta merik� ajroÐsmata sn thc seir�c
∞∑
k=0

ak

10k h opoÐa dhmiourgeÐ-

tai, ikanopoioÔn thn sn ≤ x < sn + 1
10n . 'Ara,

(2.3.37) 0 ≤ x− sn <
1

10n
.

'Epetai ìti sn → x, dhlad 

(2.3.38) x =
∞∑
k=0

ak
10k

.

(b) Ac upojèsoume ìti k�poioc x ≥ 0 èqei toul�qiston dÔo diaforetikèc dekadikèc
parast�seic. Dhlad ,

(2.3.39) x = a0.a1a2 · · · = b0.b1b2 · · · ,
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ìpou a0, b0 ∈ N ∪ {0}, ak, bk ∈ {0, 1, . . . , 9} gia k�je k ≥ 1, kai up�rqei m ≥ 0 me
thn idiìthta am 6= bm.

'Estw N ≥ 0 o el�qistoc m gia ton opoÐo am 6= bm. Dhlad ,

(2.3.40) a0 = b0, a1 = b1, . . . , aN−1 = bN−1, aN 6= bN .

QwrÐc periorismì thc genikìthtac upojètoume ìti aN < bN . Apì thn

(2.3.41)
∞∑
k=N

ak
10k

=
∞∑
k=N

bk
10k

kai apì to L mma 2.3.10 èpetai ìti

1
10N

≤ bN − aN
10N

=
∞∑

k=N+1

ak
10k

−
∞∑

k=N+1

bk
10k

≤ 1
10N

− 0

=
1

10N
.

'Ara, ìlec oi anisìthtec eÐnai isìthtec. Dhlad ,

(2.3.42) bN − aN = 1

kai

(2.3.43)
∞∑

k=N+1

ak
10k

=
1

10N
,

∞∑
k=N+1

bk
10k

= 0.

Apì to L mma 2.3.10,
bN = aN + 1,
ak = 9, an k ≥ N + 1,
bk = 0, an k ≥ N + 1.

'Ara, an o x èqei perissìterec apì mÐa dekadikèc parast�seic, tìte èqei akrib¸c dÔo
parast�seic, tic akìloujec:

(2.3.44) x = a0.a1a2 · · · aN999 · · · = a0.a1a2 · · · aN−1(aN + 1) 00 · · ·

Tìte, o x isoÔtai me

x = a0 +
a1

10
+

a2

102
+ · · ·+ aN−1

10N−1
+
aN + 1
10N

=
10Na0 + 10N−1a1 + · · ·+ 10aN−1 + aN + 1

10N

=
m

10N

gia k�poiouc m ∈ N kai N ≥ 0.
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AntÐstrofa, èstw ìti x = m
10N , ìpou m ∈ N kai N ≥ 0. Apì to L mma 2.3.11

mporoÔme na gr�youme

(2.3.45) m = 10NpN + 10N−1pN−1 + · · ·+ 10p1 + p0,

ìpou pN ∈ N ∪ {0} kai pk ∈ {0, 1, . . . , 9} gia 0 ≤ k ≤ N − 1. An pm eÐnai o pr¸toc
mh mhdenikìc ìroc thc akoloujÐac p0, p1, . . . , pN−1, pN , tìte

x =
10NpN + · · ·+ 10mpm

10N

= pN +
pN−1

10
+ · · ·+ pm

10N−m
= pN .pN−1 · · · pm000 · · · = pN .pN−1 · · · (pm − 1) 99 · · · .

Autì oloklhr¸nei thn apìdeixh tou (b). 2

2.4 Dunamoseirèc
Orismìc 2.4.1. 'Estw (ak) mia akoloujÐa pragmatik¸n arijm¸n. H seir�

(2.4.1)
∞∑
k=0

akx
k

lègetai dunamoseir� me suntelestèc ak.

O x eÐnai mia par�metroc apì to R. To prìblhma pou ja suzht soume ed¸
eÐnai: gia dojeÐsa akoloujÐa suntelest¸n (ak) na brejoÔn oi timèc tou x gia tic
opoÐec h antÐstoiqh dunamoseir� sugklÐnei. Gia k�je tètoio x lème ìti h dunamoseir�
sugklÐnei sto x.

Prìtash 2.4.2. 'Estw
∞∑
k=0

akx
k mia dunamoseir� me suntelestèc ak.

(a) An h dunamoseir� sugklÐnei sto y 6= 0 kai an |x| < |y|, tìte h dunamoseir�
sugklÐnei apolÔtwc sto x.

(b) An h dunamoseir� apoklÐnei sto y kai an |x| > |y|, tìte h dunamoseir� apoklÐnei
sto x.

Apìdeixh. (a) AfoÔ h
∞∑
k=0

aky
k sugklÐnei, èqoume akyk → 0. 'Ara, up�rqei N ∈ N

¸ste

(2.4.2) |akyk| ≤ 1 gia k�je k ≥ N.

'Estw x ∈ R me |x| < |y|. Gia k�je k ≥ N èqoume

(2.4.3) |akxk| = |akyk| ·
∣∣∣∣xy
∣∣∣∣k ≤ ∣∣∣∣xy

∣∣∣∣k .
H gewmetrik  seir�

∞∑
k=N

∣∣∣xy ∣∣∣k sugklÐnei, diìti
∣∣∣xy ∣∣∣ < 1. Apì to krit rio sÔgkrishc

èpetai to sumpèrasma.



36 · Seirès pragmatik¸n arijm¸n

(b) An h dunamoseir� sunèkline sto x, apì to (a) ja sunèkline apolÔtwc sto y,
�topo. 2

'Estw
∞∑
k=0

akx
k mia dunamoseir� me suntelestèc ak. Me b�sh thn Prìtash 2.4.2

mporoÔme na deÐxoume ìti to sÔnolo twn shmeÐwn sta opoÐa sugklÐnei h dunamoseir�
eÐnai {ousiastik�} èna di�sthma summetrikì wc proc to 0 ( , endeqomènwc, to {0}  
to R). Autì faÐnetai wc ex c: orÐzoume

(2.4.4) R := sup{|x| : h dunamoseir� sugklÐnei sto x}.

To sÔnolo sto dexiì mèloc eÐnai mh kenì, afoÔ h dunamoseir� sugklÐnei sto 0. H
Prìtash 2.4.2 deÐqnei ìti an |x| < R tìte h dunamoseir� sugklÐnei apolÔtwc sto x.
Pr�gmati, apì ton orismì tou R up�rqei y me R ≥ |y| > |x| ¸ste h dunamoseir�
na sugklÐnei sto y, opìte efarmìzetai h Prìtash 2.4.2(a) sto x. Apì ton orismì
tou R eÐnai fanerì ìti an |x| > R tìte h dunamoseir� apoklÐnei sto x. 'Ara, h
dunamoseir� sugklÐnei se k�je x ∈ (−R,R) kai apoklÐnei se k�je x me |x| > R.

To di�sthma (−R,R) onom�zetai di�sthma sÔgklishc thc dunamoseir�c. H
suz thsh pou k�name deÐqnei ìti to sÔnolo sÔgklishc thc dunamoseir�c, dhlad 
to sÔnolo ìlwn twn shmeÐwn sta opoÐa sugklÐnei, prokÔptei apì to (−R,R) me thn
prosj kh (Ðswc) tou R   tou −R   twn ±R. Sthn perÐptwsh pou R = +∞, h
dunamoseir� sugklÐnei se k�je x ∈ R. Sthn perÐptwsh pou R = 0, h dunamoseir�
sugklÐnei mìno sto shmeÐo x = 0.

To prìblhma eÐnai loipìn t¸ra to ex c: p¸c mporoÔme na prosdiorÐsoume thn ak-
tÐna sÔgklishc miac dunamoseir�c sunart sei twn suntelest¸n thc. Mia ap�nthsh
mac dÐnei to krit rio thc rÐzac gia th sÔgklish seir¸n.

Je¸rhma 2.4.3. 'Estw
∞∑
k=0

akx
k mia dunamoseir� me suntelestèc ak. Upojètoume

ìti up�rqei to lim
k→∞

k
√
|ak| = a kai jètoume R = 1

a me th sÔmbash ìti 1
0 = +∞ kai

1
+∞ = 0.
(a) An x ∈ (−R,R) h dunamoseir� sugklÐnei apolÔtwc sto x.

(b) An x /∈ [−R,R] h dunamoseir� apoklÐnei sto x.

Apìdeixh. Efarmìzoume to krit rio thc rÐzac gia th sÔgklish seir¸n. Exet�zoume
mìno thn perÐptwsh 0 < a < +∞ (oi peript¸seic a = 0 kai a = +∞ af nontai san
�skhsh).

(a) An |x| < R tìte

(2.4.5) lim
k→∞

k

√
|akxk| = |x| lim

k→∞
k
√
|ak| = |x|a =

|x|
R

< 1.

Apì to krit rio thc rÐzac, h
∞∑
k=0

akx
k sugklÐnei apolÔtwc.

(b) An |x| > R tìte

(2.4.6) lim
k→∞

k

√
|akxk| =

|x|
R

> 1.

Apì to krit rio thc rÐzac, h
∞∑
k=0

akx
k apoklÐnei. 2




