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[Mpdhoyog

OL onueLmoeLg QUTEG AeVOVVOVTOL GE TTPOTTTUYLOKOVG (POLTNTEG TTOV £XOUV 00YOANOEL LLE TIG OTOLYELM-
deLg TOAVOTNTES, EXOVV KAAY YVIDOT] TOU OITELPOOTLKOU AOYLOUOV, KO KATTOLA TPLBY UE TNV TPOYUATIKY
avalvon (LETPLKOL X MDPOL KoL CUVEYELG CUVOPTNOELG OF UETPLKOVG Y MPOVG).

A¥o givar oL 0TOY0L TV oNueEL®oemY. [Ipwto va dovue TV opoloyia TG uetpobempntikng Bempiog
mbovotntowv (Kepahawa 1-10, 13, 14) ko £metto va HeEAETHOOVUE TNV OPLOKY) CUUTTEPLPOPH OLKOAOV-
OV Tuyaimv puetafAntov. Aoyololuoote ue to dvo onuovtikdtepa €idn olykhong g Oewplog
mlovoTNTWY, T 0YedOV BERaur Ko TV Katd katovouy. 'Etot, kalvmrovue ) Baoiky TeXVIKY yio TNV
amodelEn amoteheoudTmv Yo kobepio amd avtég (Kegpahawo 11 yio v mpot, Kepdhowo 15 yia )
devTePT) KoL TEAOG PAETOVUE TOL VO TTLO AVTLITPOCMITEVTLKA OEWPNUATA TTOV QUTEG EUPAVILOVTOL: TOV
Ioyvpd Nouo tov Meydhwv AptBuav kar to Kevepikd Oprakod Gempnua.

Avt) m dovield Paler oe avoTNPO TAALOLO TNV VAN TOV KOADTTETOL 0€ UAOUOTO OTOLYELWODV
mbovot)Twy. TToAld amoteléopata o omolia elyoie LAOEL Vo XPNOLUOTOLOVUE 08 EKELVO TOL poOuoTa
Ywpig dume amodeiEelg, EdM TO ATOOELKVIOUUE.

270 KOUUATL TWV ONUELMOEMYV TTOV apopovV T Bewpia uétpov (Wiaitepa ota Kegpahaia 5 ko 6 ) dev
divoupe amodei&elg yia OLoL TO ATOTELECUATO TTOV SLOTUTTMVOUNE YLOLTL ELVAL TTEPQ ATTO TOVG OTOYOVG
wog. Ao to petémerta Kepalowa, dev divouue atddelEn yio To Oedpnua LovadIKOTNTOG TOV 0popPa
Tov petooynuotiond Fourier pétpwv kou yio to Oedpnua Prokhorov (Oedpnua 14.19). Twa kédmowo ddho
amotehéonara, 1 atodelen mapatifeton oto Hapdptnua B yiati, pohovdtt dev eivar 1600 onuavtikm
v TV Katavonomn g Oewplog, eivat, oe deVTEPN AvAYVWOY), TTPOOLTH KL W@EALUT).

e éva eEqunvo eivar duvatov va kahugBolv Oheg oL oNuELmOELG EKTOC ATtd TG TOPOYPAPOVG TOU
onuelmvovtal pe aotepioko. Ta Kegpdhowa 1-6, 8, 9 ovvi|Bwg dddokovior oe podnuato Bewpiog
uétpou, KoL e peyolvtepn Aemtopépeta. Ou avoyvmdoTeg mov €xouv oM mapel avaloyo pudadnuo
WItopoVv amhmg vo. ptEoVY Lo YPNyopn HATLd 08 0UTA T KEQALOLOL YLOL VO HOUV TNV 0POLOYIOL KAl TOV
ovupoloud tov Ba ypNoLrwoTonBovy ot ovvéyeLd. Q0TO00, CVVIOTATOL OgpUd 1) ETIMVOTN AOKN|OEWV
amo to kepdloo avtd. T ) peimon Tov xpodvou mov aglepmvetol 0T Hewpia LETPOV GUVLOTATOL
N opaienpn tov Kegoahaiov 3. To Oewpnua -A, OV TAPOVOLALETOL EKEL, YPTOLUOTOLEITAL LOVO OTLG
amodeiEelg twv @empnuatwv 4.10, 10.6 , 10.11, 11.10.

H mthelovomta v aoKoemV eival aoknoeLg TpLpg kou eEotkeimong pe tig évvoleg. Kdmoleg eivan
TPOEKTAOELS TNG Oewplag. ‘Ooeg £xouv 0.0TEPLOKO ElvaL Alyo dOVOKOLOTEPEG.

B&om Yo 0UTéG TIg ONUELMOELG VTN PEAY OL ONUELMOELS TToP0ddoemVY Tov podnuatog IMbavotnreg I1
Omtwg dLddyONKe To g0pLvd EEGUNVO Tov akadnuaikol étovg 2012-2013. AxolovOnoaue TOTE KVpimg To
BLpAio Probability Essentials twv Jacod-Protter. Ta vitdloura BLfAia Tov TIg ETNPEATAY AVAYPAPOVTOL
ot Pproypagia. Euvyapiotm tov Moo ToatooUAn, o 0molog £YpoPe TO TPDTO TPOTYEDLO TWV
onuewwoewv oe Latex.

Emiong evyopiotm: Tov ouvvddehpo Avidvy Toolouvtn yio ) porjfeo oe Oépata Latex ko )
daUOPPMON TG EUPAVLONG TOU KELWEVOL. AVO OVOVUIOUG 0ELOAOYNTEG TTOV 0TO TAOIOLO TOV TTPO-
vpauuatog «Kailmog» Ekavay ypNoLUES TOPATNPIOELG O TPOTYOUUEVT] £€KOOOT TMV ONUELDOEWV.
Tov ouvadehpo Miyahn AovAAKY TOU UEAETNOE TTPOCEKTIKA TIG ONUELWOELS KoL EKAVE TTOMESG dLop-
BmOoeLg KoL TPOTATELG VLot TPOOONKEC/AAAAYES KOL ALOKNOELG TTOU CUVEBOLOV OTY ONUAVTLKY| BEATimon
TWV ONUELDOEMV.

To Oepnehodn deoprjuata

To mpdTo Wod Tov 200V CWDVA, TO PACLKOTEPO avVTLKEIUEVO UEAETNG TG Oewplog mbavoTiTtwv
’ ’ ’ ’ ’ !
Ntav 1o dBpowopa S, = X; + Xp + -+ + X, aveEdpttov Kou lodvoumv Tuyaimv uetapAntdy Kot to
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EVOLALPEPOV ETLKEVTPMONKE OTNV CUUITEPLPOPA TOU S ;, YLOL LEYANDL 71 YLOL TLG OLAPOPES ETUAOYEG TTOV EYEL
1 Ko Katovoun Tov X;. Ag €(0UNE Yo TOL ETTOUEVO OTO LUOAO HOG TNV ELOLKY TTEPITTTMOT TOV QUTH
1 Katovour| eivar 1 opotdpopen oto dovvoro {—1, 1}. Tdte 1o S, elvan 1o ovvolMKd KEPHOG nag uetd
astd n aveEaptnta moryvidio o Kabéva oo ta omota kepdilovue 1 pe mbavdtnra 1/2 ko ydvovue 1
oM pe mmbovotna 1/2. Tu umopolue va wodue yio oavtd;
Ta Oepehwdn Bemprpato tov amodeiydnkoy Yo 1o S, eivan to eENg.
(o) Ioyvpdg Nopog tmwv Meydhwv AptBuwmv (Borel, 1909° Kolmogorov, 1933). YroBétovue 6t E(X;) = 0.
Me mbavomra 1,
.Sy
lim — =0.

n—oo n

2

(B) Kevrpuko Opraxod Gempnuo (Lindeberg, Lévy 1922). Ymobétovpe 6t E(X;) = 0, Var(X;) = 0~ €

(0,00). 'l n — o0,
A

\n
émov = dhdver ™ ovykMon Katd Kotavouy ko Y ~ N(0,0%) onuaiver 4t v Tuxaio petafint) Y
akohovBel v katavoun N(0, o).

(y) Nouog Emavarappavouevov AoyoapiBuov (Khintchine, 1923 Kolmogorov, 1929° Hartman-Wintner,
1941). YroOétovpe 611 E(X)) = 0, Var(X;) = o € (0, 00). Me mbovémra 1,

= Y ~ N(0, o),

Sn
lim —— = -1, (1)
n—oo 0 4/2nloglogn

Sn

”h—’n"l° o +/2nloglogn 8 @
(8) Meydeg amoxhioelg. Oempnuo Cramer (1938). YTmobOétovue 6tL E(X;) = 0. Ymdpyer ouvaptnon
I: BR) — [0, 0] wote, Yo kaBe A C R ovolo Borel (7tov emutAéov tKavoToLel (o Tey vkt ovvonkm),
vaL Loy Vel

P(& € A) ~ e MA),
n

Edw, a, ~ b, onuaivel 6tLoLa,, b, elvor toodivapeg oe hoyaptbukt kiipoko, dniadn loga,/logb, — 1.
MdaMota, av vroBéoovue OtL 1 poroyevviTple ¢ X elvar memepaouévn o meployn tov 0, tote M
ovvapton I eivar tétola wote I(A) > 0 6tav 0 ¢ A.

Av avti g vtobeong E(X;) = 0 mo mavw €xovue amhag ot 1 uéon wun p := E(X;) vdpyel ko
elval TPayUaTkog aptbuog, Tote To Oewpnuata Loy VoUV TAM CPKEL VO AVTLKATAUOT|OOVUE TNV S, UE
™mv S, —un.

Twpa KaToLo oOAaA 0TO TTLO TAVM OewpPNUATa.

"Eva yeyovog yua 1o S, To hépe Tummiko av, Kabmg To n TELVEL 0TO ATTELPO, TO YEYOVOS £xeL ThavoTTa
pporyuévn pokptd omd To 0 (.. eivon peyaiivtepn tov 1078 yio dha Ta 1), ahhiidg To Aépe i) TumLKo.
Ta Oewpiuota (o), (B) apopovV TVTTLKA YEYOVOTA YLa. TO S, (TUTTLKY] CUUTTEPLPOPE TNG (S ;)n>1)-

To (o) avogépeton 0T0 Yeyovog |S ,/n| < & (Yo omolodmote € > 0) Kaw ovvemtdyetol ot 1) mbavoTTd
tov Teivel oto 1. To (B) Mel T o S, elvon Tumikd g TdEng V. Mdhota, yio a < b, to yeyovog
ao < S,/ \n < bo é&eL mbavdémTa Tov cuykAiver otov Oetikd apdud O(b) — B(a), dpo elvar TVmLKO.

Ta (v), (8) apopolv un TUTTLKY) GUUTEPLPOPA TOU S ;.

Tyenka ue 1o (y). Zépovue 16N amd o (B) Ot T0 S, elvan Tumkd T TGENG Tov Vi, Ko v yeyovog
™G HopPIg

Sy
A, = { N e ((1-e)a,, (1 + s)an)}

UE a, — oo &xeL mOavOTNTA 7TOL TeElvel 0o 0. Ewdikd yion v emhoyn a,, = o /2 loglog n éxovue OtL yial
07t0L0dNTTOTE HEdOUEVO 1 1) TTOAVOTNTA TOV A, €lvol TTOAD pkpt] (Ko yiveton apueAntéa yuo ueyho n),



X IlpbAoyog

OUWG oVUPOVO UE TO (), AV TOPATNPTCOVUE OAOKANPT TV TPOYLE TG (S 1)ns1, OO dLoTLOTMOOOVUE OTL
10 S, KaTopODVEL ATELPES POPEG VOL TPOYUOTOTTOWOEL TO A, Snhadn va yiver g TaEng vVna, (dmog
Kaw ™G TAENG — Vha,). H (a,).=1 divel mdoo peydho umopet va yiver to S, drepeg popéc. 'Etot, yia
TOPADELYUQ, OTNV TEPLTTWON TTOV 1 X €lvo opotdpopen oto {—1, 1}, av ko to yeyovog S, = n/2 eivon
ePLKTO (€xeL OeTikn mbavotTa), pe mbavotnta 1 dev umopet va yivel dmelpeg Qopéeg.

Tyenkd pe 1o (8). To (o) ovvemdyeton L Yo omolodfmote ovvoro A ue 0 ¢ A 1 mbavotTo
Tov yeyovotog S, /n € A telvel 010 0. Apa whdue yio évo un Tumko yeyovog. To Gempnua Cramer
7TPO0dLOPLTEL TO pUOUO petwong ¢ mOavOTNTAG TOVL.

e avtég TIg onuelmoelg Oa dovpue tig amodeiEelg twv (a), (B), (8).

Ta Oswpruata (), (B), (v), (8) Ko oL TexVIKEG AmOIELENG TOVG AELTOUPYOUV WG VITODELYULA YLOL TNV
AOVUTTTOTIKY) UEAETY AKOAOVOLMV TUY AWV UETAPANTOV TTOU eVOEYOUEVMG ElvaL TTLo 0VVOETES OTTO TNV
Sh-

Anuitpng Xehbg
29 Tavovapiov 2016



Zoupoia

N to ovoho twv un apvnukov okepaimv {0, 1,2,. . .}.
N* 1o ovoho TV Betikv akepailwv {1,2,...}.

TlNon € N*,
[n] :={1,2,...,n}

I axolovBia cuvOrwV (A,),>1,
limsupA, =N, U2, Ax,
n

liminf A, := U}”, N2, Ak.
n

INa A, B ovoha, A C B: 10 A glvol vitoovolho Tou B (OxL atopoiTnTo. YVI|olo).
TI'a A, B ovvoha, A\B:={x€ A :x¢ B).

I X o0voho,
P(X):={A:AcCX},

TO dUVAUOCGVVOLO TOV X.

I X petplko ympo,
HB(X) : n o-aiyeppa Twv Borel viroouvormv tov X.

INa A vTOoVYVOAO TOTTOAOYLKOY Y MPOU (IT.)., UETPLKOV Y MPOL),

A® ;10 E0MTEPLKO TOV A,
A : m KhewotdTo TOUL A,
0A := A\A° : 10 0)VOpO TOV A.
lNox,y eR,

X Ay := min{x, y},

x Vy = max{x,y}.

INo x eR,

N x oavx>0, B -x avx<0,
xT=xVvO0= x =(-x)v0=
0 avx<O, 0 av x> 0.

X1
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1

o-GdAyefpes

1.1 o-dhyePpes

'Eotw X olvolo. ZupfoiiCovpe pue Z(X) to duvvapooivoro tov X, dnhadn FA(X) ={A : A C X}.

Opopog 1.1. 'Eotow X ovvoro. Mo owkoyévelo A € P(X) Méyeton dhyeppa oto X av £xel tg e8¢
LOLOTNTEG:

(1) 0 e A
(i) AvA € Atote X\A € A.
(iii) T kG0e n > 2, av A1, Az, ..., Ay € A, 1018 UL |A; € A. Anhad) ) A elvar KAL) OTIG TTEmEPQL-
OUEVEG EVIOELG.
Mapatypnon 1.2. T wo dhyefpa A woylel emiong
o X € ANOYw twv (i) Kau (ii), epodoov to X eivar To ovpthpwuo Tou 0.

e H A elvar xhewot) otig memepoaouéveg touég, epooov av Aj, Az, ..., A, € A, 101e N_|A; =
X\UL (X\A)} xou dpa, Moyw torv (ii) ko (iii), toyver N7 A; € A.

e AvA,Be A, tote A\AB € A, epdoov A\B = AN (X\B).
HMopdderypa 1.3. Av X olvolo, TOTE OL OLKOYEVELEG
A =1{0, X},
Ay = P (X),
elva dhyeppeg oto X.

Hopdderypa 1.4. 210 X = R A = {A € R : A nenepaouévn évwon dootudtov} eivar dhyefpa
(Aoxnom)

Opropog 1.5. 'Eotw X ovvoho. Mua okoyévero A C P(X) héyetar o-ahyefpa oto X av éxel tig eEng
LOLOTNTEG:

(i) 0 e A
(i) Av A € A, tote X\A € A.
(iii)) H A eivon xhetot) otig aplbunoiueg evmoels, dhadn av (A, )nen Elval akolovbia oToL elmwV TG
A, 101€ UpenA,, € A.
Mopatipnon 1.6. And tovg Opropotg 1.1, 1.5 eivan EexaBapo ot pion o-ahyefpa eivor diyeppa.
Emiong, avéhloyo pe v mepimtmon g aiyeppag, yio o o-alyeppa A woyler ot

e Xe A
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e H A elvon khewoty otig optduotueg touég epdoov NuenA, = X\ Uen(X\A,)}.
e AvA,B e A, t6te A\B € A.

Mopatipnon 1.7. Aev woyver mavro ot wo ahyeppo eivor o-ahyefpa. Zto IMopdderyuo 1.4, n
owkoyévela A dev ewval o-Ohyeppa, yioti, evo (2n,2n + 1) € C yia k40e n € N, | aplbunowun évoon
U (2n,2n + 1) dev avijkel oty A.

Mopaderypa 1.8. O owkoyéveleg Ay, A, oto Hopdderypo 1.3 eivan o-ahyefpeg. H mpwtn eivon m
el Loty duvatn Kaw 1) deltepn 1 uéytotn duvvat) o-dhyeppa oto X.

Hapaderypa 1.9. 'Eotw X = {1,2,...,10}. Oé¢tovue By := {1,2,3}, B, := {4,5,6}, B3 :={7,8,9,10}. H
OLKOYEVELQL
A=1{0,X,By,B,B3,B, UB>,B; UB3, B, U B3}

elvaw 0-dhyefpa oto X. T wapdderyua, To ovuwripwuo tov B, eivar 1o By U B3 To 0mmoio Pploketo
Ko avtd oty A.

Bl B2 B3
° °
o o
° °
o o
° °

Zyiua 1.1: Mia dtauépion tov {1,2,..., 10}

Avtibeta, 1
B =1{0,X, By, B>, B; U By}

dev elvar o-GlyePpa YLOTL, VD ElvaL KAELOTI) OTLG EVAOELG, OEV Elval KAELOTY] 0Ta ouuinpouota. To
ovuAnpouoto Twv By, By, By U B, dev mepLéyovtol oty B.

Hapdderypa 1.10. 'Eotw X = R. H okoyéveia
A :={A CR: A aplOujopo 1) R\A apibunouo}

elvaw o-dhyefpa (evkohn aoknon). To kevo elvor apOuiolpo Kot o R €yxer aplbuolpo cuuminpoua
(To KeVO), Gpa Kat to. dVo aviKouy oty A.

Ipoétaon 1.11. Eotw X ovvoro kot (A;)ie; oukoyévera o-alyefowv oto X. Tote, n
H=NiegA; ={AeX AecA, Viel}
eivau o-aryePoa oto X.

Andden. Tpopavag ta 0, X avikouvv oty H yiotl kou to dvo eivar otouyeio kae o-ahyeppag A;
010 X. Av A € A; yia KGO i € I, 10Te, emeldr| KaOe A; eivor o-alyefpa, EmeTol 0Tt

X\AeA; Viel,

Mhadn X\A € NigA;. ‘Opoto amodetkviovpe 0Tl 1 NigrA; elvor KAELOTH) 0TS apLOUNOLUES EVAOELS.
"Enteton Aowov ot H eivor o-ahyefpa. ]
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1.2 Topayduevny o-dhyeppa
Opwopog 1.12. 'Eotw X ovvoro kaw C € Z(X). Opilovue
J ={Ac ZX): ADCxan A eivar o-ahyefpal,

dMradn to oUVoro TV o-alyefpwv oto X mov kKabeuio Toug mepiéyel Ty okoyévelo C. H o-dhyeppa
7ov mapdryetor artd TV C opiletal wg 1 Tow| OAWV TV o-GlyePpwv ov mepLeyovv v C Kot ovufo-
MCetaw ue o(C), dmhodn

(C) = Nae g A.

H o(C) mepiéyel axpipaog oha ta B € X pe v wdomta B € A yio kdbe o-ahyeppa A oto X ue A D C.

And v Ipdtaon 1.11, émetan 6t 1 o(C) eivar TPAyUoTL O-GAYEPPO TOU TEPLEYEL TNV OLKOYE-
velo C Kol amd TV KOTaoKEV TG elvan 1 kpdtept pue v ot to avty). Anhadn mepLéyetol oe
omotavdnTote o-ahyePpa meptéxel v C. Tpogavag, av 1 C eivar o-ahyefpa, tote 07(C) = C.

Mropotue vo. €ovue 0to Wuakd pag ot 1 o(C) mpokmtel ue v €ENg avadpoukn dadikaoio.
Eekwvape pe v C Kat, av aut dev elval o-aAyeppa, )., YLOTl TO OUWITAPWUO EVOG OTOLYELOV TG
1N Kdmota opldunoun €vwor otolyelmv g dev elval otolyelo g, TPooBEéTovie 0g AT TO OVVOAO
IOV OVOKAAPOE OTL TNG AELTTEL. AVTO TTPETTEL VO, TO KAVOUUE TTOAMAEG (POPEG UE T1) VEO OLKOYEVELDL TTOV
TPOKVITTEL UETA TNV TPooHN KN KGO ouvorov. Kamolo otiyur) Tavovue 6€ (o, OLKOYEVELDL TTOU ELVOL
o-GhyePpa Kan tote otapotaue, pprikoue ™ o (C).

210 10 KATW TOPadelypota, outd eival To oKemTiKd mov pag odnyel. Béfoia yio tnv amddelEn
akolovBovue tov Tumkd optoud g o(C).

Mopaderypna 1.13. 'Eotw X un kevd ovvolo pe tovhdyotov 6o otoryeia ko ) € A € X. H o-dhyefpa
mov mapdryetal amd Ty otkoyévela C = {A} elvaun B := {0, X, A, A°}. TIpdyuoatt, B eivor o-Glyefpa,
Ko ototadnote o-dhyefpa A mepiéyel 1o A Oa mpémel va mepLéyel Ko to A€ (Ko ta 0, X Béfouar), dpa
ADB.

HMapdderyna 1.14. Emotpégpovue oto [opdderyuo 1.9. H otkoyévela B dev eivar o-dhyefpa, Kot pe
OKETTIKO OTTME 0TO TTPONYOUUEVO Tapdderyua dramotmwvovue ot o(B) = A.

Moapaderypa 1.15 (Z-dhyeppa moapayouevn amd dopépion). 'Eotw X oivvoro xau C := {A; : i € I}
drapépLon tov X (dnhadi) ta A; elvan un kevd ovvola, Eéva avd dvo, ue évoon to X), ue I = {1,2,...,k}
yio kdmowo k € N\{0} 1 7 = N. Twa ) 0-Ghyeppa mov mapdyer 1) C éxovue TV €51Gg i} TTEpLypopn:

o(C) ={UicjA; : J C I}. (1.1)

Anhadn €va ovvoro g o(C) elvar Evoon Kamolwv otolyelwv g diapuéptong C.
Ag ovoudoovue A 10 6UVOLo 0T0 OeEL uELOG TG TTapaTtavw oyéong. Tote éxovue ta eENg:

e H owcoyéveia A mepiéyel ) C. Ipdypatt, omoodnmote ovvoro g C eivar g nopenig A;, yia
Kamowo iy € I. H emhoyn J = {ip} C I otnv meprypagn otouelwv g A divel UiejA; = Aj, € A.

e Omoradnmote o-ahyeppa A mepLéyel v C mpémet va meptéyet v A. [ati omoladnmote Evoon
UiesA; elvan aplBunourn agot to I eivor apbuowpo. Kou epdoov | A; eivor o-ahyefpa Ko
TEPLEYEL TAL A; ne [ € J, Do TTePLEYEL KOL TNV EVIOT] TOVG.

e H A eivaw o-dhyeppa. Mpdayuott, n emhoyr) J = 0 diver Uie;A; = 0. Emiong, av mtdpovue A g
wopng A = UiejA; yio kémowo J C 1, 1ote X\A = U, ,A; mov elvon otovyelo g A. Téhog, av
gyovpe axkorovdia (By),s1 otouelmv g A ue B, = Ujey, A; 0mov J, C I yo K40e n > 1, tote Yo
J =02 J, éxovue U B, = UjesA; mov stdh elvan otouyelo tng A.

Zuvdvaloviag ouTég TG TPELG TapaTnPNoeL aipvovue v (1.1).
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1.3 To ovvoio Borel

Av (X, d) elval €vog UETPLKOG Y MPOG, TOTE VoL A C X T AéUE avoLyTO OVUVOLO av Lo KGOE x € A vrtdpyeL
6 > 0 dote B(x,0) :={y € X : d(y,x) < d} C A, dhadn | opaipa aKTivag § YOpw Ao To X E(voL
vtoovvolo Tov A. T'evikd, 1o § eEaptdtar atd To x.

Ta ovvora R", C" Oa o Oewpoiipe uetplkovg xmpovg ue petpki) v Evkleideia. Anhadn)

dx,y) = 4| D =il
k=1

v x,y € R" (1 x,y € C") pe | - | va ovuforiler v amdlvtn T Tpoyuotikol aptfpot(to uétpo
ULYadLKoU, avTioToLyo).

Oa. xpelooTel o K&t va Soviéypouue Kat e To oUvoro R := R U {—o0, co}. Avtd Oa to Osmpovpe
UETPLKO XDPO e UETPLKT] TNV

d(x,y) = |f(x) = fF)

omov f(x) = x/(1 + |x]) yuo x € R ko f(—00) = —1, f(o0) = 1. Amerkovilovue tov R oto tpufua [-1, 1]
UEow TG f Ko PeTd opilovue Ty artdoTtoon d00 oNUElwY TOV ®¢ TV ovvnOLoUéVY amdoToon TV
elkovov toug 0to [—1, 1]. Aeg Zynua 1.2. O meploplopdg ™G LETPLKNG avtic oto R elvar pua uetpkn

R 0 T

R —1 0 fla) 1

Zyfua 1.2: Teopetpikn epunveia g ametkovions f(x) = x/(1 + |x]). To R U {—co, oo} ametkoviletar oto [-1, 1].

Lo0dVVaUN UE TN oVVNOLOUEVY UETPLKT) TOV R. ZyeTtikd ue to oo, VKol fAETEL Kavelg oty 0 < e < 1
N ogaipa axtivag & yOipm amd To oo givar N nuevdeio (1 — 7!, o] (avtioTouym mapatipnon woyvel Kot
YLOL TO —09).

Cevikd, 1 otkoyévelo 7~ TV OVOLKTMV GUVOL®V O€ €VO LETPLKO YmPo dev elval o-alyepfpa Kat ov-
vNOwg dev eivar kav aiyeppa. [a mopdderyna, oto R 1o A = (0, 1) elvor avorytd, Ve To CUUTANP®UA
TOV OEV elval. Oa Pog POVEL xPNOLUO OUWG Vo OEWPIOOVUE TNV O-GAYERPO TTOV TAPAYOUV TA AVOLYTA
oUVola.

Opwopog 1.16. 'Eoto (X, d) petpikdg yopog. H o-dhyefpa o (7)) mov mopdyetor amd TV OLKOYEVEL,
T tov avoyt®v ouvohov Tov X ovoudletor o-ahyeppa Borel kol ta otoyelo tg ovvora Borel
ZuvBwg ovuporitovue ™ o (7)) e B(X).

H Z(X) eivar 1 ukpdtepr o-GhYEPPQ TTOU TTEPLEYEL TO. AVOLYTA GUVOAL.
IMpoértaon 1.17. KaOe avoiktd 1) kAetord vwocvvoro evdg uetoitkov ywoov (X, T)) eivar 6vvoio Borel.

AmbdeEn. Amo tov opopd Twv ovvorwv Borel éxovue T C o(T) =: B(X). Av F eivon kheloto, tote
X\F € A(X) wg avorkto. AMG 1 B(X) eivon o-dhyefpa, omtdte mpémel KoL to cupmhipoua tov X\F
va iepéxeton ot AB(X). Apa F € B(X). [
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Ipoértoaon 1.18. Kabe vrodidornua tov R eivau 6voro Borel.

AnddeEn. Ta dudpopa oEVAPLO YLO. EVAL VITOALAOTNUA ElVOL
(_007 a]a [aa OO), (—OO, Cl), (a7 00)9 (aa b)a [aa b]a (aa b]9 [aa b)

To wpwto dV0 eivor KAELOTA GUVOLA, TO. ETTOUEVO TPLOL ELVOL OvOLYTA Kal TO [a, b] elvor khewoto. TNa to
(a, b] ypapouvue
(a,b] = R\((—o0,a] U (b, )).

Emedn n ZA(R) eivow o-Ghyefpa kau (—oo0, al, (b, ) € B(R), émeton 6t (—c0,a] U (b, 0) € AB(R) kan
R\((—00,a] U (b, )) € A(R). ‘Ouora deixvovue Ot [a, b) € B(R). [ ]

Enedn n B(R) eivar o-Ghyeppo Kal mwepléyel Oho To draotiuata, £retor dtL OMO TA GVVOAD TTOV
QTIdVoLUE EEKIVOVTAG atd SLOoTHUATO Ko eqopuotovrag aptduiolo Tthibog emovolPemy Tig
pdEeLg TG Evoong, TG Toug, KoL Tou oupumAnpmuatog Oa eivan extiong otoveia g B(R).

Oenpnua 1.19. Eotw F n owkoyéveia twv kAeiot@v cuvoilwv tov R kau
A ={(-00,b] : b e R},
Ay, ={(a,b]l :a<b, a,beR},
Ay ={(a,b):a<b, a,beR}
Tote BR) = o(F) = 0(A) = 0(Ar) = 0(A3).
Anddeén. Oa deiEovue ot
ABR) 2 o(F) 2 0(Ay) D 0(Ay) D o(A3) D B(R).

H ZA(R) mepiéyel ta avolktd oUVoAa dpa KoL To CUUTANPOUATE TOvg, dNhadn to KAeloTd olvola,

ovvertwg Ko ™) o (F). Ta draotiuorta e A; elvan khewotd, dpa. o (F) D o(Ay). e o (Ay) D o(Ay)
1

rapatnpovue ot (a, b] = (=00, b]\(—0c0, a] xou yia. ™ 0(Ay) D o(Asz) 6t (a,b) = U, (a,b — —]. Téhog,
n

vioe ™) 0(Az) DO AB(R) yvwpilovue 0TL KGOe un Kevd avolktd ovvolo oto R yphgetor wg aptdunioiun

EVOON] AVOLKTAOV PPAYUEVOV dLAOTNUATWV, Apa T C oAz, TOU d{VEL TO CUUTEPOOUAL. ]

Me stapoduolo emyepruorta wuwopel va dei&el Kaveic 0t 1 B(R) maplyetor amd TV OLKOYEVELD

A={(-0,9) : q € Q}.

1.4 Liminf ko limsup akolovOiog cvvorwv

‘Eotw X ovvohro, kot (A,),>1 akohovdia vitoouvolwv tov. Opilovue ta oUvola
hr,%ilan” =Up N, Ak, (1.2)

: .- [ee) (o]
limsup A, :=N,~, U, Ax, (1.3)
n>1
ta oroto Aéue liminf ko limsup avtiotouyo tg akolovbiag (A,),s1. Elvar kou to 900 vosivolo g
! (]
evwong U Ay,

Me hoyia, éva x € X avikel oto liminf A, av 0o éva delktn KoL LeTd avijKeL oe OAa T OTOLYELD TG
akohovBiag (A,)ns1, EVO avinKeL oto limsup A, av avikel og dretoa amod 1o (A,)us1. ATO TOV TUTILKO
opoud M ad avn) v meprypopn eivon cagég on liminf,s; A, C limsup,,; A,. To vo eivow éva x
uéhog tov liminf,51 A, elvow LoYVPOTEPT QTTALTNOT KL £TOL ALYOTEPOL X TNV LKAVOTTOLOVYV.
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Hapdderypa 1.20. Av X = R xou A, = [-n,n] yio k40e n > 1, 10te liminf,5; A, := R. Ta k&be
TPAYUATIKO 0pLOUO X VITAPYEL PUOLKOG 11(X) MOTE O X VO AVIKEL O€ OAaL TaL A, 1e n > n(x) (Gpo. avtd ta
ortoia eEapotivtan éxovv memepaouévo manbog). Kabe x €xel 1o dukd tov n(x). Mdlota, wropotue va
mapovue n(x) := [|x|] + 1.

Mopaderypa 1.21. Av X = R xar A, = {x : nx eivon aképarog} = Z/n yio. k4 n > 1, t0te
liminf A, := Z,
n>1

limsup A, := Q.
n>1
ZyETIKA UE TOV OEVTEPO LOYVPLOUO, Yia KAOE pNtd x = p/q ue g OeTIKO aképao €xovue OTL x € A, Y0
K&Oe n mov elvol ToAhamhdolo tov ¢g. Apa éxovue v D. Ko emteidr) Oha ta A, elvan vtoovola Tov
Q, é¢xovue 0T kat limsup,,5; A, € Q. H awddel&n tov IpmdTou Loy upLopol agijveToL 0TOV aVoyVAOOTY).

Av ot dpol g akolovbiag (A,).>1 elvor otoyelo wo o-dhyefpag A, tote Ko ta liminf,s; A,
limsup,.; A, elvan emiong otoryeio g A. Ag o dovpe yio to limsup. Emerdr) n A elvon kherot)
OTIG apLOUoLUES EVIOOELS, Yo KAOe n > 1 éxovue B, := Ui, Ax € C, Ko €meLdT) elval KAELOTY OTLG
apOuiolueg Touég éxovue limsup,; A, = Ny=1 B, € C.

Aoknoelg
1.1 'Eotw X :={a, 8,7y, 0} xou

A =10, X, {B, v},
ﬂZ = {0, X’ {ﬁ’ 7}, {a’ 6}}
(o) Eivow ov Ay, Ay 0-Ghyeppec;
(B) Na deiEete 611 07(A)) = A,.
1.2 Ze avm) v doknon waipvovpe X = R.
(o) Na dei&ete 0tum A := {A C R : A apBunoipo 1 R\A aptbunoipo} eivor o-Ghyeppa kor A C B(R).
(B) T Tv okoyévera Ay = {{x} : x € R} va dei&ete 6tL 07(Ap) = A.
(v) Na 8¢iSete 611 1 oikoyévera Ap := {A C R : A memepaouévo 1 R\A memepaopévo} dev elvon o-dhyeppa.
1.3 Av oto Hapdderyua 1.15 1 dwapépion C tov X €xel vepapbuiotpo mibog otowyeiov (dnhadn to I eivar
vrepapLOUN oo, Gpa kow o X vrepaplfuiouto), va dobel eprypagn g mapayduevng o-dhyeppag a(C).
1.4 T v otkoyévero C := {(—o0, x] : x € Q} va dei&ete 6tL o(C) = B(R).
1.5 Na deiEete 6t ) B(R) dev mapdyetor amd dtapuépLon.

1.6 'Eotw (A,),»1 akoloubia otouyeiov wag o-ahyeppog A. Na deiEete ot vtdpyel akorovbia (B,),s1 OTOLXEIWV TG
A, ta omola eivar Eéva ava 8o dote B, C A, Yo xéBe n > 1, ko UL (A, = U By,

1.7 'Eotw f : X — Y ouvdptnon.

(a) Av A eivan o-ahyefpa oto X, Oétovpue

B:={BcY:[f(B)eA.

Na deiEete 6 1 B eivon 0-Ghyeppo oto Y.
(B) Av B eivar o-Glyeppa oto Y, Bétovue
A:={f(B): BeB).

Na dei&ete 6tL 1 A eivan 0-Ghyefpa oto X.
YrevOvuiZovue 6ty B C Y, ovupohriovue pe f~1(B) to ovvoko {x € X : f(x) € B}). To f! eddh dev onuaivel
«avtiotpopn g f». H f dev elvon amapaitnto va eivar ovtotpépuun.

1.8 'Eotw X oUvohro kou A pua dhyeppo 0to X. Av LoyveL pia oo Tig Topakdtw cuvonkeg, T0te 1 A eival o-0lyeppa.



1.4 Liminf kou limsup axoiovBiag cvvoiwv
(1) T k6Oe avEovoa axohovbia {A, ey 0TV A 1oydeL UpenA, € A.
(ii) Twa x&0e pOivovoa akorovbia {A, e 0TV A Loyder NyenA, € A.

(iii) Twa xkaBe axorovBia {A,}en Eévov ava 60 otouyeiwv oty A, 1oyber UyenA, € A.



Mérpa

2.1 Métpa o€ HeTP|oLUo Ympo

'‘Eotow X olvolo kot A wa o-ahyeppa oto X. Ovoudlovue to Cetvryog (X, A) UETPNOLUO Y DPO.
Opwopnog 2.1. Métpo otov (X, A) héue KaOe ovvapmon u : A — [0, oo] ov tKavostoLel TG LOLOTNTES:
i) w@®) = 0.

(i) p(U;,Ap) = Z w(A,) yio kdBe akolovbia (A,),s>1 Eévov avd 8o otoyeiwv g A.

n=1

H tpudda (X, A, p) Méyetal ympog HETpov koL ta otolyeio tg A puerpiowa ovvora. H 1dudtra (ii)

TOV 0pLOUOV Aéyetal aptounoLu TpooeTtkdTnTOL.

X

Zyfua 2.1: T v wdotyta (i) Tov optopot Tov HETpou.

Mopdderypa 2.2. (Apbuntikd uétpo) 'Eotw X éva ovvoro, A = A (X), ko

) n oV 10 A glvol TETEPAOUEVO KO €XEL OKPLBMG 1 OTOLKELD,
u(A) =

o0 v To A givol dmeLpoovvoro

v k40e A € A. To u eivar to apBuntkd puétpo oto X.

Hopaderypa 2.3. (Métpo Dirac) 'Eotw X éva ohvoro, A = F(X), Ko xp € X éva dedopévo onueio Tov
X. OpiCovue
1 avxy€eA,

0. (A) =
0(A) {O av xp € X\A

v KGBe A € A. H ovvaptnon d,, elvor pétpo kow ovoudletar uétpo Dirac 0to xo.

Mopaderypa 2.4. (Métpo Lebesgue oto R) IMaipvovue X = R, A = A(R). Eivor duvatodv vo. oplotel
éva uétpo A otov ympo (R, B(R)) wote

A(I) = wnrog(l), (*)

8
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via k60e duaomua I € R. T mopaderypo, yio a < b wpaypatikovg, éxovue A((a, b)) = A([a, b]) =
b — a, A((a,)) = oo kow A([0.1,2) U (3,4) U (5,5.3)) = 1.9+ 1 + 0.3 = 3.2.

T uropovpe va 0plioOVUE oL TETOLO CUVAPTNON; EEPOVNE TLG TLUES TNG OTO SLOOTIHULATOL, T OTTOLOL
elvar otoyeio tov A(R), kar oL 1dLOTNTEG TOV UETPOV KABOPILouv HovadiKa TG TUEG TNG OE EVIOELG
draomudtwv. Avtod duwg dev apkel. Xpeldletol va v enekteivouue oe Oho to A(R). Amodetkvieton
OTL (Ll TETOLOL ETTEKTOON ELvaL dUVOTY KoL YIVETOL LOVOILKA. Anladn vdpyel Lovadikd HETPO O0TO
HAB(R) mov tkovomolel TV (x). Tnv KOTOOKEVY] 0VTOU TOU UETPOV WITOPEL VA, BPEL O AVAYVMOTNG OF
BLpria Bewplag pétpov [yia mapdderypa, Kepdahawo 3 tov ( )]

Mmopei dpaye 1o A vo emektobel og 6ho to F(R); Anhadi| va amodmwoovue o Kabe vIrocvolo
tov R évav apBud mov Ba eivor o «unkog» tov. Amodetkvietal 0TL To A umopel va emektadel uéypt
éva o0voho M,, mtou eivan pahoto o-Ghyefpa, ue BR) € M, ¢ Z(R), alra oy mapasmdvo. Lot
oyt mapamavw; Eivol 1o d0okoho va emekteivouue wa ovvapton; To dvokoho dev elvol vo v
eTEKTEVOULLE, OALGL VOL TNV ETTEKTEIVOVLLE IUE TETOLO TPOTTO MOTE VoL LKavostotel Ty (ii) Tov Opiopov 2.1.
Avti 1 ovvOiKn BAlelL TOoEG TOMEG ATaLTHOELS 0T A HOTE va. unv vitapyel Kapio A : Z(R) — [0, oo]
IOV VO UTTOPEL VO TLG LKOLVOTTOLOEL OMEC.

Moapatipnyon 2.5. (Z0vohra pe pétpo Lebesgue 0) Kabe novootvvoro {x} C R éyer uétpo Lebesgue 0
aov {x} = [x, x] elvon éva dudotnua pe unkog 0. 'Exeton amd v (ii) Tov Opopot 2.1 tov pétpou ot
K&Oe apOunowo ovvolro €xer emtiong uétpo Lebesgue 0. "Etot, to Q, evom glivan €var Tukvo vitoovolo Tov
R xou Kotd o €vvoro «pueyaho» oivoho, exel u€tpo 0. Yapyouv Oume KoL vepapLtOuoLo. oVola
ue uérpo 0, ue mo yvootd mapdderyua o cvvoro C tov Cantor. Avtd ypdgetar wg C = N> C, dmov
10 C,, eivan évmon 2" Eévarv dtaotnudtov, To kabéva ue uijkog 37 (0o ) ouvnOn katookevr| tov C).
Apa AC) < AC,) =2"37" - 0 xkabwg n — oo, Ty avicomta A(C) < A(C,) Oa T dikaohoynoovue
mopokdto [[Ipdtaon 2.12 (ii)].

Opwopnog 2.6. 'Eva pétpo u oe évav petpnotno yopo (X, A) héyeton memepaocuévo av u(X) < oo, Ko
uétpo mbavotrog av u(X) = 1.

Avtiotolya, o xmwpog wétpov (X, A, 1) Aéyetal xHPog TETEPACUEVOU UETPOV 1] X DPOG TLHOVOTNTAG.
INa évav ywpo mbavotntoag ouvibwg ypnoluomoteitor o cuppfohopnog (Q, F, P).

Mopdderyna 2.7. (Avokprtd pétpo mbavomrag) ‘Eotm Q apbuiowo oivoro kot F = Z(Q). 'Eotw
f:Q — [0, 0) ®ote Zf(x) =1.Tw A € F, opilovue
xeQ

P(A) := Z F(x).

xeA

H ovvdpmon P eivon uétpo mboavomrog oto Q. Ze kdOe onueio x € Q diver uato f(x). To duakprtd
UETPO TOAVOTNTAG elvar yevikevon tov uétpov Dirac. Tlepioodtepa amd €vo onueio maipvouv éva
TUNUOL TG CVVOMKNG walag 1.

Moapaderypa 2.8. (Piyn vouiopatog) INa to melpapo piyng evog voulopotog mov €xel mbavotnta
p € [0,1] va @éper Kopwva Kar 1 — p vo pépeL ypauuota, Evog (puoLoAoYLKOG XmPOog TavOTNTOG
TPOKVITTEL WG ELOLKY TEPLTTMON TOV TPOTyouuevoy Ttapadeiypatog. Iaipvovue Q = {K, T}, f(K) =
p, f() = 1 — p. Tpoximter 1oL éva pétpo mbavodTTag, £otm PP war tehkd o yhpog mbavoTnrag
eivan 0 ({K, T}, Z({K,T}), PP).

opdderypa 2.9. (To povtéro Ising) 'BEotw N > 1 guowkéde, V := [-N, N> N Z2,
Q:={-1,1}V ={s]s: V- {=1,1} cuvdpmon },

koL F = 2(Q). To V eivar éva memepaouévo mhéypa uéoo oto Z2? oe oxfua tetpaydvov. H eikéva
OV €YOVUE OTO UVOLO Hog elvar 0t o kBe onuelo tov V vmapyel €va MAEKTPOVIO TOU OTTOLOU M)
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WOV TIKY pomtn tolpvel povo pior oo g tuég —1, 1. Ta onueio tov Q ta Aéue oxnuUATLIopong Ko
KaOe oynuatiopog avabétel oe kKabe onuelo tov mhéypatog V, dnhadr) oe Kabe nhektpovio, wo oo
g pé —1, 1. Tertovid onueto evdg onueiov x 1= (xq, x2) € Z* Mue ta (x1 — 1, x2), (x1 + 1, x2), (x1, X2 —
1), (x1, x2 + 1). Av 10 y €lvou YELTOVIKO TOV X, TOTE KOL TO X ELVOL YELTOVIKO TOV y, KL YPAPOVUE < X,y >.

‘Eotw J,h € R otabepéc. T'a kabe oxnuotiond s € Q, opitovue A(s) 1= J X jevicxys S(X)s(y) +
h ZxEV S(.X) KoL

1
f(s)= 5 M,

Omov Z = Y,e0 €M elvar o katdhniog apldudc mote abpotloviag v f mhvom og Oha ta s € Q va
maipvovue 1. H ouvdptnon f opilel, pe tn dradikaocio tov [Mapadeiypatog 2.7, Eva nuETpo mbavotntog
otov Q. Ag vmoBéoovpe 6t J > 0 xouw h = 0. Tote peyahirepn mbavoTTO £XOVV OYNUATIOUOL TTOV
dlvouv 10 1810 TPOONUO 0 TOMAA YELTOVLKA ONUELXL.

Avto to HETPO TOAVOTNTAG KAOMDE KOL YEVIKEVOELG TOV £XOUV YPNOLUOTONOEL YLoL TV KaTovonon
TOV WOYVITIKOV OLOTHTOV TG VANG.

Mopaderypa 2.10. (Métpo meproptopdc) Av u eivor éva uétpo otov (X, A) KatAg € A, 1OTEN GUVAPTHOY
Ha, * A — [0, co] ov opiletor wg ua,(A) = u(A N Ap) Yo kdbe A € A eivan pétpo (Aoknom). To ug,
EYEL CUYKEVTPWUEVT OAT) TOV T UATa 0T0 A 0o s, (X\Ag) = u((X\Ag) N Ag) = (@) = 0.

Mopaderypa 2.11. (Kavovikomoimuévo HETpo mepLoploptds) e GUVEYELOL TOV TTPONYOUUEVOD TTOPAELY-
notog.  Ag vmoBgoouue OTL To p elvar €va uétpo mboavotntag ko ot 0 < u(Ag) < 1, toTE 10 g,
€yeL OLUVOMKY UATa ta, () = u(Ap) < 1, dnhadmn dev eivar pétpo mbavottog. To Kavovikomolove
opilovtag éva véo uétpo, 1o Py, : A — [0, 1], wg eEnig

Ha(A) _ pAN Ag)
(@ pAo)

vio KGO A € F. To Py, elvon pérpo mbavotnrag, Kot diver OAn Tov Ty ndto oto ovvolo Ay.

Py (A) =

To aEudpata 6Tov 0pLtopd TOU HETPOV GUVETTAYOVTOL OPKETEG LOLOTNTES YLOL ULOL TETOLOL GUVAPTNON).
Kataypdgouvue otV mapakdtom TpoToor KATOLESG TTOV 0TI OUVEYELX 00 X PNOLUOTOL|OOVUE ETTOVIAELU-
UEVOL.

poértaon 2.12. Eotw u éva uétgo otov (X, A). Tore,
(i) u(U_ A) = Yoy H(Ap) yra kéOe n > 1 kau {A, 2 1 < k < n} Eéva avd Svo otouyeia tng A.

(ii) Av A,B € A, ue A C B, tote u(A) < u(B) ko av u(A) < oo, Tote u(B\A) = u(B) — u(A).

(iii) p(U;” Ay < Z,u(An) yio. kaBe akolovbia (A,)u>1 oToEiwV TNG A.

n=1

(iv) Av (A,)nz1 elvar adEovoa akorovbia otoweiwv tng A, téte u(U,. | A,) = lim u(A,).
(v) Av (A,)nz1 elvar pBivovea akorovOio oroyeiwv tne A ue p(Ay) < oo, ote (N, A,) = lim u(A,).
Amodelsn. (i) Ta ovvoha g akohovBiog (By)is1 UE

B, Ay, ovkell,?2,...,n},
£ 0 avkeNk>n+1.

elvau otovyeta g A Eé¢va avd dvo. Omdte N 1dLdTTA (ii) TOV 0PLOPOV TOV UETPOUL divel

U A = (U B = ) (B = D u(Ay)
k=1 k=1
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aov u(®) = 0.

(ii) To B etvar 1 évwon Twv EEvav ouvohmv A, B\A, omtote ue Bdon to (i) g mpdtaong,
u(B) = p(A U (B\A)) = u(A) + u(B\A),

Emedn u(B\A) > 0, émetan 0t u(B) = u(A). Topa, otov u(A) < oo, TO 0POLPOVUE OITO TNV TLO TAVW
LooTNTA, Ko aipvouue 0t u(B\A) = u(B) — u(A).

(iii) 'Eotw By := Aj Kow By := ANMAL UAy U -+ U Agy) yio kGOe k > 2. Ta {By : k > 1} eivon Eéva ava
dvo otovyela g A, B, C A, i kéOe n > 1, kaw U2 B, = U A, Apa

UL AL = (U2 By) = ) p(By) < ) i(Ay).

n=1 n=1

H dettepn odtnta toyvet yiotl to (By),s1 eivon Eéva avd &vo, kar 1 avicdmta Moym g B, C A, Kau
Tov UEPovg (i) Tng mpoTOoNC.

(iv) 'Eotw By := Aj Kow By := Ap\Ag_y yuo k00g k > 2. Ta {By : k > 1} elvon Eéva avd 800 otouyeia g
A, U_ By = Ay, xow U2 B, = U (A, 'ETo,

n=1

VR A = WU B = ) By = lim > u(By) = lim p(Uf_, By) = lim u(A,).
k=1 k=1

(v) ©¢tovue B, = Aj\A, yia k60e n > 1. T'io v axorovBia (B,),>1 EPOPUOTETOAL TO TPONYOUUEVO
uépog g pdTaong Kow divet lim, e u(A\ N2, A,) = lim,, o t1(A1\A,). 'Emterta, 10 0L (A1) < 00 divel
(N2 Ay) < 0o Ko u(A,) < 00 yio KGOe n > 1, 0mOTE YPNOLUOTOLMVTAG Kal TO UePog (i) g TpdTaomg
moipvouue To CnTtovuevo. [ ]

Oporoyia: 'Eoto (X, A) LeTPNOLUOG X MPOG DOTE 0 X va elval LETPLKOG XDPOog Ko 1) o-dhyefpa A
va epLéyel To ovvola Borel tov X, dnhadn A(X) C A. Av u eivar éva uétpo otov (X, A), otypryna (1
KoL (popéat) TOV i AEUE TO OVVOAO

suppu = {x € X : u(U) > 0 yio k&Oe avorytd vrroovvoho tov X pe x € U}.

g YeVIKEG YPAUUEG, TO OTNPLYUO ELVOL TO WKPOTEPO VITOGVVOLO TOU X OTO OTTOLO TO i OVYKEVTPMVEL T
waCa tov. Elvon éva khelotd ovvolo Kat, av o X eivor Loy mpiottog LETPLKOG X HPOGS, LTOPOVUE VO, TO
Bpolue av agarpécovue atd Tov X OLo Ta avoLyTd VITOoUVOLD TOV UE u-uétpo 0.

Hopdderype 2.13. (i) 'Eotm A > 0 xau g 10 Stoakpttd pétpo mbavotrog oto R mov diver pdlo e 1Ak /k!
OTOV U1 apVNTIKO aképato k yio kaOe k € N. To ot)prynd tov eivar to N.

(i1) 'Eotw up to uétpo oto R pe up(A) = [A N Q| yua kabe A € R. Avutd eivon éva dtakprtd nétpo (divel
wao 1 og k4Oe pnto). Mopdro mov wr(R\Q) = 0 (dnhadn 1 pala tov wy elvar cuykevtpmuévn oto Q),
TO OTNPLYUA TOV Uy €lva To R yLortt 0mrolod)mote avorytd 6Voho YUP® OTtd 0TTOLOVONTTOTE TPOLYUATIKO
apLOuod €yl BETLKO HETPO Ao TEPLEYEL KATOLOV PNTO.

Aoknoseig

2.1 'Eotw Py, Py, ..., P,, n € N, uétpa mbavomrag otov (Q, F) kow Ay, Ao, ..., 4, € [0, 1T ue 37, 4 = 1. No devyOet
oTL 0 KupTdG GUVOVIOUOG
Q= Z AP
i=1

Tov uétpov Py, i = 1,2,. .., n, eivar pérpo otov (Q, F).
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2.2 'Eotw (Q, F, P) xdpog mbavdttog, Kot (A,),>1 akorovBia Eévav avd d0o otoryeiwv tng F. Na deiete ot
lim P(A4,) =0.

2.3 'Eotw (Q, F, P) ywpog mbavdtnrag kot (A,),>1 akohovbia atoyeimv g F.

(@) Av P(A,) = 0 yio k&0e n > 1, w6te P (U2, 4,) = 0.

B) AvP(A,) = 1 yia k4Oe n > 1, to1e P(n;":lAn) =1.

2.4 Noa Bpebei ywpog mbavotnrag (Q, F, P) ko (A))ier, (Bi)icr OLKOYEVELEG OTOLYEIWVY TNG F MOTE

() P(A)) =0y x@0e i € I, UigjA; € F, 0dO P (Ui A;) # 0.

B)P(B) =1vakabeie ', odlé Nicp B; = 0.

2.5 'Eoto (Q, 7, P) xwpog mbavotnrog kKau (Ag)sep otkoyévela Egvav avd 8o otoweiwv g 7. Av P(4p) > 0 ya
KGOe B € B, va deiEete 6T T0 B elvor apburjouo.

2.6 'Eotw (Q, 7, P) ydpog mbavotnrag kat (A,),>1 okorovbia otouyeiwv tg F. Na deydei ot

P(liminf A,) < lim P(4,) < lim P(4,) < P(limsup A,,). 2.1

n—oo n>1

2.7 'Eotw u; to uétpo oto Mapdderypa 2.13(i), A to uétpo Lebesgue oto R, Kou v 0 meptopiopds tov a1o (2,5) (deg
Mapdderypa 2.10). Oétovue u = uy + v. Towo eivou to supp(u);

2.8 'Eotw F C R xhewotd. Na dety el ot vmdpyel nétpo oto R ue omprypa to F.
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IootTo TEMEPAOUEVOV NETPOV

210 Keahao avtd Oo dolue £va TeXVIKO AmoTéAETUO, TO AeYOUEVO OemPnuUa. TT-A, TTOV OTOYO £XEL VO
SLEVKOAUVEL TV aTtOSELEN LOLOTTWV YLaL T OTOLYEID (ag O-GAyePpag.

3.1 Khdoeig Dynkin

Opwopog 3.1. 'Eotw X olvoro. Mia owkoyévera D ¢ H(X) Méyetan kAGon Dynkin oto X av €yel tig
eEN¢ 1dLdTTEG:

(i) X € D.

(i) AvA,Be Dxkoaw A C B, t01e B\ A € D.
(iii) Av (A,)nen 00EOVOO akolovBio otV D, tOTE U, eniA, € D.

HMapatypnon 3.2. Kdabe o-ahyefpa eivar khaon Dynkin. To avtiotpogpo oumg dev 1oyveL (Aoknon
3.2). Anhodr) elvor evkohdTEPO €va 0UVOLo va elvol kKhGon Dynkin.

‘Onwg KoL 0TV TEPLTTWON TV 0-alyefpav, yia Kabe okoyéveio C € P (X) evog ovvolov X,
vITapyeL 1 Aot KAGom Dynkin swov v epiéyel. Avt) epLypapetol wg 1 Tou AWV TmV KAAOEWVY
Dynkin mov mepiéxovv ™ C. Zvvijfwg ™ ovpfoiiCovpe pue 6(C). Zvvopiloviag maipvovue v
aKOLovOT TPATOON 1 ATTOSELEY TG OTTOLAG EIVOL TTOPOUOLOL UE CLUTI) OTNV TTEPLTTTWOT TWV G-AAYERPDV.
Ipotaon 3.3. Eotw X obvoro kaw C € P (X). Oérovue J :={D c P (X) : D eivau kAdon Dynkin ko
C C D). Tore i otkoyévelo,

0(C) := NpegD

e civau kA&on Dynkin 6to X ko

o civar n wreoTeQn kAaon Dynkin wov megiéyer ) C. Aniadn) megiéyetau o€ kGOe kAdon Dynkin wov
meoiexet ) C.

Ovopatovpe ) 8(C) kAaon Dynkin tov mapdyetor omwd v C.

IMoapatipnon 3.4. Evxola mapatnpet kaveig 6t 6(C) € o (C) epdoov 1 o(C) eivar khdon Dynkin ko
mepLéEyeL  C.

Ague 0t o otkoyévela C ovvOlmV elvol KAELoTI] 0TS TEMEQUOUEVES TOUES OV Yo KAOe n > 1 Ko
A1,Ay, .. A, € Clogbet Ot Af NAy N -+~ N A, € C. TIpogavag apkel vo Loy VEL ] CUVONKYN QT Lo
n = 2 KoL £TELTO. OL VITOMOLTIEG TTEPLITTMOELS ATTOOELKVIOVTOL ETTOLYWYLKA.

H emduevn mpdtaon diver wa o) ovvOnkn wote o khdon Dynkin va givol o-ahyeppa.
IMpotaon 3.5. Eorw X cdvoro kaw D kraon Dynkin oto X. Av n D elvar KAELGTY) OTIC TETEQUOUEVES
Toués, tote n D eivaw 6-aryefoa oto X.

Andédeén. Amd tov Opopod 3.1 g khdong Dynkin €yovpe 6t X € D Adyw tov (i) Kan, av A € D, tote
X\ A € D Moyo tov (i) kKo (i1). Emiong, n D elvor KLELOTH) OTLG TETEPAOUEVES EVAIOELG EQPOCOV ELVOL
KAELOTY| OTLG TTEMEPAOUEVES TOUEG KO OTA CUUTTANpOUOTA. Apa elvol ahyeppa. Avto, oe ouVOVUOUO (e
™V WoTtTa (i) Tov Opropov 3.1 kar v Aoknon 1.8, poag eEaopariler 6t D eivor o-Ghyefpo. B

13
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3.2 To Ozopnua x-A
Oempnua 3.6 (Oehdpnua 7-1). Eotw X ovvoro kaw C C P (X) otkoyévela KAELOTI) OTIG TETEQAUOUEVES
touég. Tote 6(C) = o(C).

Arddeén. Toybver 6t 6(C) C o(C). Apa, av deiEovue 6t 1 6(C) eivar o-Ghyeppa, tote 0 (C) C 6(C),
epooov N o (C) etvan 1 eldyLotn o-ayeppo mov meptéyel T C. Me Baon v Ipdtoon 3.5, apkel va
detEovue 0L M 6(C) elvor KAELOTI) OTIG TTETEPAOUEVES TOUES, ONAOLOT

A,Bedé(C)=ANBEeC). (3.1)

I'vopiCovpe T0 OCUUTEPAOUO TNG CUVETTAYWYNG Yiat A, B € C, 07t0TE TO 0%ESL0 ELVAL VO TNV EVLOYXVOOUNE
og dvo Pruata. Anhadn va deiEovue ot Loyvel Tpodto Yo A € C, B € 6(C) kau émerta yio A € 6(C), B €
4(0C).
INa kaBe A C X Oétovue
DA) ={U € dC): AN U € 5C)).

Avtd 10 GUVOLO TTEPLEYEL TOL GUVOAX TTOV «TEUVOVTOL MPOLO» UE TO A.
Biua 1. o A € C, égovue

e C C D(A) epdoov ) C elvar KAELOTY OTIG TTETEPOOUEVES TOUEC.

e H D(A) eivon khéon Dynkin (1 amwddelEn agnvetar g Goknon).

Apa D(A) D 6(C), epocov 1 6(C) etvan 1 ehdrytotn kKAaon Dynkin wov tepiéyer  C. ‘Ouwg D(A) € 6(C)
a7t6 tov opLopd s D(A). Tehkd D(A) = 6(C), mov onuaivel Ot

A€eC,Bed(C)=>ANBesC). (3.2)
Biua 2. T B € 6(C), égovue
e C C D(B) amd v (3.2).
e H D(B) eivar xhaon Dynkin (n amddelEn agnvetar wg doknon).

Apa, 6twg oto Brjua 1, éxovue 6t D(B) = 6(C), dnhadn oyver n (3.1), ko to Bedpnuo awodelyOnKe.
|

Mo otkoyévelon C € A(X) Méyeton m-000TNUO. OV €lvol KAELOTH OTLG TETEPAOUEVEG TOUEG, EVD
Aéyetar A-ovotnua av eivor khaon Dynkin. Ze ovt) T v opohoyio OpelAETAL TO OVOLLOL TOV TTPOYOUUEVOL
Oewpruotog. Mia LoodUvoun diatimmwor) tov divetal otnv Aoknon 3.3.

XapoaktpLotiky epapuoyn tov Bempnuatog eivar n eEng: T X = R, 1 owkoyévera C = {(—o0, x] :
x € R} eivan xhewoty| otig memepaouéveg Touég Kat apa §(C) = o(C). Eépovue ouwg 0t o7(C) = BR).
Apa maipvouvue okduo wia epLypapn Twv cuvolwv Borel wg §(C).

Mo ONUOVTLKY OUVETTELD TOV BEmPUOTOG TT-A €lval To akOlovBo amotéheoua.

IMopwopa 3.7. Eotw X ovvolo, A C P (X), o-GAyePoa, kai u,v memeoaouéva uétoa otov (X, A), ue
w(X) = v(X), ta omola cvupwvovv ce wa owkoyéveia C C A KAELOTI GTIC TETEQUOUEVES TOUES. AV
o(C) = A, 1ote u = v otnv A.

ArodeEn. 'Eotw B ={A € A : u(A) = v(A)}. Tore,
e CCBcCa().
e H B eivan xhdon Dynkin.

[Mpayuatt, 0 TPOTOG LOYVPLOUOS ELVOL TTPOPOVIG KOL VLo TO OEVTEPO E£YOVUE,



3.2 To Osdhonua -A 15
(1) X € B amd vrdOeon.
(i) AvA,Be€ B,A C B, t10te u(B\ A) = u(B) — u(A) = v(B) — v(A) = v(B \ A).
(iii) Av (A,)nen 00EOVOO akorovBio oty B, TOTE
1 (UnenAn) = lim gu(A,) = lim v(A,) = v (UnewAn) .
Apa UyenA, € B.

Egdoov 1 B eivan kAdon Dynkin, €xovue 0t 6(C) € B. 'Onwmg, 06 to Bemdpnua povotovng Khaong,
6(C) = 0(C), ko 1eMKd B = 0(B) = A, 0710 TO 07T0L0 TPOKVITTEL TO LNTOVUEVO. [

To stponyoluevo woplopa diver 6tL av €xovue dvo pétpa mbavotntog u, v otov (R, AB(R)) yia ta
ogtolo. LoyVeL u((—oo, x]) = v((—o0, x]) Yo k4O x € R, TOTE Ut = V.

Aoknoelg

3.1 'Eotw (Q, A, P) ydpog mbavémtog koL U € A dedouévo. Oftovue
C:={AcA:PANU)=PA)PU)}.

Na deryBei dtL 1 C eivan kAdon Dynkin.

3.2 'Eotw Q :={1,2,3,4} ko
A= {{1,2},{2,3},{3,4},{1,4},{1,2,3,4},0}.

Na dewyBel dtu m A eivon kKhGon Dynkin addd dev etvor o-dhyeppo oto Q.

3.3 'Eotw X olvoho, C; C Cy € Z(X) dote 1 Cy vo. elvan KLewot| oTig memepaouéves topég Kow 1 Co va elvor Khaom
Dynkin. Na deiy0et 6tL 0(Cy) C Cs.
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Ieprypagi) uétpov mbavotntog

4.1 Mérpa mBavoTTas 6 apLtOuncLuo derynatiko ympo

2V Tapdypapo aut 0o WwAnoovue Yoo HETpa TOOVOTNTAG 08 0PLOUOLUO BELYUATIKO XWMPO, TOV
AOTELOVV TNV atAOVOTEPT HOPPY UETPWV TLOHAVOTNTAG KL OV amautovV ¥p1jon eSELOIKEVUEVWV
EPYOAELMV.

Av Q apOunolpo ovvoro, oto Mapaderypo 2.7 eldaple THG WTOPOVUE VO, OPLOOVUE EVOL TETOLO UETPO
ue ™ xpnon wag KatdAining ovvapmmong f : Q — [0,00). H o-Ghyefpo mov emhéEaue ftav 1
F = Z(Q). Avtd mpokUITeL Puotoroytkd dedopévoy dtL Intdue {w} € A yia kabe w € Q, cuvenmg
avaykaotka F = P(Q) epooov kibe A C Q yphpetar wg apldunolun évoon otoryeiov e F,
MhadN A = Ugeafw).

Ocopnua 4.1. Eotw Q aotburjoio obvoro kauw F = P(Q). Tore
(i) 'Eva uétoo mbavornrag P orov (Q, F) kabogiletor mAnows arxd tg twés p, = Pw}), w € Q.

(ii) Eotw (qu)weq axorovOia aoibuav oto R.
Yragyer uéroo mbavornrag P otov (Q, F) ue PHw}) = qu, ya kabe w € Q av kaw uévo av q, > 0
yo KGbe w € Q kat qo = 1.

we
AmodelEn. (i) 'Eotw A C Q. Tote A = Uyea{w}, kou epdoov to Q elvan aptbunouo,

P(4) = > P(wh) = ) po.

weA weA
(i1) = Ioyvel 6t g, = P({w)), Gpa q, > 0 epdoov P uétpo oto Q. Emiong,

> 40 =D P(w)) = PUpealw)) = PQ) =1,

weQ WEW

eqooov P uétpo mbavotnrog oto Q.
& [pokvmter artd to MMapdaderypa 2.7.
[ ]
Mopaderypa 4.2. (Katavoun Poisson) 'Eotw Q = N xaw 4 > 0. T ka0e k € N éotw py e‘*ﬁ—f.
H (pr)ken tKavosotel tng amautioelg tov Oempnuatog 4.1. Tlpayuot, pr > 0 yio kabe k € N ko
k

A
Z e_lﬁ = 1. Zvvenwg opiletal uétpo mbavdmrag P otov (N, Z(N)) étor wote P({k}) = pr yia kébe
keN ’
k € N. To uétpo avtd Aéyeton katavour) Poisson.

Opwopog 4.3. 'Eotw Q memepaocuévo ovvoro. 'Eva pétpo mbavdmrag P otov (Q, Z(Q)) héyetan
opotdpopgo av vdpyel ¢ > 0 étor wote P({w}) = ¢ yio k4be w € Q, dnhadn to P diver v idua nalo
oe ka0t w € Q.

16
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Am6 tov Oprouo 4.3 ovpmepaivouue 6t

A
P(A) = H yio kébe A C Q.

[payuort, epocov to P eivar pétpo mbavotnrag,

1:2P@@:Z}:¢n

weQ we

Apa c = 1/|Q|. Ouwg P(A) = Z Plw}) = Z ¢ = cl|A[, amd 10 07010 TPOKVITTEL TO LNTOVUEVO.
wEA weA
Ta opoldpoppa HETPO LOVTEALOTTOLOVV TTELPAUOTA TTOU EYXOVV «LOOTLOAVO» OTTOTELECUATOL.

HMoapaderyuna 4.4. Oswpovue to melpapua piyng evog auepoinmrov Capov. Tote Q = {1,2,3,4,5,6}
Kot A = Z(Q). To katdhnho pétpo mov povrelormotel to meipopa eivar 1o P ue P{w}) = 1/6 yua kaOe
w € Q. Anhad1| To opotdpopo wEtpo mbavotnrag otov (Q, Z(Q)).

HMapaderypa 4.5. (Yrepyewuetpikt) kotavoun) Mua kdimm mepiéyer N dompa Ko M povpa aptbun-
uéva opoupiowa, (1,2,...,N) kov (N + 1,N +2,...,N + M) avtiotoiyo. Emiéyovue n amd avtd ywpig
emavdbeon, 6mov 1 < n < N + M. Tote 0 deLyuaTikog Nag ympog eival

Q={Ac{l,2,....,N+M}: Al =nl,

Ko kKaOe otoryeto tov Q eivar o duvarn eEaywyn. Ta tov mindaptbuo tov Q éxovue

(11

I Adyoug oupueTpilog, Oha ta evoeydueva. eival Loomtibava.
To ouodpopgpo uétpo mbavémtag P mov opiletan otov (Q, Z(Q)) éxel P(A) = % yio. kGBe
A c Q. 'Eotw topak € {1,2,...,Nyxouw D = {A C Q: A éyeL k dompa opoupidia}. Tote '

ol _ (65
(N;M) (N;M)

4.2 Ieprypoagr) nétpov mbavomros oto R

P(D) =

2y mopdypago avt Oa wiknoovue yia pétpa mbavottag otov (R, ZA(R)). Avtd ta pétpa ta Méue
Ko Katavouég oto R.

Opwopog 4.6. 'Eoto P pétpo mbavomtag otov (R, A(R)). Xvvaptnon katavouns tov P Aéyetan v
ovvaptnon F : R — [0, 1] ue

F(x) =P ((—c0,x]) vy xabe x € R.
Anhodn, ) F(x) petpder t nala wov diver to uétpo otnv nuievdeio (—oo, x].

Hopdaderyna 4.7. 'Eotw xo € R kat &y, to uétpo Dirac oty Z(R) oto xo. H ouvdpton kotovoung
TOU J,, ELvaL M

0 oavx<x,
F(x) =
1 oavx>x.
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Mapaxdatm, xpnowwomototvtar oL eErg ovuportopol: T xg € R,
F(xo—-) = lim F(x), F(xo+) = 1im+ F(x),
x—x; xox
F(-c0) = lim F(x), F(eo) = lim F(x).
Ipotaon 4.8. Eotw P uéroo mbavétnrag otov (R, B(R)) kaw F n ovvéotnon katavourjc tov P. Tote:
(i) H F eivar avEovea cuvaotnon.
(ii) H F eivou deud ovveyrjg.
(iii) F(—o00) = 0 xou F(o0) = 1.
AmédeEn. (i) 'Eotw x <y. Tote,
F(y) = F(x) = P((=00,y]) = P((=00, x]) = P((=00, y] \ (=00, x]) = P((x,y]) = 0.

(ii) 'Eotw xg € R. Enedn) F av&ovoa, 1o lim F(x) vrdpyet, Kou Exovue
x—x§

1
F(xp+) = lim F(xo + —) = lim P((—OO,)C() 4 -
n—oo n

s (=) o ) (03

n

=P ((=00, x01) = F(x0).

(iii) Emedn n F eivan abEovoa, to dpLa uiapyouv Ko
lim F(x) = lim F(-n) = lim P ((~o0, -n]) = P( Nuert (=00, =n]) = P(®) = 0,
n—oo n—oo

X——00

lim F(x) = lim F(n) = lim P((-c0,n]) = P( Upay (—oo,n]) =PR) = 1.

H am6delEn tov (i) Tov ponyoluevoy BempnOTog EUTTEPLEYEL TO OITTOTELETLLOL

P((x,y]) = F(y) - F(x) (4.1)
v KaOe mporypotkotc apbuotc x < y. To (810 woyveL yia Kdbe —oco < x < y < oo pe g ovppaoelg
(x, 00] = (x, c0) KO (x, x] = 0. Xpnowun emiong eivor 1 oxéon (Aoknon 4.3)

P({x}) = F(x) — F(x-) (4.2)
v kaOe x € R.

HMapaderypa 4.9 (Awokprtd pétpo mbavomrog). Eotw § € R apBuopno kou (a;)es oxohovBia
OeTikdV aplOUdY 1oL MOTE Y5 a; = 1 (Yo mapdderyna S = N, a; = 1/2% yuo k € N). Opitovue
P(A) = Z a.
teA
To P eivaw pétpo mbavdmrag ommv Z(R) (Aoknon). Tt ovuvapton kotavoung, F, tov P éyovue
F(x) = Z a
1<x

Ko oo v Aoknon 4.3(a),

a, ovxes,

— —:P =
F(x) - F(x=) = P({x}) {0 v xR\ S,

Anhadn, n F elvar aovveyxng axpimg ota onueia tov S.
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H onuavtikdét)to g ovvaptnong Katovoung mnyaler amod to emouevo Oedpnuo, To 0molo Aéet 0Tt
N F xodikomotetl thpwg éva pétpo. Kpatmwvrog mv F avii tov P, xauio thnpogopia dev €xet yabel.

Oewpnua 4.10. Eorw P, Q uéroa mbavornrag otov (R, B(R)) ue tnv idta cvvaotnon katavourjs. Tote
P=Q.

H amddelen tov 600nke auéomg petd to Mopopa 3.7.
Mopatipnon 4.11. Av Eépovue ™) ovvaptnon Katavourg F evdc uétpov mbavotrag P, tote yvo-

ptCovue TIC TWWEG TOV 0€ GUVOLO TTOV TTPOKVITTOUV OUTO SLOOTNUATO TNG Hoppng (x,y] ue ovvnoelg
ovvohoBempntikég TpdEelg ypnoomoldvrag v (4.1) kan tg oyéoelg g Aoknong 4.3.

[Moteg ouvaptioelg F : R — R mpokOmtouy mg cuvapTijoelg Kotavoung UETPmV mavotntog otov
(R, Z(R)); H amdvinon divetan oto emtdpevo Dempnua.

Oeopnuo 4.12. Mo ovvaotnon F : R — R elvaw ovvéotnon katavourjs evog uétoov mibavornrag P
otov (R, B(R)) av kat uévo av weyvovv ta (i)-(iii) tng [lpbtaong 4.8.

Arddeén. Tnv ovvermaywyn = v eidaue otnv Ipodtaon 4.8. Tnv cuvemaymyn < Ba v amodeiEouvue

otnv Hopdypago 7.5. ]

To Bedpnua avtd pog emrtpémer va deiEovue v Vo pEn uétpwv opilovtag udvo T ovvapTnon
KOTAVOUNg Tovg. Aev glval amapaitnto va oplioovie v T tovg og kabe vtoovvoho Borel tou R.
"Eva tétolo mapaderypa Oa dolue opéomg tmpa Kol éva akopo otnv Aoknon 7.9.

Mopaderypa 4.13 (Métpo mbavomtog and mukvotnra). 'Eotw ovvapmmon f @ R — [0,0) wote
TO YEVIKEVUEVO OhoKANpwuo Riemann f_ 0; f(x)dx va opiletan kou vo toovtal pe 1. Ogwpolue ™
ovvapmon F : R — [0, 1] ue

F(x) = f f()dt
yia Ka0e x € R. Tvae v F epapudletarl 1o Osmpnuo 4.12 (waiota, n F elvor ovveyng), dpa vdpyet

uétpo mbavdtnTag mov €xel ouvaptnon Katavoung v F. TNa A € R mov eivow apbunoun évoon
Eévov avd 810 dLooTudtov Wropovpe vo dovue OTL Loy VEL

P(A) = fA f(x)dx.

H f Méyetow mukvotnra tov P. T ovykekpuuéveg emhoyég tng ouvaptong f moipvouue YVwoTeg
Kotavouéc. I x. yia f(x) := e 1,50, maipvovue TV eKOETIKN KaTavOouY UE TOPAUETPO 1.

HMapatipnon 4.14. Aev mpoxmtovy Oha T uétpa mbavdtrag oto R amd mukvotreg. Zta [a-
padeityuata 4.7 ko 4.9 oL GUVOPTHOELS KOTAVOUNG TOV dV0 UETPWV EXOUV ONUELD AOVVEYXELOS. AEG
[Mopdypago 7.4 yio TEPLOCOTEPQL.

Aoknoelg
4.1 'Eotw P pétpo mbavomtag oto R kar F 1 ovvdptnon xatavouic tov P. Na deiEete 6tL M F umopel vo. £xeL to
o0 apLdun oo TBog oludtwy.

4.2 'Eotw Py xatavour) oto R, pe mukvomta f(x) = e *1,59, ko Py katavourn oto R ov diver pala % ota -2,3. T
A€ (0,1) ko, Bewpdvrag Tov kKuptd cuvdvooud P = APy +(1 — 1) P, tov Py ko Py, va vtoloyiotoiy

(@) nP((0.4)),

(B) m ovvaptnon katavoung tov P.
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4.3 'Eotw F ovvapmon katavopic evog pétpov P otov (R, Z(R)). T x,y € R pie x < y va dewyBel 6m:
(o) P({x}) = F(x) = F(x-).
B) P([x,y]) = F(y) = F(x-).
) P([x,y) = FO-) - F(x-).
(©) P((x,y) = Fy—) = F(x).



5
Metp1)oLues GUVaPTIOELS

5.1 MerpfoLues CUVUPTNOGELS

Opuopog 5.1. 'Eotw (Q,F), (E,E) petpnopol xmwpol. M ovvdptnon f @ Q — E Aéyeton F/E-

UETPNOLUN OV
flA) eF yokdde A €& (5.1)

Svupoiilovue To ovvoro {f1(A) : A € &} pe £71(E). Omdte N amaitnon Tov opLopoY TG UETPNOL-
udtrag ypdgeton f-1(E) C F.

fH(A) A

Zyiua 5.1: M f dmwg otov Opopd 5.1

Oporoyia: 1. M F/E-petpriowun ovvaptnon ™ Aue F-uetpnowun 1 E-uetpriown 1 amhog
LLETPTOLUN OV ELVOL OOPES TTOLOL ELVOLL 1] O-ALYEBPOL TTOV OEV OVAPEPOVLE.

2. 'Otav o ywpog Q f/xar o E eivar petpikde yipog (.. vmooivoko evig amd Tovg ympovg RY,
[0, ], [0, 0], C), ekTOG OV OVaPEPETAL KATL dLOPOPETLKO, O Oewpeitar OTL 1 0-GAyefpa oTov Q
Kaw otov E glvon 1 o-ahyefpa tov vitoouvorwv Borel touv Q kau tov E. Ko t0te, mT.%., F -uetpnown
onuaiver F/A(E) uetpnouy. ZtnVv mepimtmon ov o Q (avtiotouya, o E) eivol HeTpLkog xMpog Ko 1)
& (avtiotowya, N F) evvoeital, ovoudCovue Borel-uetpriown ka0 f 1 omola eivon HB(Q)/E-petpriowun
(avtiotoya F / B(E)-puetpnowun).

3. Ze éva yopo mbavomtag (Q,F,P), wa uetpriowun ovvaptnon Aéyetor Tuyoio neTafinm).
Zuuporifovue tig TuOieg LeTafAnTég ne keparaio ypauuoto X, Y, ..., oe avtibeon ue t ovbufaorn cov
VIOOETOVE OTOV ATTELPOOTIKO AOYLOUO KL TV TTPOLYUOTIKT) AVAAVOT).

I 1o ovvoho f1(A) = {w € Q : f(w) € A} ovvi|Ow¢ xPNOLOTOLOVIE TO CVUPBOAONS {f € A}
‘Opota, ov E = R, 10 {f < a} ovuPoriler 1o ovvoro {w € Q : f(w) < a} xau {f*> < f+ 1} 10
weQ: fAw) < flw)+ 1}

21
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HMapatypnon 5.2. INati arowtoVpe amd wa ovvapton X : Q — E va éxel v womta (5.1); Tatl,
dtav opioovpe éva uétpo mbavotnrag P omv F, 0éhovue va pmopotue va eEetalovue mbavotnteg
e wopgnc P(X € A), émov A € &, dnhadi P (X~1(A)). Ipéner emopévog o X~ (A) va avijkel oto medio
optopov ¢ P, to omoio elvow ) F.

Ipétaon 5.3. Eotw (Q,F),(E,E) uetorjouor ywoot, f : Q — E cvvdotnon, ko C C & otkoyéveia
wote o(C) = E. Tére f1(C) € F awv kaw uévo av f~1(E) C F.

BéBaua o éheyyoc f71(C) € F eivon gvkohdtepog omd tov f1(E) ¢ F. 'Etor m mpdraon kdvel
EUKOMOTEPO TOV ELEYYO TNG UETPNOLUOTNTAG UWAG OVVAPTNONG.

AmddeEn. = Botw B ={A € &: f1(A) € F}. Todre n C C B xar evkora Prémovpe ot n B eivon
o-ahyepa (Aoknon 1.7). Zuvenwg, o(C) C€ B. Ouwg o(C) = Exa B C E. Apa B = &.
< Mpogavég agov C C E. ]

AxolovBolv do ouvvémeleg tng TpdTAoNC.

Iépwope 5.4. Eorw f: (Q,F) = (R, B(R)) cvvagtnon. Tore i f eivouw uetonown av kaw uévo av
Y ((=0,a]) € F yia k4Os a € R.

AmbdelEn. Av C = {(—0,a] : a € R}, yvopilovue 6t o(C) = BR). Apa, arnd v Ipdtaon 5.3
TPOKVITTEL TO CLNTOVUEVO. ]

To (610 OTOTELEOUA LOYVEL AV AVTIKATAOTOOVUE TO OLOLOTNUATO (—00, a] pe (—o0, a) N YeEVIKA ue
OTTOLOLONTTOTE OLKOYEVELDL dLaoTNUAT™VY TTov mopdyovy Ty A(R). Emiong, aviiotowo ovumépaoua
TPOKVITTEL ALV £YOVUE UETPNOLU] CUVAPTNOT UE TLUEG OTO [—00, co].

Trapyovv puetpnoueg ovvoptnoels; Eivarmolhég; Katapydc, Oa dovue auéomg 0Tl OAeg oL oUVeEYELS
ouvopTNoELg etvar uetpnoueg. YmevOvuitovue ot ov (Q,dy), (E, dy) UETPLKOL Y DPOL, ULOL CUVAPTION
f X — Y elvow ovveyg av yia ké0e V C E avouytd éxovue 6t f~1(V) elvon avorytd. Anhadi| av n
avTioTpoPn eLKOVA KAOE avoLyTol oUVOLOU glval avoLyTd oVolo.

IMMoépwopa 5.5. Eortw (Q,dy), (E,dy) uetowkol yawoot kau f : Q — E ovveynjc ovvéotnon. Av F = B(Q)
kar & = B(E), tote n f eivaw F | E uetonowun.

Amodelsn. Tty otkoyevela S Twv avolyTtdv ovvohmv tov E éxovue 6t o(S) = & Ko Oha T oToLyelo
tov f1(S) elvouw avouytd ovvola (ool M f eivar ovveync) ko dpa f~1(S) ¢ F. To ovumépaouo
émetan amd v [pdtaon 5.3. [ ]

IMapadétovpe ywpic amddelEn g POOLKEG OLOTNTEG KAELOTOTNTAG TOV OUVOLOU TV UETPNCLUWDV
ovvaptioemv. Ev oliyolg, ov Eekivijoel Kaveic ue UeTPNOLUES GUVOPTHOELG KOl TIG GUVOUAOEL UE
KAITOLO «(PUOLOAOYLKO» TPOTTO, TTPOKVITTOVV TTAAL UETPYOLUES CUVOPTIOELS.

Ipétaon 5.6. Eorw f, g : Q — [—o0, 0o] uetorjotues ovvagtijoels 6to uetonotuo xwoeo (Q, F) kata € R.

Tote uetonowues eivar exiong oL GVVAQTNGELS

af \fl. f +8. fg f/g min{f, g}, max{f, g}, /", f",

omov kabeuia opiletan étol wote va eivar 6taber] kau ion ue uio avOaigetn mTemeoacuévn otabeod oTo
6UVoAo TV Gnuelwv ameocdtogiatiag (co — 00, 0-00,0/0).

Ipétaon 5.7. Eotw (f,)n>1 axolovbia uetonouwv cuvagtioemv ato ueterowo xwoo (Q, F) ko ue
TYWES 0710 [—00, 0], Tote:

(i) O ovvagtijoels L
inil:fn’ Sup fﬂ’ h_m fn’ hm f;l’
n> n—o0

n>1 n—oo

elvau emions UETONOLUES.



5.1 Metornoweg ouvagtnoels 23

(ii) Av 1 (f)ns1 ovyKAiver onuelakd oe wa ovvaotnon f, tote n f = lim,_« f, eivaw uetonowun
oUVAQTNOT).

AvutapafaleTe TNV TPONYOVUEVY TPOTOOT UE TO YEYOVOG OTL YEVIKA TO ONUELOKO OPLO OUVEYWDV
oUVOPTHOEMY dEV elvaL ouveyng ouvaptor. H petpnopdtra eivar o avOeKTiky 08 HETOoYNUATL-
ouovg.

Ipétaon 5.8. Eortw (Q,F), (E,E), (G,G) uerorjowor ywoot kaw f : Q — E, g : E — G uetronowueg
ovvagtnoels. Toten go f: Q — G elvau F |G uetonowun.

AnédeiEn. 'BEotw A € G. Tote, (go £) ' (A) = £1(g71(A)). Ouwc g7 '(A) € &, dpa £~ (g7 (A)) € F, amd
TO 07T0L0 TTPOKVITTEL TO TNTOVUEVO. ]

Ipétaon 5.9. Eorw (Q, F) uetorjouog ywoog. Tote:
(i) Na A C Q, ) 14 eivau uetonowun av kot wovo av A € F.

(ii) Av fi, oo s fu 0 Q = R, n > 1 eivar F | BR) uetorjowues ovvagtijoeis ko g @ R" — R givau
BR")| BR) uerorioyn, t6te 0 g(fi fo, - - - fu) : Q = R elvou uerorjoun.

Anddeién. Oa deiEovue uovo 1o (i). Av B € B(R), éxouvue

0 av 0,1¢ B,
_ Q\A aov 0€eB,1¢B,
1,)7°'(B) = 5.2
L) B =1 ov 0¢B,1€B, (5-2)

Q av 0,1€¢B.

Av m 1, elvan petprowun, tote yioo B = {1}, éxovue (1A)_1(B) € F, hadn A € F. Avrtiotpopa, av
A € F, tote amd v (5.2) éxovpe (14) " (B) € F yua k4Oe B € B(R). [ ]

Mopaderypa 5.10. 'Eoto (f,)n>1 aKolovbio HETPNOU®Y OUVOPTNOEWY 08 UETPNOLWO XDPO (Q, F) ue
Twwég oto R. Oétovpue T := minfk € N* : f; > 0} nue ™ ovppoon min = co. Téote n T elvon petpriowun
yiati yuo k € N* 1oyvet

(T<ki={fi>0u{fa>0U---U{fi, >0} eF.

Tk pn Betcd axéparo éxovue {T < k} = 0, evo yio k40e mpaypatko x éxovue {T < x} = {T < [x]}.
Emiong, yio.omotodnmote n > 1, ncos(fi+fo+- - -+ f,) elvor perprjoyun Adyw tov (i) Tg ponyotuevng
POTOONG Kot Tov Ot M (X1, X2, ..., X,) — COS(X] + Xz + -+ - + X;,) EIVOL CUVEYNG.

Opopog 5.11. Mo ovvapmnon f : Q — [—co, co] Aéyetal A oV 1 ELKOVA TNG ELVOL TETEPAOUEVO
ovvolLo.

Av 0oL SLAPOPETIKEG TLUEG TTOV TTALPVEL ULOL OTTAY] CUVAPTNOY ELVOL dy, ay, . . . , a4, KoL OEcovue A; =
X '({a;}), 01 M {A1, A, . .., Ay} elvan Sapéplon Tov Q, kou 1 f ypagpeTon

f= Z aily,. (5.3)
i=1

[Mpogavag wo otk f eivor petprioun av Kot povo av ta oOvola Ay, As, . . ., A, elval peTprolua.

Mo arth) ouvapTnon Oev YPAPETOL LOVAILKA ¢ YPOUUKOS oUVOVAOUOG atd SEKTPLEG UVOP-
™moeg. Av ta A, As,. .., A, dev eivan amapaitnta Eéva, tote N oxéon (5.3) opiler mah por ot
ouvapmon. Av ouwg Intoovue ta Aq, A, ..., A, vo eivan Eévo avd dvo kau ov apbuot ag,...,a,
drapopeTikol netal tovg, Tote M ypa (5.3) eivar povadikn (ue wovn ehevbepio otn oeLpd pe v
ortola aplBuovue To. oVVora KoL TOUG aptipovg) Kot 0VOUALETOL Kavoviks] wooen g f.



24 Metonowes ouvagtnoels

Ipértaon 5.12. Eotw f : Q — [0, o] uetorjowun ovvaotnon. Tote vmaoyer wa avEovea akolovbia
(f)n=1 UN aQVNTIKOV, ATADV, UETONGIUWMY CUVAQTHOEWMY UE TETEQACUEVES TIUES wote f = lim f, kata
n—o0

onuelo.
To 6t M axorovdia (f,)u>1 €tvan avEovoa onuaivel 0Tt f(w) < fur1(w) Yo KOs w € Q ko n > 1.

Amodeén. T n > 1, Bétovpue

fuw) = 5 an(w)G[fn,k;,l) uekeN, 0<k<n2"-1,
)= n ov f(w)=n.
fu(w)
[ \/ | | |
0 L fw) A n

Zyfua 5.2: O oplopuds ™G TPOTEYYLONG fr. ‘OleEg oL TLuEG TAVW aItd 1 astelkovitovral oto n. Zto didotnua [0, 7]
POCEYYLON YiveTal ue AdBog to ohv 1/2",

Kabe f, elvar un opvntikt), LETPNoLut), Kot ot} agol To GUVOLO TLUMV TNG EIVOL TETEPAOUEVO, KL
matpver v Ty /2", émov 0 < k < n2" — 1, oto petpfiowo ovvoro fH([k27", (k + 1)27)) kow v TLu
noto f~'([n, ).

INa to f =1lim,Le fr. AV f(w) < oo, maipvovue uotko ny > f(w). T n > ny éovue f(w) < flw) <
fo(w) + 27", qpa |fu(w) — f(w)] < 27" kou lim f(w) = f(w). Av f(w) = oo, toTE f1(W) = N1 — 00 YO
n — o0, e

I to dtL 1) akolovBia eivar avEovoa, TopaTnPovUE Ta eENG:

e Av f(w) = o0, 10TE f,,(w) = n, OV elval aEOVOO akolovDiaL.

e Av f(w) < o0, ¢0tw n > 1, Ba dei&ovue OTL fi(w) < frr1(w). Exouvue Tig €ENG MEPUTTMOELG:
(@) f(w) <n.
B) flw) €[n,n+1).
™) flw)yzn+1.

[N 1o (a) mapatnpovue 6T to fr(w) Ba LooUTal ue To 0pLoTEPd GKPOo Tov draotnuatog [k27", (k +
1)27") oto omoio aviikel To f(w). Tl Tov KaBopLowd tov f11(w), ywpilovue to [k27", (k+ 1)27") oe 6o
wod, To

n+l ’ n+l

2k 2k+1
> n+l ’ n+l

2k + 1 2k+2)

KOLTO fr41(w) LOOVTAL PLE TO OPLOTEPO (KPO TOU ULOOUV OTO 0TTOL0 AVI|KEL TO f(w). Apa elval TOULAYLOTOV
k27" = f,(w). O meputmwoelg (B) ko (Y) agpivovtal wg AoKnom. ]

52 X-dhyefpa mapoyouevn and cuvapToELg

Opropds 5.13. 'Eotw Q ovvolro. To wa ovvdpton f : Q — [—oo, 00], 0-GAYEPPA TOPAYOUEV ALTTO
™V f ovoudfouvue 1o GVVOLO

o(f) = {f7'(A) : A € B([—c0,0])} = [ (B([—c0, )])
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To 6t avTd T0 OVVOAO elvar o-GlyePpa To €xovue deL oty Aoknon 1.7 (B). Avtn eivor 1) eAdiylotn
o-OhyePpa A oto Q 1 omoia kaveL TV f uetpriowun otov (Q, A). BéPawa, av 1 f elvar petprjoun otov
(Q, F), tote Ba exovue o(f) C F.

Hopdaderypna 5.14. H f : R — R e f(x) = =1, + 1,50 mapayeL ) o-dhyefpa
{Ra (—OO, O)a [Oa 00)9 0}
aov Taipvel povo g tég —1, 1 Ko oL avtioTpopeg ELKOVEG AUTOV TOV TULMV E(VOL TO SLOOTHUOTA
(=00, 0), [0, ) avtiotouya. Ou Aemrtouépeleg TG OTOdEENC apivovTOoL wg oK1 o).
HMapaderyna 5.15. H ovvaptnon axéparo uépog f(x) = [x] yia k&Oe x € R mapdyer ) o-dhyefpa
o(f) = o(C) omov C := {[k,k + 1) : k € Z} [O woyvprondg avtdg agnvetar wg doknon. Iapotnpoiue
ot f malpver Tpég oto Z kon £ ({k}) = [k, k + 1) yia k40Oe k € Z]. H C elvon po Stapépron tov R.
Hopaderyne. 5.16. Maipvovpe Q = {—1, I}, Mmopodue vo dotpe avtd To 6UVOAO ¢ TOV SELYIATIKO
YOPO Yo, po akolovdia pipemv evog vouiopatog. To —1 mopiotd to amotéleopo «Kopovar kou to
1 to amotéreopa «pappator. T n € N*, opiCovue ™ ovvdpon X, : Q — R pe X, (w) = w,, 6mov
W = (Wyp>1 € Q. AnhodN M X, elvow 1 TpoPoln) ot n-oot) ovvtetayuévy. H X, maipver povo dvo
Twwég. Omote M o(X,) elvan akplBwg o ouvoro {0, Q, A, 1, A, 1}, e
Aot =X (F1) = {(weQ:wy = =1} = (=1, 1" x (=1} x (-1, 1},
Awt =X (1) = {w € Q: wy = 1) = =1, 11" x {1} x (=1, ¥\,

omov [n] :=1{1,2,...,n}.

Opwopog 5.17. 'Eotw Q ovvoro. Av {f; : i € I} eivar otkoyévelo ouvapt)oemv 0to Q Ue TWWéG 0To
[—00, 0], 0-GhyeRpa Tapayduevn amd TG ovvapToeLs { f; : i € I} ovoudLovue To 6UvVolo

o(if; i € 1) = o Ui o (f)- (5.4)
To olvoho oto deEl néhog £xel oprotel oty Mapdypago 1.2. Avt eivor 1) ehdyrot o-dhyeBpa ov
KAveL Oheg Tig {f; @ i € I} petprjoweg. Av I ={1,2,...,n}, T ovupohiCovue ue o(fi, fo, ..., fu)-
HMapaderypa 5.18. 'Eotw Q olvvoro, n > 2, ko fi, fo, ..., fn : Q@ — R. Tote

o(fi + ot + fo) Co(fi, foro s )

[payuott, o oVVAPTOES fi, fo, ..., fu €voL o (fi, fa, ..., fu)-uetpnoueg kou amd v [pdtaon 5.6,
etvaw o(f1, fo, . - ., [u)-HETPNOWUN KaL 1) ouvapTnon fi + o+ + fr. Ouogn o(fi + o +-- -+ f,) elvaun
eMALOTN O-GAYEPPO TTOV KAVEL TNV f1 + 5 + -+ - + f, uetpnoyun. O toyvplopdg Emetad.
Mopaderypa 5.19. Zvveyilovue amd to Mapdderypa 5.16. Oa meprypdpovue ™ o-Ghyeppa F, =
o({X1, X2, ..., X,}). T dedouévn axohovBia s = (s1, 52, .., 8,) € {—1, 1} Bewpodue To chvoro
Ag i ={(8515 525+ o s S Xt 1> Xna2, - 2) = X € {=1, 1} yia x40e i > n + 1}
=X (U)X (s2) 0o 0 X ().

Anhadn 10 A TEpLEYEL OMEG TIG AmeLpeg akolovBieg amd —1 Kat 1 Tov T0 apy LK TOVG TUNUA ELVOL TO §
Ko Uetd eivon ehei0epeg va €xovv 0tL B€hovv. Tl o akolovBio Tov avijKeL 0To Ay, 1] CUWITEPLPOPAQ
™G WG TOV XPOVO 1 ELVAL YVOOTY.
IzxrPismos: H ¥, eivaw 1 o-Ghyeppa mov mapdyetal oo ™) dwauépon C := {A; @ s € {—1, 1}"} Tov Q.

A6 Tov opLopd g, 1 Fn pémer va mepiéyer to X, ({s;)) yioi = 1,2,...,n. Apa, wg o-dhyefpa,
mepLéeL kKou To Ay, o elvon emepaouévn tow) tov X ({s:}). Exouévag, o(C) C Fp. Amd v dhin,
K&Oe X; ne 1 < i < neivan petpnoun wg stpog ™) o(C). T mapdderyno

Xl_l({l}) = USG{—],]}”ZS,*ZIAS
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elval memepaouévn évoon otolyelmv g o(C), Gpa otoryelo tg. Ao tnv ehaytotdtnta g Fy, ETETAL
ot F, € o(C) Ko 0 LoyupLopds amodeiyOnke.

Aokroelg

5.1 'Eotw (Q, F, P) yopog mbavottog. Na dei&ete ot yia ua X @ Q — R, ta axdhovba givar loodivapa:
(o) X '(A) € F yia k60 A € BR).
B) X~ '(A) € F yia k4Be A C R avouyté ohvoho.
() X '([a, b]) € F yi0. x40e a < b mpaypotkoic aplduoic.

5.2 'Botw X : Q — [—o0, oo] TUR0io petapint. Na deiEete 0t {X = —o0}, {X = oo} € F.

5.3 (Metprioueg ovvaptoelg oe o-dhyepa mapayduevn amo dapépion) Eotw C = {A; : i € I} wa apbunoun
dapépLon evog ouvorov Q, katr F := o(C) (Iapdaderyna 1.1). Na deryBel ot o ouvaptnon f : Q — R elvon F/B(R)
ueTpr ol av Ko pdvo av eivar otabeprn) oe kabe ohvolo g drauépLong.

5.4 'Eotw (X,)»1 akohovBia tuyainv petafintdv oe éva ywpo mbavotrog (Q, 7, P) ue tipég oto R. No deiete 6t
Ta TopoKdTw ovvola elval otoueio g F
(o) {lim X,, = —oo}, {lim X, = co}.

(B) {lim X,, vtdipyer Ko eivan mparypotkdg optbudc}.
5.5 'Eotw f : R — R povotovn ovvaptnon. Na deuybet Ot eivan petpriowun.
5.6 'Eotw (Q, F) uetpfioog xdpog. Av f, g : Q — R uetprjouueg, va deiEete dtu to {f = g} elvan uetpriowo.

5.7 'Eotw (X,)n>1 axohovBio tuyaiov petapfintov oto ympo mbavotnrog (Q, F,P) ue tuég oto R. Oftovue T :=
min{n > 1 : X, > 2} pe ) ovufaon min = oo.

(o) Naw dey0et 6TL {T = oo} € F.

(B) Na deuybetl 6tun T eivan tuyaio petoan.

5.8 'Eotw X = (X1, Xa, ..., X,) tuyaia petofint ue tuég otov R”. Oeswpovpe deikteg 1 < iy <ip < -+ < iy < n OOV
1 <k < n. Na detybel 6tL m ovvapmnon ¥ := (X;,, X,,, . . ., Xj,) elvon tuyaio uerafinm).
[TrodeEn: Toyvel Y = p(X), dmov p 1 wpoPor p : R” — R¥ mov astetkovilel 10 (X1, X2, . . ., Xu) 0T0 (X;, 5 Xiyy - - - 5 X;,).]

5.9 Na dewyei 6t pdrynott to 8eEl uéhog g (5.4) eivan 1 wkpdtepn o-ahyeppo A mov kavelr Oheg TG {f; @ i € I}
A-peTPNoLUEC.

5.10 Ze avt v doknon Oewpovpe to medio Tudv e f 1 R — R, dnhadn 1o R, epodiacuévo pe tn o-aiyefpa twv
ouvorwv Borel. [epuypdpte ™) o (f) 0TV TEPITTWON TTOV

(@) f(x) = 2,

(B) f(x) = .

5.11 'Eotw X tuyaio petofAnt ue tpég oto R. Av P(X > 1) > 0, tote vmdpyer € > 0 wote P(X > 1 + ¢) > 0.
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OloxM)pmon

6.1 OloxMjpopna Lebesgue. Opiopog

'‘Eotw (X, A, 1) x®dpog UETpov. ZTnVv mtapaypogo vt Oa opicovue to ohokhMipoua wog A/ B([—oo, o])
ueTpnoung ovvapmong f : X — [—co, 00]. Avutd Oa to kavouue oe tpia frjuota. Mpota yo f > 0
ath peTpnowun, émerta yia f > 0 uetpriowun, Kot tehog Yo f UETPNOLUY UE TLUES OTO [—oo, oo].

Bnua 1: f > 0 amhn petpnowun.

Oponos 6.1. 'Eoto f : X — [0, co] amhn petpnoin ouvaptnon pe Kovovikn woper f = Y%, a;la,.
OpiCoupe To ohokApwua Lebesque tng f wg mpog To UETPO 1 wg eENG:

f Fdu:= " ap(Ay), 6.1)
i=1

e ) ovupaon 0-(+o0) = 0.
To ohokANpwua etvar otoyeto tov [0, oo].

Eivatl guotohoyikdg ovtdg o oplopnds; Ag tov eléyEouvpe oty TePLTTmon tov to X eival £va KAeLoTo
Kot ppayuévo didotnua [a, b] tov R ko u eivon to pétpo Lebesgue A 010 [a, b].

f(z)
as T+ — —
o | L
a o .
Ay \ AQ/ b

Zynua 6.1:  OhoxApwua aTthiig oUVAPTNONG.

H ovvdpton f oto Zynqua 6.1 eival amh Ko WaALoTo To. 0VVOMA 0T OTTOLL TTOLPVEL OLOLPOPETL-
KEG TWEG elvar to Kabéva didotnua 1 évoon diaothudtwv. Me BAaon Tov TponNyoUuevo opLoud, To
ohOKANpOU TNG Elval

aiA(Ay) + axA(Az) + azA(A3).
Avto elvor To eufaddv katw amod to ypagnuo g f. ‘Onwg 0to ohokApmua Riemann, €tol Ko edm,
o ywvoueva a;A(A;) divouvv eufaddov opboywviov: Mpog emi faon. Mdovo mov edmd 1 oo evogyeTo
vo uny eivor ddotnua. Ze Kdbe meplmtwon Oume, To UNKog g BAONG UETPLETAL OMOTA ATTO TO UETPO
Lebesgue.

Bnua 2: f > 0 uetpriowun.

27



28 OMokArjowon

Opopds 6.2. 'Eoto f : X — [0, co] petpnowun ovvapmon. To ohoxhijpwua Lebesgue tg f wg mpog
T0 Uétpo u opiletan g eENg:

ffd,u = sup{fsd,u ;5 oIt petproun ue 0 < s < f}.

HMapatipnon 6.3. O Opioudg 6.2, oty mepimtwon ov 1 f elvan amhy), ovugpovet pe tov Opopo 6.1.
Bnua 3: f: X — [—oo, co] petpnoum.
Opopds 6.4. 'Eotw f: X — [—oo, 0o] petpnowun ovvaptnon. To ohokinpwuo Lebesgue tg f w¢ tpog

T0 UéTpPo U opiletan wg eENg:
[ran=[rau- [ s

£O0OV 0T0 OeEL éLOg TG LodTNTAG dEV EUPOVITETOL ATTPOOdLOPLOTIO TNG WOPYPNG +00 — o0, ZTNV
TEPLITTWON TTOV TO OMOKANPWUA ELVaL TTPAYUATIKOG aptBudg, Aéue 6t 1 ovvaptnon f eivor (Lebesgue)
0LoKANpOGIUY).

INa 1o f f du ypnowuomorotue exiong Tov ovuBoilond f f(x) du(x).
HMapatipnon 6.5. (i) Ta f ST du ko f f~ du mov epgavitovtar otov Opiopd 6.4 opilovror amd Tov
Opouo 6.2.
(i1) To OAOKAMPOUO P0G UETPNOLUNG CUVAPTNONG, OTUV QUTO OPLLETAL, ELVAL OTOLYELO TOV [—00, 00].
(iii) Mo petpriowun ovvaptnon f eivar ohokAnpoolun av Kot udvo av Kot o 900 0AoKANpduaTo
ff‘ du, ff* du etvon emepaoUEVQL.

(iv) T wa f > 0 petpriown ouvapton, Bempolue TV akohovbia (f,)y>1 TOV ATADV GUVAPTHOEWV
mov opiotnkav oty [pdtaon 5.12. Amodetkvietal 6t

[ rdu=tim [ foa

ANL0.O1) TO OLOKAY PO ELVOL TO OPLO TWV OLOKANPOUATOV AUTOV TV ATTAMY CUVOPTIOEMV. AUTO
€lvoL aVTIOTOLYO TG TTPOCEYYLOTNG TOV oAokAnpwuatog Riemann pwog Riemann-oloxkAnpmoung
OUVAPTNONG OTTO TAL OLOKANPOUATO KALUAKOTMOV GUVAPTOEWV.

Hopatipnon 6.6. Omnote wa f ypageton wg f = 27, aila, ue ta A; petpiowa Kow ta a; > 0, tote
méh LoyVeL o TUTtog (6.1). Anhadn dev elvar amapaitnto 1 ypagn f = 37, a;la, Vo avTLoToLyEel otV
Kavovikn popen s f. Evdeyouévog kdmora oo ta {A; : 1 < i < n} va Téuvovion Ko KOmoLo oo To
{a; 1 1 < i < n}va elvan toa. To (8o LoyveL ko dtav n = oo, Mhadn f = 372, al, pe ta a;, A; 6mwg
mpv. Kat or 00 oyupiopol Erovror artd 1o [oproua 6.30(i) mo katwm.

6.2 E101kéc TEPINTMOELS

Oo. dove €0M TIG TEPLITTMOELG TTOV TO UETPO LU TNG TTPONYOVUUEVNG TTOPAYPAPOV ELVOL TO OPLOUNTLKO
uétpo oto N 1 1o uétpo Lebesgue oe éva duaotnuo oto R.
API®OMHTIKO METPO: Av méipouue i to aptduntkd uétpo otov X = N (Tlapaderypa 2.2) kou f : N —

[0, o] ovvapTNnoN, TOTE
f Fdu=)" f. 6.2)
n=0

Avtd woyber hoyw g Mapatipnong 6.6 agov 1 f ypapeton wg f = 7 f(n)1, koL k&Oe povooivoro
{n} éyeL aplOunTKd uétpo 1.
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‘Enerta elvar amho vo dovpe ot 1 (6.2) woybel yia k40e f : N — [—oo,00] pe 37 |f(n)] < o0, Apa
t0 aBpolopa OETIKNG 1 ATTOAUTOG CUYKLIVOUoAG OELPAG Elval ELOLKY TTEPLTTMON TOU OLOKANPOUATOG
Lebesgue. ‘Opwg adpotopata 6elpmv ov cuyKALVOUY vITd CUVONKY, OTTWS N 37, %, dev KohOITOVTOUL
(to ohoxApwuo Lebesgue g f(n) = (=1)"/n o¢ mpog 10 aptduntkd uétpo dev opiletar). To
ohokMipoua Lebesgue dev mpoohétel moodTnTeg e KATOLo «OeLpd» OAG PalKd.

METPO Lebesgue =E ®PAIMENO AIASTHMA Eotw a < b mparypotikol apibuoi. To oloxipwuo
Lebesgue oto ympo uétpov (R, %([a, b]), 1) wog Borel-uetpriowung ovvapmong f : [a, b] — R 10 ovu-
BoAilouvue ovvnOwe ue fa b f(x) dx xaw oV stepimtwon wov 1 f eivor Riemann-ohokAnpdowurn tovtileton
ue to ohokMpwua Riemann [deg ( ), Kepaharo 2, @empnua 1.5].

MEeTpPo Lebesgue 310 R: To ohoxhipwua Lebesgue oto ydpo uétpov (R, A(R), 1) wog Borel-
uetpnoung ovvaptong f : R — R 1o ovufolrilovue ovvnOwg pe fR f(x)dx. Zvuminter pe To yevi-
KEVUEVO OMOKApmUL f_ D:o f(x)dx av n f elvow Riemann-ohokAnpmoiun oe KGO KAELGTO KoL PPAYUEVO
vrtodLdoTnua tov R Ko eivor BgTikn 1) To YeVIKEUUEVO OAOKATpmUOL f_ 0:0 |f(x)| dx elvou emepaouévo.

6.3 H omtiki) Tov ohokAnpouatos Lebesgue

Elvol evilopépov va ouykpivouue TG oplakés dadikaoieg mov divovv Ta ohokAnpmuata Riemann
Ko Lebesgue og o meplimtmon ouvapTnone/xmpou ov Kot o 00 0AoKANpmuato £xovv vonua [Qg
oplokm dradikaoio yia to Lebesgue maipvovue ovtv mov seprypapetor oty [apatnpnon 6.5 (iv)].
Mo ovykekpluéva, maipvovue a < b mpoypotkovg aptbuots kou o f : [a,b] — [0, 00) ppoyuévn,
Riemann-ohokAnpmowun, Kot petpnowr. To @payuévn elvor TPoamaLlToUIEVO Lo TO OMOKATPMULOL
Riemann, to petpnowun yio to Lebesgue. Kou emedn eivar un apvnuki, 1o ohokipouo Lebesgue
opiletau emiong.

I'ia o Riemann, dtopepifovue to medio ootouot g f oe Tunquota icov unkovs (Aeg oxnua 6.2).
Ze KoOéva amd avtd, 1 f éxel wa dedouevn ehdytotn Ty, T[oAlamhaoidlovue ot TV eAdyLoT
LW UE TO UNKOG TOU TUNUATOG YLOL VO BPOVUE T1 OUVELOQPOPA TOU TUNUATOG OTNV TTPOCEYYLON TOU
ohokinpouatog. Emeita mpoobétovue tig ovvelopopég Ohwv tTov tunudtov. Kabog to unkog tov
TUNUATOY TELVEL OTO UNOEV, TAUPVOVUE TNV TLUW| TOV OAOKANpdUoTtog Riemann g f.

I to Lebesgue, dwopepilovue 10 6vvolo tiudv g f o€ Tunuoto. (0ov unkovs. Auvti 1 dtouéplon
divel wa athn ovvapmom (To Ypdgnud tg elval Ta XovTpd evOVYPOUILO TUNUATA 0TV KATO YPOPLKN
TOPAOTaoN 010 ZyNua 6.2 ektdg amd ekelva mov eivar otov GEova), mov eivar pio amd TG fr ¢
[potaong 5.12. Ag mdpouvue évo tuqua, .. To [us, us). H ovvelopopd tov oty mtpooéyyion ffnd/l
TOU OLOKANPOUATOG ElVOL TO EUBAdOV Uzl ( f‘l([ug,u4))) TOU «TTAPOAAAOYPAUUOV» e VYOS U3 KO
Baon f1([uz, us)) [oyéon (6.1)]. St ovykekpluévn mepimtwon, to f'([us, us)) elvar évwon tpLdv
SLAOTNUATWY, ONUELWUEVODV UE XOVIPY YPOUUN 0Tov x-GEova. To unkog autig g PAong eival To
uétpo Lebesgue tov ouvorov f~'([u3, ug)). TIEAL TPooOETOUNE TIC OUVELOQOPES OV TV TUNUATMOV
Ko, KoOMG TO UNKOG TOVG TELVEL 0TO UNOEV (1 — 00), TTOULPVOUUE TNV TLUY) TOV ohoKANpmuatog Lebesgue
™mge f.

To un teTpupévo g dradikaoiog yia to ohokAnpouo Lebesgue eival 0L pémel va eipaote og O€om
va. vrrohoyloovpe To ujkog Tov ouvorov f (w1, ux)). =10 o mévw mapdderyua, £Tuyxe avtd va elvor
EVOON TPLOV SLOOTNUATMV KO EIVOL TTPOPOVEG TTOLO TTPETTEL VO, OVOULALOOUIE KOG TOV. Oa Wtopovoe
oUW va. eivon €va ol Tepiepyo oVvVoro, e10LKA dtav 1 f dev elvar ovveyng. H évvola unxoug yio
ovvoha Borel diveton axpiaig amd to uétpo Lebesgue toug, To0U 000V 1) KATOOKEVY| OV elval Al
KoL YU 0QUTO aKPLBMG TNV TOPOAENPAUE O QUTEG TIG OTUELMOELS.

Kheivovtag avt ) o0ykpLon, va mopatnpioovue 1o €€ng mold onuavitkd. Ta tov opiopd
tov ohokAnpwuartog Lebesgue, to medio opiopov, X, tg ovvaptnong f : X — R mov 0éhovue va
OMOKANPOOOVUE OPKEL VO EIVOL EQPOILOOUEVO UE U0 O-OAYERPO KOl Eva HETPO. AEV givol ovayKaio
va éyel kKamoLo GAAY doun (LeTPLKo 1) Stavuopatikon ymhpov) 6mwg eivar oL RY otoug omotovg éxovue



30 OMokArjowon

Riemann

Lebesgue
Zynua 6.2: H dragopd omtikiig Twv ohokAnpwudtov Riemann kou Lebesgue.

oploetl To ohoxMjpwua Riemann. T'a to ohoxMjpwpo Riemann ypnoiposorotue tnv emmhéov down ue
Kptowwo tpdo.

6.4 Id6tNTES TOV OLOKANPOUOTOS

IIpétaon 6.7. Eotw f,g: X — [—oo, +00] uetprjoues cuvagtioels Twv oxolwv To 0AokAjowua ogile-
tau. Tote

(i) fafd,uzaffd,u,waaeR.

ﬁwfq+@w=f?W+f§w

(iii) Av f < g, rérsffdusfgd,u.

ffdu‘sflfldu.

H (ii) woyver ue tnv mooiimdOeon ot 6to Se&l Tng uérog dev eupavifetal n oo oo — .

(iv)

HMapatypnon 6.8. ['ia f dmwg oty mponyoluevy mpdtaon, n oxéon |f] = f~ + fF xou 1 ddtra (i)

divouv OtL
flfldu=ff‘du+ff+du. (6.3)

Emouévmg, m f elvor ohokAnpamoiur, dNAodn €xel OMOKMPOUO TPOYUATIKO optOud, ov Kol uovo ov

J11du < oo,
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Av (X, A, u) elvon yopog uétpov, f : X — [—oo,00] elvar petpnowun, Kor A € A, opilovue to
ohoKMpOU TG f WG TTPOG TO UETPO U OTO A WG

fAfdﬂ = fflAdu

goOoov opileton To deEl uéhog g Lootntog. Otav A = X, 10 f

f du glvon ahog to ffd,u. Emiong,
X

evKkoha BAEmovue 0tLav f > 0 kow A C B otowyeio g A, LoyveL 6t ffd/l < ffd,u.

Zmv mepimtmon evog ywpov mbovomtag (Q, F,P), to OXOKM']S(DMOL mocg Tuyolag UeTafINTC
X : Q — R Aéyetow péon tun g X Ko, ovti tov fXdP, ypnotposroovue to ovppoiond E(X).
ZUvoPiLouUE OTOV ETOUEVO OPLOUO.

Opwopog 6.9. 'Eotw (Q, F, P) ywpog mbavomtog ko X @ Q — [—oo, 0o] Tuyoio petapfint). H péon
T e X opileton mg

E(X) := f XdP
eOooV to deEL néLog ¢ LooTTag opiletar. TTohég popég yphgpovue v E(X) ko wg E X.

210 emouevo Kepdiawo o dovue T ox€on QUTOU TOV OPLOUOD [E TOV OPLOUO TNG UECTG TLUNG TTOU
divetan oTLg oToLyELwdeLg mbavotnteg (oxéoelg (7.5), (7.9)).

Mopatiypnon 6.10. Avtiotouya, av A € F, opilovue ™ néon tun g X mdvew oto A og E(X1,4) xou )
ovupolritovue pe E(X; A) epooov 1 E(X1,4) umopel vo opLoTel.

AVO ELOLKEC TTEPLITTMOELG UEOTG TUUNG ELVaL OL EENG:
(1) Av 1 X wooUtan pe a otobepd ¢ € R, tote E(X) = ¢ ywati n X elvol osth).
(i) Av X =14, A € F, 101 E(X) = P(A).

To (ii) oe ovvdvaoud ue g WOt TEG TG néong tung (Ilpotdoeig 6.7, 6.14) eivar Told ypnouo
(Aoxnoelg 6.1 -6.3).

HMopatipnon 6.11. Ze éva yopo uétpov (X, A, 1), Mépe o0t wa wrotta P woyvel oyedov mavrov av
vapyet A € A pe A D {x € X : 1V dev oyvel} ko u(A) = 0. Oa Béhape vo doOVUE MG OPLOUO TO
6t To 0YVOLo 0TO 0TTol0 1) LOLOTNTA dEV LoYVEL, dONhadn to {x € X : ¥ dev woyver}, éxel uétpo 0. Ouwg
€L QUTO TO CVUVOAO OEV Elval amapaiTnTa UETPNOLUO, SLVOUUE TOV TTLO TAVM™ 0pLoud. Av 1o u eivat
uétpo mbavotnrog, réue 0t W woyver pe mbavotyro 1 1 oyedov pépora.

IIpértaon 6.12. Eotw (X, A, u) ywoos uétoov kar f, g : X — [0, o] uetorjoues ovvaotnoers. Tote:

(i) Av u({f # gb) = 0, éte ffd#ngdﬂ-
(ii) ffd,u:Oavmuuo'voav,u({f;éO}):0.
(iii) Avffdu<oo, 70t U(f = 00) = 0.
1

Amddeln. (ii) «=» BEotw 6T1 ffd/J = 0. O¢tovue A, = {f > } n € N*, Tore,

1 1
O:ffd,uzffd,u:fflAnd,uzf—lA”d,u:—,u(A,l), yo. KGOe n € N¥,
A, n n
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Apa u(A,) = 0, yia kd0e n € N\{0}. Opwe, {f > 0} = U;51A4, kowu({f > 0}) < 3,51 u(A,) = 0. Zvvenacg,
u((f # 0)) = 0.

«=» Av 1 f elvow amhn dtwg otov Opoud 6.1, tdte amd v vedOeon mpémer u(A;) = 0 yio kaOe i pe
a; > 0, xau dpo. ffd,u = 0. Zm yevikn meplmtwon, av tdpovue o), uetpnown s ue 0 < s < f, tote
ulfs # 0} < u({f # 0} = 0, xou dmwg dei&aue mpLv, TPETEL Vo LOYVEL fsd,u = 0. To ovurépaoua
ETETOL.

(@) f s g+ (f = 8lsg0. Apa

[raus [eaur [r-onrpotu= [oau

H wémrta émeton amd to uépog (if) yrott  (f — g)1p_g0 elvon un apvnukn) kow p({(f — g)lr_gs0 #
0}) = 0. AMGCovtag Tovg pOhOUG TV f, g, TOLPVOUUE TNV OVTLOTPOPT AVLOOTNTO KOL O LOYUPLOUOG
amodelyOnke.

(iii) H ovvapmom s := 0ol p_, elvon asthn}, petprjowun ko 0 < s < f. Apa ffd,u > fsd,u =ooXu(f =
o). Av u(f = o) > 0, tote B0 TPETE ffd,u = co. Atomo. [

HMapatipnon 6.13. Evkola Brémovue 0t 1 ddtTa (i) g [IpdTaong 6.12 woyveL Kot yio UeTPoLues
OUVOPTNOELG L€ TLUEG OTO [—00, co] TMV 0TOlmY TO OLOKANpmUa OPITETAL.

Zmv mepimtwon evog xhpov mbavotntog (Q, F, P), n Ipdtaon 6.12 maipver Ty €ENg popem):
IIpétaon 6.14. Eotw (Q,F,P) ywoos mbavérnrag kaw X, Y : Q — [0, oo] tvyaies uetafintés. Tote
(i) AvP(X = Y) = 1, t67e E(X) = E(Y).
(ii) E(X) = 0 av kaw uévo av P(X = 0) = 1.
(iii) Av E(X) < oo, 76716 P(X = o0) = 0.
Kataypdgovue ywpig amddelEn wa yxpnowun tdrotta g uéong tung (Aeg Aoknon 6.9).

IIpétaon 6.15 (Avicomnta Jensen). Eotw (Q, F, P) ywoos mbavétnrag, X : Q — R tuyaia ustafinti
ue E|X| < oo, keu @ : I — R kvotr] cvvagrnon oe éva dvaotnua I C R ue PUX € I}) = 1 kaw E |®(X)| < oo.
Torte

O(E{X}) < E{O(X)}.

Oponds 6.16. 'Eotw (Q, F,P) yopog mbavomtag ko X : Q — R tuyaio petapint ue E[X| < co.
OpiCovue ™ draomopd Var(X) g X wg eEng:

Var(X) := E({X — E(X)}?).

H péon ryun) E(X), étwg éxovue 16m onuetwoet (Topatipnon 6.8), eivor wpayuatikdg optbuog Aoyw
™G E|X| < co. H daomopd, dumg, evoéyetal vo atpvel v tunf oo. ‘Evag yproyog thmog yua ™)
dLaomopd, mov TPoKVITEL £VKOAN 0Td TOV 0pLowd e, eivon eivaw o Var(X) = E(X?) — E(X)?. 'Etol
Brémovpe 6t av E(X?) < oo, téte Var(X) < co.

H dwoommopd eivor €va HETPO TG UETAPANTOTNTOG TNG TUXALOG UETAPANTIG YOPW OITO T UEC TNG
). ‘Etot, 6tav Var(X) = 0, avauévouvue ) X va eivor ovykevtpouévn ot péon tyr). loyvet to e8ng

VarX) =0 s PX = ¢) = 1 (6.4)

ue ¢ = E(X). AnddelEn yperdletar povo 1 kotevbuvon =. H Var(X) = 0 onuaiver 6t 1 un apvnTuk)
tuyaio petapinm {X — E(X))? éxel uéon T undév. Me péon v IMpdtaon 6.14(ii), n X — E(X) = 0 ue
mbovotta 1, ov eival To Tnrovuevo.

Téhog, divovue S0 ONUAVTIKEG AVICOTNTEG OLATUTTMUEVEG 0T YAMOOGO TMV TLOAVOT)TWV. AVTIOTOL-
YEC LOYVOVV KL 0TIV TEPLITTMWON UETPNOLUMV CUVOPTHOEMV O€ TUYOVIO XmPo UETPov. Exgpalovv 1o
YEYOVOG OTL 1 TOAVOTTO (Lat Tuy ot LETOPANTY va Bpedel pakpLd astd ) uéon g T elvor pkp.
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Ipértaon 6.17. Eotw (Q, T, P) ywoos mbaviérnrag. Tote toyvovy ta ekijg:
(i) (Avieotnta Markov) Av X : Q — [0, oo] tvyaia uetafintij kaw a > 0, tote

P(X >a) < @.

(ii) (Avieotnta Chebyshev) Av X : Q — [—o0, oo] Tuyaia uetafinti ue E|X| < oo kaw a > 0, téte

Var(X)

P(X - EX)| > a) < ——.
a

Amodelsn. (i) Xpnowwomorovue T povotovia g uéong tume. ‘Exyovue X > alxs,. Apa
E(X) > E(alxs,) = aP(X = a).

(ii) EqapudZovpe 1o (i) oty tuyaio petafint |X — E(X))>. Anhody

< E{X - EQX)P} _ Var(X)
> = :

P(X - EQO| 2 @) = P(X -~ EQOF 2 @) - —

6.5 Ouvyopor L pe p € [1,00)

Opronds 6.18. 'Eoto (Q, 7, P) ywpog mbavomtag, X : Q — [—oo, co] Tuyaio petofAnti kol p € [1, o0).
OpiCovue
111, = {E(XI7)}7

Ko
L7(Q,F,P) :={X|X : Q — [—o0, 00] TUyaio petafint ko [IX]|, < oo}.

‘Otav elvor cagpég moLog elval o ympog Q kou towa 1 o-aiyepa 7, Oa yphgpovue LP(P) avti LP(Q, 7, P).
Hopatipnon 6.19. Amodetkvieton 6Tt 1 ovvapmon || - I, : L — [0, 00) tkavorolet TG LOLOTNTES:

@) IAX1l, = 1AIX]l, yio kéOe A € R.

1) [IX + Y, < IXIlp + [1¥1]p-
"Emtetan 011 10 0vvoro LP(P) eivar SLovuopatikog ¥ mpog.
Ipotaon 6.20. (Avicétnra Cauchy-Schwarz) ‘Eotw X, Y : Q — R tvyaiec uetafintéc otoysia tov L2,
Tére XY € L' kau

IEXD)| < IXI1201Y1l.
AmédeiEn. Emeld 2|XY| < X? + Y2, émetan dn XY € L. 'Enerta, yio k40e A € R éyovue
0 <E((AX + Y)?) = 2 E(X?) + 2AE(XY) + E(Y?). (6.5)
H diokpivovoa g TeTpaywvikng poper] wg mpog A otny (6.5) eivan
4E(XY)* - 4EX*) E(Y),
KaL, EPO0OV 1) Hop@N elvar un apvntikn yua kabe A € R, éyovue ot
|EXY)| < EX)'2E(Y)'?,

TO 07T0l0 €lvoL TO TNTovuEVO. ]
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I'evikdtepn g Cauchy-Schwarz eivan 1 aviodtta Holder. Ty dratvmdvouue ywpig ammodelEn otnv
ETMOUEVY TTPOTOON).

Ipoétaon 6.21. (Avicétyra Holder) ‘Eotw p,q € (1,00) ue p~' +q' = 1 kau X, Y : Q — R tvyaieg
uetafintés ue |IX|l, < oo, ||Y|l, < co. Tére XY € L' kau

|EQXD) < [IXI]p]IYlg-

Ipoétaon 6.22. Eotw X tvyaio uetafAnt ue tués oto [—oo, 0o]. Tote, yra 1 < r < s, ioxvel ot
X1 < 11X1ls.

Ambdetn. Eivar ovvémela g avicotntog Holder omov tn 0¢om g X €xew n 1X]", v 0¢om g Y €xel
1 otabepr) ovvaptnon 1 kou p = s/r, g = s/(s — r). Tore,

E X" = E(XI"1) < E(X]*)*(E(19)"4 = E(X|*)"",
KOl £TOL TPOKVITTEL TO {NTOVUEVO. ]

H IIpdtaon 6.22 nag Aéet 6t av 1 < r < s, 1018 L(P) € L'(P) (Eynua 6.3). O egykhelopog avtog
Ouwg émetan Kot o evkola av mapatnpnoovue ot |X|" < |X|° + 1 (1o 1 xahbmTeL TV epimTmon o
IX(w)| < 1).

‘Otav elval oagég oo etvor to uétpo P, tote ypagouvue L7 avti LP(P).

El
£2

ZNua 6.3: LS Lyl <r<s.

Opopds 6.23. 'Eoto X, Y : Q — R twyaieg petaphntég wote E [X|, E|Y] < co ko  E(XY) opileton
(070 [—00, 00]). Tvvdrakvpaven tov X, Y ovopdlovue Ty mocdtta

Cov(X,Y) = E{(X-EX)(Y —EY)},
1 oTToloL ELVOIL OTOLYELO TOV [—00, 0o].

Ipoéraon 6.24. ‘Eotw X,Y € L2. Tére

| Cov(X, Y)| < +/Var(X) /Var(Y).
Anédeién. H aviodmro Caychy-Schwarz Sivel
|Cov(X,Y)| = |E{(X —EX)(Y - EY)}|
< VE{(X —EX)2}VE{(Y —EY)?} = /Var(X) y/Var(Y).
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6.6 Ouympor L0, L=

O¢tovue
L0:={X|X : Q — [—o0, 0] elvar Tuyaio petapinTi).
AvTdg 0 0pLopde etvan oto mvenpo Tov 6.18 agot 1 cuvOien E(IX[°) = 1 < oo oyveL yLo Oheg TI TUYaiteg
UETAPANTES.
Mo X € L0 Méue ot elvou ppayuévn pe mbovémra 1 av vadpyer M € R wote P(X| < M) = 1.
‘Emerta, yio ké0e X € L0 0étovue

essinf X :=supiM eR:P(X > M) =1}
esssup X :=inf(M eR:P(X < M) =1}
[ X||o := inf{M > 0 : P(X| < M) =1}

Ou oobTNTES QUTEG OvOopaLovTal ovoLmdes infimum, ovolmdeg supremum, Kot GITELPO vOpua TG X
avtiotouyo. YmevOuuiZovpe 0tuinf @ = oo Kaw sup @ = —co. Téhog, OéToUVUE

L7 :={X|X : Q - [—00, 00] eivar Tuyaio petapinm Ko [|X||e < oo}.
Emeidr) po otabeprn) ovvaptnon éxel memepacuévn péon tun (to P elvan memepaouévo uétpo), £xovue
ot
Lo cLr

Yo ké0e 1 < p < co. Ko BéPaua, yia Ta. idiar p, éxovue LP c LO.

6.7 To paocikd oproxd Bewpiuoro

'Eoto (X, A, 1) xOPog UETPOV Kot aKOAOVOLL (fi)nen LETPNOLUMY OUVAPTHOEWV UE TWES OTO [—00, 00]
7OV OUYKAIvOUV onuelakd o wo ovvaptnon f. TTodlég @opég nag evalogéper 0 VITOAOYLOUOG TOV
optov lim,,_, f fr du, xou prraivoupe 0tov TELPOoUd Vo LOVTEYPOUIE OTL

lim f fudu = f lim f, du, (6.6)

ONhad1] To OpLo WITaveEL HECO. 0TO OAOKANPUO. AVTO Ouwg dev yivetar mavtote. To mpofinua
oVTO €lval To aVIIKEINEVO TOV Pactkmv Bewpnudtmv olykhong yio to ohokAnpwuo Lebesque. Ta
droturtdvoupe alhd Tapadeimovue TG ammodelEeLg Toug.

BOempnua 6.25 (Oenpnuo wovotovng ovykhong). Eotw (fu)uen, ue f : X — [0, +0o] i kGOe n € N,
avEovea akorovbia uetorowwv cvvagtncewv. Oétovue f = lim f,. Tote

tim [ fdu= [ 7o

To 6pro lim,, e fr VEGPYEL YLOTL N (fr)nen €lvan abEovoa. Kot opoia, To 6plo 0to aplotepod welog
™G TELEVTOLOG LOOTNTOG VITAPYEL YLOTE 1] akoAouOia TV OAOKANPOUATOV gival abEovoa.

Oempnua 6.26 (Avupa Fatou). Eotw (f,)ns1, e fr : X — [0, 00], axolovOia uetorjoiuwv cuvaotioewv.
Tére

fli_mfndus lim | f, du.

n—oo n—oo
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BOempnua 6.27 (Oempnua KupLapynuévng ovykiong). Eotw (X, A, u) xwoos uétoov kae f, : X - R
uetonowun ya k&Oe n € N étor wote lim f, = f oxedov wavrov kau | f,(x)| < g(x) yta kabe x € X, omov

g X — [0, 0] eivau uetonowun ue fg du < co. Tote flfl du < oo kat

lim f fodu = f fdu. (6.7)

Otav |fy] < g yio k4Be n € N, Aéue 0Tt 1 axKorovdia (f,)nen KUPLOPYELTOL OTTO TN OLVAPTNON
g. H xplown ovvOnkn tov Bewpnuatog Kuptapynuévng ovykiong eivor ot  axorovdio (f)nen
KupLapyeltal amd ohokAnpmoLu ouvapTnon.

Ze Eva YWOPO TEmTEQACUEVOU NETPOV, OL OTAOEPEG OUVOPTIOELS elval ohokAnpwotpes. Tott wo
g = M (6mov M € R ot00epd) €xer ohokApwuo Mu(X), to omoio eivan tpayuoatikdg aptbuodc. 'Etot to
Oewpnuo KupLopynuEVNg oVYKALONG ExEL TNV €ENG XP1OLUT OUVETELL.

Oempnua 6.28 (Oewpnua ppayuévng ovykhong). Eotw (X, A, i) xDoog TETEQAGUEVOV UETQOV Kal
fu + X = R ueronown yia kdOe n € N, ue lim f, = f ko |f,] < M, émov M < oo orabeod. Tote
n—o00

f |fldu < oo ko
lim | f,du= ffd,u.
Avamoapdderypo [Amotuyia loyvog g (6.6)]: Oeswpoiue tov yhpo mbavomtag (R, Z(R), P), dmov P
elvaw to pétpo Lebesgue mepropropévo oto [0, 1] (Mapaderyna 2.10). Ottovue
X, (x) = I’ll(o,]/n](x) yLol KaG0e x € R.
H X, elvon amhr) Tuyaia petafint), kou lim X, = 0. "Exovue 6t
E(lim X,,) =E0) =0

KoL 1
E(X,) = nP((0.1/n]) = n—= 1.

Apa E(lim X,,) < lim E(X,). Anhadn €ovue yviola avicotnto oto Muuo Fatou, kouw 1o Oempnua
KUPLOPYMUEVNG OVYKALONG OeV eopuoletor. Avtd dev Hog KAVEL EVIUTMOT YiaTt 1 akolovBio X,
dev KupLapyeltal atd Kamolo ohokAnpaouun ovvaptnon. Ipdyuatt, 1 wKpoTePN g TOU LKAVOTTOLEL T
1X,(x)| < g(x) yio xd0e x € [0, 1] kavn > 1 eivow 1 sup,,5; X, (x) = [1/x]1,e0,17 (AoKnon), Tng omoiog to
ohoKANpwUa w¢ TPog To uETPo P elvar co.

HMapdderyuna 6.29 (To Bempnua KupLopynUEVNG oVYKALONG KoL EVa EPMTNUAL OITTELPOOTLKOU LOYLOUOV).
Oa vroroyioovue To O6pto lim, e I, GOV

ue k € (=1, 00). H avukatdotaon y = nx divel

n I’L—yn ' 00 I’l—yn '
I = dy = 1 dy.
n j(; (n+y) y ay fo nty Y Lyelo,n] AY

o ota0epd y > 0, 0 ohokAnpwtéog ouykhivel 6to e~ 2'yk agpoi

n—y\" 2y \" .
( y) Lyejon = (1 -2 ) Lycjon — €

n+y n+y
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Emiong, ppdooovue Tov ohokANpmTéo mg eEG

n
n—y _m _
0 (n + y) Y heom < € WY Lo < €25 =1 g0).

ZTNV TPOT AVIoOTNTA Y PNoLUoTon|oaie TV 1 + x < e, eva ot deltepn to 6ty € [0, n] yia tal y ov
TO aPLoTEPO UENOG elvon OeTikd. H g €xel fooo g(x) dx < o0, 0mOTE TO OeDdPNUA KVPLOPYNUEVNG OVYKAONG
epapuoletal Kot diver 0t

lim 7, = f Y dy =275k + 1).

—
n—oo 0

Aedouévou OTL pLa oeLpa elva To OPLO TV UEPLKMV 0.0POLoUATMV TNG Kou OTL To oOhokMpmua ivar
YPOUWKO, TO Topatdve Bewpnuato divouv to eEng mdpLopa.

Ioprona 6.30. Eotw (f,)ns1, € frn : X — [—00, 0], akorovBia uetorjouwv cvvagtioewv.

(i) (Bewonua Beppo-Levi) Av f, un apovntikn via kGOe n € N, 1ote

jXZﬁdu fﬁ@ 638)

(ii) Av o f, maigvovv Tywés 6To [—o0, 00] Kau Z f |fuldu < oo, TOTE ) GELOG Z Jn oVYKAivEL oxedov
n=1
TAVTOV G€ WLel UETQTIOLUT) GUVAQTNGN UE uyeg oto R, woyver  (6.8), kaw ta V0 uéAn tng eivan

ToayUATIKOL aQLOuoL.

Armodeln. (i) ©¢tovpe g, = X7, fi Yo kGOe n > 1. Tote M (gy)n=1 elvon adEovoa akorovBia un
APVNTIKOV CUVOPTHOEWV KOL Qv g = Y7 fi, WoyVeL o lim, o g4 = g. Emiong, fg,, du =Y, ffk du
MOy ypouukomtag. To Tntoduevo mpokvmtel amd 10 Bempnuo Hototovng ovykhong (Oempnua
6.25).

(it) EqpapuoCovue to (i) yio tnv akohovdio (|f,])ns1. Tote

jXchw fww (6.9)
‘Onmg
D2 EDNIA
k=1 k=1

yia ke n > 1 ko, amwd vobeon, 1 g = 2, |kl €xel memepaouévo ohokMpwua. ZUVETMG, EQAPUO-
Covtag to Bempnuo Kuptopyuévng ovykiong (Osmpnua 6.27), Exovue OTL

f = [

n=1
Kau amd v (6.9) kaw v [pdtaon 6.12(iii), woyber 6T M 37, f TAlPVEL TPAYUATIKEG TLIEG OYEOOV

TOVTO. ]

Hopotinpnon 6.31. Ouoepég . fus 2y f fodu oto (i) xoun Y7, |ful oto (ii) ovykhivouv, ue evde-
YOUEVY TUUN TO 00, YLOLTL ELVOIL OELPEG WY APVITIKMV OPWV.
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Hapdderypa 6.32. (Opiopdg pétpov péow mukvomtog) ‘Eotw X : Q — [0, co] tuyaia petafint) oe
éva ympo mbavomtog (Q, F,P). Tote ) ovvaptnon Q : F — [0, o] pe

Q4) = E(X; A) = fXdP
A

v ka0e A € F elvon pétpo. Emumhéov, yia A € F, woyvel ot av P(A) = 0, tote Q(A) = 0.
Mpdaypot, N Q eivaw un apvntikn ko Q(0) = E(X1yp) = E(0) = 0. 'Emetta, yua (A,),>1 aKolovOia
Eévov ava dvo otoyelov mg F, éxovue 1ux 4, = 257 14, Zuvemog

QU A) =E(X i 1) = i E(X14,) = i Q(A).
n=1 n=1 n=1

21 devTepT LoOTNTO Y PNoLoToovue To Oewpnua Beppo-Levi (ITopiopa 6.30 (i)). Téhog, av P(A) = 0,
tote P(X14 = 0) = 1, ko artd v Ipodtaon 6.14 (i) éxovue 611 Q(A) = E(X1,4) = 0.

Hapatipnon 6.33. H tuyaio petafinm X oto [Mapdderypa 6.32 Aéyetal mukvoTnTa 1ov Q w¢ Tpog
to uétpo P xabwg ko mapdywyog Radon-Nikodym tov Q wg mpog P. Av emumiéov E(X) = 1, 10 Q
elvan pétpo mbavomtag otov (Q, 7).

Aoknoelg

6.1 (H apyn eykhiewopov-amoxielopot yio mbavomteg) ‘Eotw A, As, ..., A, € F. Tote,

PULA) = D DT Y P N4, NN Ay,
k=1

1<ij<ip<-<ix<n

6.2* Avn > 1xowta Ay, Ay, ..., A, € F tkovorootv P(A)) + --- + P(4,) > k — 1 yua xamolo Oetikd axépouo k, tote
vrapyouv 1 < iy <...<ix <nueP@;, N---NA;,) >0.

6.3 'Eoto X tuyaio petafint pe twég oto N U {co}. Na dei&ete 6T

E(X) = Z P(X > k).

k>1

6.4 'Eotw X tuyoaio petapinti ue tuég oto [0, co]. Na dei&ete 6tL

ZP(sz)sEXs 1 +ZP(X2k).
k=1 k=1

6.5* 'Eotw X tuyaio uetapinti ue tipég oto [0, 00) kot E(X) < 0. "Botw kou ¢ > 1. Na dei&ete 6tL
ickP(X > k) < co.
k=1

6.6 'Eoto X pun apvntiky] tuyaio petafint ue 0 < EX < co xowa € (0, 1). Tdte

N P

B ~ (1 -aEX)?

(B)* (Aviootnta Paley-Zygmund)
(EX)*

Y
PX>aEX)>(1-a) B0

6.7 'Eotw X tuyaic petapinm) kol ¢0tm 6t yia kémolo a > 0 woyvel E(eX) < co. Na deiy0el 6t vdpyer C > 0
otafepd wote Yo ke t € R va woyber P(X > 1) < Ce™™. Anhadn 1 «oupd» g X mtpog to deEud pOiver ypriyopa,

TOUVAAYLOTOV e TavTTo ¢ .
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6.8 'Eotw X, Y tuyaieg netafintéc pue tpég oto (0, 00) wote XY > 1 movtol. Na deryBel ot
EX)E(Y) > 1.
Ewdixotepa
E(L)s L
X~ EX)
6.9 (H avicdtnra Jensen) 'Eotw X tuyaio petofint) ue tiuég oe éva dudotua I € R xau ¢ : I — R xvupt) ouvapton.
Av oL E X, E{¢(X)} opiCovton kau givar tporyportikot aptBuotl, tote

P(EX) < E{¢(X)}.

[YrodelEn: 'Eotw a := EX. Yndpyer 4 € R wote ¢(x) > ¢(a) + A(x — a) yua KaOe x € I (amepootikdg hoyioude).
O¢toupe omov x TV T. W. X.]

6.10 'Eotw X tuyaia petafinm pe tuég oto [0, o). Tote

< E(X? > 1,
Exy 1 XP) avp=
>EXP) oavO0<p<l.

Av ou E X, E(log X) opiCovtou kou givor mpayuortikol aplbpot, tote

logE X > E(log X).

6.11 Oswpovue otov Q = [2,3] to uérpo Lebesgue A, wov eivor uétpo mbavotntag. Oftovue

x2 av x € [2,3\N*,
fx) =
(-1Y'"n  avx=1/npeneN*,
Na de1y0el 6t inf f = —o0, sup f = oo, essinf f = 4,esssup f = 9.
6.12 'Eotw X tuyaia petofint pe tiuég oto R. Na dewydel ot

lim {E(e"™X)}/7 = eesssup X,

6.13 'Eotw X tuyoio uetapinti pe tiuég oto R. Na dei€ete 6t lim P(1X| > n) = 0.

6.14 (Kvpropynuévn otykion pe viepapbunotpno ovvoro detktmwv) ‘Eotw (X, A, 1) xdpog nétpou ko yia k40 ¢ > 0
perprolun ovvaptnon f; 1 X - R. Tmobérovue ot vdpyer to Opo lim, fi(x) =: f(x) Kou vadpyer g : X — [0, oo]
UETPNOLUY] UE fg(x) du(x) < co ko |f(x)| < g(x) yia ka0e x € X kot > 0. No devy0el dtu

lim f Ji(x) du(x) = f J () du(x).

6.15 'Eotw X € L' (P) xow E,, := {|X| > n} yia €40e n € N. Na dei€ete 61 nP(E,) — 0 y10.n — oo.

6.16 Eotw | < r < sk X € L. ©ftovpe X, := Xlixe, Yo k40e n € N*. Na dey0el ot X, € L° xou
lim,_., E(|X,, — X|") = 0.

6.17 'Eotw X tuyoaio uetafinti ue tuég oto [0, co]. Na dei&ete otu
(o) |
Iim —E(X;X <¢&) =0,
=0t &
() .
Iim — EX; X <M)=0.
M- M

6.18* 'Eotw X tuyaia petafint pe rpég oto R wote E(X?) = co. Na dery0el T

. (EXLyn))
Moo E(X*1jxi<m)
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Katavoun tuyaios netafintis kot 0AokApmaen)

Me 600 £yovue deL WG TMPO, 1] LEOT TLUT TPOGdLOPLTETAL UOVO UEoW TG dradikaotag tg [apaypdgpov
6.1, M omota deV elvar elyyPNOTN YEVIKG. ATO TNV GAAY, OTLG OTOLXELWOELS TLOAVOTNTEG 1] UECT TLUY)
wog tuyatog petafintig ue tuég oto R, avddhoya pe to eidog tng (drakprti/ovveyg), opiletor péow
evog 00polopotog 1) OAOKANPOUOTOS. Z€ auTd TO KEPALLO, 0 avoKTIIo0VUE, WG BEmPUOTA, CUTEG
TLG EKPPACELG YLO. T LEOT] TUUY).

Kevtpikr) évvola g auth T dLadLKaotlo VAL 1) KOTOVOoUT) TUYOLoG UETAPANTNG.

7.1 O tmog ahhayns netafineig

Opwopog 7.1. 'Eoto (Q, F,P) ydpog mbavottog, (E, E) uetpnowog ympog, kar X : Q — E tuyaia
uetapinmi. To pétpo mbavédmrag PX : & — [0, 1] otov E pe

PX(B) =P (X '(B)) =P(X € B)

v k00e B € & Aéyetou kKotavour) g X.

P 2
Syfuo 7.1: H toxaio petafinm X «uetagpépers to pétpo P otov xdpo E divovrog to pétpo PX.
Etkoha ehéyyel kaveic ot to PX elvon pétpo mbavémrag otov (E, ). To PX Méyetou ko etcdvo tov P

uéow g X.
H emtdpevn mpodtoon LETAPEPEL TOV VITOAOYLOUO ULOG MEONC TLuNG oo Tov Q otov E.

IIpétaon 7.2. Eotw (Q,F,P) ywoos mbavornrag, (E,E) ueronowog ywoog, kaw X : Q — E tvyaia
uerafant) ue kavavour] PX. I kGOe h : E — [0, co] uetoriowun cvvaotnon woyde

Ep{h(X)} = Epx(h). (7.1)

Emiong, avn h : E — [—co, 00] eivau uetonowun, tote 1 kaw tae S0 uédn tng (7.1) ogifovran kou eivou ioa
1 kow Ta 6o Sev ogilovrad.

40
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To apotepd uéhog g (7.1) etvar i péomn T g A o X oto Q wg mpog to uétpo P kat to deEi uélog
g (7.1) eivow n péon Tr) ™g 2 oto E w¢ mpog o pétpo PX. Autd yiveton oxdun mo kabopd av
vpdpouue wg
f h(X(w)) dP(w) = f h(x)d P¥(x).

AmodelEn. BAMA 1. Av h = 1, pe A € &, 1018 M(X(w)) = Liux@wpea. Anhadn, A(X) = Ix14 ue
X~1(A) € F. 'Eyovue hourdv

Ep(14(X)) = P(X"'(4)) = PX(A) = Epx(1,),

apa m (7.1) woyveL.
BHMA 2. Av n & elvow pun apvnukn ash, tote b = Y, aila,, ue a; € [0,00] kau A; € & Yo kGOe
ie{l,2,...,n}. Tote

n n n n

Ep(h(X)) = Bp ()" ails,(X) = > aiBp(14,(0) = )" a;Bpr(ly) = Bpr ( ) aily) = Epx(h).

i=1 i=1 i=1 i=1
2TV TPLTN LOOTNTA Y PNCLUOTTO|COUE TO TTPONYOUUEVO B)UCL.

BHMA 3. Av & > 0 petpnowun, tote amtd v [pdtaomn 5.12 vadpyer abEovoa akorovdio (i,)uen AmAdv
ovvoptoemy ue lim A,(x) = h(x) yio ka0e x € & Tote lim h,(X(w)) = (X(w)) yio KGOe w € Q Ko

a7TO TO TPONYOUUEVO Brua
E(h,(X)) = Epx(h,) Yo xa00e n € N.

o n — o0, 07t6 To BempPnUo LOVOTOVNG CUYKALONG (Oedpnua 6.25) éxovpe
Ep(h(X)) = lim Ep(h,(X)) = lim Epx(h,) = Epx(h).
BHMA 4. Av h petpfioun ovvapTnon Ue TWéG oto [—oo, 0o], ToTe TN Ypdpouvue wg h = h* —h™. And 10
TTPONYOVUUEVO PBr)uct,
Ep(h* (X)) =Epx(h"), (7.2)
Ep(h™ (X)) =Epx(h"). (7.3)

To apotepd uehog g (7.1) dev opileton av Kot wovo av to opLotepd uéhog twv (7.2), (7.3) wwovton ue
00, v 10 OeEL néhog g (7.1) dev opileton av ko wovo av to deEi uéhog Twv (7.2), (7.3) toovtan pe oo.
Apa 1) ko ta dVo uén g (7.1) opitovrtal 1 kou tor dVo dev opilovral.

Twpa, otV mepimTmon o Ko ta dvo uén g (7.1) opitovra, ol (7.2), (7.3) divouv

Ep((X)) = Ep(h" (X)) — Ep(h™ (X)) = Epx(h") — Epx(h™) = Epx(h).
|

H teyvikn amddelEng g mponyoluevng mtpodtaong eivar woh cuvnOopévn otn Oewpio Métpov.
Oa v ovoudovue oto eEng Tumk) Muyav).

Mopatipnon 7.3. H tvmikn unyoevy. 'Eoto (X, A, 1) yopog uétpov kot 0Tt Bhovue va amodeiSovpe
ot wa tpodtaon Q(f) woyber yua Oheg TG UeTPNOLUEG ouvaptoelg f @ X — [—oo, o] moTe 10 ffdy va
opiletal. AxohovBovue to eEg PrinataL.

(1) Aeiyvovue v Q yo f = 14 dmov A € A.
(ii) Aelyvovpe v Q v f > 0 petpnouun, oITin.
(iii) Aeglyvouvue v Q v f > 0 petpnowun.
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(iv) Aetyvouue v Q yia f ue flfl du < co.

Zuviibwg ovufaiver to €€ng: To (i) elvar ouvémela opropov. To (ii) €metor amd to (1) Kou ™
YPOUUKOTYTO TOV OAoKANpwuatog. To (iii) émetan 0mtd to (ii) Ko to Bempnua povotovng ovykhong,
gpooov ypdapovue f = lim s, yia KotdAAnin avEovoa akolovbia ATADV U GPVNTIKMOV UETPYOLUWMY
ovvoptioemv. To (iv) émetan amd To (iii) Kot ) YpouuKoT)To Tov OLOKAPOUATOG EPOCOV YPUPOULLE
f=r-r.

Axoun tpeig epapuoyéc g Tumknc Mnyaviig Oa dolue otig amodeiEeig g [pdtaong 7.8 ko Tou
Oewpnuatog 10.9 kabwg ko oty Aoknon 7.3.

Mopatipnon 7.4. Iookataveunuéves Tuyaies petapinrés. Av X : Q) —» RV : Q; — R eivan
Vo tuyoaleg puetaPAntéc ue Vv Lo Kotovowr| (ta ediar oplopov Tovg, Qp, Qy, evdéyetal va eivol
dLaPOPETIKA), TOTE YL 07T0L0dNToTE 0VVOLO Borel A éyovue P(X € A) = P(Y € A). Avtd yuoti ) tpo
mOavomto ovtar pe PX(A), evadr 1 devtepn pe PY(A) xaw PX = PY. Ko duota, yio omoLodnmote
uetpnowun ovvaptnon i : R - R wote n E(h(X)) va opiCetat, woyver E(A(X)) = E(h(Y)). Twotl ko ot
&0 uéoec TUEC UITOPOVY VaL EKPPOOTOVY (AOY® TG TOpartéve TPdTaomC) Héow Tmv Katavoumv PX, PY
ot omoleg tawtiCovrar. o mapdderypo 0o woyver EXF = EY* yio k40e k € N eqdoov oL moodtreg
avTég optlovral.

XovIpiKd, 0g 0moLovoNItoTe VITOAOYLOUO eUTAEKETAL 1] X WTOPOVUE VO TNV OLVTLKOTOOTOOVUE UE
™V Y. H dukawohdynon yivetal ue xpnon mg mo xave apdtaons. Aeg oumg kou tv [Hapatnpnon
14.7.

'Etol, oyedov Yo OA0. TA TPOPANUATA TOAVOTHTOV, OUTO TOU UOG EVOLAMEPEL OE ULO. TUYOLOL
UETAPANTY €lvor UOVO 1) KOTOVOUT] TNG EVA O XWDPOG TLOAVOTNTAG GTOV 0TT0L0 OPLLeETOL ElVaL EVTEMDG
adLAPopPOC.

Zmv edikn mepimtoon dvo tuyaimwv petofintov X, Y @ Q — E (dnhadr) oplopévov otov idLo
ywpo mbavotntag) ue P(X = Y) = 1, ou X, Y €lvol LOOKATOVEUNUEVES YLOTL, YLOL OTTOLOT)TTOTE UETPTOLUO
vtoovvoho A tov E, oL tuyaieg uetoAntéc 14(X), 14(Y) eivon ioeg ue mbavomta 1. Apa ue paon v
[Tpdtaon 6.14,

P(X € A) = EJa(X)) = E(14(Y)) = P(Y € A)

Opoloyia: Avo tuyaieg petofintég mov maipvouv Twég oe kKowvd puetpriowo ywpo (E,E) héyovtan
LOOVONES, 1] KOl LOOKATAVEUNUEVES, oV £xouv TNV (dLa KaTavowy]. Anhadi ta uétpa PX, PY otov (E, &)
towTiCovtadt.

7.2 Kotavoués oto R pe mukvomra

H [pdtaon 7.2 pog evolagpépel Kupimg oty tepimtmon émov E = R kou 1) Kotavour) g X mpokUmTeL
Ao TukvoTnTo. O €TOUEVOC OPLOUOG YEVIKEVEL TNV £VVOLOL TNG TUKVOTNTAG, Omtmg ovty) d00nKe 0T0
[Mopdderyua 4.13. TTIAéov 1 TukvoTTa eV ELvOL ortapaitnTo Vo eivalr Riemann-ohokAnpmouun.

Opwopnog 7.5. 'Eotw P pétpo mboavomrag otov (R, A(R)), A to uétpo Lebesgue (IMapaderyna 2.4), Kar
f : R — [0, co] Borel- petpnowun ovvaptnon. H f Aéyeton mukvotnta tov P av

P(A) = f F(x)dAx)  ywo k6O A € BR). (7.4)
A

H mrukvotnta evog uétpou (av ovto €xet) dev eivan povadikn. Tati av éva pétpo P éyel mukvotta
f, 10te ahhalovtag Vv f oe éva olvvolo Borel mov éyel uétpo Lebesgue undév, maipvovue o véa
ouvapTon f, N omola eivar kot avt TukvoTTo Tov P, Autd €meton amd Tov oplopd TG TUKVOTNTOC
Kow 10 Oedpnua 6.12(i). ‘Ouwg Loy veL to eENg.
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IIpértaon 7.6. Av 6o Borel-ustorjowes ovvaotnoes fi, fo eivar mukvoTnteg o o i0to uértpo mbavo-
mrag P oto R, tote A{fi # f2}) = 0.

Arddelén. 'Eotw to ovvolo Borel A := {f; — f> > 0}. HP(A) = fA fidd = fA fodA diver

0= L(ﬁ )= f(fl _ plada

Ioyvel (fi — fo)14 > 0 ko €tou 1 [pdtaon 6.12(ii) diver 0tL A((fi — fo)1a # 0) = 0. Opwg {(fi — L)1a #
0} = A. Emouévimg A({f1 > f2}) = 0. Avtiotpépovtog Toug pOAoVg TV fi, fo, maipvovue A{fi < f2}) =0
Kat €10t To Tnrovuevo. [

Zuvoualovtag avt) TV TPdTaoT we To Oedpnua 6.12(i), cupumepaivoupe OTL YLo. VITOAOYLOUOVE OMO-
KANPOUATOV 0¢ TTPOG TO UETPO A TOV eUTAEKOUV ua TukvoTta tov P, omotadnmote ddln mukvotnta
tov P divel to (010 amoTéLeoua Ko ETOUEVIOS OEWPOVUE TNV TUKVOTNTA OVOLALOTIKG LOVAOLKT).

H oyéon (7.4) yua A = R divel ot fRfd/l = 1. Topa, av égovue wa f : [0, 1] — [0, oo] ov eivan
Borel-petprjowun pe fR fdaA = 1,1tdte elvan evkoho va dovue 6t 1 (7.4) opilet éva péTpo mbavoTnTag oTo
R. Apa mukvotnteg Katavoumy oto R eivor akplpmg oL un apvntikéc Borel-uetpnowueg ovvoptioetg
o010 R ue ohoxkMpoua 1 wg tpog to uétpo Lebesgue.

Opwopnog 7.7. 'Eoto (Q, 7, P) yopog mbavomtag, X : Q — R tuyaio petofinm), kou f : R — [0, o]
Borel-petprjowun ovvépton. Aéue ot n f eivar po TUKvOTHTAL TG TuYaiag puetafintic X av eival
mukvoTTa TG Katavounig PX g X.

Emotpégpovue oty eldikn mepimtmon g [Ipdtaong 7.2 6mov E = R kaw n X €yeL mukvotnro.

Ipoétaon 7.8. Eotw (Q,F,P) ywoos mbavétnras kaw X : Q — R tuyaia uetafintij ue mvkvortnra
f:R—>[0,00]. Avnp h:R — [—00, 0] elvau uetonjowun, tote

Eplh(X)) = f B f(x) dx (1.5)

omote Kamowa amo tig 6o mocoTnTeS 00ileTan (AnAadn) tote ogileTan kat n GAAY ka givar iGeg).

To apiotepd wéhog g (7.5), amd v Mpdroaon 7.2, wottar pe Epx(h) kau avtd Oo deiSovue otnv
arodelEn Ot toovTon e to 8eEl uéhog. "Etol o vrmohoyionog tg uéong e Ep{a(X)} oto yopo (Q, F, P)
avéryetou apytkd oe viroloyioud oto xhpo (R, B(R), PX) kou tehkd oe évo cuvnOiopévo ohokAnpoua
wog uetapintic. To de&l uéhog g (7.5) eivan o Tpdmog pe Tov omoio vitohoyiCaue ) uéon | E{A(X)}
v Tuyoleg LETAPANTEG X UE TUKVOTNTA OTLG OTOLYELMOELS TILOAVOTNTEG.

Arddeén. Oa deiEovue Ot to deEl uéhog g (7.5) wovton emiong we Epx(h). Xpnowwomorotue v

otk unyovn (flapatpnon 7.3).
Avh =14 ue A € AR), 101¢

f hdP¥ = f 1,dPX=PX(A) =P(X € A) = f f(x)dx = f 14(x) f(x)dx = f h(x) f(x) dx.
A

H tpit 10émnTO. eivar o opiopde ¢ koravouic PX. H tétaptn eivor o oplopdc mg mukvoTnTog.
Av h > 0 otk petpnotun, T0te AOym YPOoUKOTNTOG, 0TTO TA PO YOUUEVA TPOKVITTEL TO {NTOVUEVO.
Av h > 0 petprioun, tote o v Ipodtaon 5.12 vdpyer avEovoa akolovdia (A,)en W1 0PVNTIKMOV,
amh®V, UETPNOW®Y ouvopToemy pe lim A, = h. Apa, o cuvdvaoud pe 1o Bempnua HovoTovng
ovyKMong, £xovue

n—oo

f RdP¥ = lim | h,dP* = lim f B () f(x) dx = f h(x) f(x) dx.
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Téhog, av h petprowun wote £va amtd Ta dvo uekn g (7.5) va opiletal, amd To TPONYOVUEVO EXOVUE

f htdP¥ = f It (x)f(x) dx,
f h~dP¥ = f h™(x)f(x)dx,

KOl ETOUEVWG, AoV h = h* — h™, éyouvue

fthX:ffﬁdPX—fh—dPX: fh+(x)f(x)dx—fh_(x)f(x)dx:fh(x)f(x)dx.

A76 ™V vTd0e0, deV VITAPYEL KATTOLO ATTO TO LEAT TV LOOTHTWV 0TIV TEAEVTOLO YPOUUTY TTOU VO SIVEL
TN HOPEPN 00 — o0, [

HMapdderypa 7.9. 'Eotw X : R — R tuyaio petafinm) ue mvkvomra f(x) = m yio kabe x € R. H
E(X) égev opiCeton. IMpayuatt, amd v pdtaon 7.8, yio ) ovvapmon i : R — R ue h(a) = a* ya
KG0e a € R, éyovue

E(X") = E(h(X)) = f h)f(x) dx = f X () dx
:‘[mx;dlej‘Oo al dx
o m(1+x?) rJ; 1+x2

lfwld I (™1
i —dx = — —_
i 2x 2r )1 x

= 00.

\%

‘Ouora, E(X7) = co.

7.3  AwKpLTés KoTa.voués

Avoxpran) kotavou o £va o0vohro E Mépe éva pétpo mbavotntag P otov petprowo xopo (E, Z(E))
YL TO 07Tolo VIdpyeL Eva aplBunouo ovvoro S C E wote P(S) = 1. Mmopovue va vrobécovue Otu
P({x}) > 0 yio kéOe x € S, oA avukadiotovpe 10 S ne 0 S = {x € S : P({x}) > 0}. Tw A C S,
vpagovue A = Uyea{x}, Kou emeldn) to A eivan aplbunouo, toyiet

P(4) = > P({x). (7.6)

XeA
To P diver pata P({x}) oe kaOe onueio x € S ko pato undév oto E\S. 'Etol, yio kdbe A C E éxovue
P(A) = P(AN S) ko
P(4) = ) P((x}). (7.7)

X€A

To aBpolopa oto deEi uéhog €xel aptbunolo TANO0g N UNdEVIKMOV OpmV. AVTLOTOLYOVV OTO ONUELD
TOVANS.
H ohokApwon wg tpog to P eivor otk vitdbeon. "Exouvue to €Enc.

Mpotaon 7.10. Eorw P dwakoitd uétoo mbavornrag oto E. Tote
fh(x) dP(x) = Z h(x) P({x}) (7.8)
xeE

v k@le h . E — [—00, 0]. Andadnj yia kGOe tétowa h 1) kaw ta S0 uéAn ogilovrar kot tcovvtaL 1 ka To.
dvo dev ogifovrau.
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Agv €youue KATTOLO aTaiT)on LeTpnodTnTag oo v i agol 1 o-diyeppa eivan n Z(E).

Anddeén. Avh =14 ue A C E, tote 1 (7.8) eivoun (7.7). Av h > 0 amhy, 6mtwg oto deEi néhog g (5.3),
toTE

f h(x)dP(x) = Z a; P(A) = Z a; Y P((x}) = Z a; P(A) = Z D ) P((x))
i=1 i=1 XEA; i=1 i=1 x€A;
= D hx) P(ia)).
xeE

Av 10 S &lvan emepaouévo, 1 artddelEn teleimoe. Av eivar dmelpo apdunoo, Bewpoiue (s,)ys1
wa optbunon tov. T h 1 E — [0, co] xou k&0 n > 1 0érovue h, = Yi_, h(si)ls,y. H A, elvor omn
ue 0 < h, < h xou 1 axohovbia (h,),>1 elvor avEovoa Kol cuykhiver oty k. Apa, amd to Bedpnuo
HovOTOVNGg OVYKALONG,

f h(x)dP(x) = lim f h () dP(x) = lim Z h(si) P({si}) = Z h(x) P({x}) = Z h(x) P({x}).
k=1

xe§ xeE

H mepimtrmwon tov 1 i wailpver Tpég 0to [—oo, 0o] avtipeTmmiletal 0mmg ko otV amwddelen g [pota-
ong 7.8. [ |

Awakproi] Toyaio petopinty oto E Aéue wa tuyxoio petopfinm X : Q — E g omoiag 1) etkova,
S = X(Q), elvow apBuiopo ovvoro. H xatavour) e, PX, elvou wa dwaxpim| kotovour] agpo
PX(S) = 1. Ioyvet

E(h(X)) = > h(x)P(X = x) (7.9)
xeE

v Oheg TG b R — [—o0, 00] Yol TG 0moieg KATOLWo ard tor dV0 UEAN NG LOOTNTOG £XEL VONUOL. AVTO
mpokvmTel omd ™V (7.1) kow ™V (7.8) eqappoouévn oto pétpo PX 1o omolo éxel PX({x}) = P(X = x) yia
K40e x € E. OvoudCovue t) ovvaptnon f : E — [0, 1] pue f(x) := P(X = x) ovvagrnon mbaviérnrag
™ms X.

O timog (7.9) elvor YvooTtdg Ao TG OTOLYELMOELS TTLOAVOTNTES.

7.4 Eidn katavonmv oto R

Avaueoa og Oheg Tig Kotavouég oto R Egywpilovue ta eEng &0 eidn:
(1) AlokpLtéc.
(ii) Zvveyels.

Oploope TLg SLAKPLTEG OF YEVIKOTEPO TAOALOLO OTNV TTPoNyovuevn mapaypago. 'Emerta, Aéue wa

KOTAVOW ¥ GUVEYY] OV 1] OUVAPTNON Katavoung g, F(x) := v((—oo, x]), elvar ovveyng ouvaptnon.

Avtd woodvvouetl pe v({x}) = 0 yia ka0e x € R [Aoknon 4.3(a)], dnhadr) n Kotavour) v dev €L dToua.
'Emterta, avaueoa otig ouveyeig Katavoueg Sexmwpitovue ta eEng dvo eidn:

(1) AmoliTmg ouveyElg.
(ii) IdaCovoec.

AmoMiTmg ouveyeig Aépe auTtég mou €xouv mukvotta. Iddloveeg hépue ovtég mov €xovv ompryna Eva
ovvoho pe pétpo Lebesgue 0. Mia LoodUvaun meprypogn yio TG LOLATOVOES EIVOL QUTEG TWV OTTOWV 1)
ouvapTNoN Katavouns, F, eival ovveyng ue mopaywyo F’(x) = 0, A-oyeddv mavtov oto R. Kataokeun
TETOLOG KATOVOUTG YiveTal otnv Aoknomn 7.9.
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Av v, v €lVOL KOTAVOUEG TTOV 1] TTPMTY €lval dLAKPLTY) Ko 1) deVTEPN oLvveng, TOTe 1 (v + v2)/2
elvaw Katavoun ov dev eivar ovte dtokplty) ovte ovveyng. Kabe katavoun €xel wo tétota avalvon
o€ KUpTd 0UVOVAOUO KATOVOUDV atd T «Kabaph» eidm).

Oeopnua 7.11. Av u sivar katavourj oto R, téte yodgpetan wg kvetds cuVSVAGUAS TLOV KATAVOUMDY
U Hacs s UE T1) g OLAKQUTT], T [ge ATOAVTWS GUVEXT], KaL TN U LOLGGOVGQ.

Anhadn vtdpyouvy Ay, Ay, A3 € [0, 1] ue Ay + Ay + A3 = 1 KO g, tac, ds OTTOS OTNV EKPDOVION DOTE
u= Qg + Dpige + Apy.

Ta A1, A2, A3 KaBopifovror povadika Ko Kdbe koatavour oto deEl uéhog pe un undevikd ovvieheot
KaBopiletar povadikd. o v amddelEn tov BewPNUOTOC OTTALTOVVTAL TPOYWPNUEVESG YVMDOELG TNG
Oewplog TapoymyLong ovvaptioemv. Mmopel va ) deL Kaveic, yia TopddeLyua, oTo

( ), Hapdypogog 4.3.

Katavouég mov otnv avélvon toug €xouv Touhaytotov d00 amd ta Ay, Az, A3 diagopetikd atd to 0 Tig
Méue melkTéc.

Avtiotouya, og wa Tuxoio petafint) X 1 Q — R amwodidovue To YopakThpLoud dLoKpLTy], CUVEXNG,
ATTOAITMG OUVEYTG, LOLATOVOW, 1] LLELKTY), AVALOYL UE TO TL ELVAL 1] KOTAVOUT) TG. Q0TO00, £dM 1) P10
TOV OPOV «OUVEYNG» EIVOL KOTAPNOTIKY YLt amokalwvtog ™ X ovveyn (wg T.)u.) Oev onuaiver Ot
glvar ouveyng ouvaptnon. Maiota evoéyetor va unv £xel vomua va egetdioovue av n X eivat ouveyng
WG OVVAPTNON YLOTL 0 Q dEV €YEL ATAPALTNTA OOUT TOTOAOYLKOD Y MPOV.

7.5 O peraoymuotionos TocosTnuopinv*

‘Eotw F : R = R mov tkavomoet tig (i)-(iii) g [potaong 4.8. Opitovue t) ovvaptmon G : (0,1) » R
e
G(u) :=sup{x e R: F(x) < u}. (7.10)
H G Aéyeton peraoymuotionog tocostiuopiov me F. ‘Otavn F eival yvnoiog avEovoa Kat ouveymg,
161 M G elvow m avriotpogn, F~', g F. H G elvon avEovoa, kou yio u € (0, 1),z € R éxouvpe 61
Guw)<zeu<F@) (7.11)

H anddel&n agnveton wg doknon. Ko yia tig dvo xatevbivoelg ypnopomoovue to ot 1 F eivan
avEovoa, evd Yo TNV KatevBuvon = ypnolportootue emthéov to dtLm F elvon deELd ouveync.
H G wg avEovoa eivar petpnown (Aoknon 5.5). Xpnowomowdvtag v Oo deiEovpe to dVokoho
Koupdtt tov O@swpnuatog 4.12.

Anmt6de1En Tov Oewpiuatos 4.12: 'Eotw F mov wkavorotel ta (i), (i) kou (iii) g [pdtaong 4.8.
O¢tovue P : B(R) — [0, 1] pe

P(A) := A(G'(A))

omov A elvon to puétpo Lebesgue oto R. O opiopdg eivor kahdg yroti m G eivan petpnoun.
Izxrpizmos 1: To P eivan pétpo mbavdmrac.
To 6T etvan puétpo eivor amho. Fa o 0TL etvorl PéETPo mBavoTNTAS, VITOAOYILOUVUE

P(R) = A(G™'(R)) = A((0, 1)) = 1.

Isxrpizsmos 2: To P éyel ouvaptnon katovoung F.
[Mpdaypoatt. Tati yia x € R, ypnowomowwvrog v (7.11), éxovue

G_l((—oo,x]) =wue0,1)):Gw)<x}={we@0,1):u<Fx)}=,Fx)],

omote P((—o0, x]) = A((0, F(x)]) = F(x). ]
IMapdappaon ™g LWEAG TG TPONYOVUEVNC OTTOdEENC, LE OpOoVg TUXOImV HETAPANT®V, elvor 1) €ENg
pdTAON).
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IIpétaon 7.12. Eotw F : R — R mov ikavomowel tg (i)-(iii) tng Ilodtaons 4.8, G dxwe ornv (7.10),
kow U tvyaio uetafAntn ue katavour tnv ouowouooen oto (0,1). Tore n X = G(U) éyer ovvaoptnon
katavourg F.

AmodelEn. 'Exovue

P(G(U) < x) = P(U < F(x)) = F().
2V IO LooTNTO YpNotpostomjoape Ty (7.11). Ztn devtepn ot F(x) € [0, 1] ko 6tun U axorovbel
™V opotopopen Kotavour oto (0, 1). ]

H stpodtaon divel pio né00do mpocouolmong Tuyoilmv LETORIMTOV. AV EXOVUE £VO UNYOVIOUO TOV
TTOPAYEL OUOLOUOPPES TUYOLES UETUPANTEG, TOTE UTOPOVUE VO, TAPAYAYOUUE KOl OTTOLOONTOTE GAAT
Tuyoio LETOBANTY Yo TV omoio eival eVKOAO Vo VITohoYiooUUE T ovvapTnon G TOU AVTILOTOLXEL OTN
OUVAPTNOT KOTUVOUNG TNG.

Hopdderype 7.13. H ovvéptnon kotavoui g katovour|c exp(2) eivar F(x) = (1 — e )1 5.

—Llog(1-y) avye(0,1],
G(y>={ e
—00 avy=0.

Apa pe Baon Ty mponyovuevy tpodtaot, xovue otL, av n U €xer v opotdpopen Katavourj oto (0, 1),
tote M —(1/2)log(1 — U) axolovOel tnv exp(2).

Aoknoelg

7.1 (Tuyaia petofiney) pe dedouévn katavou) ‘Eotw (E, E) HeTPNOUOg XDPOS KAl v UETPO TLOAVOTNTAG OF QUTOV.
Noa xotookevaotel xopog mbavomrag (Q, F, P) ko tuyaia uetapfinm X : Q — E £tol dote 1) Kotavour) e X vo
elvon v.

[TrddeEn: Maipvovue (Q, F,P) = (E,&,v).]

7.2 No dewyBel 6t oL péoeg tnég oty Lootta (7.1) wotvton emiong pe

fthh(X)(t).
R

7.3 'Eoto (Q,F,P) ydpog mbovotrag kol X, Q dnwg oto Mapdderyna 6.32. Av Y : Q — R tuyaia petofint, va
del&ete oL

f Y dQ = Ep(YX)
yia Y > 0 xau yua Y pe Ep(|Y]X) < oo.
7.4 'Eotw X tuyaio petafint pe Katovour) v kovovikn N(0, 1). Twa k40e x > 0 vo deuydet otL

X 1
— e
X2 +1 27

11
TR P > x) < — =T (7.12)
X V2n
Anhad), yia peyého x, éxovpe P(X > x) ~ cx e /2 pe ¢ = 1/ V2x.

7.5 'Eotw X tuyaia petofint pe twég oto R kal mukvotnta dptio ouvaptor. Na deuy el ot
(0) E{h(X)} = 2 E{h(X)1xs0} Y10 k4O h : R — R petprjoyun dptio ouvaptnon pe E|a(X)| < .
(B) E{i(X)} = 0 v k4B h : R — R petpriowun mweprrty) ouvaptnon pe E [A(X)] < oo.

7.6 'Eotw X tuyaio petafint pe tyég oto R kow mukvotnta f. No devyBet ot P(f(Y) = 0) = 0.

7.7 Avdueso evog péTpou mbavotntag v 0to R Aéue omotovdnmote oplOud m LkovotoLel tig

N =

1
v((—o0,m]) > E’V([m’ 00)) >
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Aldueco wog tuyoiog uetafnmg pe tuég oto R Aéue omolovonmote SIAUESO TG KATOVOUTG TG,

(o) Na deryBet 0t k40 pétpo mbavotnrag oto R €xel Tovhdylotov évav didueoo Kot va dobel mapaderypa 6Tou o
dudiuecog dev eival LovodLKOG.

(B) 'Eotw X tuyaio petafAnt tng omoiog 1 ouvaptnor katavoung eivar ovveyne. Na deryOet otL ou dudpeoor g X
glvar akpLBog ta onueio ota omoia maipver To oMK TG eMayLoTo 1 cuvapmon f(a) := E|X —al.

(v) 'Eoto X tuyaio petapfinm) ue péon tu g, Stéueco m, ko dtaomopd o2. Na dery0el 611

lm—pl <o

KoL 1) 1odTnTa Loy veL udvo otav 1 X eivar otadepn.

7.8 'Eoto X tuyaia petapinm) pe E(X?) < co. Na deiy0ei 6w 1 péon tym) EX eivar to povadikd onueto mov
ehaLotomotet T ovvépmon g(a) = E{(X — a)?}.

7.9 (H xatavouy Cantor) H ouvaptnon Cantor ¢ : [0, 1] — [0, 1] opiCetar wg e€fg. Av éxouv oprotel oL Tiuég g ¢
ota dkpa evog draotuartog I = [a,b] C [0, 1], Tote TO VO gpapudoovue ) dadikaoiag T oty ¢ oto I onuaiver vo
ywploovue to I oe tplo dradoykd draotnuota wnkovg |1|/3 to kKabéva kol otV KAELOTOTNTO TOU HeTaiov dLooTLOTOG
va oploovpe ™ ¢ va maipver T Ty (¢(a) + ¢(b))/2. OpiCovue howmdv ¢(0) = 0,¢(1) = 1 xou epapudlovue ot ¢
™ dradikacia T oto [0, 1]. 'Etor, ou tiwég g ¢ €xovv oprotel oto [1/3,2/3]. 'Emerta eqpopudlovue T dadikooio
T ota drootpata [0, 1/3],[2/3, 1]. Zta dxpa Toug oL TléG TG @ elvan KaOOPLOUEVEG OITO TA TTPONYOUUEVA BUOITOL.
Zuveyilovpe ue Tov id1o tpdmo e’ dmepov. Me avtd Tov Tpdito KaBopifovtal oL TWEG TG ¢ 0TO CUUTAPMUC TOU
ouvolov Cantor C (kou og €vo aplOuiowo thnbog onuelwv axdua). o ta veodrowta onueta tov [0, 1] opilovye
d(x) = supl{ep(r) : t < x,t € [0, INC}.

(o) Na dey0el 6t m ¢ eivar ovEovoa KoL To 6UVOLO TYmV TG glvar Tukvd oto [0, 1].

(B) Na deuy0ei 6tL 1 ¢ eivon ovveyng kau ¢’ (x) = 0 yia k&Oe x € [0, 1]\C.

[TrddeEn: H ovvéyera émeton amd o (a).]

(y) OpiCovue F(x) = ¢(x) yio x € [0, 1], F(x) = 0 yia x < 0, ko F(x) = 1y x > 1. H F €xeL tig 181dtnteg ovvapmong
Katovourng, omdte umdpyer uétpo mbovotntag u 0to R mou v €xel wg ouvapmon Katovours. Na deuybei ot
u([0, 11\C) = 0.

(8) Na dery0el 6tL To 1 deV €xeL dropa (Apa eivar ouvexng Kotavoun) aAld dev mpokmTel 0td TUKVOTITOL.
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Tpomor avykiong Tuyaiov uetapfinroyv

'Eotw (X,)nen aKolovOio tuyaiwv petafintmv oe yopo mbavomrog (Q, 7, P), ue tipuég oto [—oo, oo].
A76 oV amelpooTtikod hoyoud yvmpilovue do Baotkd €idn ovykhiong g akorovdiog (X, )uen, TV
Kotd onueto kou v opotopoper. o akolovbieg tuyxaimv uetapintav, 0o opicovue Kdmoleg veeg,
(PUOLOAOYLKEG £VVOLEG CVYKALONG G TTPOG TLG OTTOLES Lot 0KOAOVOLaL Elvail EVKOAOTEPO VO GUYKALVEL KO
elva YPNOLUEG OTIG EPUPUOYEG TV TLOAVOTHTOV 0TI ZTOTLOTIKY KoL 0ALOY.

Opwopog 8.1. 'Eotow (X,)nen akorovBio Tuyaimv uetafAntav 6mmg mo tdvo.
(1) Aéue 0tL M (X,))new oVYKALVEL O (o Tuxoto petafint) X pe mbavotnta 1 1) oxedov féfara, ko
vphpovue X, 74 X, av
P( lim X, =X) =1,

OMAadn
P({a) clim X, (w) = X(a))}) =1.

(i) T p > 1 xou X,, X € LP yio k40e n € N, hépe ot M (X,)peny OVYKAiveL ot X otov LP, Ko
I3 'LP
ypagovue X, — X, av
lim E(X, — X|”) = 0.
n—oo
P
(iii) Aépe 0tL M (X,)nenw oVYKALVEL 0T X KOTd mBavoTTO, Kou ypdgpovue X, — X, av

lim P(X, — X| > €) = 0

v kaOe € > 0.

Av X, — X xatd onueto, 10te PéPana X, % X ago? {lim, X, = X} = Q. Zto emoduevo Bempnua,
BAémovpe emiong OtL M oyedOV PEPaun olykhon Kot 1 oUykhon otov LV glval oyvpotepes amd ™
oUyKAMOoT Katd mbavotnta.

Oeopnua 8.2. Eorw X, (X,)nen TUxQUES UeTAPANTES Kaw p > 1.
. LP ’ P
(i) Av X,, > X, 1016 X, — X.
. O—'IB' /’ P
(ii) Av X,, —> X, tote X,, — X.

Arodegn. 'Eotw € > 0.
(i) T xaOe n € N, ypnoworowmwvtag Ty aviootnta Markov, éyouvue

1
P(X, - X > €) = P(X, - X|” > €")]) < — E(IX,, - XI").
€
I n — co TPOKVITTEL TO TNTOVUEVO.
(i) T kdbe n € N,

P(X, — X| > €) = E(1)x,—x1>¢) = E(g),

49
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omov g, = lix,—xpe. H X, 5 x diver g, o 0. Emiong g, < 1, dpa amd to Bempnua @poyuévng
ovyKMong,
lim E(g,) = E(lim g,) = 0.
[ ]
Mopaderypa 8.3. (i) 'Eotw Q = [0, 1], F = A([0, 1]) xou P to pétpo Lebesgue oo [0, 1]. Oewpoiiue
™V oyaio petapint) X = 0 xow yia n € NT v tuyaio petafint)
n avwe (0D,

X, () =
@) {o v w e [0, 110, 1).

Tote X, (w) — X(w) yua x60e w € Q, dpa X, 7 X. Emumhéov, X, 5 x Ouwg X, %X v p > 1.
Mpdyuat,

1
E(IX, - XP") = E(IX,”) = n” P(X, = n) + 0” P(X, = 0) = n"= = """ -5 0.
n

KoOwg n — oo yioti p > 1.

(i) ‘Botw (Q, F,P) dmwg mpwv. Ta kéOe k € Nt yopiovue 1o [0,1] oe 2% duadoyikd khelotd
draomiuato idov wikovg, Ji, Ji,. .., Jh. ApiBuobdue ta {(Jf 1 k = 1,1 < r < 2%} og wo axorovBio
(In)nen hote T0 J7, epaviletar vopitepo amd 10 J), av u < v\ av u = v Kow r; < ry. Oempolue my
tuyoaio petofinm X, = 1;, yio ke n € N. Tote, yo p > 1,

E(X, - 0/") = E(X,,|”) = P(I,,) = 0 yio n — oo.
[Mdaliota 1 tehevtaio mbavotnta avikeL oto didotnuo [1/(n+2),2/(n+2))]. Apa X, £p> 0. Zvvenmg,
X, %o ‘Ouwg N X, dev ovykAivel og Kamolo Tuyoia petafine) oxedov Bépara. Mpayuart,

lim X,(w) =0 < 1 = lim X,(w)

n—oo
yio K00e w € Q. Apo P(lim X, vapyer) = 0.
n—o00
Oeopnua 8.4. Eotw (X,)uen+ akorovlia tvyaiwv uetafintov ka X tvyaic ustafAntr étor wote
P B.
X, — X. Tote vmagyet vwakolovOia (X, ken+ £T0L 0oTE X)) (T—ﬁ> X.

IMpoooyr). H vrakolovbia dev eEaptdtal amd 1o w € Q. Anhadi) vdpyer wio (ng)s=1 YVNoimg
avEovoo akolovdia QUOLKDV (.. M 1k = k!) doTe oYedOV Yo Ohat To w € Q va LoyeL X, (w) — X(w).

AmbdeEn. Emhéyovue avadpoikd yvnoimg avEovoo akorovdia uotkdv, (1 )ien €T0L HOTE

1 1
P(IXnk —Xl > %) < ?

P
yio KaOe k € N*. Avuto eivan duvatov yuatt X, — X. Oewpolue to ovvoro Ay = {IX,, — X| > 1/k},

k € N*. Tote
(o) (o) 1
ZP(Ak) < Z? < 00,
k=1 k=1

A6 to mparro Mjupa Borel-Cantelli (Bedpnua 11.1 oto Kegdhono 11), P(lim sup,..; Ax) = 0.
Tote to ovvoho Q\lim sup,,; Ax €xer mObovomTo 1 xou yioo w € Q\lim supy,; Ay vrdpyel k(w) € N
£ToL OTE Yo KAOE k > k(w) vou LoyleL w & Ay, had |X, (w) — X(w)| < 1/k, ovvenog X, (w) — X(w).

Apa X, U—ﬁ> X. -
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Oempnua 8.5. Eotw p > 1 kat (X,)nen, X Ows 610 @ewgnua 8.4 ue v emmwAéov vwoeon Ot vy EL
Y € LP dote |X,| < Y yra kGOe n € N. Tore X € LP kau X, —>X

AmodelEn. Amo to Oempnua 8.4 vrdpyel vToKoAovbia (X, nen TETOLO MOTE X, (T—[i X. Zuvenmg,

E(X1”) = E(lim |X,,|”) < lim E(1X,,|”) < E(IY1"),

ovugpwva pe To Mjupo Fatou. Apa X € L7,

’ Lp ! 7 14
Eotw ot X, - X. Tote vdpyet € > 0 xow vakohovbia (X, )nen €TOL OTE

E(X,, — XI") > € vywokaben e N. (8.1)

Egooov X, 5 X, a6 to Oempnua 8.4, vrdpyet vitakorovdio (X 2, kett TG (X3, Jnen étoLwote X . (T—b; X.
Befalwg |X| < Y. T k40e k € N, éotw Z; = X4, — XIP. H akohovdia (Zy)r>1 ovyKALveL oto 0 oyedov
BePaitwg ko emeldn) !

1Zil < 271X, 1P +1X17) <27 -2 Y7,

KupLapyeitor amd v 2771YP, mov éyel memepaouévny péon T agol Y € LP. And 1o Osdpnua

KUPLOPYNUEVNG OVYKALONG,
lim E(Z,) = E(lim Z,) =0

, , , Lr
TO o7tolo ovykpovetal ue v (8.1). Zvvenwe, X, — X. [ ]

[Mapatnprote 0tL AMdyw tov TMapadeiynatog 8.3(1) 1 oxeddv BéPon ovykion dev ovvemdyetal
ovykhon otov LP (yio p = 1). Xperdletan va vroféoovue KATL emmAEOV Yio VO TAPOVUE QUTH T
ovykhon. Emeldn m oxedov PEPay oUYKAoN CUVETAYETAL TV KOTA TOAVOTNTA, TO JTPONYOUUEVO
Oewpnua divel on otav X, — X oyeddov Bépara ko vapyer Y € LP pe |X,| < Y yio Oha tan € N, tote
Xe Ll xouX, =t X,

O ovveyelg oUVOPTNOELS dLaTNPOVV TN 0%EDOV BERata oVYyKALon Ko T oVYKALoN Katd mbavotta.
Mo ovykekpLuéva, Exovue 1o aKOLOVOO aTOTELEOUAL.

IIpétaon 8.6. Eorw f : R — R ovveyrjs ovvaornon kat (X,)nen, X TUYOUES UETAPANTES.
(i) Av X, 5 X, wote FX) 35 (X

(i) Av X, 5> X, t6te £(X,) > F(X).

Amodelsn. (i) 'Eotw A = {w € Q : X, (w) = X(w)}. Tote P(A) = 1 xau yio w € A woyvel 6t f(X,(w)) —
f(X(w)) epdoov 1 f eivar ovveyne. Apa, ov B = {w € Q @ f(X,(w)) — f(X(w))}, éxovue 6Tt A C B,
ovvenmwg P(B) = 1, amtd to omolo mpoKVTTeL To {ntovuevo. Zopng A, B € F (Aoknon 5.4).

(it) 'Eotw ot (X)) LA f(X). Tote vépyouvv e > 0, > 0, KoL yviolo avEovoa akohovdia (1), £T0L
wote P(|f(X,,) — f(X)] > €) = § yua kaOe n € N. Mmopovue vo vrtobécovue ot P(|f(X,) — f(X)] > €) = 6
v Ka0e n € N, dragpopetikd dovievovue opota ue v akohovdio tuyaiwv wetafAntov (Y,)uen, 0ToU
Y, = X,

Egdoov X, 5 X, amd 1o Oempnua 8.4 vrdpyet vitakohovdia (X, Jnen ™S (Xi)new £T0L 0OTE X)), G—ﬁ> X.
Ao o (i), f(Xa,) (r—B> f(X), apa f(Xa,) 5 f(X) 10 omoto elvan dromo eqpocov P(|f(Xy,) — f(X)| > €) =6
v k40e n € N. Zuvenwg, f(X),) AN f(X). [

'Xpnowomototpe To 6t la + b < {2max(lal, b))} < 27(lal? + |bIP).
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Aoknoeig

8.1 'Eotw (X,,),»1 okohovbio tuyainv petafintov. Twa e > 0 kown > 1 Oétovue A2 := {|X,| > &}. Na dei&ete 6L T01
€E1¢ elvan Loodbvapa:

(o) P(lim X, = 0) = 1.
n—oo
(B) P(lim sup,5; AZ) = 0 yio k60 € > 0.
82 lNa X, Y : Q — R tuyaieg uetafintég opitovue

X - Y]

X,Y):=E{——
%) &+m—n

} € [0,1].

() Tw X, Y,Z : Q — R tuyaieg petofintég vo deryOel otu
1) dX,Y)=0avkoLpudovoovP(X =Y)=1.
(i) d(X,Y) =d(Y,X)
(iii) d(X,Z2) <d(X,Y)+d(Y,Z)

(B) 'Eotw X, (X,)n>1 TUYCUEG peTafIntég ue Tywég oto R. Na derybeil 6t X, — X katd mboavotnta av Kor uovo ov
d(X,,X) — 0.

8.3 (Movadikdtnta Tov opiov) Av wa akorovBia Tuyaimv uetafINtav (X,)q>1 CuyKAivel Katd mbavotto oty T.u.
X oM\ kow otv T. W Y, tote X = Y pe mbavomnta 1.

8.4 'Eotw X, (X,)s>1 TUYoles uetapnrég kon s > 1. Av X, — X otov L, 10te va deiydel ot
1) E(X,*) = E(X|*) yva n — co.

(ii)) X, — X otov L yia x&be r € [1, s].



9

Métpa yivouevo

9.1 T'wouevo yopov uétpov. Ienepaocuévo tinbog

‘Eva pétpo u og éva petpnowo ympo (X, A) Aéyetal o-nerepaouévo av vaapyel akorovdio (Cy)ys1
otoyelwv g A wote U C, = X Kou u(C,) < 0o yrokéle n > 1. Kow 16t 0 ywpog (X, A, p) Méyetan
YWDPOG O-TIETEPACUEVOV UETPOV.

To puétpo Lebesgue otov (R, ZA(R)) 6tmg ko to apbuntikd pétpo otov (N, Z(N)) eivon o-remepaopéva,
ev to aptdunTikd pétpo otov (R, Z(R)) dev eivau.

'‘Eoto twpa (X, A, w), (Y, B,v) dVo ywpoL o-memepaouévov €tpov. Oa oploovue €vo VEO YmPO
UETPOV TOV 07010 OO OVOUALOOUUE TO YIVOUEVO TOVG.

Merpnouo opBoymvio otov X X Y Aéue kabe ovvolo g uopgng AXBue A € A, B € B. Z-dhyefpa
ywouevo tTov A, B ovoudlovue T 0-GAYePPO TOV TOPAYETL OTTO T UETPN oL 0pOHOoYmVLO, dNACLON

ARB=0({AXB:AcA BeB).
Amoderkvietol dtL vTdpyeL LOVOILKO HETPO m GTOV UETPNOLUO XmPOo (X X ¥, A ® B) wote
m(A X B) = u(A)v(B)

yio k60e A € A, B € B. To m ovoudLetal uETPO YvOUeEVO Tmv i, v kot Ba to cuuforilovue ue p X v.
O yowpog (X X ¥, A® B, u X v) ovoudleton yopog yvouevo tov (X, A, 1), (Y, B,v).

Mopdderypa 9.1. (i) 'Eoto u; to aptBuntikd uétpo otov (N, Z(N)). O ydpog yrvouevo twv (N, Z(N),
1), (N, 2(WN), uy), dMradn o (N2, 2(N)®@ P(N), i1 ®uy), elvan k6. Hpwta Z(N)@ Z(N) =
P (N?) 0ol 1) 0-GhyePpa yivouevo mepLéyel 1o Lovoovola {(m, n)} = {m} x {n} xou émerto p; @ u;
elvan To apOunTKd pétpo otov N? agol ke povooivoro {(m,n)} £xeL uétpo

(1 ® p)({m} X {n}) = i ({mpur({n}) = 1.

(ii) 'Eotw A, to uétpo Lebesgue otov (R, Z(R)). I'a tov xmpo yivouevo v (R, ZB(R), A1), (R, B(R), A1)
LoyveL 61l B(R) ® B(R) = B(R?), evi) 10 P€Tpo yvouevo A, := A; ® A; elvor 1o uétpo mov oe kK40e
Borel vtootvolo tov R? divel 1o sufaddv tov. Ovoudletar pétpo Lebesgue otov R2.

Avdloya opiletor 0 YMPOG YLVOUEVO YLOL TTETEPOUOUEVO TTANOOG O-TIETEPOAOUEVOV YDPWV UETPOV
Xi, Ai i), i = 1,2,...,n. To uétpo ywvouevo m = gy @ p ® -+ @ U, €lvoL T0 POVOILKO UETPO 0T
0-OLYEPPOA YLVOUEVO LE TNV LOLOTNTO

m(Ap X Ay X -+ X Ap) = ui(AD)pa(Az) - - - pn(An)

yLa k&0e A1 € ﬂl,Az € A,... ,An e A,.

To ywvouevo tov (R, B(R), A1) n @opéc ue tov eovtd tov diver tov (R, B(R™), 4,). To uétpo 4, :=
A1 ®A; Q- ® Ay ovoudleton uétpo Lebesgue otov R”. Ektog atd taL Ay, Az, YVOPLUO EIVOL KOL TO A3, TO
omoto divel Tov 6yKko kéOe Borel viroouvéiov tov R3.
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9.2 OlokM)pmoN G YMPO YLVOUEVO

'Evo. oA oKMpOUO. ¢ TTPOG TO UETPO YLVOUEVO OF €VOL XMHPO YLVOUEVO AVAYETAL OTOV VITOAOYLOWO OMO-
KANPOUATOV OTOUG YMPOVG TTOV ELVOL TTOPAYOVTEG TOU YLVOUEVOD. ‘OTTtmwg 0KPLBDEC OTOV ATELPOOTIKO
royLoud, émov vrohoyiLovue éva Sumhd ohokMipmua (otov R?) pe §o diadoyikéc ohokAnpdoEelg 0Tov
R.

2V apdrypao o) 0o d0VIE TO OLVALOYO ATTOTELEGULOL 0TIV TTEPLITTMWON TOV YLVOUEVOU dVO X DPWV
o-memepaopévov uEtpov (X, A, p) kau (Y, B, v). Aev Oa dmoovue dumg tig amodeieig yio ta Oewprjuata
7ov Oa dratvwoovue. O amodeiEeig akolovBolv Ty dradikacio tg Tumtkng unyovig (Tlapatipnon
7.3).

To emtduevo amotéleoua apopa T o-Ghyefpa yivouevo. A€eL OTL OV O€ (oL LETPTOLUT OVVAPTNON
800 UETAPINTOV OTAOEPOTOLCOVUE TN UiCL, TTAIPVOVUE ULOL CUVAPTNON WA UETABANTNG 1] OTTolaL Elvo
AL peTPROLUN.

Oeopnua 9.2. Eotw (X, A), (Y, B) ueronowor ywoor kot f : X X Y — [—00, 0], AQ B/ HB([—o0, x])
uetonowun ovvaotnoen. Tote

(i) I'a x € X, n ovvdotnon y — f(x,y) eivow B B([—o0, oo]) uetorjown.

(ii) a y € Y,  ovvdoptnon x — f(x,y) eivar A/ B([—0, o)) uetorjowun.
To TPADTO ATOTELETUO YLOL TO OLOKANPMUOL WG TPOG TO UETPO YLVOUEVO CLOPdL Y] ALPVITLKEG OUVAPTY)-
O€LC.

Oempnua 9.3 (Tonelli). Eorw (X, A, p), (Y, B, v) ool o-remegacuévov uétgov, (X X ¥, A B,u®v) o
x00¢ yividuevo kau f : X X Y — [0, oo] uetonjowun cvvaotnon. Tote ot cuvaotioelg

xHj}mww@,ij}mwwm 9.1)

elvaw A B([—o0, ]), B/ B([—o0, o)) uetonoucg, avrioroya, Kot

[renawency = [( [ranom)an= [( [rengmm)aw.  ©2

Ta ohoxinpouota oty (9.1) opifovror yiati and 1o Oswpnua 9.2 oL CUVOPTNOELS TG OTOLEG
OMOKANPDOVOUUE EIVOL LETPTOLUEG.

‘Otav 1) CUVAPTNOT TV 0TT0L0. OAOKANPMVOUUE SEV dLaTnpEl aopaitTa TPdonuo, xovue to eENg
ATTOTEAEC AL

Oeowpnua 9.4 (Fubini). Eotw (X, A, p), (Y, B, v) ywoor o-remeoaouévov uétoov, (X X Y, AR B,u®v) o
X00¢ Yivouevo kau f + X X Y — [—o0, 00] uetonowun cuvaotnon. Av f |f(x, y)|d(u ® v)(x,y) < oo, TOTE
LeYvoVV oL LeYVoLeUOoL TOV Oewonuatog 9.3.

A7o o @ewpnua Tonelli,

fVWMMMwmw=ffﬁmmmwwm=ff0mmmmww. 9.3)

"Etot, 6tav epapuolovue to Oswpnua Fubini kow 0éhovue va eleyEouvpe arv 1o ohoKApwuo: f [fCe, )l d(u®
V)(x,y) ELvaL TETEPATUEVO, ELEYYOVIE ALV ELVOLL TTETEPOAOUEVO KATTOLO ATt TOL HVO dLadOY LKA OMOKANP M-
wata oty (9.3).

HMapatipnon 9.5. ZvviiBwg amd 1o Oedpnuo Fubini ypnowwomototue tn detepn todtnta oty (9.2),
MAad ™V LedTTA TOV dLAdOYLKMY OMOKANPWUAT®Y, Yo, Vo aAAGEOVUE OeLpd ohokApwong. Oa
YPOPYOUUE TP CUTY TNV LOOTNTA 0TV TO. HVO PETPa Elval KaoLo artd Ta eENG Tpia: to uétpo Lebesgue
010 R, to aptBuntikd puétpo oto N 1j éva uétpo mbavotrog P. Yo tig mpoimobéoerg tov Oemprjuortog
KaOe popd, xouvue Tig €ENG LOOTNTEG:
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(1) Me ay, = f(n, k),

o0

[e9) [ee)
PIPICEEDIPICE:

Me

n=1 k=1 k=1 n=1
(i) Me g,(x) = f(n, x), . .
n dx = n dx.
fR;g(’“) x ;ng(x) x

(i) Me X, (w) = f(n, w),

Me

oS5 Somen

n=1

E(ff(x,w)dx)zfE(f(x,w))dx.
R R

Egapuoyéc avtov towv wootitov Oa dovue mo kdtm. o thpa Oo dovue po epoproyn tg TpoTg.

1l
—_

n

(iv)

Hapaderyna 9.6. T'a k6O n > 1 Bétovpe s, = Y3}, 1/k. Oa delEovpe OTL
o 2

I
nn+1) 6

n=1

[Mpdayuatt, ypdgouue 10 AOpOLoUa mg

n=1 k=1 n=1 k=1 k=1 n=1
1 — 1 g (1 1 ) 1 72
= — = — _— = _2—_
kZ:;an:;;n(n"'l) ;k; n n+1 k:lk 6

2t detrtepn wodtTo aAldEaue oelpd GBpoLomg, KAGTL TO 07Tolo emiTpémeTal Kabmg GAoL oL TpoabeTaiol
etvan un apvntkot (Oewpnua Tonelli). Ztnv wpotehevtaia LOOTNTO ATAMG ABPOLoAUE TNV TNAECKOTTLKN
oeLpa.

9.3 T'wouevo yopov mbavotyroas. Avlaipero tindog

B0, 0pIoOVUE G OVTH TNV TAPAYPOPO Y MPO YLVOUEVO 0WOAPETOV (EVOEYOUEVIC KOl ATTELPOV) TTAO0VG
YOPWV PETPOV. Mag evOLapEPEL LOVO 1) TTEPLITTWON TTOV €lval OAOL Y MPOL TLOAVOTNTOG.

‘Eotw Aowtdv ovvoro dewktwv I # 0 ko (Q;, 77, Pi) ydpog mbavdtrog yia k4be i € I. Oewpoliue
TOV Y MPO YLVOUEVO

Q= HQ,' = {(w)ier : wi € Q; Y KaOei€ l} = {w ] = UieQ; | w; € Q; yua KGOe i € I}.
i€l
Merpiotpo kOAMvdpo oto Q Aéue kabe A C Q g popPnc
a=[1a
i€l

wote A; € F; yia xaBe i € I, xou pe 1o ovvoho J ={i € I : A; # Q;} memepaouévo.

ANhod €vag UETPNOLWOG KUAMVIPOG EIVaL KAPTETLOVO YLIVOUEVO UETPNOLU®Y CUVOL®MYV, OANG HOVO
TETEPAOUEVOL ATTO AVTA OLALPEPOVV ATO TOV SELYUOTLKO Y MPO TOV OTTOLOV (VAL VITOGUVVOLAL. ZVUBOAL-
Covue ue ®ie/F; ™ 0-GhyeRpa OV TAPAYEL TO OVVOLO TWV UETPHOLUMY KUAIVOp®VY. Anhadr) Bétovue

QicsFi := o({A C Q : A peTpriopnog KOAVOPOG}).
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[N éva petpnopo KOMvopo A drtmg mtpuv, opilovue
P4):= | | Pian = | | Pican.
i€l ieJ
To mpwTo yLvouevo dev mPEmEL VL Lag avnovyel yiati, akopa Kol to I va eival Qmelpo, uovo me-
TEPAOUEVOL OPOL TOV YLvouEVOU eivar drapopetikol tov 1. H deltepn wodtnta woyler yiotl axplpog
TOPAAELTOVUE OPOVE TOU YLVOUEVOL TTOV lvol olyovpa 1, dnradn awtolg ue i € 1\J.

Amodeuvietan 6t ) P emexteivetar povodikd og pétpo mbovotntog ot o-ahyeppa ®c ;. Ovo-
uagouvue vty TV ETEKTAON RETPO YIvouevo TV (P;);c; kKol to ovuporifovue ue Qi /P;. Av to I eivon
nemepaouevo, éotw I = {1,2,...,n}, to ovuporiCovue ue PP, ® - - P,,.

"Eyovpe houtdv opioeL Eva vEo YmPo TOAVOTITOS, TO MPO YLVOUEVO

( l_[ Q, ®ier T, ®ie]Pi)
i€l
tov {(Q;, Fi, Py 1 i € I}. Hypnowdttd tov Oa gavel oty apaypago 10.4.
Moapdaderyuna 9.7 (Evag vtoloyopog o€ xmpo yLvouevo). @empoUie To TELPAUA plymg EVOG VOULOIATOG
amelpeg (apdunoueg) gopég mov gpépvel K ue mbavomta p € (0, 1). Ag dovue 1o ywpo mbavotnrog
TOV TELPAUATOG.

Mo i=1,2,3,...ni—oot piyn €xer ywpo mbavomrtag (Q;, i, P) = (K, T}, Z({K,T}), PP), dmov
P? 10 pétpo ue PP({K}) = p xau PP({T'}) = 1 — p. O yopog mbavotntog yia OAo To meipouo eivor o
Y0POG yvouevo twv {(Q;, Fi, P;) i e N*}.

Ac¢ vohoyioovue Topa TV mhavotnTo oTlg piyerg 2, 3 xar 5 to amotéheopa vo eivan K, K, T
avtiotorya. To evdeyduevo eival o petpfoLog KOAMVOPOG

A ={K, T} x{K} X {K} x {K,T'} x {I'} x nQi.
i>6
Apa
P(A) = Py({K}) Ps({K}) Ps({T) = p*(1 - p).

Aokroelg

9.1 'Eoto (gx)r=1 o apiBunon tmv pntdv tov (0, 1). Opitouvpe f : R — [0, 0] @

=3

yio ka0e x € R. Na deiEete 611 10 puétpo Lebesgue twv onueimv tov (0, 1) ota omoia 1 f amepileton givan 0, dSnhad
ot f elvon oxedOV TAVTOU TETEPAOTUEVT).
[TrddeEn: Ymohroyiote To ohoxkApwua g f oto (0, 1) wg mpog to pétpo Lebesgue.]

9.2 'Eotw X tuyaia uetafint) ue tuég oto [0, 00).
() Twa g : [0, 00) — [0, 00) TOPAYOYIOLUT UE OVVEYT TOPdywyo va deyOel T
Be00) = g0+ [ ¢ 0POX> e,
0

vrobétovrag ot g’ = 0 1) dTL To ohokANpwua cuyKAiveL amoluTa.
(B) T p > 0 woyer

EX?)=p f "I P(X > 1) dt,
0

Ko EmLITAEOV, OV 1 X TTOLPVEL AKEPALEG U] APVITLKEG TLUES, TOTE

E(X?) = Z P(X > k)(k” — (k — 1)P).
k=1
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AveEapmoia

10.1 AveEaptnoio Yo 01KoYEVELES GUVOLMV KoL TUYOiES METABANTES

2V Topaypapo ot dovievovue oe xmpo mbavomtag (Q, F, P).
Aivovpe Kotapyag Tov opLopd g aveEaptnotag yio evoeydueva, oOVola eVOEXOUEVOV, KOL TUYOLEG
UETAPANTES.

Opwopnog 10.1. 'Eotw (A))ie; otovgeia g F. Ta (A)ie; Méyovion aveEdpnrta ov yia k40e J C 1
TETEPAOUEVO LOYVEL OTL
P(NicsA) = l_l P(A). (10.1)
ieJ

H toun Kai 1o ytvOuevo oty TEAEVTOLO LOOTNTA £YOVV TETEPOUOUEVO TTANO0C dpwv.

Opronds 10.2. 'Eoto (F;)ics 0OLKOYEVELD OUVOLWY £TOL 1D0TE F; C F yio k0Oe i € I. Ta (F;)ies Myovton
aveEdptnta av yia ka0e J C I memepaouévo Kar A; € F; yio. ka0e i € J woyvern (10.1).

Opwopog 10.3. 'Eotw {(E;, &) : i € I} petprjopol xmpot Kot (X;)ie; OLKOYEVELD TUYOLOV UETABINTOV 1e
X; 1 Q — E;viokd0e i € I. O (X))ie; Myoviow aveEdptntes av o avtiotoryeg 0-ahyepes (07(X)))ier,
7OV €lval Vtoovvolo TG F, elvar aveEGPTNTES.

Mapatipnon 10.4. O Opoudg 10.3, ovpgpova pe tov Oproud 10.2, amortel
P(Xi1 (S Ai1 ,Xiz € Aiz, . 9Xin € Ain) = P(Xi1 (S Ail)P(Xiz € Aiz) s P(Xin € Ain) (102)

vl KGOe n > 2, k00e emhoyn OEIKTWV iy, i, ...,0, € I, Kou K00 A;, € &;,,...,A;, € &, apol kabe
otowyeto wag o (X;) etvon e popgnic X; 1(A) = {X; € Aj} pe A; € &;. To evdeyduevo 610 apLotepd uéhog
NG TEAEVTOLAG OYECONG ELVOL GUVTOUOYPOPLO TOU EVOEYOUEVOU Xl.‘ll(Al-,) N Xl.zl(A,»Z) N---N X;I(A,-n).

Toppaocn: Zto eEng, omote Méue OTL KATToLeg Tuoieg LETOPANTEG elval oveEapTTES, OO evvoeital OTL
opilovtar oTov id1o Y mpo ThovOTNTAG, dNAASY| £X0UV TO (810 TTEdi0 OpLowol. Avtd eEaoparilel ot To
eVOEYOUEVO Xi_ll(Ail) N X;I(Aiz) N---N X;I(Ai,1) 010 apLotepd nérog g (10.2) eivan otouyeio g F, mov
elvan To medio opropov g P.

Mopaderypa 10.5 (Avd aveEdptnteg Tuyaieg petafintég). Oemwpovue to meipoua d0o pipewmv evdg
voulopatog mov pépvel Kopava ue mbavotta p. To ovvnbeg uétpo mov povtelomolet to meipoua
elval TETOL0 MOTE TO OTTOTEAECUATO TOV OO PlPemV VoL lval aveEAPTNTEG TUYOLEC LETAPANTEG.
Mo ovykekpuéva, o derynotikdg pag xmpog eivor o Q = {K, T} X {K, T’} ko o-Ghyeppan F = L(A).
Mo w € Q Bétovpe
p(l-p) avw= (KT T,K),
Po =P av w = (K, K),
(1-pP? avw=TT).

'‘Eotw P to povadikd uérpo mboavotrag omv F pe P(w) = p,. 'Eotw E = {K,T} xaw & = H(E).
Oewpolue tig Tuyaieg petapintéc X, Y : Q — E, ue X((x,y)) = x kau Y((x,y)) = y. Tote, n X eivan 0
EVOELEN NG PTG piymng Kow M ¥ 1 £vOelEn tng delitepnc.
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I=xrpismMos: Ou X, Y eivan aveEQpTnTeC.
Oa deiEovpue OtL Yo KGOe A, B € & woylel
P(X €A,Y € B)= P(X € A)P(Y € B). (10.3)
e AvA =01 B=0,n(10.3) woyveL
e AvA ={K,T},tote {X € A,Y € B} ={Y € B}, ke P(X € A) = 1. Apa 1 (10.3) @l LoyveL.
e Av B = {K,T}, 1 (10.3) ammodetkvieTon OUoLaL.

TEhog, UEVOUV OL TTEPLITTMOELG TTOV Ta A, B givan povoovora. Ta mopdderypa, ov A = {K} ko
B = {I'}, éxouvue

PXX=KY=T)=P{K.,D),(K,K)}n{K,I),T,D} =PUK,T}) = p(1 - p).
‘Ouwg
P{(K.I),(K,K)}) =p(1-p)+pp=p
P({(K,T),(T,D}) = p(1 - p) + (1 - p)* = 1 - p.

[Molamhaoldloviag Katd uéhn éxovue Ot

P{(K, D), (K, K)) P{(K, D), ([T, 1)}) = p(1 - p)

Ko €tou 1 (10.3) woyveL L.
‘OuoLo. 0ITodELKVIOVTOL KO OL VTTOAOLTTES TTEPLITTMOELS OOV TAL A, B €lva Lovoovora.

To entdpevo BempNuUa SLEVKOLDVEL TOV £LeYY0 aveEaPTNOLag dV0 TUYALMV LETAPANTOV.

Oeopnua 10.6. Eotw (E, E), (G, G) uetonowor ywoot kaw X : Q — E, Y : Q — G tvyaies uetafAntég.
Ocwoolue T oyéon
P(X €A, Y € B) = P(X € A)P(Y € B). (+)

Ta g&rjc eivar teodvvaua:
(i) O X,Y eivar aveEaotnteg.
(ii) H (x) woyvel yia kdOs A € Exkaw B € G.

(iii) H (%) toxvel yro kabe A € C, B € D, 6mov C, D 0LkOVEVEIEG KAELOTES OTIS TETEQOACUEVES TOUES UE

cC)=& 0D =6G.

Znuovtikr eivon 1 wwodvvapia tov (i) ko (iii). Anhadi) apkel va eléyEouvue TV (*) yio Ayotepa
ovvoha artd Gt astontel 1 (i) MOTE VO SLATLOTMOOVIE TNV aveEapTnoia twv X, Y.

AmbdeEn. H (ii) elvor avadlotimimon Tov opLtopo T aveEapTnolog KoL TPOpavMg CUVETAYETOL TV
(iii). Mével va deiEouvpe dtu 1 (iii) ovvemdryetan Ty (ii).
‘Eotw A € C ko

Di(A) :={B e G: n(x) woybeLyata A, B}.
‘Eyouvpe 0tt D C Di(A) amd vrobeon kaw 1 Di(A) elvan khdon Dynkin (Aoknon 3.1). Apa 6(D) C
Di(A). Emeldn n D elvor KAELOTY) OTIC TTETEPUOUEVEG TOUEG, TO Bempnua povdtovng kKhaong divel ot
o(D) = 6(D). Apa a(D) C Di(A), dhadn 1 (x) oyvel yio kabe A € Cxaw B € G. Topa yio B € G
Oétovue

Dyr(B) :={A € & 1 (x) woyveL yio ta A, B}.

‘Ouoia, 0mtwg e to Di(A), deiyvovue 0tL Dy (B) = &, kou €tor amodeiyOnke 1 (ii). [
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Z1g otoryewwdelg mbavotnteg pabaivovue (ywpic amddel&n) ot dvo tuyaieg petapfintéc X, Y
elvar aveEdpTnTeg av KoL wOvo av 1 amtd Kool ouvvaptnorn Katovoun tovg, Fyy, YPOQeTaL g
Fxy(x,y) = Fx(y)Fy(y) yia k40e x,y € R. Topa eipoote oe 0¢on va to amodeiEovpue.

MMopropna 10.7. Eotw X, Y : Q — R rvyaieg uetafintés. Tote ou X, Y eivaw aveEdotntes av kot uévo av
PX<x,Y<y)=PX<x)PY <y)
yia kGOe x,y € R.
Anoden. Tpoximtel amd to Oewpnuoa 10.6 av mwapovue C = D = {(—c0,a] : a € R}. [ ]
Ipétaon 10.8. Eotw X, Y éxwg otn Stardawoen tov Ocwonjuatog 10.6. Ta e&rjc eivar tcodbvaua:
(i) O X, Y eivar aveEdotnreg.
(ii) O f(X), g(Y) eivau aveEaotnteg yia kabe f 1 E —> R, g : G — R ueronouueg.
Anddeén. (i) = (i) ' Eotw A, B € B(R). Torte,
P(f(X) €A g(Y) € B)=P(X € f~/(A).Y €g”'(B)) =P(X € [ (A)P(Y € g™ \(B))
=P(f(X) € A)P(g(Y) € B).
H dettepn wootTa tpok Tl amd v aveSoptoia twv X, Y. To Tnroduevo deiyOnke.
(i) = (i) 'Eotw I'e §,A € G. To (ii) ywatig f = 1¢ xau g = 1p diver
P f(X) € {1}} n{g(X) € {1}}) = P{f(X) € {1}}) P({g(X) € {1}})

Onhadn
PXel,YeD)=PXel)P(Y € D),

7OV €lvoll To {nrovuevo. ]

Oeopnua 10.9. Eotw X,Y : Q — [—o0,00] avebaotnres tuyaies uetafAntés un aovnukés 1 ue
E|X|,E|Y| < oo. Téte
E(XY) = E(X)E(Y).

Anddeién. To oyédo g amddelEng eival va deiEovpe KATL (avouevika oyupdtepo. Anhodt) To eEng.
[zxrPIEMOE:

E{f(X)¢(Y)} = E(f(X)) E(g(Y)) (10.4)
v KGOe f 1 [—o0,00] — [—00,00], g : [—00,00] — [—00,00] UETPNOLUEG TTOV ELVOL U] OPVNTLKEG 1)
tkavortooVv E [f(X)], E [g(Y)] < oo.
Oa deiEovpe v (10.4) otadiokd pe Tov yvmotd Tpdmo (Tumikn) Mnpyoavi).
Biua 1. Av f = 1,4 xou g = 15, 6mov A, B € AB([—o0, 00]), éxovue OTL

E(f(X)g(Y)) = E(Ixealyep) = E(lxeajnyen) = P(X € A, Y € B)
=P(X € A)P(Y € B) = E(1xca) E(1yep).

H tétopm wootta woyver yioti o X, Y eivar aveEdptnreg. Ko étol mpokvsrer 1) (10.4) yia tig ovyke-

KpLuéveg f, g.
Biua 2. Av f, g > amhéc petproueg, €0t

f= ZmlailA,-, 8= ible_,-,
i=1

i j=1
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0€ KOVOVLKY) Lop@t), 61ov A;, Bj € HB([—0, o0]), T0TE

E(f(X)g(Y) = E( ) > aibjla X)Ly (V).

i=1 j=1

Kot My ypaptkdtntog Kot Tov ponyoUuevoy Buatog, 1) TEAEVTaio UEST TLUT| LOOVTOL UE

DD aib B4, (X) E(1g (Y)) = E(F(0) E(g(Y)).

i=1 j=1
Biua 3. Av f,g > 0 petprioweg, tote vapyovv avEovoeg akohovdies (ry)uen KO (Sp)pen UN
OPVNTIKMOV ATTADV CUVOPTOEMY £TOL DOTE

limr,=f, lims,=g.
ZUVETTMG, OTTO TO TPONYOUUEVA EYOVUE OTL
E(ry(X)su(Y)) = E(ry(X)) E(s,(Y))  yiok60e n € N.
Emewdn o axohovBieg (r,)uen KoL (8,)nen €lvar avEovoeg, Yo n — oo, atd To Bepnuo LovoTovng
oUyKMONG €xouue OTL
E(f(X)g(Y)) = E(f(X)) E(g(Y)).
Anhadn M (10.4) woyver yia g f, g.
Bina 4. Av o f, g eivon petpnowueg e E [f(X)], E |g(Y)] < oo, éxoupe
E{f(X)g(M)} = E{(f"(X) - f~(X))(g" (¥) — g~ (Y))}
=E{f"(X)g" M} - E{f*X)g (M)} - E{f (X)g" ()} + E{f~(X)g™ ()}
= E(f"(X) E(g"(Y)) - E(f (X)) E(g” (V) - E(f~ (X)) E(g" (V) + E(f~ (X)) E(g™(Y))
= E(f(X)) Eg(Y)).
2y TpiT oo TO Kpnoortomjoape to ot 1 (10.4) woylel yia un apvntikég petpriowues. Exiong otov
tehevtalo voloyoud dev eppavitetor movhevd KAmoLo amrpoodlopLloTy Hop@n co — oo yLotl oL f, g

vkavortoovv E | f(X)], E |g(Y)] < co. 'ETol 0 1oyvplopog arodeiyOnke.
Emotpépouue thpa oty artddel&n tov Bempnuatoc. Av X, Y > 0, epapudlovue Tov 1oyuploud yio

x avxe]0,o0],

f(x) = g(x) ={

0 avxe[-,0).
Zmv mepimtoon mov E X, E Y] < oo, epapudlovue tov oxupond yua f(x) = g(x) = x yuo K40e

X € [—o0, 00]. [ ]

Hapatypnon 10.10. Avéroya pe to Oeswpruota 10.6, 10.9 kow v [pdtaon 10.8 woyvovv av avii dvo
gyovue meEPLO0OTEPEG aveEdpTITEG TUYOiEG HETAPANTES, é0Tw X1, X7, ..., X, [0 mapaderyuo

E{fiXDf2(X2) -+ fu(X)} = E{fi(XD} E{f2(X2)} - - - E{ (X))}

Ue TG fi, fr, ..., fu netpnoueg kou un apvnukes 1 ue E|fi(Xp)| < oo yio k40e k. H amddelEn twv
AVTIOTOLY MV QUTMV LOYVPLOUMDV YIVETOL UE ETAYWYY).

YrevOvuitovue edm OtL Y (Xi)1<k<n TUYALEG UETABANTEG OTOV (OO YMPO TLOAVOTNTOG, LE TPAYOL-
tkég Tpég kow pe E(X?) < oo yua kBe k € {1,2,...,n}, woyder

Var(X; + Xy + -+ + X)) = Var(X;) + - - - + Var(X,,) + 2 Z Cov(X;, X;). (10.5)
1<i<j<n

H am6delEn yivetan 6mmg akplpmg v éxovue deL 0TIg otoryelddelg mbavotnteg. ‘Otav ou (Xi)i<k<n
elvaw aveEdptnteg, To ponyoluevo Bedpnua diver dtL Oheg oL oLvdLaKVUAVOELS givar 0, omtdTe

Var(X; + Xo + --- + X;;,) = Var(X;) + - - - + Var(X,)) (10.6)
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10.2 AveEoptnoio ko opadomoinon

Av oL tuyateg netopintéc X, Y, Z, V, W elvou aveEdptreg netoli toug, meptuévoupe kow ol X + Y, Z2W, | V|
VoL lval aveEapTTeS OO0V YPNOLUOTOLOVV dLOPOPETIKA aveEGPTNTA CVOTATIKG. O SLATUTMOOUUE
éva. Oedpnua tov divel amoteléopato avtg g wopens. Ilponyovuévmwg, divovue To AVTIOTOL(O
amotéheona yo 0-Ghyeppec. H amdEelen tov divetar oto Mapdptnua B

Oeopnua 10.11. Eotw (F)ies aveldotnny okoyéveia o-alyefodv kou {1; : j € J} dwauéoion ' tov
ovvodov detktawv 1. T kabe j € J Ocwoodue T -alyefoa

Gj:= O—(Uielj?:i)-
O (G)) jes elvar aveEaoTnTeg.

[ to emmduevo Bempnua, o€ TPATN AvAyVmOon Kaio elval vo vitobéoel kavelg 6t ta ovvola 1, 1;
elvon emepaopéva Kau Emouévmg oL ouvaptoelg f; optlovian og xdpovg g poperg RY. Gswpodue
ot o RY eivon eodraopévog pe ) o-ahyeBpa yivopevo ®e;, B(R) (6ot oL 6poL Tov YIvouEvou eivor
tdtor). H amdEelEn ko avton Tov Oewprinartog divetan oto Iapdptnuo B'.

Osopnua 10.12. Eotw (X)) avelaotnres tuyaies uetapintés, {1; : j € J} dwauéoton tov cuvoiov
Sewkctav 1, kou yio kGO j € J, uerorjowun ovvaotnon fi @ Rli — R. Ta kdOe j € J Oswoodue tn
ovvdprnon Y; := fi(Xpier) : Q@ = R. O (Y)) jey elvan aveEaotnreg tuyaies uetafintég.

[o wapdderypa, av o tuyaieg petafintég (X,)ns1 etvar aveEdpmeg, tote ko ov (V)1 ue Y, :=
1 ’ ’ ’ , ’ ’
2,2:2,1 1 Xi Yo k@Be n > 1 eivow aveEaptnteg. Opota etvon aveEdptta ko tor 00voha {Xo, + Xope1 >

0),n>1.

10.3 AveEoaptnoia=Mérpo yivouevo

IIpétaon 10.13. Eotw X := (X1, X, . .., X,) tuyaia uetofint ue tués otov R, Tote ot X1, Xa, ..., Xy,
eivar aveEaotnTes av KaL uovo av

P*=PYeP"®...0 P
Am6deiEn. = H ) tov pétpov PX oe évav petpfoyo k0AMvopo A := A; X Ay X --- X A, Tov R” elvon

PY(A) =P(X| €A1, X, € Ay) = P(X; € A P(Xp € Ay) -+ P(X, € Ay)
=PU(ANPE(Ay) - P (4,).

21 devtepn LOOTTO Y pNoLomoioae TV aveEapmoto Tov X, . . ., X,. Oung o P e P ® ... @ P
elvon 1o povadikod pétpo mov maipvel v ) PX1(A)) P2 (4,) - - - PX1(A,) oto A. H Inrotpevn 1oétmta
ETTETOL.

< EMéyyovue ) oyxéon (10.2). 'Eotw A, Ay, ..., A, € BR). Tote

PX, €Ay, - ,X,€A,) =PoP2®.. . @PY(A; x Ay X --- X A,)
=PY(A) P24, - PX(4,)
=PX € ADPXr € Ay)---P(X, €A,)

ZTNV TPOTN LOOTNTO. Y PNOULOTOLOAUE TNV VTTOOEDT Kol 0T dEVTEPT TOV OPLOUO TOV UETPOV YLVOUEVOU.
[ ]

TAnhodi Ta I;(j € J), eivaw un xkevé, Eéva ava 800, kau éxovv évmon to 1.
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10.4 Koarookev] aveEapTnTov T ainv RETESANTOV ne dedouévi Katavom

Trdpyovv aveEdptnteg Tuyaieg uetafintég; Tlog wropovue va Kataokevdoovue Tétoleg Ko BEBona
TOV YWPO TOAVOTNTOG OTOV 07T0l0 avtég opilovtar;, Tn AMion oe autd to mpoPfinuata divouv ot
YOPOL YyLvouevo, tovg omoiovg eidaue oty Hoapdypago 10.3. Ze avty v mopdypapo Oo tovg
YPNOLUOTTOLY)OOUIE YLOL VO KOTOOKEVAOOUUE AVEEAPTNTEG TUYAiEG LETAPANTEG ne emBUUNTEG LOLOTNTEG.
YrevOvuitovue 6t av (E, E) elvar petpnouog xmwpog kot X : Q — E tuyaia Heta AT, Kotovoun
e X Aépe to pétpo mbavémrag PX mov opitetan otov (E, &) ue PX(A) = P(X1(A)) yia kéOe A € &E.
'Eotw I ovvolo detktwv kot (E;, E;, P;)ics olkoyévera ympwv mhavotntog. OEMoVUE Vo KOATOOKEVA-
oovue évav ywpo mbavotrag (Q, 7, P) ko tuyaieg uetafintég X; : Q — E; €101 doTe
(o) H xatavoun g X; va etvaw n P; yio xa0e i € 1.
(B) Ot (X))ics VO €lvOiL OLKOYEVELQ OVEEAPTNTWV TUY LMV UETABANTOV.
To va kavovue éva amtd to () 1) (B) eivor eVKOA0. AVTO TTOV E(vVOL U] TETPLUUEVO ELVOL VO KAVOUUE
Kaw ta dvo pali. Kou to katopOdvovpe pe xpnon tov xmpov yivouévou mg eENg:
'‘Eotw Q = l_[E,-,T = Qic;Ei, Kau P to pétpo ywouevo tov P;, i € 1. T k&Be r € I opilovue

i€l
X, :Q — E, n¢

Xr((Wiier) = wy,
dnhad M X, elvan 1) TPOPOAT OTY) F-CUVIETAYUEV.
Evkola Brémovpe 6t 1 X, elvan Tuyaia petofint) yiati ywo A € E, éxovue

Q | # 1,
Xr_l(A)=]_[A,-,M8Ai={ e

iel avi=r.

Apa X7 1(A) € F og petpriotpog kOMvVOpoc.
Oa deiSovpe TP OTL TPAYUATL VT 1) KATAOKEVT] LKOVOTTOLEL TIG OITOLTIOELG TOV TPOBANUATOG.

IIpétoaon 10.14. Eorw (Q, F,P), (E;, E;, Py)ics Omws mow kaw X, : Q — E,, r € I, ) r-moofolrr). Tote

(i) H X, éyet katavour P,.

(ii) O (X,)er €lvar aveEaQTnTeg.
Arodegn. (i) 'Eotw A € E,. 'Exovue,

PY(4) = P(X;'(A) = P([ | 4)) = [ [ PicA) = P(a),
iel iel

ypagovag 1o X, '(A) wg petprjoto kiAvdpo dmmg mponyovpévag. Apa, PX = P,.

(i) 'Botw J = {j1, jo, ..., ja} C I, xou Bj, € §;,Bj, € E;,,...,Bj, € &;,. Tote
P((Xj, € B;,) N (X}, € Bl n---n(X;, € B, ) =P(] | 4),
iel
OOV

A = {Qi aviel\,

B;,, avielJ.
A7 tov oproud tou P éxouvue o6t
P([[4)=][P@n=]]PA)=P,B;)PyB,)...P;B;)
i€l i€l ieJ
=P(Xj, € Bj,) P(Xj, € Bj,) - P(Xj, € Bj).

Suvenmg o {X, : r € I} elvon aveEdptnrec. ]
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Mua ovvémera g Ipotaong 10.14 eivan 6t yra dedopévn Katavoun Q ko ovvoro I vtdpyer 61voro
aveEAPTNTOV KoL LOOVOUMY TUXAmV LETOPANTOV (X;)ic; o Kabeuia £xel Katavoun Q.
Aoknoelg

211G A0KNOELG TTL0 KATW oL Tuyaieg LeTafANTég mov eugavilovtal aipvouy tiuég oto R.
10.1 'Eotw F1,F2 C F 0-GhyeBpeg otov (Q, F,P). Av yio k4e A € F1 woyxvel 611 P(A) = 01 P(A) = 1, va dei&ete ot
N F1 etvan aveEdptin g 7.

10.2 'Eoto X, Y aveEdptnteg Tuyaieg petafintéc dote P(X = Y) = 1. Na deuybei dtr vrdpyerc € R dbote P(X = ¢) = 1,
dnhadi) pe mbavotnta 1 M X eivar otabepn tuyaio uetafint.

10.3 'Eoto X, Y aveEdpmnrec 1odvopec tuyaieg uetapntéc ue memepacuévn daomopd o?. Na dery0el ot E{(X —
Y)?/2} = o>

10.4 'Eoto X, Y tuyaieg petapintéc ue memepaouévn detvrepn pomy (dnradi E(X?), E(Y?) < o) dote oL X, X — Y va.
givar aveEdptteg alhé Kot or Y, X — Y va eivan aveEdptnteg. Na deryBel dtL vrtdpyerc € R wote P(X - Y =¢) = 1.
[Ymod.: Y =X-(X-Y)].

10.5 'Eoto X, Y aveEdptnteg tuyoieg uetafintéc ue E|X + Y| < co. Na derybei 611 E |X| < o0 ko E|Y] < oo,
10.6* 'Eotw X tuyaio petafinti ko f, g : R = R avSovoeg ovvaptioels. Trobétouue 6t oL péoeg tipnéc E{f(X)g(X)},
E{f(X)}, E{g(X)} opiTovton kKo eivon mparypatikoi aptbuot. Na devyOei dtu
E{f(X)g(X)} > E{f(X)} E{g(X)}.
Avt eivon e1d1kr) mepimrwon g ovicotntog FKG (Fortuin-Kasteleyn-Ginibre. 1971).

10.7 'Eotw X1, X, . . ., X, aveEdptnteg Tuyaieg uetafintéc ue X; ~ exp(a;) ywax6bei = 1,2,...,némov ay, as, ..., a, €
(0, 00) eivon otabepég. Tlota 1 Katovour) e m := min{Xy, X, ..., X, };

10.8 'Eotw (X,)nen 0KoAovBia aveEdptntmv kou .odvopumv tuyaimv petafintov étor wote E(X;) = 0, E(Xf) =1 ko
vrdpyel otobepd M > 0 dote |X;| < M oto Q yia k4O i € N. Oétovue S, = Yii_; Xk yia k4Oe n > 1. No deiEete 611

(@) E(S2) = n.
(B) E(S%) =30 - 2n.

) % LA 0 k0Bwg n — oo.
[TmodelEn yia to (v): Xpnowomowote tnv avicotnta Markov kot to (at).]

10.9 'Eotw (X,,),>1 0kohoubio aveEAPTNTWV KoL LOOVOUWY TUY OOV LETABANTMOV KOOEULOL LE TV OUOLOUOPEPY KOTAVOUY
010 (0, 1). Twa k40e n > 1 Bewpodue Tig TUYOieg HeTOPANTES

m, = miH{Xl,Xz, N ,Xn},
M, = max{X;,X,,...,X,}.
Na de1y0el 6t m, — 0 xow M,, — 1 xatd mbavotnro Kadmg n — co.

10.10 T k&Be mivaxo A € C™", 1 opilovoa Tov Kai 1) permanent Tov 0piLovial amd TOVG TUTTOVG

det(A) = )" SEN(T)a1x(1)@25) - nxny (10.7)
nes,
per(A) := Z A17(1)2,7(2) " * Ane(n)- (10.8)
nes,
S, €lvar to ovvoro Twv petabéoewv oto {1,2, ..., n} Kou sgn(r) eivor to Tpdonuo g uetdBeong (1 yia dptio petdheon

Ko —1 yia wepreTyy).

'Eotm A = (a;)i<ij<n € C" dedopévog mivaxag. Oewpolue aveEaptnteg Tuyaieg uetafintég {u;; : 1 < i, j < n} ue
Tpég oto R dote kabepia xer péon run 0 kaw draomopd 1. OpiCovue Tov mivaka B = (i j /@i )1<i,j<n OOV /a; j elvon
pio teTpoywvikn pito tov a; ;. Na deiyBel 6Tt

E(det(B?)) = per(A).
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Toa Muuatoa Borel-Cantelli ko 0 vopog 0-1 tov Kolmogorov

Ta faotkdtepa epyareio yio Ty atddelEn Oempnudtmy ov apopotv T oyxedoV BERon olrykion eival
dvo amhad amotehéopota, to dvo Aunato Borel-Cantelli, To omola Oa dovue o avtd TO KEPAAOLO.
Emiong 0a dovpue tov vopo 0-1 tov Kolmogorov o ormoiog eivan woht) yprjopnog dtav Oéhovue va deiEouvpe
otL o Wt wyver pue mbavotra 1. Zvugpovo pe avtdv tov vouo, av 1 LoLoTNTa EXEL U0
OVYKEKPLUEVN pop@r], TOTE avayKaotikd €xer mbavomta 0 M 1. Emouévog yia vo deiEouvpe ot
woyver ue mbavomta 1, apkel vo deiEovue 0tL LoyVeL pe Oetikn mbavdtra. Kou to televtaio molhég
(POPEG ELVOL ONUAVTLKA EVKOLOTEPO.

11.1 To Mpuarae Borel-Cantelli

'‘Eoto (Q, F, P) yopog mbavomtag Kot (A,),>1 okohovbia otoryeiov e F. YTmevOuuitovue 6t

limsupA, = Ny, UL, Ax = {w € Q 1 w aviikel og drelpa A,}.
n>1

Ipétoaon 11.1 (Ilpdto Auua Borel-Cantelli). ‘Eotw (A,),>1 akoiovBia evdeyouévav atov (Q, F,P).
Av Y7 P(A,) < o, ToTE
P(imsupA,) = 0.

n>1

Amddelsn. Oewpoiue TV Tuyoia petafinmm X = Z 14,. Tote

n=1

limsupA, = {w € Q : w aviikel og dmepa A,} = {w € Q : X(w) = oo} = {X = oo},
nx>1

Kol

E(X) = i E(1y,) = iP(Ak) < oo
n=1 n=1

Enedn E(X) < oo kou X > 0, n TIpdtaon 6.14(ii) diver 61 P(X = o) = 0, Snhady) PlimsupA,) =0. m

n>1

c
n

ANuna 11.2. Av Ay, Ay, ..., Ay n > 2, aveEdornra evdgyoueva otov (Q, T, P), téte kaw ta AS, AS, ..., A
eivaw aveEaotnta.
Amddel&n. Agiyvouvue tpmra tov €ENG LoyupLopd.
[zxrpPisMOs: Ta Ay, Ay, ..., Ay, AS elvan aveEdptnta.
[payuott, yio k < n, éotw deikteg 1 < iy <ip <...< iy <n.

o Avip <n,t0te 10 A;), Apys - .., Ay, Elval oveEGpTNTA 0TO VITODeoT). Emouévog

P(A;, NA;,N---NA;,_, NA;,) =PA;)PA,) --P(A;,) (11.1)

ik-1

64
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e Av i, = n, tote

P(A, NA,N---NA;, NAS) =PA; NA,N---NA;, )-PA, NA,N---NA,  NA,)
=P(A, NA,N---NA, )-P@A;, NA,N---NA;, )P(A,)
=PA; NA, N---NA; ) —P(A,))
=P(A;, NA, N---NA;, ) PAS)

= P(A;) P(A;,) - P(AD).

ig-1

2t devTepn Kaw oty tekevtaio LodTo xpnopoomioaue Ty oveEaptnoio twv Ay, Ag, . .., A;,.

Apa Kot 0TLg 000 TEPUTTMOELG 1 TLOAVOTNTO TN TOUNG LOOVTOL UE TO YLVOUEVO TMV TLOAVOTHTMV KL O
Loy VpLopds amodeiyOnke.
XpNOLIOTOLDOVTOG TOV LOYUPLOUO, delyvoulle emaywylkd 6L To AT, AS, . . ., Ay, elvol aveEapnra. ]

To devtepo Muuna Borel-Cantelli agopd tv stepintwon mov 1 oepd 3,7, P(A,) anepiletar. ‘Oumg
Tpa viroBéTovue emLTAEOV OTL TA (A,),>1 Elvor aveEaptnta. H axpiprg datimmwon €xel wg eEng.

IMpotaon 11.3 (Aevtepo Muua Borel-Cantelli). Eotw (A,),>1 akorovOio aveEaotntwv evdeyouévwv
otov (Q,7,P). Av 3~ P(A,) = o, t6te

P(imsupA,) = 1.

n>1

AnmddeiEn. Oa dei&ovue 6t P({limsup,,,; A,}¢) = 0. Exovue on

P({limsup A4,}%) = P(U, N2, AD = lim P(NZ, A

n>1

edoov 1 akohovdic (B,)n=1 Ue B, = N2 AT yio k60e n > 1 eivar avEovoa. T dedouévo n > 1 éxovue

P(O}2,A9) = lim P(0L,A9 = lim [ | P(Ap)
k=n

m m
lim | |(1 -P(4,)) < lim | |e—P<Ak>
m—oo m—oo

k=n k=n

lim e~ S PAD = p= X, PAD — = _ ()

m—oo

2t devTEPN LOoOTHTA Y pNotpomotooue To Anuua 11.2, eve n aviodtnta tpokvstel amd v 1 + x < e
v k40e x € R. Apa P((limsup A,)°) = 0 ko to Inrovuevo amodeiyOnke. ]
n>1

Av tapareirpovpe TV vrdOeon g aveEaptnoiog 0o T daThIwon tov devtepov Mjuuotog Borel-
Cantelli, tote to ovumépaoud tov evdéyetar vo unv toyvel. o mopdderyua, ov wdpovue A To PETpo
Lebesgue otov Q := [0, 1] (mwov eivaw pétpo mbavomrtag) xkouw A, = (0,1/n) yio k40e n > 1, tote
AAy) = 1/n, xou m ogpd 3,7, A(A,) = oo, evo limsup,,; A, = 0. Kavévag aplBuodg dev avikel oe
dmepa oo to A,. BéPara ta (A,)y>1 0ev elvan aveEdptnta.

HMapdderyna 11.4. Oewpovue to melpauo piyng evog voulopatog dmelpes (ApLOUNOLUES) POPES TTOV
pépveL «kopmvor (K) pue mbavomta p € (0, 1). ©a vroloyicovue Ty mbovotnta P(K épyeton amelpeg
(POPEQ).

O x®pog TOAVOTNTOG TOV TELPAUATOG ELvaL 0 XDPOG Yvouevo (Q, F,P) tov (Q,, Fr, Py)us1, 00U,
o kaBe n > 1, Q, = (K, T} (T = 10 evdeyduevo «ypaupota») , F, = 2(Q,) xa P, = PP (PP 10 pétpo
mbavémrag ue PP({K}) = p). Tan > 1, Beopovpe To evdeyduevo A, = {épyxeton K ot n piym) kau
™V tuyaio petafinm) X, : Q — {K, T} ue X, (w) = w, = 10 amotéheoua g n plyng.
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IvopiZovue ot ou (X,)nay etvar aveEdpmreg (Tpdtaon 10.8) kau, epdoov A, = X, 1({K}), éxovue ot
T (A)n=1 €lvon aveEdptnta. Emumhéov, P(A,) = p, Gpa

i P(A,) = o.
n=1

A6 to 20 Mjupo Borel-Cantelli éyovue 6t P(limsup,,.; A,) = 1, 9nhadn P(K épyeton dmelpeg qpopéc) =
1.

Mopatipnon 11.5. Zvviifwg yio to lim sup A, xp1NOLUOTOLOVUE TOV CUUBOALOUO
{A, ovupaivel dmelpeg popéc),

KOl TO OKETTTLKO oV givan to €ENg. O ymwpog mbavotnrog (Q, F, P) povrehomolel £vo metpopal, Ko i
TPAYUATOTTONOY] TOV TELPAUATOG elval €va w € Q (0TO TPONYOVUEVO TTOPAIELYUOL 1) TTPOLYLLOTOTTOL O
etvar éva w € (K, TI"). TToAég qopéc map’ 6N autd, ovThapuBovOlaoTe 6TL To Jelpaua. Yivetal oe
TTOAMG 0TAdLL (TT.. PLYVOUUE EVO VOULOWO QITELPES POPES, TN WL UETA TNV GAAT KOt OYL LOVOULAG).
OpiCovue A, va glvar €va 6UVOLo TTOV apopPd To 0TASLO 1, KOL QUTO TTPOYUOTOTTOLELTaL OV w € A,. Tote
T0 vO. OUUPEl T A, QITELPES POPES (ONAAON YLOL AITELPAL 71) ONUALLIVEL AKPLBMG OTL 1) TTPOYUOTOTON 0N W
avikeL o€ amelpa oo to {A, :n > 1}

Mopdderypa 11.6. 'Eotw (X,),>1 aveEapnteg Kou toovoueg tuyaieg uetapintég ue X, ~ Exp(l),
dMAad1 pe rukvomto f(x) = e *1,50. Oa deiEovue 6TL

lim —~
n—co logn

= 1 ue mBbovomta 1.

[Metagppdlovtag ™) onuacio tov lim, avtd onuaiver dtu yio k6Oe & > 0 woyvel X,/ logn > 1 + & yiol
memepacuéva to TAN0og n, evo wyveL X,/ logn > 1 — & ywa dretoa to tinbog n. Aueoa Brémovpe ™)
ovvagelo twv Mupdtov Borel-Cantelli pe o epatnuo.]

o ka0e n > 1 ko r > 0, Oétovue A,&” = {X, = rlogn}. Tote,

1
P(A") = P(X, > rlogn) = e"'%¢" = —,
nr

'Eotw r > 1. Tote

i P(A,) < o,
n=1

Ko oo o mpato Ajpua Borel-Cantelli éyovue 6t P(limsup,, AY) =0, dpa

— X
P(lim . Zr):O.
n—co logn

n

> 1y, €(OVUE OTL
n—oo log n

Zuvenwg, 0étovtag C, = {m

3 Xn 00
Jim logn > 1= Ui e

1 Xn 7 ’ ’
apo P(lim 1 > 1) = 0 epdoov P(CH%) = 0 yio k00¢e k > 1. Emouévmg,
n—co logn

— X,
P(lim < 1) -1 (11.2)
n—oo logn
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'‘Eotw r = 1. Tote, epdoov ta. (A,),s1 elvar aveEaptnta (ot (X,),>1 ElvoL aveEApTNTES) Kot

ZP(A&”) i

n=1

amd to 20 AMjuua Borel-Cantelli, éxovue ot P(lim sup,,,; AD) = 1. Suvendc, Yo w € lim sup A 1oyve
nx1

ot Xy(w) > logn yio dmewpo n > 1. Anhodn),

lim

> 1
n—c logn

= ’

n

atd 1o omoio TPokVITTEL OTL P (m > 1) = 1. H tehevtaia woétnto pall pe v (11.2) divouv 1o

n—oo ]()g n
ntovpevo.

Maporipnon 11.7. Sto tponyovuevo moapdderypa, oploaue kémowo obvora (ta AL kaw C,) ko -
oape Yo TG mbavotnreg tovg. Tumka Bo émperme ponyovuévag vo. deiSovue dtuL eivar otouyeia g
F, dnhadn elvan petpnopa ovvora. Aev to Kavaue, olte Ba to kdvovue 0to €ENG yLa Ta GVUVOLO TTOU
0a opiCovue. ‘Ol Oa elval HETPNOLUA, KOL 1] TUTTLKY] OLKALOAOYNOT] OLPIVETOL OTOV OVAYVAOOTY).

11.2 O vépog 0-1 rov Kolmogorov*

'‘Eotw (Q, F, P) ywpog mbavomtag, (E,, E,))n=1 netpnouol yopor kow X, : Q — E,, n > 1, tuyaieg
uetapintég. INan > 1 Bétovue
G, =0(Xy:k>n+1)),

™ 0-GAYEPPQ IOV TTOPAyETOL OTTO TG Xyt 1s Xppi2s - - -
Opiopdg 11.8. H tehkn) o-dAyeppa tov mapdyeton oo TG (X,),>1 oplleTan og
Coo = ML G0

T onuaiver TPokTkd Yo Eva evdeyOuevo A va avifKer 0TV Go; Znuaiver ot yio kdbe n > 1 1
TPAYUATOTTOLON 1) OYL TOU A deV eE0PTATAL QT TV TUUY TTOV TTALPVOUV OL TTPWTEG 71 atd TG X;. Anhadm
07100 ToTE dedOUEVO TETEPAOUEVO TAN00G atd Tig X; dev emnpedlel TV TPAYUATOTONOY ToU A.
Avti) 1 aoagnig meprypapt) Oa yiver Eekabapn 0To eTOUEVO TOPAdELYUAL.

Moapaderypa 11.9. 'Eotw (X),),>1 0w Tponyovuévmg ue tueg oto R. @ewpoiue ta ovoha

A= T Xu@) 2 1), B={w: e 2 Xw) > 0)

= {w:infye X,() <0}, A= {w Y Xu(w) < 10}.
n=1
Ta A, B avijkouv 0tV G, eVD taL I, A 8EV AVIjKOUY OE QUTIHV AVAYKAOTIKA.
[payuatt, 600V apopd ta A, B, éxovue Ot yio k40 m > 1 woyveL
A={w: kh_m Xw) > 1) ={w: kh_m Xps1k(w) = 1} € €,
Kol

— 1 v — (1 1 «
B:{w:,}i_{?oﬁ Xk(a))ZO}={w:r}i_>r£10(;;Xk(w)+’; Z Xk(w)]ZO}

k=1 k=m+1

:{w:,@% Z Xk(w)ZO}e‘fm

k=m+1
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£OooV (TTPoooy™, To aBpotoua dev eEQPTATOL OITO TO 1)
RS
r}l—{?o - X (w) = 0.
=1
Apa A, B € C.

TN to T ko A apKel va Tapatnpnoovue 0Tt Yio OUYKEKPLUEVEG ETUAOYEG TMV TUXOLMV UETAPANTMV
(X)us1, 10, 00voha I ko A eEaptdvror amd v Ty Tov X;. T wapdderyua, oto T, av ot (X,,),»1 elvor
aveEapmteg kou X ~ N(0, 1), X ~ U(1, 3) (opowdpopen oto (1, 3)) yia kabe k > 2, tote T = {X; < 0},
t0 ormoio £yxer mbavotta 1/2. Av vrobéoovue dt I' € G, tOTe T € 0({X; : k = 2}), xou avt
o-dhyeppa etvon aveEaptty amd v o (X;), n omoia eptéyer to I'. Apa to I elvon aveEdptnTto amod to
eavtd tov, dnhadn P(I'N T = P(I') P(T'), to omoto diver 6t P(I') € {0, 1}. Atomo.

IMpuv Kavovue TLg Topotavm amodelEelg yia ta A, B, PAémovue dtu yro dedouévo w (dnhadn yia pio
TPAYUOTOTTON O] TOU TTELPAUOTOS), TO AV w € A, d1hadi| To av To A parypatorronionke, dev eEaptartan
amd g mpdeg TES ™S (Xu(w))ps1. T 10 A, 1 Ty Tov lim péver 1 (dta av arlhdEovpe, m.y., Tovg
pdTovg 1000 0poug g axorovBiag. To ido ovpPalvel Kau pe to B. Avt) 1) Topatiipnon nag elbet
OtL A, B € 6o KO TN YPNOLYOTTOLOVUE 0TIV TUTTLKY) atOOELE.

To PaoLkd ATOTELEOUA AUTNG TNG TTOPAYPAPOU OLPOPd TNV TEMKN O-aAyePpa akolovbiag aveEdo-
TNTOV TUY AWV UETOPITOV.

Oempnua 11.10 (Nopog 0-1 tov Kolmogorov). Eotw (X,),>1 avebaotntes tvyaiss uetafAntés otov
(Q, F,P) kauw G 1 TEMKT] 0-GAYEPOG TOVG. AV C € Go0, TOTE P(C) = 017] 1.

H amdEel&n tov Oswprjnatog divetar oto Moapdptuo B

To Bemwpnua xpnotpomoteitor ouvibwg Yo va deiEovue otL éva yeyovog €xer mbavotnra 1. Aei-
YVouue OTL avijkel otV TeMKY o-Ghyefpa kol €xer Oetikn mbavotyra. Mo tétola xpnomn yivetal
otnv Aoknon 11.16. To va dei&et kaveig OTL T0 YeYOVOg TOv gp@THUOTOG (B) TG AoKNoNG €xeL DeTIK
mbavdTa eivar oM arthd, evad to va deiet L €xel mbavdmTa 1 elvor apKeTd mepimhoko av dev
yxpnowuormotoovue tov vopo 0-1 tov Kolmogorov.

Apeon ovvémelo Tov vopov 0-1 elvor to akdiovbo TopLoua.

Mopwopna 11.11. Eorw (X,)nen avelbotntes tuyaics uetafintés otov (Q, F,P) kaw X : Q — [—o0, 0]
Tvyaia uetafAnt Gw-uctonown. Tote n X eivau otabeonj ue mbavornta 1.

Anddeén. E@ooov 1 X eival Go-petprioun, To o0vola {X = —oo}, {X = oo} eivar otoryeia ¢ G, KL
emouévarg €xouvv mbovotnta 0 M 1. Av kdmowo amd autd €xer mbavotnro 1, deiybnke to Tnrovuevo.
ALOOPETLKA, £xovpe OTLN X TTalpvel TLEG 0To R. Ze aut) TV ITEPImTmon, YL T GUVAPTH O KOTAVOUTG
™G, F, 10 Oswpnua 11.10 diver 6t yio k4Oe x € R 1oyel

F(x) = P(X < x) = P(X (=00, x])) € {0, 1. (11.3)

Eé¢povue ouwg 6t F eivan avEovoa, deEd ouveyr|g ko F(—c0) = 0, F(o0) = 1. Avutég ot dotnteg noli
ue v (11.3) ovvemayovrol 6t vitdpyel ¢ € R tétolo mote

0 avx<ec,
F(x) =
1 avx>ec.

Svvenog P(X = ¢) = F(c) — F(c—) = 1, dhadn n X woovtan pe ™) otabdepd ¢ pue mbavornta 1. ]

Mopatipnon 11.12. Sty amddel&n tov Iopiowotog 11.11, amd to 1 M X eivar Go-perpriowun
YPNOWOTOOOUE OVO OTL OLaL TOL GVVOAXL TG Boo €xOuV mOavoTnTa 0 1) 1. "ETOt, TO 1810 emuyeipnuo
diver 0tL av 1 X eivan tuxoio puetafint otov (Q, F,P) ue tipég oto [—oo, 0] kKaw A C F o-Ghyeppa
tétolo. wote N X va eivar A/ B([—oo, oo])-uetpriowun kot P(A) € {0, 1} yia xaOe A € A, tote | X eivan
ota0epn ue mbovomta 1.
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Emotpéqoupie oto Hopdderyuo 11.6. Exei 1 Z := lim,_,(X,/ log n) eivar o Go-petpriowun tuyoio
ueTaANT ne tpég oto [0, oo] ko ou (X,),>1 elvor aveEaptnte. To Iopropa 11.11 epapudletar. Apa
gK TV TpoTéPwV E¢povpe OTL 1) Z eivan otabepr) ue mbovotnta 1.

Aoknoelg

11.1* "Eotw (A,),>1 axorovBio aveEdptntov evdexouévav ue P(A,) < 1 yia kd0e n > 1 ko P(U;7,A,) = 1. Na deiEete

6t Z P(A,) = co.
n=1

11.2 'Eoto (X,,),>1 akolovbia tuyaiov petapintov pe P(X, # 0) = nlz vio kG0 n > 1. Na deiete dtL pe mbavotnra
1 Y k40e w € Q, vdpyer n(w) € N dote X, (w) = 0 yia k40e n > n(w). (Zuvendg X, — 0 ue mbavétta 1.)

11.3 Zwmv Aoknon 10.9, vo deuyBet 6 emiong m, — 0 xow M, — 1 oxeddv Béfora Kabmg n — co.

11.4 'Eoto (X,),»1 0Kohovbio aveEdptnTwv Tuxainv uetafintdv dote
1 1
P(X,=1)=—,PX,=0)=1--.
n n

Noa de1y0el ot
() X, = 0 xatd mbovotnta kabhg n — oo,
(B) alhé dev woyveL X, — 0 oxeddv Befaing. Maiorto P(lim,_,. X, = 0) = 0.

11.5 "Eotw (X,),>1 aKOAOUOI0 AVEEGPTNTWV KOl LOOVOUWV TUY AWV LETOBANTOV e Tuég oo [0, 00) wote P(X] > 0) > 0.
Na dewyBei dt pe mbavornra 1 woylet

11.6 'Eotw (X,);»1 axolovBia tuyaiwv puetafintov pue tuég oto R No deifete ot vmdpyer axolovdia (ay,)s

TPOYUOTIK®OV OETIKMV 0pLOUMVY TETOLOL MOTE P( lim == = 0) =1.

n—eo d,
11.7 'Eotw (X,)u>1 okohovBio aveEdptntov tuyaimv petapintdv pe tipuég oto R. No deifete ot yio v tuyaio
petopint X* = sup X, toyveL 6t P(X* < 00) = 1 av kou pdvo av vrdpyer M € R 1oL dote Z PX, > M) < .
n>1 =1

11.8* 'Eotw (X,,),»1 0Kohovbio aveEdptntmv Tuyaimv uetafintdv ue X, ~ N(0, 1) yio k40g n > 1. No dei&ete 6L ue
mBavoémTa 1 woydel

— X,

lim —=" = 1. (11.4)

n—ee (J2logn B

11.9 'Eotw (X,,),>1 axorouBia aveEaptitov tuyaimv petafintavue X, ~ Exp(1)yiakdben > 1. Av M, := max{X;, X,
. X} Yo kéBe n > 1, va del&ete 6t pe mbavotnta 1 woybel

M,
lim = 1. (11.5)
n—eo logn
11.10 'Eoto (X,).>1 aveEdptnteg kKan todvoueg tuyaieg petapintég ue P(X; = K) = P(X; = T) = 1/2. Ov (X)us1
KoToypdgpouv to. amoteléoparta akohovdiog piewv evdg auepdinmrov vouiouatog. I kb n > 1 Bétovue

Ly :=max{m>1:X, = Xp1 = ... = Xpim-1).

T mopdderypa, av o piyeg dwoovv to amotéheona (K, K,I,T,K,T,T,T,K,...), tote Li(w) = 2, Ls(w) = 1, xou
L¢(w) = 3. AeiEte 611

(@) lim —2
n—c log, n

< 1, pe mbavomra 1.

B) lim L, = 1, ue mbovoTta 1.

n—oo
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11.11* 'Eoto (X,,),>1 akohovbio aveEGpTTmy Ko .oovoumy tuyainv petaintdv. Na deiEete ot ta axdiovba elvar
LoodvvauaL:

X
() lim — =0.

n—oo n

B) ElXi| < co.

11.12 'Eoto (X,,),»1 axolovBic aveEdptntwv Kou .oovouwv tuxainv tetafintdv pe tuég oto [0, o), kot ¢ > 1. Na
deiete OTL Ta axdhovBa elvarl LoodvvauaL:

(@) Eflog X))} < .

B) X2, % < oo pue mBavéTTaL 1.

n=1 ch

11.13* "Eotw (X,)n>1 aKohovBia loOvoumv koL aveEapTntoy tuyainv uetafintov ue Tuég oto R dote 1 katavouy
™G X1 va unv elvan ouykevipwuévn oe éva onueio (dnhadi dev vdpyet ¢ € R pue P(X = ¢) = 1). Na dey0ei ot

P(lim X, vwdpyer ) = 0.
11.14 'Eoto (X,)n>1 OeTikég TUYQieg netapintés. Na deryBel dtu pue mbovotra 1 woyber

1 —1
lim - log X,, < lim — logE X,.. (11.6)
n n

11.15 "Eoto (X;);>1 akolovbio tuyainv uetafintov pe tpég oto R kan Coo := N2 07(Xyy, Xoi1, ...) M TEMKY 0-GhyeBpa.

(a0) YroBétouue oL ot X; €xovv Oetikég Tiuéc. Tloleg armd Tig Tapakdtm Tuyoieg LeToPANTEG elval Co, UETPNOLUEG;

. . Xn .. . X1+X2+"'+Xn ey T
@) im —, (i1) lim , >iiil) lim n(X; + X2 + - - - + X,,),
n—oo n n—oo n n—oo
. - Xk e
(iv) § 2% (v) V}LH.}O(X” + Xpi1).
k=1

(B) Mora 0std TOL TOPAKATW GVVOAQ Elva oToryeld TG Coo;

@ {Z Xl < 00} ) () {X; + X2 + - - + X,, = 0 yuo merpa nf
n=1

(iii) {H nX,+ X+ + X, < 1}, @iv) {Z X, oUYKAiVEL OE TPAYLOTIKO dpteué},

n=1
2n
) {Z X > 0 yia Gerpa n} .

k=n

[Zxoho: Katopydc, ta epwtiuota va amaven0oiv diaotntikd. ‘Emerta, oxetikd ue to (B), yio ta ovola ta 0ol
etvar otouyeia ™G Coo v amoderybel avutd tumkd. T ta vdlowta, vo unv amoderyOel timote. o exeiva dev
woyvpLtopaote dtL mhvtote dev eivar otoryelo g Co. EE0pTATOL ATd TN OLYKEKPLUEVH ETTLAOYY TNG aKoAOVOioG
(X)is1- Mapoduolo oyodho toyvel yio to uépog (o) g Goknomng.]

11.16 'Eotw (X,)n>1 aKoAoubia aveSaptntov Tuxainv HeTofANTdV, Kabeuio e KaTovour TV Tumky KavoviKr)
N, 1). Twak@Be n > 1 Bétovpue S, := X1 + Xo + -+ + X,,.

(o) Two kGBe A > 0 kaw n > 1 va deryBel 611

P(f/nﬁ 2A)=1—<D(A)>O,
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omov @ eivar 1 ouvdptnon katavouic g N(0,1). [Edd umopeite va ypnoLUOTOMOeTE TPAYUATO Y10, KAVOVIKEG
Tuyoieg LETOPANTEG Ko afpoiouaTa TOUg 0Ttd TG OTOLXELMIELS TLOOVOTNTEG. ]

(B) Twa x4Be A > 0, ue mbavornra 1 woydel

— S,
lim > A.

n—>oo\/ﬁ_

(y) Me mboavotnra 1 woylet

11.17 'Eotw (Q, F, P) ydpog mbavotnrag ko {A; : i € I} otouyeia g F .

(00) Oewpotpe tig Tuyaieg petafintéc X; := 14, i € 1. No dewyOel 0t ou {X; : i € I} elvon aveEdpteg av kon wovo av
ta {A; ;i € I} elvan oveEGpa.

(B) YmoBétovpe 6t I = N*. Av ta {A, : n € N*} elvou aveEdpmra, tote T0 oVvora liminf,s; A,, limsup,.; A, éovv
mBavémTa 01 1.

11.18 'Eotw (X,,),»>1 akoloubio aveEdptntmv Tuyainv petafintov pe tég oto R. @empoivue t duvauooelpd
f@ =) X"
n=0

(o) Na dewyOet ot 1 axtiva ovykhong R g f eivar petpion wg mpog tv ekt o-dhyeppa tov (X,),>1 KoL dpa
eivan otabepn| pe mbavotra 1.

(B) Av vtoBéoovpe emmhéov ot Kabepio 0mwd TG (X)ns1 €xeL Katavoun N(O, 1), tdte pe mbavotnta 1 woyvet R = 1.

11.19 'Eotw (Q, F,P) yopog mbavotnrag, Ko {A, : n > 1} otogeio g F ta omoia eivor ava dvo aveEqptnta
(Orad P(4; N Aj) =PA)P(A)) yia xéBe i, j > 1,i # j). Oétovue

n
S, = ZlA,.
i=1
Ko

Sy 1= i P(A)).
i=1

(o) Na deyOet ot
E(S2) = s, + s — ZP(A[)Z < syt S
i=1
(B) T k4B £ > 0, va deryDel OTL

2
s
P(S, > es,) > (1 —e)?—="—.
( esp) 2 (1-¢) 2+,
[TrddeEn: Aoknom 6.6.]
(Y)* Av emumhéov Loyve 0L )0, P(A;) = oo, va detyBet o P(limsup, A,) = 1.
[H doxnon avti yevikeber to 20 Mjupa Borel-Cantelli katd to 6t vioBétovpe ta {A, : n > 1} avd d0o aveEdptnta
Ko Oyl asapaitnTa IAPwg aveEapThTa.]

11.20 'Eotww (Q, 7, P) ydpog mbavottag kat {A, : n > 1} otowxeia g F yia ta omota toyve Yoy P(A;) = oo ko
vrdpyet C € (0, 00) dote
PA,NA)) <CPA)PA)

yio KGO i, j > 1. Na deuybel 6T
P(dimsupA,) > 1/C > 0.
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O Ioyvpos Nopog tov Meydriov AptOumnv

210 KEPAAOLO QUTO TTOPOVOLALOVUE EVa ot TOL ONUOVTLKOTEPQ atoTeELEopOTO TG Oempiag ITbavoTy-
TV, TOV LOYUPO VOO TV ueydhwv optbudv. H dtotimwon tov Ba arodeiSovue dev eivan ) oyvpdtepn
HOPEP TOU VOUOU, UG 1) 0TtOdELEN TNG Elva EVKOLMOTEPT TEYVIKA KoL DLOITNPEL APKETA aTtd T OTOLYELDL

™G amOdELENG TG LOYVPTIG LOPPYG.

12.1 To smpnuo

Oeopnua 12.1 (Ioyvpdc Nopog tov Meydhov AplOuav). Eotw (X,),>1 aveEdotntes kat t60voues
tvyaies uetafintés orov (Q,F,P) ue tués oto R éror wore E(X%) < oo, Eérovue u = E(X)) kat
Sn =24 Xk yia kaOe n > 1. Tore

S
lim == = y ue mbavérnra 1.
n—oco n

AnddeiEn. "Botw o = Var(X)).
[poto O amodeiEovpe To {NTOVUEVO YiaL (X )ner He TLEG 07O [0, 00]. T n > 1, Bétovpe Y, = % — .
Tote | |
E(Y,) = r_lE(Sn) —u= r_an(Xl) —u=0,
Ko

Sa\ 1
E(Y?) = Var(Y?) = Var(—) = — Var(§,).
n n

‘Ouwg Var(S ) = n Var(X;) epocov ot (X,,),»1 €ivar aveEapmteg. Emouévag,

2
E(r?) ="
n

'Etot, Yoo v vrokohovdia (V,2),s1, £xovue 0Tt

Apa, pe mbavomra 1, 377, sz < 0o, ouventmg lim, . Y,2 = 0.
Topa, oo to lim,_,. Y,z = 0, 6éhovue va mepdoovue oto lim, e Y, = 0.
'Eotw k > 1. ©étovue n(k) = [ Vk]. Tote

S n(k)?

S (n(ky+172
(n(k) + 1)?

Sk
<—=c5
k n(k)?
eqpooov n(k) < Vk < n(k)+ 1 xoun S, elvan dBpolopa BeTkdv dpwv. ‘Oumg, Yo n — oo, e ThavOTTa
1,

Sne S n(k)z( n(k) )2 .
)+ 12~ a2 \no+1) H

72
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Ko

S (12 _ S (n(ky+1y2 (n(k)+1)2
n(k?> ~ (ntk) + 12\ nk)

S
Apa, ue mbavotTa 1, éxovue ot klim Tk =pu.

2NV TEPLTTOON TOV OL (X,)p>1 TOULPVOUV TLUEG OTO [—00, 0], £xovue

Sp Xi+Xo+...+X, X{+X7+...+X7 X[ +X) 4. +X,

n n n n

Ou (X} )nery, O1wg Kar ot (X, )new, elvon aveEapmteg kou wovoueg kaw E ((X7)?) < oo, E((X])?) <
epooov (X)* < X7, (X])* < X;. An6 ta mponyodueva, éxovpe ot

X +X3+...+ X,

lim = = EX)),
n—oo n
KoL
X+ X+ X
lim = EX))
n—oo n

ue mbovotnta 1. Zuvenmg, ue mbavotra 1,

S, .
lim 22 = E(X}) - E(X]) = u.

n—oo n

To ovunépaopio Tov Bewpruatog wyver kar av avil g E(X7) < oo vrodécovpe 6t E|X| < oo,
dMhadn kTl Ayotepo. Avty €lval 1) YEVIKT] HOPQT| TOU VOUOU TOV UEYAA®mV aplOumv KoL 0Tto €E1g Oa
oV OempPovue dESOUEVO IUE QUTH], TNV LOYVPOTEPT] LOPPT).

ZmvAoknon 12.3 drotvmdvetan £va 00 aVTIoTPOPOL TOV VOUOU TV HeYdlwv aptduav. Anlad),
av 0 uéoog Opog aveEAPTNTWV Kal LOOVOUMYV TUYOLOV UETOPANTOV ouykiiver ue mbavotnro 1 oe
memepaouévo opliuod, tote avaykoaotikd E [X|| < co. Apa 1 vobeon E|X;| < oo oto Bemdpnua eivan
ATTOPOLTITI YLOL TNV LOYD TOV CUUTEPAOUOTOG.

Emiong, otnv Aoknon 12.2 deiyvouue 0Tl TO CUWTEPOUOUO. TOU VOUOU TWV UEYAAWV apLOUMV LoYVEL
akéua kou dtav ) uéon g 1 = E(X;) elvor —oo 1) 00. Apa. TO ovuITtEPaoUa LoyVEL TAVTOTE dTAV 1)
E(X) umopel vo opLoTet.

‘Otav n E(X)) dev pmopel va opiotel, dnhadn 6tav E(X]) = E(X]) = oo, 161€ 10%0eL akpLpag éva
amd To &g

%)

(1) lim,_,e =2 = —oco ue mbovomta 1.

RS

(1) lim, e oo ue mbovomta 1.

(%)
=3

(i) lim | =% = —oo0,lim, e 37 = oo ue mbavotta 1.
IMowo amd to oevapra ovpfaiver eEaptdtor amd v Kotavoun e X; Kot Uapyer WaAloto KpLTipLo
7ov 10 KaBopiler alld dev Oa to dratvtdoovue [deg ( )]

Toupaon: Av (X,),>1 etvar akolovbia Tuyaiwv petofAntav ue tuég oto R, oto eEng Oo cuufoi-

Covpe ue S, to n-00td pePLkd ABpoLoud Tovg.
Mépwopa 12.2. (O AcOevijic Nouog twv Meyaiwv AotBuiv) Eotw (X,),s1 aveEGoTnTes Kot 160vouss
Tuyaies uetafintés ue tués oto R éror wote u = E(X;) € R. Tote

. S n 4 4
lim — = u kot TOavornra.

n—oo N
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Amodelsn. 'Emeton amd tov 1oyupd vouo twv ueydlwv aplbumv (loyvpn wopen) kot to ot 1 oyedov
BéPoun ovykion ovverdyeton TV Katd mboavomto [Osmpnua 8.2(ii))]. ]

Mopatipnon 12.3 (H puébodog Monte Carlo). O vopog twv peydiwv aptbumv dikatoloyel v eEng
UEB0BO YLOL TOV TPOCEYYLOTLKO UTOAOYLOUO UEONG TLG oG dedouéVNG Tuyaiag uetapintg X. To-
PAYOUUE [E KATTOLO TPOTO €OV UeYOLo optBud aveEGpTnTmv TPoyUaTomot|oemy ¢ T.u. X, £0Tw
X15 X2, « + » Xp, KOL VITOAOYILOVUE TOV UEGO TOVG OPO (X1 + X2 + ... + X,;)/n. AvTOg 0 UECOG OPOG ElVaL 1)
INTOVUEVY TTPOCEYYLOT).

Me oavt ™) uébodo wropolue vo PPOVUE TPOCEYYIOELS YLOL OTTOLAONTTOTE TOCOTNTO UTOPEL VO
mopootadel g néon T Kamowog T.u. H moootta evoéyeton va eupaviletor Quotohoylkd mwg uéom
L) 0€ KATOL0 TPOPANUO TLOAVOTIHTWVY KAl VO UNV WTOPEL VO VITOAOYLOTEL Ue KAeLoTo TOmo. Emiong
WITOPEL Vo unv €yel Kapior oxéon ue mboavotreg. o mapdderypo, yio Tov aplbud m Exovue v
avamopdotaon 7 = 4E(1y2,y2.1) 6mov ou U, V givor aveEGpTNTEG OUOLOUOPPES TUYALES UETUPANTEG
oto (-1, 1). Ht.u. (U, V) eivow oporduopen oto tetpaymvo (—1, 1) X (=1, 1) ko 1 uébodog Monte Carlo
viae TV Tpooéyyon ™G E(1y2,y21) maipver morlég mpayuatomomjoerg g (U, V) kou virohoyilel to
TO000TO QUTMV TTOV TTEQPTOVV UEGO, OTOV HOVAILOLIO BLOKO.

12.2  Avo ggapuoyés

Avaveotikn Osmpia. 'Eoto (X,),>1 0veEAPTNTEC KAl LOOVOUES TUYOiEG LETAPANTEG ne Tiuég oo [0, 00).
O¢tovue

T()iIO,
T, =X1+Xx+---+X,

v ka0e n > 1. H gpunveia wov okegtopaote yua tig akorovdies (X,)us1, (Tn)ns1 €lvon 1 €€Ng. T to
poTIoud £vog dwUaTiov, Exovue amelpo T 00g AauTmy, KaOe uio amd TG 0mToleg £YEL TVY A0 XPOVO
Comg. X, elvar o ypdvog Tomg g n Adumag. Tn yxpoviki) otyun 0 tomobetotue ) haumo 1. Mg
avT Koel, Torobetotue ™) Adumta 2 Kou ovveyiCovue ouota. T, €ivor 0 xpOVOG TOv KalyeToL 1) Adumo
n. Topa yuo t > 0, Bétovue

Nyi=sup{n>0:T, <t}

H tuyaia petapinm N; uetpder mooeg AMaumeg Kankav kotd 1o ypoviko ddotmua [0,7]. 'Eotw ot
u = E(X7). Agov k&dBe Lauma Cel mepimov xpovo u, yua to xpoviko draotnua [0, ] avapévovue va
yperatovtan t/u Musteg mepimov. Anhadn N; = t/u.

Oewpnua 12.4. Me mbavornra 1 woyvet

. N1
lim — = —.
t—oo lu
Amodelsn. Amd to vOuo twv UeYahmv apdudv, vdpyer €vo uetpnolwo ovvoho A € Q ue P(A) = 1
MOTe Yo KaOe w € A va LoyveL

lim =2 = . (12.1)
And tov oplopd tov N, €xovue
Ty, <t<Tyq,

KoL Gpa
In _t _Tnwt _ Tnet Nit ]
N, ~ N~ N, N;+1 N,

[=xrpizmoz: [N kGOe w € Q woyer N; — oo.

(12.2)
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[Mpayuoatt, emedn n N, elvor abEovoa ouvapTNoN TOU £, v dEV LOYVEL O LOYUPLOUOG, TOTE M N, OaL fjtarv
ppayuévn. Anhadn Oo vdpyel uotkdg € > 1 dote N; < Eyiokdber > 0. Apa X1 + Xo + -+ Xp >t
v KaOe ¢t > 0, 1o omoio dev umwopel va 1oyveL yiotl ov Xp, Xa, .., Xy molpvouy mparypatikég Tuég (Kot
OYL TNV TN ©0).

Mo w € A, Ko (PNOLUOTOLDVTAG TOV LoYUpLoud Kat v (12.1), éxovue

. TNf . TN1+1
lim — = lim —— =
I—o0 Nl t—oo N[ + 1

Apa yio t — oo, 1 (12.2) diver lim,,o t/N; = p 70V €lvan 1o TNTovuUeEVo. ]

Evrpormia. 'Eotw X dwakpiry tuyxaio petafint), S to (aptbuioiwo) ovvoro tiwmv g, ko f(x) =
P(X = x) n ovvaptnon mbavotrog e. Evipomia g X ovoualovue tov aplfuod

H(X) == )" f(x)log f(x) (12.3)
xeS
ue T ovupaon 0log0 = 0. Ioyver H(X) > 0 ywatl f(x) € [0, 1]. Enlong, H(X) = — E{log f(X)}.
H evtpomia g X exgppalel To uéyeog e afefordtTnTog Tov Eovue Yo TNV Ty tov 0a TapeL 1
X av emuyeLpiO0VUE VL TTOPOYAYOUUE (L0 TTPAYUATOTTONON TG, Ag movue Ot 1) X TApVEL TWWEG OTO
{x1,X2,..., x¢} ue avriotouyeg mObavomteg p; = P(X = xj). Avp; = 1xowp, = --- = pr = 0, 1018
H(X) = 0, xou pEPana dev vmdpyer kopio afepatdotta yia v mpayuatomoinon e X, Oa eivor x;. H
EVTPOTTLOL UEYLOTOTTOLELTOUL OTAV py = py = - -+ = pp = 1/k (Aoknon 12.8). Tdte Oha ta evdeyOueva eiva
70 1OL0 TOAVA Ko 1) ofEPOLOTNTO LOG UEYLOTY. € TEPITTWON AVIOWV TOOVOTHTOV, 1] APEPALOTNTL
elval uKkpotepn yiati mepluévovue 1 X va tapet pio oo TG TWEG Tov €Xouv ueyohitepn mbavotnra.
Tov Oproud (12.3) varyopeter Evag vroroyioudg wov Oa dovue opuéomg twpa. O idLog vIrohoyLoudg
SLVEL KOL TV EUTTELPLKT] ONUOLOLOL TG EVTPOTTLOG.
'Eotm (X1 0kohovbio. aveEGPTNTMV KoL LOOVOUMY SLOKPLTOV TuXaimwv petafintov, kabeuio

toovoun ue ™ X. I'ion > 1 otaBepd Kal dedouéva xq, Xz, . .., X, € S, vroloyilovue TV TOAVOTNTA OL
n spaynatoromjoets (Xi, Xz, . . ., X;,) TG X v TAUTLOTOUV UE TO SLAVUOUA (X1, X2, - . . , X;). AUTI) LOOVTOL
e

Pu(X1, %2, .o, Xn) 1= PXy = x0, Xo = 00,00, X = X)) = () f(x2) -+ f (X)) (12.4)

INa wapdderypa, otav n X maipver tig Tuég 1 kow 0 pe mbavotmreg p = 1/3 kou 2/3 avtiotouya, tote
f(x) = p*(1 = p)'"™1 0.1y Ko N TOAVEITNTA EUPAVIONG TNG N-GdaG (X1, X2, . . ., Xp) € {0, 1} elvan

1 X+ Xy, A
[ G

Avti) 1 mBovotnta aipvel Tuég amd (1/3)" g ko (2/3)". Aev eivow otabdepny, 1 Ty g eE0pTaTaL
amd v emhoyr] g n-ddag (x1, x2,...,%,). Ouwg 1 mOBavOTTA TPOYUOTOTOINONG WO TUYaias
n-adag (X1, Xa, ..., X,) elvaw meplmov 1 idta oyedov yia Ka0e mpaynatomoinon mg (X1, X, . .., X,).

[Two ovykekpLUEVaQ, 0T YEVLKY] TTepimTmon Oéhovue va ektiunoovpe ™V p,(Xi, Xa, ..., Xp,). Avt)n
mbavdmTa glvor o Tuyoio petaint (eEaptdtor oo 1 X, Xa, . .., X,), @Oivel exBetikd pe to n
KoL 0t TO VOUO TOV UEYAAWVY aplOumv €xovue

1 1
p log p,(X1,X5,...,X,) = p log f(X1)f(X2)--- f(X,)

_ log f(Xy) +log f(X5) + - - + log f(X,)
n

(12.5)

— E(log f(X1)) = —~H(X)

ue mbavomta 1 kabwg n — co. Anhadn, ue mbovomta 1, yia pueyddo n, woylel

Pn(X1, X2, ..., X)) ~ "X,
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10 mopaderypa mo mivw, H(X) = —(1/3)log(1/3) — (2/3) log(2/3) ko 1 e X givar pa mbavoétTa
avaueoa ot (1/3)",(2/3)".
Ac¢ vobécovue 6TL T0 S elvol TETEPAOUEVO. AV Oploovue

A% = (X1, X2, ..., X,) € 8™ 2 e "HEYE) <y (X1, X0, .., X)) < e " HETEY
t01e P(A%) — 1 Moym g (12.5). AkorovBieg 010 A2 TG Mépe e-TUTLKEG. Aov OAE TOUG €XOUV TLOOVO-
o mepimov e ki To dbpotopa Twv mOavoTTwV Tovg eivar oxeddv 1, to AZ éxel TANOudTTOL
neptmmov "X, I yevikn mepimtwon woyver H(X) < log|S| (Aoknon 12.8), omdte 10 A? eivar (amd
TAeVPAC TANOKOTNTOC) éva TOAD kpd Kopudtt Tov S™ agol To ™ éyel minOucdmra [S|? = e10gS],
[Map’ Oha avtd, To AZ ouyKevTpwvel oxeddv OAn TV TOavoTNTA.

H évvowa tng evrpomiog eivar kevipikng onuaociag otn Oswpio [TAnpogopiog Kot €xer morlég
epapuovég (deg (2014).

Aoknoelg

12.1 (AoBeviic Nouog tov Meydhwv Aptbumv. AcBeviic £€kdoom.) Eotw (X,).en 0VEEAPTNTEG KO LOOVOUES TUYOiESG
uetafintég ue Tpuég oto R étor dote E (X7) < co. Oftovpe 1 = E(X). Xopig xprion tov 1oyvpod vopov tov peydhov
apOpmv va dery et ot

Sn
— —H

lim P(
n

n—oo

>6):0«/L0¢Kd686>0.

, /S, / , .
Anhadn N axorovdio =* cuykiiver oto g katd mbavoTta.

12.2* "Eotm (X,,)nen 0veEAPTNTEG Ko LOGVOEG TUYOiEG LeTaBANTEG pe Tuég oTo R étoL wote E(XT) = co kar E(X7) < oco.
No deiete oL

. n
lim — =
n—oo n

ue mbovotra 1.

12.3* (Avtiotpogo tou Nopov twv Meydhwv AplBumv) ‘Ectw (X;,)ns1 AVEEAPTNTEG KOl LOOVOUEG TUYAEG UETOPANTEG
ne rpég oto R €tor wote lim S = u oyedov Pefaimg pe u € R. Na deiSete 1L E |X)| < oo ko E(X)) = u.

[TrddeEn: Xpriouun SiVO:lL_)YTAGKY]OT] 11.11.]

12.4 'Eoto (X,),>1 aveEdptiteg Kan todvoueg tuyaieg petafintéc ue X, ~ N(1,3). Na deiEete 6T

X1+ X +...+ X, 1

1i _1
o X2 + 0P +.. + (X, 4

ue mbavotra 1.

12.5 "Eotw (X,,)nen 0veEGPTNTEG KO LOOVOUES TUYOiEG ueTafintég ue Tuég oto R étol wote E(1X1]) < oo ko E(X) > 0.
Na 8¢eiEete oL
lim S, = o0

n—oo

ue mbavotra 1.

12.6 'Eotw (U);»1 axolovdica aveEdptntov Kot loovoumv Tuyainv petafintdv, kabeuia pe katavoun U(0, 1), dnhadn
opotouopen oto (0, 1). Na detydei ot

(@) lim, oo (U1 Uy - - U)Y" = e7! pne mbavémra 1.

B) lim,,eo U U, -+ - U, = 0 pe mbavotra 1.

) Uttt U ﬁ ne mbovotra 1 ova > —1,
(V) limy oo =——* =

o0 ue mbavomra 1 ava < —1.

12.7 'Eoto (X))i>1 okohovdio aveEpmTov Kot lodvopwmy Tuxaimv petafintav pe u = E(X)) € R kol o? = V(X)) < co.
Noa de1y0el ot

1 n
lim — X —p)? = o? ue mbavotra 1.

n—oo n

k=1
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12.8 'Eotw k = 2,5 = {x1,...,xt} o0voho ue k otouyela, kou X tuyoio puetofinti ue tpég oto S. Na deyBel ot
H(X) < logk xai n 1o6tta toyber av ko povo av P(X = x;) = 1/kyioxéBe 1 < j < k.
[Tr6delEn: Epapudote Kotdhnha v aviootnto. Jensen.]

12.9 'Eotw (Xi)i>1 oKohovBio aveEGpTNTmV Kol loOVoumv Tuyaimy uetofAntdv ue tuég oto S = {1,2,...,r} ko f 1)
ouvaptnon mbavomrog ™ X;. 'Botw eniong (Yi)is1 okolovbio aveEGptnTtwy KoL Lodvoumv Tuyaimyv petafAnTmv te
Tiwég 0to S Ko g 1 ouvaptnon mbovotntag e Y. Tmobétovue dtLyia k € S woyver f(k) = 0 = g(k) = 0. OpiZovue
™MV p, Omwg oty (12.4). Aei&te 6t mbavotto pu(Yy, Ya, ..., ¥,) @Bivel exOetikd kow vtohoyiote to puOud pelwong.
Avti glvon 1 mOavOTTO O0TLG TPMTEG 11 CUVTETEYUEVEG 1) akoAovOial X va potlel pue deiyno mopuévo oo v Y.
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XOopoKTPLOTIKES CUVAPTIOELS

13.1 Merooynuatienog Fourier pétpov mbavomrog oto R

‘Eotw (Q, F, 1) xywpog uétpov Kai f : Q — C Borel-uetpriowun ocvvapmon. To mpoynotikd Kol go-
VTAoTIKO UEPOG TG f, Tov ta ovpPoriCovue pue Re(f), Im(f), elvor ouvoptoelg oto Q pe mpayratikég
TWWEG KO elva VKOO va el Kavelg ot eivon Borel-uetproweg. OpiCovue to ohokAnpwua Lebesgue

™S f G TPOG TO PETPO p G EENG:

ffd/l = fRe(f)dﬂﬂfIm(f)dﬂ

ue TV Tpoiirtdbeor OtL Ta dV0 TPAYUATIKA OMOKANPOUATO 0pIToVTOL KoL ELVAL TTPAYUATIKOL 0PLOUOL.
Tote Mépe 6t 1 f eivor oOhoKANpdoLUT KoL Yo K60 T€tolo f LoyveL

|ffdu|3f|f|du, (13.1)
f?dﬂ = m, (13.2)

omov |- | cuuPohriCel To uétpo pryadikot. H deitepn tdLOTNTA EIVOL TTPOPAVIG, EVD YLOL TNV TTPDTY OPKEL
KOWVElg vo opatnproetl 0TtL vapyeL 6 € [0, 2) £ToL woTe

|ffdy|:ei9ffdu.
[ [ra=e [ rau= [erau= [Re@paus [nau= [1nas as3)

atd To 0Tol0 TPOKVITTEL TO TNTovuevo. H tpitn todtnta toyvet yiott Eépovue 6t T0 apLotepd ™G HEAOG
elval Tporypotikog optbudc.

Toérte

Opwopog 13.1. 'Eotw u pétpo mbavotrag otov (R, Z(R)). Metaoynuatioud Fourier tov u ovoud-
Covue ™) ovvaptnon i : R — C mov opiletar og

o) = f e du(x) = f cos(tx) du(x) + i f sin(zx) du(x)
v kaOe f € R.
Oeopnua 13.2. Eotw u uérpo mbavérnrag otov R. Tote
(i) [a()| < 1 yra kabe t € R.

(i) f(0) = 1.

(iii) H [1 elvaw ouotouoQpo. Guvexmg.

78
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< f le™| du(x) = f 1 du(x) = 1.
(ii) (0) = f e du(x) = 1.

(iii) Apxel va deiEovpe ot yio KGOe akohovBia (6 )ken 0tOV R pe 6 — 0 woyveL ot

Amodelsn. (1) Tt € R, exovue dtu

) = ‘ f ¢ du(x)

lim sup |fi(t + &) — fi(®)| = O.

k—c0 teR

'‘Eotw 1, € R. Tore,

lt + ) — ) = ‘ f (0% _ o) dy(x)

— ‘feiIX(ei{x _ l)d/,l(X)

< f e — 1] dpa(x) = f €% — 1] du(x).

Apa, av (0x)ken UNdeVLKN akolovdia, yia k € N éyovue

sup |t + 6) — (1) < f € — 1] du(x). (13.4)
reR

"Botw fi(x) = e — 1| yuo ké0e k € N. Tote

(o) klim fir(x) = 0 yua x60e x € R.

B) Ifi(x)] <2 =: g(x) yia. k&Oe x € R.

(v) fg(x) du(x) = 2 < o0,

Zuvenmg, oo To Bempnua KupLapynuévng ovykiiong, to de&l uéhog g (13.4) teiver oto 0, Kou €tol
TPOKVITTEL TO {NTOVUEVO. ]

13.2 XopakTnplotikés GUVUPTNGELS
Opopnog 13.3. 'Eotw X tuyaio petopinm oe yopo mbavotntog (Q, 7, P) ue twég otov R. Xapaktn-
pLoTiki] ouvdptnen g X Aéue ™) ovvdptnon ¢x : R — C e
¢x(1) = E(e").

Antd v Hpdtaon 7.2, ¢x (1) = fe”x dP*(x), dnhadn ¢x = P~
Ipétaon 13.4. Eorw X, Y tuyaies uetafintés otov (Q, F,P) ue twéc orov R kaw a,b € R. Tote yia
KaOe t € R épovue

(i) ¢x(=1) = Px(1),

(ii) pax+p(1) = " px(ar)
(iii) Av X, Y aveEdagtnreg, tOte dx1y(t) = dx(1)Py(1).
Aréeidn. (i) px(—1) = E(e ) = E (%) = E(ei) = gy ().
(ii) G () = E(@D) = ¢ B(e™) = ey (an).
(iii) ¢x4y(f) = E(@X*) = E(e™ ™) = E(e™)E(e™) = ¢px()py(t), dmov oy Tpitn 106TNTA Y pNOLUO-
momoaype v aveEoptnoia tov X, ¥ ko 1o @ehpnuo 10.9. [
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210 emOUEVO TTOPADELYUO, VITOAOYIZOVUE TN YOPAKTNPLOTLKY] OUVAPTION TUXOLOV UETARANTOV TOU
aKolovOoUV KamoLa artd TG YVWOTEG KOTAVOUES.

Hopdderype 13.5. (i) 'Eotw X ~ Bin(n, p). Tote, ¢x(t) = (pe' + 1 — p)". Hpdypat,

ox(t) = E(e™) = ) e"’k(Z)pku -
k=0

= (n)(e”p)" (1-p) ™ =("p+1-py.
k=0 k

(ii) ‘Eoto X ~ Poisson(2), 1 > 0. Tote, ¢y (1) = e~V [amoderkvieton dpota pe to (i)].

(iii)) 'Eotw X ~ U(-a,a). Tote
@) gy e R0,

at
1 avit=0.

ox (1) = {

[Mpdrypott, N X €xel mukvoTnTOL

L avxe (—a,a),

2a
0 oavxeR\(-a,a).

Sx(x) = {

Apa, ot # 0, éxovpue

a

bx(t) = E(™) = f oL gy

—a 2a

1 1
= —f cos(tx)dx+i—fsin(tx)dx
2a J_, 2a J_,

3 isin(tx) ¢ 0= i (sin(ta) B sin(—ta)) _ sin(fa)
" 2a t C 2a'\ ¢ t B '

ta
H tétaptn wodtra oyveL yiati €govue oOLOKAPpmUO TEPLTTHG CUVAPTIONG 08 SLAOTIUO OUUE-
TPLKO YVUpw atd 1o 0. T'wa £ = 0, Tpogavag ¢x(0) = 1.

(iv) ‘Eotw X ~ N(0, 1). Téte, ¢x(t) = /2.

O vroloylopudg TG OPAKTNPLOTIKNG CUVAPTNONG OTNV TEPLITTWON CUTI) ELVAL TTLO TEPLTAOKOG.
'Evag tpdmog eivar pe xpniomn emyepnuatov amo ™ Miryadikn Avalvorn kou Oa tov dolue oto
Mapaderypa 13.18 g Mapaypdgov 13.6. 'Evag dlrog, Oyt KoL TOG0 TPpoQaviig TPOTOGS, Elval O
eng:

. o 1
¢X(t) — E(€IUC) — f ell‘x \/2_€_XZ/2 dx
—oco T

1 foo _ 42 2 . 1 0 . —x2 2
— cos(tx)e ™ dx + z—f sin(tx)e™* /% dx
V27T —00 V27T —00

1 foo _ 42 2
— cos(tx)e > /% dx.
V27T —00

H televtaio oot LoYVEL YLOTE 1) OUVAPTNON X > sin(fx)e”
dx (1) elvon TPAYUATIKY), TOPOYOYIoL Kot Loy e Ot

212 glvay weprrey. [TAéov m ouvdptnon

B(t) = \/% [ :(—x) sin(tx)e ™" dx.
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H mopaydylon Katm amd 1o OAOKAPOUo TaLtel dtKotoAdyNnon v omtoio tapaleimovpe. Olo-
KANpOVovTag Kotd Uép, £xovue
1 (o)
Go() = ——— | tcos(tx)e™? dx = —tdx(1).

V2r J-eo

'Eon KataAyovpue oty ouviiOn drapopiki) eEiowon ¢ (1) = —tx(1), 1 omola €xet yevikn Moom
ox(t) = Ce™ 7.
Kau epdoov ¢x(0) = 1, éxovue 6t C = 1. Apa ¢x(f) = e /2,
(v) 'Botw X ~ N(u, 02). Tote
bx(0) = 5
Amo to tponyovueva, Bempdvtag v Tuyoia uetapint Z = % éyovue 6t Z ~ N(O, 1) ko
X = 0Z + 1. AP, dx() = Pozalt) = e¥y(10) = ehe%

(vi) 'Eotw X ~ Exp(2), 1 > 0. Tore, ¢x (1) = ﬁ v k60e 1 € R. TIpayuart,
¢ﬂn=mﬁﬁzj‘ﬂué“m
0

o0 M
=4 f YD dx = lim A f D qx
0 M—oo 0

M .
' (= A+in) ) eM=a+in _q
= lim A - = lim A———
M—eo  —A+it|,  M-oeo —-A+it
4
At

yiott limy_,e e Me™ = 0 agot) |e™| = 1 xan A > 0.

13.3 Meraoynuationdg Fourier oto R”

‘Botwn > 1. Twx,y € R" ue x = (x1, X2, ..., X,) Kawy = (y1,¥2, - - - , ¥u), TO 0O0VN0EG EOMTEPLKO YLVOUEVO

TV X KoL y OpLleToL mg:
n

(x,y) = Z XYk

k=1

Opopnog 13.6. 'Eotw p pétpo mbavomrag otov (R”, B(R™")). Meraoynuatieno Fourier tov u ovoud-
Covpe T ovvapmnon a : R" — C mov opiletan mg

fu) = f e dp(x) = f cos((u, x)) du(x) + i f sin({u, x)) du(x)

v Ka0e u € R”.

Kau og avty v mepimtwon 1 ouvaptnon i eivor opotdpoppa Guveyngs, £xel LETPO PPAYUEVO ATtd
1, kow (0) = 1.

Opopds 13.7. 'Eoto X tuyaio petafint oe ympo mbavotnrog (Q, 7, P) ue tiuég otov R”. Xapoktn-
pLoTikn ovvaptnon g X Aéue ) ovvdpton ¢x : R" — C e

¢x(u) = ().
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To avdloyo g [potaong 13.4 eivor To €ENC.

Ipoéraon 13.8. Eorw X, Y tuyaiss uetafintés orov (Q, F,P) ue tués otov R", A € R™" kau b € R™.
Tote yra kGOe u € R", v € R™ gyovue

(i) ¢x(~u) = dx(w),

(ii) Gaxep(v) = €V px(A').
(iii) Av X, Y aveEagtnreg, 10te dxiy(u) = dx(u)dy(u).
A glvau 0 avaotoo@og Tov mivaka A.

H amddelEn e mpdtaong agnvetor wg doknon.

13.4 Ozopnuo povadkdTNTas KoL EQAPUOYES

2TV TOPAYPAPO avTh Baollonaote 0To eTOUEVO BEMPNUC, TO OTTOLO EIVOL ATTOPPOLO TOV OEWPNUATOG
wovadikdtntog tov petooynuotiopot Fourier kot 1 amddelEn tov mapakeimetan yiott Eggpevyel oo to
mhaioto Tov okomtol pog. O avoyvmotng wropel va avalntioer v amddelEn tov o Bifiiia Avakvong
Fourier v [TiOavotqtov [.). Oswpnua 14.1 oto ( )]

Oeopnua 13.9 (Oehdpnuo Movadikdétrag). Eotw u,v uétoa mbavornrag otov (R*, B(R")) wote
(a(u) = v(u) yro KOs u € R". Tote, u = v.

To Oewpnua petagpéper tov heyyo u(A) = v(A) yia kabe A € B[R") otov a(u) = (u) yio k4O
u € R", mov eival évag éleyyog mavm oe aplduoic.
Avodiatimmon tov Oempuatog eivol 10 akOAoVO0 TOPLOWA TO OTTOLO APOPX TUYOLES LETUPANTES.

Mopropna 13.10. Eorw X, Y tvyaics uetafAntés ue tués otov R, Av ¢x(u) = ¢y(u) yio kabe u € R",
té1e 01 X, Y éyovv tv (S karavour), dniadi PX = PY.

AmboeEn. Eneldn dx(u) = PX(u), amd to Becddpnua povodikdmrag mpokidmtel To tnrovuevo. ]

Iopwope 13.11. Eotw X = (X1, X, ..., X,) toyaia uetafinti ue tués otov R". Tore o {Xj: 1 < j<n})

elvou aveEaptntes av kot uovo av px(uy, ua, . . ., uy) = dx, (U1)dx, (U2) - - - dx, () YLa ke (uy, ua, . . . , Uy) €
R".
Anddeén. = 'Botw dtLow X1, Xy, ..., X, eivan aveEdpmteg. Tote
ox(uy,ua, ..., uy) = E (e’lzllz'=1 ”/X/) = E(e™ M1 elXa .. gitnXny
Egocovol Xy, Xa, .. ., X, elvaw aveEaptnteg, amd mpogpavi] yevikevon g Mpodtaong 10.8, oveXi, gt2X2 | pltnXi

elvar aveEaptnTeg (KoL TPoQovmg (PPAYUEVES), PO
E(eiule eiuzXz e eiu,,X,,) — E(eiule ) E(eiu2X2) - E(eiu,,Xn)’

a7t0 TO 0TTOLO TPOKVITTEL TO LNTOVUEVO.
& Amd v vo0eon, Yo u = (uy, ua, . . ., Uy) EYOVUE

PX(u) = px(u) = by, (1), (102) - - - b, (1)
= PX (1P (y) - - PP (1)

— feiul)q dPX](X1)f€iu2x2 dPXZ(xz)"'feiunxn dPX"(xn)

:t[JZMW”dPM®P&®“.®P”umx%“”xﬂ

—PYePYg...e P ().
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ZUVETTMDG, 0td TO DEMPNUO LOVOILKOTNTAG £XOVUE OTL
P =P eP"g... @ P,
to ormoio amd v [pdtaon 10.13 tooduvvapel pe To Tnrovuevo. ]

‘Eotw X, Y tuyaieg uetafAntéc ue tuég otov idto xmpo. Av or X kou Y éxovv tnv (do katavoun),
dhady PX = PY, 0o ypagouvpe' X dy.

Opwopnog 13.12. 'Eoto X tuyoio petafint ue tuég oto R, Aéue 0tL 1 X €xeL OUUUETPLKT] KOTOvou
av X £ —X, dnhadn, yio kibe A € B(R) woyvel P(X € A) = P(-X € A).

Mapaderypa 13.13. 'Eoto X tuyaia petofine) pe tuég oto R ko mukvomta f dptio ouvaptnon.
Tote 1 X éxel ovpuetpikn) Katavour). Ipayuort,

P(X € A) = f () dA(x) = f F(=x)dA(x) = f F(x)dA(x) = P(X € -A).
A —-A —A

Mapaderypo tétolag Tuyaiog petafinmig eivar wa X ~ N(0, 02). Opwg wo X ~ Exp(d), 1 > 0 dev éyel
OUUUETPLKT] KOTAVOUN.

Mopdderypa 13.14. (i) 'Eotw X1, X, ..., X, aveEqptnteg Kou Lodvoueg Tuyaieg HETOPANTEG TETOLEG

wote X; ~ Bernoulli(p). Av Y = ZX , T0te ¥ ~ Bin(n, p). Tlpdayuott, 1 xopoKTNpLOTIKY
=1
ovvaptnon kabepiog amd TG X; wovton pe ¢y, (1) = €'p + 1 — p xouw and v Hpdtaon 13.4(ii)
gmeTon Ot
¢y(t) = dx, ()" = ("p + 1 - p)",

OV E(VOL 1 YOPAKTNPLOTIKY ouvaptnon g Bin(n, p). To Bewpnua povadikomtag (Iopiopa
13.10) diveL 6L Y ~ Bin(n, p).

(ii) 'Eotw X, Y aveEdptnreg tuyaieg puetofintég tétoeg wote X ~ Poisson(d) ko Y ~ Poisson(u).
Tote yio ™) Z ~ X + Y éyovue 611 Z ~ Poisson(A + p). Tpdypatt, kotapyds mapatnpovue OtL 1
YOPOKTNPLOTLKY] CUVAPTNON TG Z elva

¢z(1) = dx(D)Py(1) = A =D gu(e"=1) e(/l+/t)(ei’—l),

6mov M TPOTN LOTHTA LWoYVEL Yioti o X, Y elvar aveEGptnteg. Zuvemmdg, 1 ¢z €val 1 XOPOKTY-
PLOTLKT) oVvapTNoN TG Kotavoug Poisson(A + w), Kot amd to Oempnuo povadikdtnrog m Z €xet
Kkotavour) Poisson(4 + ).

(iii) 'Eotw X ~ Bin(n, p) xou Y ~ Bin(m, p), aveEdptnreg tuyaieg uetapintéc. TotenZ = X + Y €yel
Kotavoun Bin(n + m, p). Avtd mpokimtel elKola (e T XPN o1 XOPAKTNPLOTIKMOV GUVOPTI|OEMY
N ue ypnon wov (i), ovoraplotdvtag g X, ¥ mg dfpoopa oveEGpTTOV Tuyaiwy HeTapAnTiv
Kotavouic Bernoulli(p).
(iv) 'Boto X ~ N(u,0?) ko Y ~ N(v, 72) aveEdpmrec Tuyaiec uetapintéc. Tote, nZ = X + Y éyel
koravou N(u + v, 02 + 7). Avtd Y10t 1) (opoKTPLoTIKY] GVVAPTNOoN TG Z elvol
2 2.2

; _Zﬁ i, 12 T2 ; _R20%+T
¢Z(t) — ¢x(l)¢y(t) — elt/l 5 eltv 5 _ elt(/1+v) I )

H tehevtaia ovvdptnon elvor 1 xopokpLotiky] ouvépon g koravouic N(u + v, o2 + 72) ko
st 10 BePNUA LOVOILKOTNTOG TTPOKVITTEL TO LNTOVUEVO.

ITo d amd to apykd g MEENG distribution (katavopr).
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(v) 'Eotw X ~ Gamma(a;, A) kov ¥ ~ Gamma(a,, 1) aveEaptnteg tuyaieg uetafintég. Tote, dov-
LevovTOg OUoLaL [LE TO TTPOoNYoULEV, delyvouue 0L Z = X + Y €yel katavou] Gamma(a; + az, ).

Mo OVVETTELOL 0VTOV TOV OTOTELEOUOTOG EIVOL 1) EENC AVATTOPAOTOON TG KOTAVOUTG YL TETPAYMVO
ue p paduovg ehevbeplag (p € N*). Avor Yy, Ys,..., Y, elvaw aveEaptnteg Tuyaieg uetaAnTég ue
Kotavou) N(O, 1), tote 1

X:=Y[+YV;+...+Y;

L1
222/

o v addeEn autol Tou LoYVPLOUOV, SEIXVOUUE UE TN YVOOTY TEYVIKY OITO TG OTOLYELDOEL
mOavédmTeg dt av ¥ ~ N(0, 1), téte ) Y2 ~ Gamma(%, %) (mepimTmon p = 1 tov wyvpiopov). E-
TELTOL EPAPUOTOVIE TO 0TToTéAESUA TTOV delEape Yia ABpoLopo aVEEGPTNTOV TUYOLMV LETAPANTMOV
7ov éyovv katavoun I'duua pe Koy Topauetpo Khpokog A.

EYEL KaTOvOUT) /\(f]. YrevOuuiCovue ot )(f, elvou ) Katovour) Gamma(

13.5 Pomoyevvitpleg

INa wo tuyaio petofint X pe tuég oto [—oo, o] 1 pomoyevvijTpLd TG elval 1) ouvaptnon My : R —
[0, o] pe
Mx(1) = E(e™).

H My wg puéon tyun Oetikng tuyaiag petofintg opileto yio Kdbe ¢ € R, arhidg evOEYETAL 08 KATOLOL
t vo. TolpveL TV Tt oo, Av 1) X maipvel tuég oto [0, o] (avtiotolya oto [—oo, 0]), Tote | My eivon
memepaopuévn yio kabe r < 0 (aviiotoya, yia Kabe t > 0), Kaw pdhoto Mx(f) < 1 yo exelva ta
t. Tlavtote Mx(0) = 1, evd to dedouévo Mx(t) < oo yio kamowo ¢t # 0 €xel YP1OLUES OVVETELEG.
Kataypdgouvue 000 amd autég 0to emouevo Mjuuo (deg emtiong v Aoknon 6.7).

Ao 13.15. (i) Av & > 0 kaw Mx(g) < oo, 1618 Mx(t) < 00 yia kG0e t € [0, &] kow E(X)*) < 00 p1ax
KGOe k € N,
(ii) Av & > 0 kaw Mx(—¢) < oo, TéTe Mx(f) < 00 Y1 kGOe t € [—&,0] kaw E(X)*) < 00 p1ar ké0e k € N.

AnddeEn. ()Tt € [0, ] éxovue X < e +1 (malpvovpe Tig mepuTtmoeg X(w) > 0 ko X(w) < 0), dpa
Myx(1) < oco. 'Emerta, méh maipvovrog meputtdoelg, éxovue 0 < ef(XH)F < k!e® xou to cvumépaocua
EMETOAL.

(i1) ‘Opora dTwg oto uépog (i). ]

To Mjupa ovvertdyetan 0tL to Dy = {t € R : Mx(f) < oo} eivan éva dudotnua tov mepiéyet to 0. X
yewpoTepn mepimtmon eivan to {0}. Emiong, av n X eivon tuyaio petapint e E(X7) = E(X*) = oo, 10
Muua dtver 6t Dy = {0}. Mopdaderypa tétotag Tuyaiog uetafinmg eivor  Cauchy (Iapdaderypa 7.9),
evo Kaw aMheg Tuyoieg uetafintéc ue Dy = {0} diverny Aoknon 13.5. 'Oleg avtég ou Tuyoieg uetofAntég
EYOVV TNV QL0 POTTOYEVVNTPLO AALG OLOLPOPETLKY KOTOVOUT]. Apa 1) POTTOYEVVITPLA OEV YOoPaKTNPLLEL
TV KOTOVOUT WOG T.\., OEV TV KWOLKOITOLEL.

Meketolpue TP TNV TTEPLTTWON TOV TO Dy TTEPLEYEL VAL ALVOLYTO dLAoTNUA (—&, €) YVpw 07T0 TO 0.

Ipoétaon 13.16. Av vrdoye € > 0 dote Mx(—¢g), Mx(g) < oo, TOTE
(i) Mx(t) < ooy kGOe t € [—&, g].
(ii) E(IX¥) < oo y1a kG0¢ k € N.

(iii) H Mx avalvetar 6e Suvauocetod wg

(o)

k
A@@:ZEng (13.5)

!
k!

UE OKTIVO GUYKAONS TOVAGYLOTOV E.
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(iv) E(X*) = MP(0) yax kG0¢ k € N,
Andden. (1) 'Emetan amd 10 mponyovuevo Auua.
(i) '"Emetou amrd 1o mponyoupevo Mjupo ko to ot [X[F = (XK + (X,
(iii) Twa t € (—¢, &) €govue

*x* [ F XK *E(X%)
o=k (3 50| k() - 2

k=0

H evalhayn ohokinpouatog kot abpoionatog émetol amd to Oewpnua Fubini (epappoouévo ota puétpa
P, apBuntikd pétpo oto N) yiori

!
e k!

o [tk xk
E(Z X ') = E(e"™) < E(e™) + E(e¥) < 0.
(iv) 'Emteton amtd To (iii) ko ) Oewplo Tov dSuvapooselpmv. ]

I vo Bupdron koveic tov Tomo E(XF) = Mg‘)(O) ypnowun eivar 1 e&Ng «amddelErp tov. Ztnv
Mx(t) = E(e') mapaymyitovue k gopéc ko maipvouue

MP @) = E(xke™). (13.6)

Anhadn mepvaue TV mopdywyo uéoa atd ™) uéon tur). To 6t autd elvor 0moTd OTOOELKVVETAL UE
¥PNON TOU DEWPNUATOG KUPLOPYNUEVNG OVYKALONG, adlld To tapadeitovue. 'Emerta O¢tovpe 1 = 0 otnv
(13.6).

AvTLtopaGALOVUE T YOPAKTNPLOTIKY CUVAPTNON UE TI) POTTOYEVVITPLO LLAG TUYALOG UETAPANTIG.
[pagovue (+) ot TPOTEPNUATA KO (—) OTOL ELOTTOUATO.

H yapaktnplotikn ovvaptnon:
(i) Elvou mavtote memepoouévog aptduog. (+)
(i1) O vOAOYLOUOG TNG EVOEXETOL VA EUTAEKEL OAOKANPDUOTO ULYOILKMY CUVOPTHOEWV. (—)

(iii) Xopakmpiter v Katavour] ™ X. AV0 T.lL. UE (dLa YopaKTNPLOTIKY CUVAPTNOT] £X0VV TV (dLa
Kotavoun (TTopropa 13.10). (+)

H pomoyevvitpia:
(1) Evdéyeton va mapet v tiun co. (—)
(i1) O vohoyloudg TG EWTAEKEL ohokAnpmuato 1 abpoiouata oto R. (+)

(iii) Tevikd, dev yapokmpilet v kotavoun g X. AVO T.|. EVOEYETOL VO EXOUV TNV (DL POTTOYEVVY]-
TPLOL AALG SLOPOPETIKY Kartavoun. (—)

(iv) H vmoBeon Mx () < oo yio kdmoto 1 # 0 diver minpogopieg yio ™ X. (+)

13.6 XopakTNPLoTIKES GUVEPTGELS HECH POTOYEVVIITPLOV

'Exovtog vohoyioel Kaveig v pomoyevvitpia My tg X elvol 0eAeaoTikd va Tpootab|oeL Vo uIto-
LOYLOEL T1) L OPOKTNPLOTLKY) OUVAPTION WG

ox (1) = E(e"™) = My(ir).
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‘Eva tpdTo mtpofinua eivar 6t to ovupforo My(it) dev €xer vomua agpov 1 My €xeL medio opLopov To
R. Ag to mopafrépouvue. H déa eivar va povue évov T0mo yio T My 0Tov 07T0l0 VO LTTOPEGOVUE VOl
Balovue dmov ¢ to it. Kau éxovue mopadeiyporta mov autd dovkevel. ILy. omv mepimtwon mov n X
akohovOel KaoLa Kavovikt) 1] ekOeTikn Katavouy).

Ac 800pe T yivetar av n X ~ N(0, 1). Bplokovue dtt Mx(r) = " /2. Ba4ovrag dmov 1 To it Bplokovpie
e™12 ov elvar 0 owoTdC THTOC YLO! ™ YOPOKTNPLOTIKY] cuvaptnon g X. Eivar duvatdv dumg va mtet
kavelc ot Mx(f) = /2 yua kéOe 1 € R kow 1 avikatdotaon ¢ — ir diver e/2, wov elvan MaBog. T
KoAUTepo éyel o Thmog e /2 amd tov e/,

Ipétaon 13.17. Eotw X moayuatiki) tvyaia ustefinti) ue pomoyevvitoia My. YmoOérovue omu
vraoyet € > 0 wote

(i) H My eivau memeoaouévn oto (—¢, €).

(i) Yrdoyer avaivtiki cvvagtnon h : {z € C : |Re(z)| < €} = C wote 10 6vvoro {t € R : Mx(t) = h(t)}
v, EyeL onuElo GVGEMQYEVONS 0TO (—&, €).

Tote ¢x(t) = h(it) yra kabe t € R.

Anddeln. 'Botw A, := {z € C : |Re(z)| < &}. O¢tovpe g : A, — C ue g(z) := E(e¥) yio. xd0e 7 € A,.
IsxrpizMoz: H g elvau kahé opropévn? kal avaivtiky oto A,.

Emed [e¥X| = eXRe xar E(e*R¢%) < 0o amd v vwd0eon (i), émeton 611 1 g elvan kakd opropévn. Topa

v zo € Ag ko z € C e |z7] < & — | Re(zp)| toyler

o X k ~ E Xk€ZoX
8(zo +2) = E(e**¢™) = E {esz 2 —(Zk.) } =2 —{ A } z (13.7)
k=0 ) k=0 ’

Xperdletor OKotoAdyNon wovo 1 televtaio LooTNTa. AnAadn 1 olhayn Oelpdg UEONG TLUNG KO
aBpotong. Avto émeton amd to Oewpnuo Fubini ooy

f[5 )

k=0

k
X @'} = B [ReXHX) < p(NIGHIRGD) < oo,
k! -

To 6T TelevTaia ToooTNTO Elvol TETEPAOUEVT) £TETOL ATTO TO OTL 7] +| Re(zp)| < & ko tnv vmdeon (i).
Edm Moumov eivan kpiowun 1 vitdbeon o0tL My eivan memepaouévn oto (—&, ). Emiong ovumepaivovue
ot oto ekl uéhog g (13.7) éxoupe wia SUVAIOOELPG TOV Z UE TTETEPAOUEVOUG OUVTEAEOTEG 1] OTTOLAL
ovyKAlver ool M g(zo + z) elvan temepaouéve. 'Emetal 0tL 1 g avaleton og SUVOUOCELPA e KEVTPO 2
Kot aktiva oUyKkiong touhdyotov € — |Re(zp)| > 0, tpdypa mov amodetkviel Tov LoyupLopd.

Amd v vroBeon (ii) To OVVOLO TV ONUELWV TTOV LoYVEL g(2) = h(z) €xeL onuelo CVOOWPEVONG OTO
(—&,8) C A At ™V apy] AVOAVTIKNG CUVEXLONG OL CUVAPTNOELS A, g TauTiCovTol 0to A.. Apa, Yo
teR,

¢x(1) = g(ir) = h(ir)

aov it € A,. [ ]

Emotpéqoviag ot ouCitnon mpw v mpdtaoy, to mpofinua pe v €972 eivon 6w Sev elvan
avaluTiky ouvaptnon (ovte Kav og éva onueio tov C). 'Etol dev umopel va mai&er tov pdro g h wov
avopEpeL 1) TPOTAOoT).

Moapaderypa 13.18. (i) Mo X ~ N(0, 1) éxer pomtoyevviitpra Mx(t) = ¢"12 yio kGOe t € R. H My elvar

oaphe memepaouévn oe epLoy] Tov 0. H ovvépmon i : C — C pe h(z) = /2 yia ke z € C elvon

2To kahé opLopévn onuaiver dTu 1 uéon T PITopet vo opoTel Ko eivon otouyeio Tov C. Aev eugavileta kémoLo pop@t oo — co.
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avoivtikn oe Oho to C kou ovppwvel pe ™ My oto R (Eivaw n povn avolutikn mov to KAver outod).
Apa n Hpdtaon 13.17 eqapudCeton kon diver dt dx () = h(it) = e /2 yio k6Oe 1 € R.

(ii)) Mo X ~ Exp(Q) (1 > 0) €xer pommoyevvitpLa

A avr< A,

Mx (1) = {A_t

%) avit> A

H My eivon memtepaouévn oty meproym (=4, 1) tov 0. H ovvaptnon i : C\{A} — C pe h(z) = /(A1 —2)
elval avolutikt) oto medio oplopov g [To omolo mepLéyel wa Awpida g wopens {z : |Re(z)| < &} ue
e >0, my. pe e = A.] ko ovupwvel ue ™ My oto (—oo, ). Apa n [potaon 13.17 epapuoletal Ko
dtvel OTL ¢x (1) = h(it) = /(A — it) Yo KGOe t € R.

Zuvémera g amddelEng g Ipodtaong 13.17 eivar to €€Ng Bedpnua LOVOSIKOTNTAG VL0 POTTOYEV-
vitpleg. To drotummvouue HoOvo yua Tuyoieg LetafAntég ue tég oto R.

Oeopnua 13.19 (Ocwpnua povadikdTnrog Yo pomoyevvnipleg). Eotw X, Y tvyaiss uetafAntés ue
Tés otov R, Av

(i) vaoyet € > 0 wote My, My eivaw memegaouéves ato (—¢&, €) Kat

(ii) Mx(t) = My(t) yia kGO t € (—¢, €),

t61e 0L X, Y éyovv v (St karavourj, oniadi PX = PY.

ArbdeiEn. H vrdbeon (1) xou M amddel&n g Mpdtaong 13.17 divouv 6t ov cuvapmoelg g(z) =
E(e*), h(z) = E(e?Y) elvan avaivtikéc 010 A, = {z € C : |Re(z)| < &}. Hvmd0eon (ii) kow n apyr) avaiv-
TUKNG OUVEYLOTG OlvOouV OTLOL g, i TauTiCovTol 0to A.. Apayiat € R, éxovue dpx(t) = g(it) = h(it) = ¢y(2).
To ovurépaoua émetor amod to [Topiopa 13.10 (Bedpnuo LOVOSLKOTNTAG YLOL YOPOKTNPLOTIKEG OVVALP-
TIOELG). ]

[TpooéEte OTL TO TTPONYOoUuEVO Bedpnuo TNTAEL oL poroyevvijtpleg TV X, Y va tavtiovtal og po
mepLoyn tov 0 (Ko vou elvol TETEPAOUEVEG OF QTN V), EVA TO OEDPNUOL LOVAILKOTITAG YLO. XOLPOKTNPL-
otkég ovvaptoelg (ITopropa 13.10) Tnrder Tattion tovg og Oho 1o R. TaTion Tov apaKT)PLoTIK®OV
oe mepLoy1] Tov 0 dev apKel Yo va dMOEL LOOTNTO TWV KATOVOUMY. AvTtapadelypoto divovtal oty
[Mapdaypago 2a tov Kegparaiov XV tov ( ).

13.7 AOpowocua aveEdpTNTOV TUYAIOV RHETARITOV

Opwopnog 13.20. 'Eotw p, v pétpa mboavomrtog oto R. ZuveMEN towv w, v Aéue to nétpo mbavotntog
u * v oto R mov opileton wg e&Ng:

1 v(A) = f f 1a(x + ) du) dv(y)

v k00e A € AB(R).

IMopatipnon 13.21. Edkola frémovpe 6t 1) oLVEMEN eivan oupuetplky), dSnAadn v = v u. Eniong,
LOYVEL OTL

por) = [ [ay@ o = [ua-pae) = [ v - duco.

Oewpnue 13.22. Eotw X, Y aveEdoryreg tvyaiss ue tiuéc oto R kaw karavoués PX, PY aviictoya. Tore
PX+Y — PX % PY
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Am6dsiEn. Eqodoov ou X, Y elvar aveEaptntec, 1 kotavouy ™ (X, Y) eivar 1o pétpo ywvouevo PX @ PY

otov R? (ITpdtaon 10.13). T A € B(R) éyovue

PY(A) =P(X +Y € A) = E{1,(X + Y)}

. f 14(x +y) d(PX ©PV)(x,y) = f f 14(x + ) dPX () dPY(y)

=PX«PY(A).

Zmv TpdT WoTNTO TG deVTEPNG Ypauuns xpnowomomjoaue v Ipdtaon 7.2 yia ) cvvdptnon

g:R? > Rue g(x,y) = 14(x + y) kou v toyaio petapinmi (X, Y).

Oeopnua 13.23. Eotw X, Y avebagrnres tvyaics uetafintés ue tiués oto R kaw Z = X + Y. Tote

(i) Av n X éxer mukvotnra fx, TOte 1) Z Exer TUKVOTNTO Ko ULe TETOLAL €lvan 1)

) = f Fez = dP ()

ya kabe 7 € R.

(ii) Av or X, Y éxovv avtiotoyya mvkvotntes fx, fy, TOTE

fz(2) = ffX(Z -nfr(y)dy = ffX(x)fY(Z —x)dx

yo kabe 7 € R eivau mukvotnra g Z.

Anéoeén. (i) 'Eotw A € B(R). Tote, oo to Oswpnua 13.22,

P(Z e A) = f PX(A — y)dP'(y) = f fx(x) dxdPY(y)

A-y

= f f Felz—y)dzd PY(y) = f f Fez -y dPY () dz,
A A

dpan fz(z) = ffx(z —y)dPY(y) eivar mukvéTTa g Z.

(it) 'Eotw z € R. Tote, amd o (i) xou v [podtoaon 7.8, éxovue

f2(2) = f fx(z-y)dP"(y) = f fx(@z =) fy(y)dy.

H deltepn odtnToL 0TV EKPOVNOT TPOKVITTEL UE LOL OLTTAY AALOYT) LETOPANTIG.

To sponyovevo BedPNUO CUUTANPDVEL TNV TEYVLKT] TTPOGOLOPLOUOV KOTUVOUTG 0.OPOLoUOTOg TOU
etdaue oto IMopaderyna 13.14. To OBempnua givor xpNnoLo dtav 1 YoPOKTNPLOTIKY] CUVAPTNON TOU
aBpotlopotog dev elvarl KATToLo amtd TG YVWOTES YOPUKTIPLOTIKEG CUVAPTIOELS. MLa TEToL TTEPLTTWON

mepLypdpetor oty Aoknon 13.12.

Aoknoelg

13.1 Noa deiyOet ot LoyveL 1 wodTTa oty (13.1) av Kow wdvo av vdpyel a € R této10 wote f(x) = |f(x)le u-oyeddv

TovTOU 0T0 Q.

13.2 "Eotw 6ty tv tuyoia uetafinm X ue tiuég oto R ko éva 1y # 0 woylel [dx(fo)l = 1. No deiybei ot vmapyer
a € R wote pe mbavomta 1 X va maipver tiuég oto {a + k(2r/ty) : k € Z}. Av ¢x(tg) = 1, t0TE pmopoe va, Thpovpe

a=0.
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13.3 'Eotw X tuyaio petafint) ue tpéc oto R dote E [X| < co. Na dewyBei 0t 1 ¢y eivor mapaywyiown oto R kot
¢5(0) = i E(X).
[Trdde1En: Ochpnua KupLapymuévig ouyKong.]

13.4 'Eotw X ~ I['(a, 2). Anhadi 1 X €xeL mukvotnta

A e i
= “ 10
Jx(x) " ¢ >0
Na deiyBei dtLm X €xel yopaKTnpLoTiky cuvapTnon
1
ox(1) = :

-
v kG0e ¢ € R.

13.5 'Eotw a > 0 xou X tuyaio peta ANt ue mukvotnto

f) =

2ot T

Na de1y0el 6t Mx (1) = oo yio KGOe t # 0.
13.6 'Eoto X tuyaio uetopinm] ue katavour N(0, 1) kon Y := eX. Na eyt otu
(o) E(Y*) < oo y10. k40¢ k € N.

(B) My(t) < oo ov Ko wovo av t < 0.

13.7 'Eotw X tuyaia petapint ue tuég oto R. No dei&ete 6t 1 X €xel ovupetpiki] kotavour] (dnradn X < _x ) av
Ko uovo av ¢x(u) € R yio kbbe u € R.

13.8 'Eotw X, Y aveEdptnteg kau todvoueg Tuyaieg uetafAntég ue tuég oto R. Na deiEete 6t X — Y éxel cuppetpik
Kortavous).

13.9 Aéue 6t ) tuyaia petafinm X éxer katavouy Cauchy av éyxer mukvoémta f(x) = x € R. ©@swpolue

1
m(1+x2)°
YVWOTo yLow aut TV doknon 6t ¢x(u) = e yio ka0e u € R. Na deilete 6t

() Av X,Y ~ Cauchy aveEdptnreg, t0te % ~ Cauchy.

X1+ Xo+...+X,
n

B) Av X, X,,...,X, ~ Cauchy aveEaptnreg, tote ~ Cauchy.

13.10 'Eotw X tuyoaio uetafint 6mwg oty Aoknon 13.5 ue a € (0,2). No dewy0ei ot vdpyel otabepd C(a) € (0, o)
woTe |
lim ——== = C(a). (13.8)

ox(1) _
t—0 A
13.11* 'Eoto X tuyaia uetofinmi pe mukvémra f(x) = x> 1s1. No dewy0el dtu yia kb0 t € [—1, 1] woyde
lpx(t) — 1 — 2 log || < 3. (13.9)
13.12 'Eotw X, Y ~ U(0, 1) aveEdptteg tuyaieg natafintéc. No deiEete 6tun Z = X + Y éyeL mukvotta

b4 avz e (0,1],
f2)=42-z avze(l,2),
2 avzeR\ (0,2).
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UYKALO1] KOTA KOTovouT)

14.1 Xvykhon Katd Kotoavoun

Sy mapdypogo ovty Bo pehetioovue wor 0oOeVESTEPY, OTTO O0EG €YOUUE OEL £G TMPO, UOPPY
ovyKMong, ™ oVYKALON Katd kotavour). Oo Bemproovue pétpa mbavotrog oto R kou tuyoieg
UeTAPANTEG ue Tiuég oto R.

Opwopnog 14.1. 'Eoto p, (u,)n>1 p€tpa mbavdtrag oto R. Aéue 6t 1 (4,)n>1 OVYKAIVEL 060eVOS 0TO
Hov
Hn((=00, x]) = p((—00, x])

Kabdg n — oo yia kaOe x € R tétot0 dote u({x}) = 0. I'papouvue t0te 1, = p.

To xotd Kotavoun 6pLo wog akolovdiog UETPWVY TOV CUYKAIVEL KOTA KoTavou] eival LovadLKo.
[Nt av n akohovBic ovykivelr oe d0 PETPa U, v, TOTE OL CUVOPTIOELS KATAVOUNG TOVG EIVOL LOEG OTO
{x € R: u({x}) = v({x}) = 0} 10 omoio &xeL apLOunowo cvpTAnpmua, dpo eivor Tukvd. Kou emetdn ot
oVVaPTHOELS KoTtavounig etvar 8Bl ovveyeig, émetar Ot loovvtar og 6Ao to R. To @edpnua 4.10 divel
ot u = v.

Opropds 14.2. 'Eotw (X,).>1, X Tuyoieg uetopfinteg pe tuég oto R. Aéue 6t (X,)u>1 OvyKAiver Katd
katavour) ot X xat ypdegpovue!
&
X, = X0 X, S XHX, 5 X,
av 1 akohovdio katavoudv (PX),.; tov X, ovykiiver aoBevig oty katavour PX g X.
To 7110 TAV®™ OYOALO YLOL TN LOVODLKOTNTA TOU OPIOV KATA KOTOVOWUY, UE OPOVG TUY AWV UETUPANTMV,

AéeL O0tL, av 1 (X,,),>1 OVYKAIVEL KOTd KaTavour) o€ dvo Tuyaieg uetafintéc X, Y, 1ote oL X, Y €éxouvv v
(Ot Katavoun).

Oeopnua 14.3. Eotw (X,),s1, X onwg otov Ogioud 14.2. Tote X, = X av kat uévo av
Fx,(x) = Fx(x)
Kkabwg n — oo yia kabe x € R tétoto wote Fx(x) = Fx(x—), dniadn via kGOs onueio ovvéyetag g Fy.

Améoetn. Tpoximrel amd Tov Oploud 14.1, Tov 0pLoud Tng ouvapTnong Katavouc, ko to ot PX({x}) =
P(X = x) = Fx(x) — Fx(x—) yia. xa0e x € R. [

Mua ovvéaptnon katovouns F €xer aptbunouo thbog onueiwv aovvéyelag (Aoknon 4.1). Anhodn
elvaw Mya. Ze omolodnmote drdotnuo Oetikol wjkovg umopovue va fpovue onueio ovvéyelag g F.

Mopatypnon 14.4. (i) Ztov Oproud 14.2, ov X, {X,, : n > 1}, dev eivoun ammapaitnto va opilovroLl otov
1010 ywpo mbavotrag. Kabe pia opiletan oe yopo mbavomtag (Q,, Fn, P,) ko 1 X o€ xwpo
mavottog (Q, F, P). Autd Oa dnuovpyotoe tpofinua av Béhaue vo Oewprjoovue T diapopd
Xy (w) — X(w).

1d gz to distribution, kau .2 amd 1o law.

90
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(ii) Avou{X, :n > 1} xou X opilovtor otov idLo ympo mhavotntog £xel vomua va eEeTdoovpe TG M
oUYKALOT KaTA KaTovou ouvoéetal ue to. vohowma €601 ovykiong mov eidaue oto Kepdhato
8 (oyedov BePaun, otov LP, kotd mbavotnra). To Oempnua 14.12 7o Katw agpopd auTtd T0
EPWTNUCL.

Moapaderyua 14.5. 'Eoto (p,).»1 axolovBia oto (0, 1) étor wote p, — 0 Kot (X,,),>1 0kolovbia Tuyoimv
uetafintov £tor wote X, ~ Feoperpukn)(p,) Yo kabe n > 1. Oa deiEovue ot

ann = Xs

omov X tuyaio petafint tétowa wote X ~ Exp(1).
H Fx eivon ouveyng oto R. Zvykekpuuéva, Exovue ot

L, 0 ov x <0,
—x l—-e* avx>0.

INo x <0,
Fpx,(x) = P(p, X, <0) =0,

aoV p, > 0xou X, > 1. T x > 0,

Fpx,(x) = P(Xn < i) =1 —P(Xn > i)
n Pn

=1- P(Xn > [i]) = 1= (1= pplil,
Pn
eqpdoov yia Y ~ Feoperpucn(p) woydet P(Y > k) = (1 — p)!. Tdpa mapatnpoiue ot

X log(1-pn)

(1- pn)[p%z] = e[pn]p” mo — e

X

vy n — oo. Apa, F) x (x) = 1 —e . Amod 10 Oempnuo 14.3 émeton o Tnrovuevo.

[Mapatnpriote 0L 1 TV aia petofinty X, maipver tpég oto Nt xou dpa n p,X, oto p,N*, 1o omolo
glvar €va ovolo mov amlwvetar 0to [0, c0) pe 6ho Kot o TuKvo Tpdto kobwg n — co. Katd pia
£VVOLOL, OUTO TO GVVOLO GUYKALVEL 0To [0, 00), TO 0TTOLO ELVaL TO OTHPLYIO THG KoTtovoung e X.

Mopaderypa 14.6. 'Eotw (X,),>1 okolovbia. aveEdptNTmy KoL LlOOVOUWV TUXaimV UETABANTOV 1
KoOeuia vo akolovBel v ekbetikn Katavoun ue mopauetpo 1. T xabe n > 1 Betikd axépoaro,
Oétovpe W, := max{X, Xs, ..., X,} kaw Z, := W, — log n. Oa. deiSovue ot

W, —-logn =27 (14.1)

dmov Z elvan tuyaia petapnmi ue ouvépmon katovoung Fz(f) := e~ (t € R).
H Fz eivaw ovveyng oto R. 'Eotm howtdv ¢ € R. T n > e~ éyovue

Fw,_10gn(t) := P(W, —logn < 1) = P(max{Xy, X,,...,X,} <t +logn)
=PX, <t+logn,...,X, <t+logn)

—t\"
=P(X; <t+logn)" = (1 — e lognyr = (1 - e—) .
n

2NV TETAPTI LOOTNTO YPNoLoooue OtL oL X; elvar oveEAPTNTEC KoL LOOVOUES. ZTNV JTEUTTN L-
oomta Ot ¢t + logn > 0 xau 0tL 1 X; axorovOel v exOetiky] Katavour| pue mopduetpo 1. Apa
limy, 00 F'w,-10gn(1) = e~ = Fz(f) yio k40e t € R, mov ammodetkviet To INtoduevo.

Avtd mov pag Aéer  ovykhon (14.1) eivar 6t to Péyloto n aveEdptnTov ekfeTik®v TUYaAimV
uetapintov ue mopduetpo 1 eivar g 1aENg tou logn. Anhady| wovtal pe logn ovv wa dtopOwon
70V givon TTePLITou o Tuyoio ueTa ANt 0mwg 1 Z. Avti 1 dtopOwon dev allalel Ty TAEN neyéboug,
yiotl, 7wy pe mbavotta 0.95 wyvel |Z] < 3 (vohoyiCovue P(IZ] < 3) = Fz(3)— Fz(-3-) = e —e“"z).
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HMapatypnon 14.7. [lookataveunuéveg t.u.] ZuvveyiCovtag amd v [Mapampnon 7.4, oto mponyov-

UEVO TTOPAOELYUD., AoV OleG oL X1, Xo, . .., X, €X0Uv TV (L Katavour] pe Tt X, YLoTl 0Ty 1000t ta
P(X; <t+logn,...,X, <t+logn)

dev avuikaOiotovue Oleg Tig T.u. pe ™ Xp; Kou tote  mooodmta Oa ywvotav P(X; < 1 + logn). Avtd
BéPara dev eivor owotd Ko dev uopet va dukarohoyn0el ue ypnon g I[podtaong 7.2 yioti, yia va
elval 1 xpnon g owoty, Oa émperne ta dvo dtavicuara (X1, Xa, ..., X,) Ko (X1, Xq,...,X1) va €ouvv
TNV (OL0 KATOVOUT), TPAYUO. TO 0TT0L0 OEV LoYVEL.

‘Otav Oumg Ue xP1om TG AVEEUPTNOLAG YPOPOUUE TV TTLO TAV® TOAVOTITO 1G

P(X, <t+logn)---P(X, <t+logn),

toTE KAOe Opog Tou Yivouévou oovtor e P(X; < f + logn) emeldn kabe pio amd tig X; €xel v idwa
Katavour) pe m Xi.

Tty avamrTugn g Bewpiag eivan o BoMKS avti va SovheoVE e TOV 0PLOUO TG 0.0DEVOUG 00~
YKALONG VO PN OLUOTTOLOVUE TOV XAPAKTNPLOUd TG TTov divetor amd to emduevo Bempnua. H amddelEn
tov diveton oto IMapdptnua B

Oeopnua 14.8. Eotw p, (1,)ns1 uéroa mbavornrag oro R. Toéte w, = u av ko uévo av

f J(x) dpp(x) — f J(x) du(x) (14.2)

v kabe [ R — R ovveyn kaw poayuévn.
To (810 Bedpnua, pe 6POVG TVY AWV UETABANTMOV, YPAPETAL WG EENC.
BOeopnuo 14.9. Eotw (X,),>1 tuyaies uetafAntés oe yawoovs mbavornrag (Q,, Fu, Py), n > 1 kow X

tuyaia uetafAntn oe ywoo mbavornrag (Q, ¥, P) ue tués oto R. Tote X, = X av kaw uévo av

E(f(X,) = E(f(X)) (14.3)
v kabe [ R — R ovveyn kaw poayuévn.

H péon tun oto apotepd néhog g (14.3) eivor wg mtpog 1o uétpo P, evdd 010 deEi g pog to uétpo
P.

To mponyoluevo Bedpnua eivar TEPLOGOTEPO YXPNOLUO VLo TNV OTOdELEN BewpnTIK®OV OsToTele-
ouatwv, Ko oyt yior atodeiEelg oUyKAong Katd Kotovouy okohovBimv Tuyaimv HETABANT®Y TV
gugpavifovrol ovyva. Mio amd tig eEapéoeig ivor 1 akolovo).

Hopdderypa 14.10. 'Eoto (X,),>1 axorovBia tuyoimv petofintdv mote n X, vo elvor ouotduopen
draxprt) oto ovvoro {1,2,...,n}. Oa deiEovue OTL

1
X, = U (14.4)
n

Kabdg n — oo, 6ov U eivan tuyaio HeTa ANt mov akohovdel tnv opotdpopen katavoun oto (0, 1).
lNa f: R — R ovveyr) Kow @poryuévn Ko n — oo £ovue

e{(22)) - ZP(XH - k)f(%) =~ ;f(f) S fo ' f)dx = BGFQWY)

H ovyxhion woytet yioti €govue éva aBpotouo Riemann ywo v f oto [0, 1]. H tehevtaio oot 1oy vEL
vt n U elyer mukvotnta 1 .

H ovyxhon (14.4) eivor avopevouevn agol 1 katavoun ™g X, /n diver udlo 1/n oe koOéva amd ta
onuelo {1/n,2/n,...,n/n}. H udla woopolpaletal Ko teMKkd, kabmg n — o0, KA VIToddoTno Tov
[0, 1] matpver pala avaioyn Tpog to uéyebog Tov.
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Atvovpe axdun €vo xopoKkTNPLoud ¢ oUYKALONG KOotd Katavour. Autog €lvol ypNoLuog oTLg
eqapuoyés.

Oeopnuo 14.11. Eotw (X,).>1 tUyaies uetafintés oe ywoovs mbavornrag (U, Fu, Pp), n > 1 kaw X
Toyaia uetafAntn oe xwoo mbavornrag (Q, F, P) ue tués atov R. Tote ta e€nj¢ eivar tcodvvaua.

(i) X, = X
(ii) T kGO A € BR) ue P(X € dA) = 0 woyve
lim P,,(X, € A) = P(X € A).
AmodelEn. (i) = (1). Avt)n katevBuvon eivor e0Koln. Av 1o x( elvor onueto ovvéyelag tg F, 10te 10
oUvolo A = (—o0, xo] €xeL A = {xo} Ko P(X € {xo}) = F(xp) — F(xo—) = 0. Apa.
Fx,(x0) = P(X, € A) > P(X € A) = F(xo)
KoOwg n — oo.
(i) = (ii). Alveton oto Hapdptnua B |
To emduevo Bedpnuo delyvel OTL 1) GVYKALOTN KATA Kortavoun eivae 1 aobevéaTtepn uopr oUYKALONG
TUY AWV PETOPIMTOV artd GOEG €XOVUE OEL WG TWPOL.
Oeopnua 14.12. Eotw (Q, F,P) ywoog mbaviérnrag ko (X,)ns1, X tuyaies uetafAntés oolouéves oe
autov kau ue tyég oto R. Av X, LR X, tote X,, = X.

Anddeién. 'Eotw 6t X, = X. Tote vmapyovv f : R — R ouvveyng kar gpoayuévn, € > 0, Kot
vrtakohovdia (X, Jken ™G (Xi)ns1 £T0L MOTE:

|E(f(X0)) = E(f(X))] 2 &. (14.5)

p B.
Eneidn X, — X, amwo 1o Oewpnua 8.4 vrdpyel viraxohovdia (X, )ren ™G (X ren €101 d00TE X, (T—b; X.

Ago¥  f elvar ouveyrg, amd to Oewpnua 8.6 £xovue OtL f(X,, ) % f(X). H f eivaw gppayuévn, apa
vrapyer M > 0 étol wote |f(x)] < M yua kabe x € R. Emouévwg, éxovue |f(X,, )| < M yio k40e r € N
(kou K&Oe w € Q). Amd to Bewpnua Epayueévng ovyKhong,

E(f(Xy,)) = E(f(X)),

T0 omolo ovykpoveton pe TV (14.5). Apa, X, = X. [ ]

kr

Mia meplmtmon Kotd TV omoia 1) 6UYKALOT KOTA KOTOVOUY OUVETAYETOL T OUYKALOT KOTd b~
VOTNTO ElvaL EKELVY KATA TNV 0T0l0. TO OpLo etva (o otofepn) Tuyaio HeTaAnNT.

Oenpnua 14.13. Eotw (X,),>1 axolovbia tuyaiwv uetafAntdv ogiouéves oe koo ywoo mbavorntag,
ue tiuég oto R kaw C € R, Av X, = C, 101¢ X, : C.
Amddelsn. 'Eotw & > 0. Tote
P(X, - C|>¢&)=P(X,>C+¢&) +PX, <C—s)
=1-Fx(C+e)+PX,<C-¢)
<1-Fx(C+e)+F,(C—-e).
Ta C - ¢, C + & elvaw onueto ovvéyelag ™me Fe (Fo(x) = 1ice)(X)), dpa 0o 1o Oempnuo 14.3,
,}Ln; Fx(C—-g&)=Fc(C-¢)=0
Ko
lim Fy,(C +8) = Fo(C +6) = 1.

2vvenwg lim P(1X, — C| > &) = 0. [
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142 Z@uroTnta Ko supmayeia

Opwopnog 14.14. Mua owkovévera {y; : i € I} pétpov mbavdtnrag oto R Aéyetal aquyty av yio Kabe
&> 0vmapyer M > 0 étoL wote
pi(R\[-M, M]) < &

vy kG40e i € 1.

ANLOOT YLOL PO OEQLYTY) OLKOYEVELDL VITAPYEL VAL PPayIEVO VIToovolo K tov R wote k&b otouygio
™G VO OLVEL «OYedOV OA TOV TN UALa 0to K (To oA ndla & Pploketon eKktog tov K := [-M, M]). To
oUvolo K gival 1o (010 yia MO TOL OTOLYELD TNG OLKOYEVELOG.

H astaitnon tov oplopot wropet va drotumtmBel Ko og eENg:

lim sup w;(R\[-M, M]) = 0.

M—oo jeg
Hapatypnon 14.15. Av y pétpo mbavomtag oto R, tdte eVkola frémovpe 6T o kGOe € > 0 vdpyel
M > 0 étoL wote u(R\[-M, M]) < & (Aoxnon 14.7).

Opropog 14.16. 'Eoto {X; : i € I} owkoyévelo Tuyaimv petofintav ue tpég oto R. H{X; : i € I} Méyetan
GQLTH av 1 otkoyévela Kotavoudv {PX : i € I} eivau oquyT.

Emewdn PX(R\[-M, M]) = P(IX;| > M), n otkoyévewa (P : i € I} elvan oguyt) av ko povo av

lim sup P(X;| > M) = 0.

M—co ey
Mapatipnon 14.17. 'Eoto (X,),>1 akolovbia tuyaimv petafintav ¢tol mwote X, ~ Exp(%). Tote 0
(X)ns1 0V etvon oguyt. Tpdypoat, yioo M > 0,

sup P(|X,,| > M) = sup e o= 1.
n>1 n>1
Avto ovuBaiver yioti n X, €xel uéon T n Ko 1 kotovoun g divel Ty meplocdtept| g nala
YUpw atd to n (dNhadn N X, méptel Kovrd 010 n ue peyddn mbavomta). Kabwg ouwg 1o n — oo auto
TO ONUEID OVYKEVIPMONG OUTOUOKPUVVETAL. AEV UTOPOVUE VO BPOVUE EVAL (PPAYUEVO GVUVOLO DOTE OAES
oL X, va wégTtouy ekel pe mbavotta kovtd oto 1.
H évvola g oLy tomTag ota HETPO TLOAVOTNTOG ELVOL OVAAOYY TNG EVVOLOG TNG OYETLKNG CUWITA-
YELOG 08 UETPLKO Y mpo. OL dpoL pog ouykiivovoag akolovbiog o HeETPLKO Y mMPo 0pilovv £vo oyeTIKA
ovumayég ouvoro. To avtiotolyo edm elval To akoiovbo amotéleoua.

Ipoétaon 14.18. Eotw (u,)ns1, i uétoa mbavétnrag oto R érow dote pu, = p. Téte n{w, : n > 1} eivan
oQLYTI].
Amodelsn. 'Eotw & > 0. Yrapyer M > 0 étoL wote u(R\[-M, M]) < &/2 xow u({—M}) = u({M}) = 0. Amo
™V vtdOeon €xovue

Hn(R\[=M, M) = pn((=00, =M]) + 1 = (=00, M]) = p(R\[-M, M])(< &/2)
yian — co. Apa vTapyeL ny > 1 €ToL wote

pa(R\[=M, M) < &

v Ka0e n > ng.

"BIewtol, Yo Te (1, 42, - « « » fhng—1 VGPYEL M > 0 étor dhote ;(R\[-M, M]) < eywak&d0ei = 1,2,...,n9—1
(Aoxmon 14.8).

'Eotw L = max{M, M}. Téte u,(R\[-L, L]) < & y1o. xé0e n > 1. [



14.2 Spuytotnra kat cvurayeia 95

To avahoyo Tov OTL e akohovBio og Evav ouuToy) UETPLKO Y mpo €xel cuyKALlvovoa vitaKolovOia
elvan to emduevo amotéleona. H amddel&r| tov elvor amantn ikt Kow v opadeitovpe. Mopel vo )
Bpet kavelg 0To ( ) (@empnua 18.6).

Oewpnua 14.19 (Oedpnuo Prokhorov). Eotw (u,)n>1 axkorovbia uétowv mbavornras oto R. Av n
{n + n > 1} elvaw oy, tote vadoyel vwakoiovOia (U, In=1 THS (Un)nz1 TOV GUYKAIVEL acOevas o€
Kamoto uétoo mbavornrag oto R.

Aoknoelg

14.1 No amoderyOei m (14.4) pe xpron tov Oswpnuartog 14.3.

14.2 (0) ‘Eotw X tuyaio petofinmi e katavow) v tomki Cauchy, dnhadi pe mukvomro f(x) = 77 '(1 + x*)~!. Na
deryOel 6T yia kdbe x > 0 woyver

1 1
— <aPX>x)< -. (14.6)
1+x X

(B) 'Eotw (X,)n=1 akohovBio aveEGpTnTmV Kat Lodvoumy Tuyaimv UeTaBANTMV, KaOeulo te KoTavout ¢ Tumk
Cauchy. O¢tovue M, := max{Xj, Xp,..., X,} yia. xa0e n > 1. Na devybei dtu

M, 1

n w
omou | W axohouvBel tnv exOeTikn Katovourn ue wapauetpo 1/m.

14.3 'Eotw (X,)u>1 0kohouBia Tuyoimv petafAntmv mov ovykhiver kotd Katavou oe po tuyoio petopinm X. TNa
KoOéva amd to akorovBa Cevyn katavoung Yo T X KoL ouvolov A C R, ouvermdyeton 1) o0YKAOY KaTd KaTovour
X, = Xty

lim P(X, € A) = P(X € A);

Katavour mg X Z0voho A
(i)  Poisson(2) (2,32.1) U {100}
(i)  Poisson(2) Q
(iii) Tewperpkn(1/3) (-1.5,2.8)
(iv) N(,1) (-2,m)
v) U@, 1 0,1/3)\Q

(vi) Bernouli(2/5) 010 {0,1} (0,1/2) U (2,4)

14.4 (Avt m doknon delyvel g aviuetomitovue opLo g nopeng lim,—,. P(X, € A,) 60tav X, = X. To olvolo
A, €Eaptdron amd 1o n). 'Eotm (X,),>1 akolovbia tuyaimv petafAntdv mou ouyKAveL KOTE KaTavou og [oL Tuyaio
uetapint X (Oheg ne tiuég oto R).

(o) Na dey0et 6t lim,, o P(X, < 1) = 1.

(B) Two ké0e x € R va deryOei 611 lim, oo P(X,, € [x — 17!, x + n7']) < P(X = x). Na 800¢i mopdderyua (X,),s1, X, X OV
1 TPONYOVUEVT] OVLEOTNTA LOYVEL G <.

14.5 'Eotw (X;)us1, (Y)ns1 TUYOLEG UETOPANTEG OPLOUEVES OE KOLVO Y MPO TLOavOTNTOG KoL Ue TUég oto R. YmoOétovue
ot N (X,)n>1 elvon oyt ko 6t ¥, = 0. Na dewybei ém X, Y, = 0.

14.6 (Oswpnua Slutsky) Eotw X, (X,)us1, (Yn)us1 TUYOIEG HETAPANTEG O YDPO mOavdTTOg (Q, F, P), ne tipég oto R
xaiLc € R.
() Av X, = X xou Y, = ¢ xatd mbavorra, tote X, + ¥, = X +c.
B) Av X,, = X xaw Y, — ¢ xotd mbavémta, tote X, Y, = cX.
IMapatnprote tL o (o) €xer Ty eEfg Gueon ouvemeLo,
(y) Av X, = X ko ¥, — X,, = 0 xotd mbovotmra, tote ¥, = X.
T to (B), YLow Aroquyr| W OVCLOOTIKMVY AETTOUEPELDV, VTTOOEGTE OTL ¢ > 0 kKou dtL ot ¥, maipvouv tuég oto [0, o).

14.7 'Eoto p pétpo mbavotnrog oto R. Na deiete ot yio k60e & > 0 vdpyer M > 0 étol dhote p(R\[-M, M]) < &.
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14.8 'Eotw {p; : i € I} oikoyévera pétpov mbavomrog oto R pe I memepaouévo. Na deiEete dtun {p; : i € I} elvon
opuyT.

14.9 'Eoto (X,).>1 aKorovBia Tuyoainv petofintdv ko i : [0, 00) — [0, 00) adEovoa pe lim, o A(x) = oo £T0L hote
sup,s; E{A(IX,])} < co. Na deiEete 611 M (X,)51 elvon ouy.



15

UYKAOGT KOTO KOTAVOUT] KOL YOPUKTIPLOTIKES GUVAPTI|OELS

Av X, (X,)n>1 €lvon Tuyaieg uetapAntéc pe tuég oto R, yio va dei&ovue v a.obevi ovykion X, = X
gyovue deL dvo tpomovg (Mapadeiypata 14.5, 14.6 yio tov mpwto ko [Mapaderyna 14.10 yio tov
delTEPO). Ze auTd TO KEPALLO O doVE £VaV TPITO. ZVUPOVO UE OQUTOV,

N ovykhon X, = X woodvvapel pe ) ouvOnkn: yia kabe t € R woyvet gy (1) — dx(1).

Kabévag amd toug tpeic avtolg TpoOmovs AELTovpyel KaAd o€ SLOpOPETIKEG TTEPLTOOEL;. O TPWTOG
elvaLl (PN OLUOG O€ TTEPLITTWOELG TTOV 1) CUVAPTNOT KaTavoung tg X, vitoloyiletol evkola (.. avn X,
aopd uéyLoTo 1) ehdyLoto akohoudiag Tuyaimv uetafAntmy 1 €xel yvmoti) Katavour)). O tpitog eivor
ypnowog dtav N X, ewthéker A0poLoUO OVEEGPTTOV TUY AWV UETARIMTOV (TETOLO ELVOL 1) TTEPLTTTMON)
TOV KEVTPLKOU 0pLarkol Oempnuatog).

15.1 To Ozopnuo Xvvéyerog Tov Lévy

ANupa 15.1. Eotw p uérgo mbavérnrag oto R kau fi o uetacynuatiouds Fourier tov. Tote
2 1 U A
ulax x> - < - (1 -a())de (15.1)
u uJ_u

H amdEel&n) tov Mupatog divetar oto IMapdptnua B'. Elvar xpnowo yiott amodetkviel ogytotnta
YLOL GUVOAO UETPWV OV VITAPYEL APKETOG EAEYY0G 0TOV petooynuationo Fourier toug yia 1 kovtd oto 0.

yo kGbe u > 0.

Oempnua 15.2. (Oeronua cvvéyeiag tov Lévy) Eotw (Uy)ns1 akorovlia uétowv mbavétnrag oto R
Kot ((1,)n>1 N akorovOia uetacynuatiouwv Fourier toug.

(i) Av u uétoo mbavornrag oro R érol wote w, = u, tote lim [1,(t) = () yia kGOe t € R.
n— oo

(ii) Av to lim f1,(t) vaoyer yia kGOe t € R kouw i f(¢) = lim f1,,(t) eivau ovveync oo 0, 1oTE VIGOYEL
n—o0 n—oo

uétoo mbavornrag u oto R wote a(t) = f(t) ko w, = p.

Anddeén. (i) Amd v vodbeon kou to Oewpnuo 14.8, yio kabe ovvapton f : R — R ouvveyr) kau
ppoypevn €xoupe
f J(x) dpy(x) — f J(x) du(x).

E@doov oL ouvapTi|oeLg cos y, Siny elval CUVEYEIG KoL PPAYUEVES, EXOVUE
() = f ¢ () = f Cos(1x) dpty(x) + i f sin(z:x) dgey(x)

— fcos(tx) du(x) + ifsin(tx) du(x) = (1)
Yl n — oo.

97
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(@)) BHMA ©: H {1, },>1 €tvon oguyt.

'‘Eotw € > 0. [N > 0 xow yoe k4B n > 1, amd to Avjupa 15.1, éxovue ot

HUn ({x s x| > %}) < lf‘u(l — [, (1)) dr. (15.2)
u uJ_,

A76 ™V vtobeo Ko To BEDdPNUO PPOAYUEVNG OVYKALONG, 1) TEAEVTALA AVIOOTNTA OiVEL

lim p, ({x s x| > %}) < ifu(l — f(0)dr. (15.3)

Emedn) 1 f elvon ovveyng oto 0 ko f(0) = 1 (u,(0) = 1, yua k&b n > 1) to dpro tov deE1ov péhoug g
avieomtag yia u — 0% wovton pe 1 — £(0) = 0. Apa vrapyel up > 0 xow ng € N €toL wote

2
. ({x s x| > —}) < ey KG0e n > ny. (15.4)
U

A7o v (15.4) xou epdoov 1 {uy : 1 < k < ng — 1} elvow oguytn) (Aoknon 14.8), émeton ot {u, : n > 1}
elval opuy.
BHMA 2: Ymapyel uétpo u wote f(r) = ji(r) yio ae t € R.

[Mpdryportt, N (Uy)e=1 €lvon opuyt Kou amd to Oswpnua 14.19 spoxitster dtL vitdpyer vrtakolovOia
(U, )n>1 TETOLOL DOTE VO CUYKALVEL a0BeVMG O€ €vor HéTpo mhoavotnTag i (1, = 1). Adyw tovu (i),

lim fi, (f) = p(), ViR

Ounawg
klim [, (1) = f(t), VteR.
Zuvenwg, f(1) = fu(t) ywo kaOe t € R.
BHMA 3: Av pia vitokohovBion g (in)x>1 OVYKAIvEL 000eviG oe éva uétpo mbavotntog v, ToTe v = .

Mpdynott, av (,).s1 lvar yvioto avEovoa akorovbio oto N kau v pétpo mbavotntag oto R €tol
WOTE Uy, = v, oo 10 (i),
lim fi,, () = 9(), VreR.
‘Opora pe tprv (Bnua 2), (1) = f(¢) yio Kabe r € R Ko AOYw HovadLKOTNTOG TOU UETAOYNUOTLOUOD
Fourier, v = u.
BuMA 4:' H ()51 0VYKAivEL 00008VDE OTO L.

'‘Eotow 6t avtd dev woyvel. Tote vmapyer h : R — R ovveyng kaw gpoayuévn, € > 0 Kot (A,)ys1
akolovbia oto N étoL wote

| f h(x) diy, (x) — f h(x)d,u(x)| S Vnsl. (5)

H (13, )n=1 glvon oguym), dpa vidpyer viaxoiovdio g, £0Tw (i), In>1, KoL HETPO TOAVOTNTOG V OTO
R étroL wote py, = v (@ewpnua 14.19). And ta mponyovuevo (Brjpo 3) mpokvmtel 0Tl v = u, dniadn
My, = M. ZUVETWG,

lim f hx) day, (3) = f Hx) (),

T0 0700 €lval GTomo Aoy g (5). ]

ITwo v KoiTepn katavénon e anddelEng Oempeiote ™V eEn¢ avdhoyn doknon amelpootikol hoyiopot: 'Eotm £ € R kot (x,)eN akohovBio
TPOAYUATIKOV aplBU®VY 1ol doTe kabe vrokolovdio ™G, (X, k=1, VO €xeL vITaKolovdia (X, Ir=1 OV ovyKkhiver oto €. Tote x, — €.
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Mopwopna 15.3. Eotw (X,)us1, X tvyaics uetafintés ue tués orto R. Tore X, = X av ko uovo av
dx, () = ¢x(t) Yo kGOe t € R kaBawg n — oo.

Améden. Toyver 61 ¢x (t) = P (1) xau PX(t) = PX(¢), émov P*, P¥ o xatavouéc twv X, war X
avtiotolya. To ovumépaopa Emetol (e epapuoyn Tov Bewpnuatog ouvéyelog tov Lévy yia ta uétpa
(PX1),1 au PX. n

To tehevtaio mdpLopa eivan 0 BACLKOTEPOG TPOTOG YiaL VO, SEIEEL Kavelg oUYKAMON KOTA KATOVOuT).
Oo 10 ovoudLovue KoL avtd Bempnua ovvéyelag tov Lévy. Oa to xpnoLomonjcovie TOALEG (PoPEG
070 €E1\g KoL LdLaitepa Yo vo. otodeiSove 10 Keviptkd oplako Oempnua.

152 Egapuoyés

e vTohoyLopoUg oplmVv TG LopPNG lim,—« Px, (1) xpNowo eivor To eENg amhd amotéreopa.

ANupa 15.4. Av (¢,)us1 €ivar akodovbio oto C térowa aote ¢, — ¢, ue ¢ € C, téte

1+ ) e
(1+3)

H amdde&n tov diveton oto Mapdptnua A" (TIdpropa A”.3).
HMoapaderypa 15.5. 'Eotw X, ~ Bin(n, ﬁ) yio k40e n > 1 ko X ~ Poisson(2). Tote

n k
ox (1) = E(eilX,’) = Z eitk(’]:)(i) (1 3 %)n—k

k=0

=2

1 A it n
=(1-5+5)
Ale" — 1))n

:(1+ "

Ko 7
/l " — 1 n it

lim (1 + g) _ 1),

n—oo n
Ounwg

: . Ak © (et )
ox(t) = E(e'™) = Z otk 2_ _ A ﬂ — A1)
k! k!
k=0 k=0

Apa, ¢x, (1) = dx(1). Zvvenwg, oo to Bempnua ovvéyelag tov Lévy mpoximrel 6t X, = X.

Xoon Tére

Hoapaderypa 15.6. 'Eotw X, ~ Poisson(n) xar Z ~ N(0, 1). ©étovue Z, = v

67,(1) = E(e?) = E (e"’(x"ﬁ"))

. o . t
— e—ll‘\/ﬁ E el \an — e—ll\/ﬁ ( )
) P\ i

it
n(e Vi —1)—it v

N

i
; (—
— ezt nen(e 1) —_

O¢toue € = \/L;l Tote 0 ekBéTNG 0TV TELEVTALO TTOGOHTNTO. LOOVTAL (L€

et —1 it _ e — 1 — et

g2 & g2
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Xpnowomordvtag tov kavova tov L’ Hospital,

5 e — 1 —iet —1*
m— = —,
-0 g2 2

2
Apa ¢z (1) = ¢z(t) = e~ 7 Kar amd to Oempnua ocvvéyelog tov Lévy mpoxintel 6n Z, = Z.

Hopaderypa 15.7. 'Ectw X, akohovbio aveEGpTNTOV Kot L0OVOU®V TUYaiwy HeTafAntdv ue

# ov x| > 1,

0 av |x| < 1.

Jx(x) = {

Ottovpue S, = X + - -+ + X, yra kdbe n > 1. Oa deiEovue 611
Sy

Vnlogn

=7

ue Z ~ N(O, 1).
'Eotw a, := /nlogn. ot € R,

C,(n\"
¢s,/a,() = (¢X1 (t/an))n = (1 + %)

we Cu(t) := n(¢x, (t/a,) — 1). Amd v Aoknon 13.11 éxovue ot yro peydra n (apkel To 1 VoL LKOvVoToLel
™mv [f] < a,) wyvEL
£
¢x,(t/an) =1+ — log — + b(n, 1)
a T ay

ue |b(n, 1| < 3t*/a>. Omédte

2

1 1 1 1? t
C,(t) =n|—loglt| - = loga, + b(n,t)| =n log|t| - —— log(nlogn) + b(n,t)| > ——=
a2 a2 nlogn 2nlogn 2

n n

Kabwg n — co. To cuumépaopa émeton amd To Aupa 15.4 kou to Oempnuo ovvéyelag tov Lévy.

Aoknoelg

15.1 'Eotw p pétpo mbavotrag oto [0, oo). Metaoynuatiowd Laplace tov g Aéue t ouvdptnon L : [0, 00) — [0, o)
ue L(s) = fom e du(x) yio xk60e s > 0. Na dewyBeil ot yio kaOe u > 0 woyer

,u(g,oo)szfu(l—L(s))ds. (15.5)
u u Jo

15.2 (o) 'Eotw X tuyaic petafint mov akohovbel v ekOeTIKT Kotavouy we mapauetpo a > 0. No vroloylotel 1)
XOPAKTNPLOTIKY ovvdptnon g X.

(B) 'Eotw Y tuyaio petafint mov akohovbel T yemueTpLky Katovou ue mapauetpo p € (0, 1]. Anhadn
P(Y =k =p(l-p)

vk = 1,2, ... No vtolOYLOTEL 1) Y OPAKTNPLOTLKY oVVAPTHOT TG Y.

(y) 'Eotow a > 0 kot (X,)ns1 axorovBia tuyaiwv petafntov wote 1 X, vo oKolovOel T YEOUETPLKY KOoTavOouY Ue
TOPAUETPO p, = a/n. Na deryOet 60t 1 axorovdia (X, /n),s; ovykKAivel Kotd Katavou oty Tuyaio petafint X tov
EpMTNUATOG (0L) YPNOLUOTOLDVIOG

(1) Tov xopakTNPLopd TG OVYKAONG KOTA KOTAVOUY LEGM CUVAPTIIOEMV KATOVOUNG,



15.2 Epaguoyés 101
(i) YOPOKTNPLOTIKEG OUVAPTHOELG.

15.3 (o) 'Eotw X tuyaia petafint mov oakohovdel tnv kotavour] Poisson pe mapduetpo 4 > 0. No vmoloyiotel 1)
YXOLPOKTNPLOTLKTY GUVApTNHoN TG X.
(B) 'Eotw Y tuyaia petofint mov akohovbel ) dwvupkn Katovoun ue mopauétpovg n € N*, p € [0,1]. Na
VITOLOYLOTEL 1) YOPAKTNPLOTIKY) GUVAPTNON TG Y.
(y) 'Eotw (X,,)x>1 axolovBio tuyaiov petofAntov wote 1 X, vo aKolovBel T1 S VUpLKY|] KOTOvVouY UE TapauéToug
n, pn € (0,1). Avlim,_,. np, = 4, va dery0et 6t axkorovdia (X,),>1 OVYKAIVEL KOTA KOTAVOUT] 0TIV TUY OO UETABANTY)
X tou epmTuortog (o).
154 'Eotw ¢ > 0, xou (X,),>1 okohovbia tuyaiowv petopfintov wote X, ~ ['(nc,n) yio xa0e n > 1 xou Z toyaia
petopant pue Z ~ N(O, ¢). Na deryBei oL

VX, -c)=Z
Ko n — oo.
15.5 'Eotw (X,)n>1 0veEGPTNTEG KOl LOOVOUEG TUYOHES UETOPANTEG DOTE 1] YOPAKTNPLOTIKY OUVAPTNOT ¢ TG X| VA
etvau drapopiowun oto 0 kaw ¢’ (0) = ia yia kémowo a € R. T'wa k&be n > 1, 6étovpe S, := X; + Xp + - - - + X,,. No dey el
ot g

— > a
n

Katd mbovomto yio n — oo,

15.6 'Eoto (X,),>1 akorovBia aveEaptntwv Tuyaimv uetapintdv dote yio k4be k > 1 éyovue

—k upe mbavornra 1/2k,
X, =1k ue mbavoTnTa 1/2k,

0 ue mOavémTa 1 — k7L

Na dewy el dtu M axolovBio (S ,/n),s1 ouykAivel aoBevig o wa Tuyoio petofAnti ¥ pe xopaktplotki ovvaptnon
1 1-cos(tx
Py(t) = e~ h TFE N

yio KGOe ¢ € R.
[YrddeiEn: Xprjowo etval to Afuua A'.2.]
15.7 'Eotw (Xi)i=1 oKoAovBia aveEGptnTmv Kat todvouwv Tuyaiov uetapintov ue E(X;) = 0, Var(X;) = 1. T'wa x40e
n>1,0éwovue S, =X +Xo+--+X, kT, =S +S,+---+8,. Nappebei @ > 0 koL 1 Kotavoun Tuyoiog
petafANTc Y ue tuég oto R ko un undevikn mote
T,
2oy
n(l
KaBwg n — oo,

15.8 'Eoto (X,),>1 aKorovBia aveEaptnTtwv Tuxaimv uetapintdv dote yio k4be k > 1 &yovue

-k pe mOavémra 1/(2k%),
k ue mOavémra 1/2k2,
-1 ue mOavémTa (1 - k72)/2,
-1 ue mOavémTa (1 — k2)/2.
Na de1y0el oL
(o) lim,,_,o Var(S,)/n = 2,
(B) n akoroubia (S ,/ Vi)us1 ouykhiver aoBevig oe wa Tuyato uetapinm Z pe Z ~ N(O, 1).
[YrodelEn: Xpnowo eivar 1o @empnua Slutsky (Aoknon 14.6). Evallaktikd, propoiue va mhpe eu0Emg (e xapaKT-
PLOTLKEG OUVOPTIOELG KO VO, YpNoLposotjcovue to Afuuo A”.2.]

15.9 'Eoto (X1 akolovdia aveEdptnTwv Kou lodvopmy tuyaimv petaintov, kabeuio pe mukvotnta dnwg oty
Aocxnon 13.5 ue a € (0,2). T k&0e n > 1, Oétovue S, := X; + Xo + - -+ + X,,. N detyOet 611 1) akohovdic (S,/n'/%),s
ovyKMvel aoBevag oe o Tuyato petafinm) Y pe xopakmplotky ouvapmnon ¢y(t) = e " yio xdbe t € R ue C > 0
otafepa.



16
To Kevipiko Oproxo Oempnuo

O vOUOG TV UEYAAMV apLOUMVY AEEL OTL O HEGOG OPOG 11 AVEEAPTNTWV KOLL LOOVOUWMV TUYALMY UETARANTDV,
S ./n, yuo ueyaho n eivor ol Kovtd oty Ko tovg uéon un p = E(X;). Twopa, pe v emmahéov
vd0eon o2 := Var(X;) € (0, ), T0 KeVIPLKS 0pLaKd OedpPn Lo CUYKEKPLUEVOTTOLEL TO TO00 KOVTA. Aéel
otTL wropove vo. ypdapouue

Sn N Z,
—_— — O
n H Vn

ue ™ Z, vo akolovOel mpooeyylotikd v tumiky kovoviky katovoun N(0,1). Ioodivvapa, S, =
un + o \nz,, dmiadn tumkd to S, Pploketar og amdoTaon e TGENg Tov Vi yOpw amd ) uéon Tov

TN nyL.

16.1 IIpoerownaoic

o v amddeEn Tov KevpLkol oplokol Bewpuatog, Kpiowun eivat 1 ovusteptpopd kovtd oto 0 g
YOPOUKTNPLOTIKYG OUVAPTNONG Px () 0mToL0odToTE T.U. X UE TETEPAOUEVT] TPWTI Ko dEVTEPT) POTTY).
Xpnowun etvar 1 oviodTnTo

; .

e —1—ix— 5(zx)2 <247, (16.1)
7ov Loy Ve o Kabe x € R. T v ammodel&n g mapatnpoie 0Tt 1 Too0TNTA UEGA 0TO UETPO TOV
apLotepol HEhovg elvar cos x — 1 + x%/2 + i(sin x — x), 07OTE TO UETPO TNC ElvaL PPAYIEVO aTTd TO

x? )
|[cosx — 1| + > +|sin x — x|.
’ ’ ’ ’ 1 ’ / _ x2 ’
[oc v Tpa T oo Ta Tapatnpoue 6Tl oo To Bewpnua Taylor Loy el cos x = 1 - cos £ Yo kémolo

£ netal 0 kow x. Apa | cosx — 1| < x?/2. ‘Ouoto detyvovue 6t |sinx — x| < x2/2.

Aquna 16.1. ‘Eotw X tvyaio ustafint] ue tués oto R térowa dote E(X?) < co. @érovue E(X) = u ko
E(X?) = 8. Tore
B
ox() = 1+ itu — > + (1), (16.2)
omov n v tkavomotei lim,_ % =0.

ANhadi) M cuvépTom v tov opiletan wg v(£) = ¢x(f) — 1 — ity + (1/2)1?B teiver oo 0 ypnyopdrepa ammd
10 12

O TpdToL TPELg dpoL Tou avarttiypotog (16.2) mpokvmrouy av ot ¢x(f) = E(e™) avomxti€ovpe v
e™ o€ duvaooelpd, KpaToove Toug 3 TPDTOVG GPOUg

1
1+itX + 5(itX)Z,
Ko Tdpovpe T péon Ty} tovg. H v(r) elvon ) uéon tpr) g virdAomtng dSuvapooepdc.

102
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AnddeiEn. 'Botw A(x) = e — 1 — ix — (ix)*/2 yio. k60e x € R.

2
VOl = |px(1) — 1 — it + %8

< E|A@X)|

, i1X)?
- ‘E(e”x— i U 2) )

Tia v amddelEn Tov Mjupatog apkel va dei€ovpe 6t lim,_ E(JA(£X)|/12) = 0. 'Eotm akohovdid (¢, )nen
oto R\{0} tétowo wote ¢, — 0. Tote

e A(t,X)/t2 = 0 y10.n — 00 MOyw TV avaTTHypaTog TG e ot duvauooelpd.
o |A(t,X)/12| < 2X? yi0. k40e n € N Mdyw g (16.1) kou E(X?) < oo.

A6 to Bedpnuo KupLapynuévng ovykhone, lim E(JA(6,X)|/2) = E(lim |A(t,X)|/t>) = 0. m

16.2 To Kevipiko Oprox6 Osopnua

BOempnua 16.2 (To Kevipikd Oprakd Oeopnua). Eotw (X,),s1 akorovbia aveEdoTntwv Kot tloOvouwv
toyaiov uetapintov ue E(X)) = u kow Var(X;) = 0 € (0, 00). Oétovue S, = X1 + Xo + ... + X, yiat kéOe

n>1 Tore
S, —nu

= Z, o6movZ ~ N(0,1).

no?
AmbdeiEn. Oa amodeiEovue apytcd ™V mepintmon dmov u = 0, omdte 02 = E(X?). Oa xpnotpomon-
oovue 10 Bemwpnua ovvéyelag tov Lévy (TTdpwopa 15.3). TmohoyiZovue T X opaKTNPLOTIKY CUVAQTHON
™m¢ S,/ Vno?. T t € R\{0},

no-

¢ (1) :E(e i
E(

2) (Moyo aveEaptoiag)

= (¢X1( L 2))n (MY Loovouiog).

Amo to Aupa 16.1,

( N P E(X)) - £ E((X)2)+ ! —1—ﬁ+ !
¢Xl n0'2 B W ! 21’10’2 ! v l’l0'2 - v

Cn
=1+—
n

t
no-

ue C, = —% + nv( 2) — —£2/2 vl n — o0 Myw Tov Ot lim,_,o v(s)/s* = 0. Svvemag, To Afupa 15.4

divel
. 2
lim ¢_s, () =e"/2
n—

© \' no2

H (810 oxéon woyber tpopavde kow yio = 0. Mia Z ~ N(0, 1) éyel yapakmplotiki} ouvdptnon e /2,
A6 to Oedpnua ovvéyetag tov Lévy, S,/ Vno? = Z.

Zmv nepimtrwon démmov E(X) = u # 0, Bempolue tig aveEGpTnTeg Ko lodvoueg Tuyaieg netafintég
Y, = X, — u ywo. xa0e n € N*, tov koBepio €xer péon tyun 0, Ko eqpoapudlovue To TPONYOUUEVA. ]

Ag emotpépoupe oto IMoapdderypo 15.7. Avtd mov ovupaiver exel eivan 0t E(X)) = 0 adld
Var(X;) = co. O vopog twv peydhov apbunv epapudletor kol diver ot S,/n — 0. ‘Ouwg to oTL
Var(X;) = oo onuaiver 6t 1o aBpotopa S, €xel ueyalvTepn UETAPANTOTNTA ATO TNV TEPLTTWON TTOV
Var(X;) < 0. 'Etot, xpetdletol va Siaupéoovpe to S, ne 10 Vi +/log n (wov eivon kKotd ol peyahitepo
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OV V1) dote va TapovuE TOOOTNTA TOV CUYKALveL Katd Katavowy. To mapdderyuo avtd delyvel
emiong OTL oVYKALON 08 KOVOVIKY KOTAvouU Umopel va mapel Kavelg amd v S, KoL Ue Topiyovio
KOVOVLKOTTOINOoNG SLopopeTikd ad Tov /.

16.3 Egapuoyés

To kevTpikd opLakd Bedpnua SIVEL TPOOEYYIOELS YOl TLOOVOTNTEG TTOU ALPOPOVV AOPOLOUAL OVEEGPTI TV
Ko lodvoumy tuyaimv petofAntav. ‘Exel eqpopuoyég ot 0ToTLoTIKY, YL TOPAOELYUO 0TV KOTAOKEUY
TPOOEYYLOTIKMOV JLOOTNUATWVY EUTLoToovvng. To ypnolpomolovue BewpmvIag OTL (Wa TOGOTNTA TG

MopeNg ¢
P( n " A) (16.3)
no?
mpooeyyiletal (Yio n ueyaho) oo Ty
P(Z € A) (16.4)

omov Z ~ N(0, 1) ko A elvor €vo SLtaoTnua 1) PLoL TETEPACUEVT EVETT SLAoTNUATOV (Ao TO OPLO TG
TPOTNG TOCOTNTOG YLOL 11 — 00 E(VOL 1] OEVTEPN)).

Mopaderypa 16.3. 'Exyouvue éva vououpa kou 0éhovue va ehéyEovue av eivar auepdinmro. To piyvovue
100 gopéc xou épyeton «Kegpaln» 38 gopég. Tlpémel vo umoiue oe oKEPeLg OTL OeV elval AUEPOATTO;
Oewpolpe Tig Tuyaieg LeTaPANTég (Xpis1 He Xx = 1 otav m k piyn pépver «Keparp» kaw X; = 0
otav M k piymn @épvel ypapuato. O ouvolkog aptbudg Kepormv o€ n doKLuEG etval S, = X + -+ + X,,.
Ymobétovue OTL TPAYUATL TO VOouLoua eivor auepoinmto (dnhadn gépvel «Kepai)» ne mbavotnta
p = 1/2) xar vroroyitovpe ™y mbavoémro P(S 190 < 38). 'Exovpe u = E(X)) = 1/2,0? := Var(X;) =
p(1 = p) = 1/4 xa
S 100 — 100 x 0.5 < 38 - 100 % 0.5

Vi00/4 =~ 100/4
= O(=2.4) = 1 — ®(2.4) ~ 0.0082

P(S100 <38) =P ~P(Z < -12/5)

H mbavomta elvor ol pkpny, wkpdtepn tov 1%. Mmopolue vo movue pe peyahn pepfordtnta 6t o
vOuLopoL OV elval apepOATTO.

Av gpyotav «Kegpahp» 43 @opég, 1 1dLa dradikaocia diver v mpooéyywon P(S 100 < 43) = 0.0887,
nepimov 9%. Elvour évo evdeyouevo mou €xel onuavitkn mbavomta vo ovuPel. Agv pog KOavel
EVTUTTWON).

Mopdderyna 16.4. Ocmpoiie 4T To Pépog EAENG KATA TO 0T0l0 OTTdEL £VA GUYKEKPLUEVO CUPUATOTYOL-
Vo atd pLoL oA PeYAA TooOTNTO TTOU €VOL EPYOOTAOLO WOALG TTOPNYOYE ELVOL L0 TUY OO LETABANTY
HE AyvewoTn uéon T ¢ Kot dtaomopd o = 1/10. ©éhovue va Tpoodloploovpe TPOCEYYLOTIKA T UEOT
i w. Mpayuoatomoovue n aveEdptnteg uetpnioeg Xi, X, . . . , X, Ko 00 xp1noLuomonjcovue tov Héco
6po X, := (X; + - -+ + X,))/n og mpooéyyron g u. T1doo peydho mpémel va elvar 1o n dhote vo Eépovue
om 0o ovupel |X, — u| < 1/100 pe mbavodTta tovrdyotov 0.95;

[ty T0ovOTYTO TOU YEYOVOTOG TTOU UAG EVOLAPEPEL EXOVUE TNV EENG TPOTEYYLON

P(&—u'sﬁ):P(ls”_”"l < Vi )zP(IZIS v
ol

n ho? 1000
Z eivaw o N(0, 1) tuyxoaio petapinm). H televtaio moodtnta eival touhdyiotov 0.95 av

:qa(\/_#
cp(vz

100 O') (16.5)

1000 1000

): 2@(\/5102)0)— 1. (16.6)

> 1 -0.025.
1000)— 0025
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A7 mivakeg g O Bpiokovue Tov Lovadikd aptbud zo ps ov tkavortotel D(zp0s5) = 1 — 0.025. Toyver
20025 ~ 1.96. Hpémer Vngg= > 20025 0mOTE

n > (100020, 025)> ~ 384.16

Apa apvouue 0ToLOVONTTOTE PUOLKO 1 e n > 385.

Yyoho: Zmv mpooéyyion g ypauung (16.5) gaivetor va emKaAoOUOOTE TV TPOCEYYLOT TG
(16.3) amd v (16.4) yia éva ohvolo A 7ov eEapTdtan o To n. AvTtd caQ®g dev £TETOL QTd TO
KeVTPLKO oplokd Bempnua. To Bempnua Tntael to ovoho A va eivor otofepd. Alkaloloyolue v
(16.5) Aéyovtag OTL Lo 0Tta0epo n, apov

. IS« — kul 1
lim P < =PlIZ| £ s
P ( ol Vi 1500 2= Vi 1505
NnoN ywa k = n oL dVo apbuol
1S — nyl 1
Pl—— < —, P{|Z| < 16.7
( ho? \/EIOOO' d \/ﬁ1000' ( )

elvar Tol0 kovtd. 'Exovue 0to puokd pog 0t 1o 1 givar peydho, emopuévmg 1 emioyn k = n diver Kot
KOVTA OTNV 0PLOKT] CUUTTEPLPOPUL.

16.4 Ioyig TV mpoceyyicemv

'Eotw u, 0, S, 0wg 0to Kevrplko oprokd Bempnua. T A € B(R) ue P(Z € dA) = 0, 1o 6T

(M € A) - P(Z € A), (16.8)

no?

lim P

S, —nu
Vna?
ouwg; To mwoTe 1) devTEPT TOGOHTNTO. EIVOL ATTOIEKTI] G TTPOTEYYLON YLOL TNV TPMTY ES0PTATOL ALTTO TO TL
0éheL va Kavel kaveig. 'Eva oavompd kprtnplo eivar va Tntoovue to nhiko toug va fploketol Kovra
oto 1 M ag movue oto drdotnua [1/2,2] (ko va €xovue Tpomo va to diaoparicovue avtd). To Kevepko
opokd Oempnuo dev pog diver kdrmora tAnpopopia pog avty) v katevbuvor. 'Eleyyo oto Adbog
NG TPOCEYYLONG OivouV atoTeLEéouaTo 0w To Oedpnuo Berry-Esseen to omoio Aéel Ot av emmhéov
yio g X, vo0écovpe 6t éxovv E X — u? = p < oo, 1018 Y10 k60 1 > 1 xan x € R woydel

onuaiver OtL yia ueydAo n ot 300 TOOOTNTEG P( € A) ,P(Z € A) eivon mol¥ xovtd. I1doo xovia

S, —nu 3p
P <x|—-D(x)| < .
‘ ( Vno? x) ) o\n

Ko swéi avtd 1o gppdypa eivar pkpic aElog av my. avtd eivor mg tédEng tov 1073 kon to O(x) eivon
™ (drag TéEne 1 wkpdtepo (Fio Oetikd apdud a, ) avicdmta la — 1073 < 1073 diver noévo o dvw
@payuca <2 x 1073).

[MelpapatilonaoTe 0To TOPOKATO TAPAIELYIA LE TNV TOLOTNTA TG TPOCEYYLONG.

Mopdderypa 16.5. 'Eotm 011 ot (X,),s1 €x0ouv kobepio Ty exbeTikn Katovour we mopduetpo 1. Kato-
YPOPOUUE OTOV TTLO KOTM TTIVOKA TNV akpLP1) Tiun yio T mbovotnreg P(S 100 = 125), P(S 100 = 150), ko
0g kan TNV TPocéyyLon ov divel To Kevrpikd oplakd Bempnua. ‘Exovue E(S 100) = 100, vVar(S90) =
10. Apa ta yeyovota S g0 = 125,100 > 150 elvon onuavtikég amokhioelg amd ) uéon tun (2.5 ko 5
(PopEG avTioToLy o To NEYEDOG TNG TUTTLKNG ATTOKALOTG).

Mbavémra || Tpooéyyion uéow KOO | Axpifrig tium
P(S 100 = 125) || 0.0062 0.0093
P(S 190 > 150) || 2.86 x 10~/ 5.92x107°
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[Mopoatnpnote OtL 1) TPOoEyyLom yia TV tbavotnta P(S 1g9 = 150) eivan mepimov to 1/20 g adnOuvig
TG ™G TOOVOTNTOG.

Cevikd ) oVykhion (16.8) ovupaivel ypnyopa dtav

e 10 0Uvoho A €yxel ueydn mbovomta P(Z € A) (Yo mopdderyuo, eivar Eva didotnua oyl ol
wxpo yipw artd 1o 0) Kot

e 0L TUYOLEC LETAPINTEG X; €XOVV KOTOVOWT| TTOU SiVEL IKP] WALa 08 0VVOLA LOKPLAL OTTO TO UNOEV.
Anhodn M P(X,| > 1) @Biver ypnyopa yia t — oo 600 otav X; ~ N(0, 1) 1} ouvtoudtepa.

Ot tBavdTNTEG TTOV LOLG TALOYOANOOLY OTO TTPONYOUUEVO TTOPAIELYUO N TOV EVOEYOUEVV IUE TTOAD ILKP)
mbavotnTo (U TUITLKY ovustePLpopd ™G S ,). Tia v extiunon g mbavotnrog TéTolwy, amibavmy,
evoeyouevmv Katohnhotepn eivor 1 Oempio twv peydhov amokhioewv, otolyeio tg omoiog extifevTa
OTO ETTOUEVO KEPALOLO.

16.5 H ovykiion oto KeVIpIKO opLakd Beopnua*

Ag vmoBéooupe 0tL oL (X,,),s1 elvar aveEaptnteg oovoueg ue E(X;) = 0, Var(X;) = 1 To kevtpiko opLakd
Bempnua Aéel 6tL 1 akohovBia R, = S,/ v/n ovykhiver kotd Katavouwr) og o Tuyoio uetafAnt ue
Kotavou] Tqv N(0, 1). Mimwg 6umg ovykhiver pe mbavotnra 1 1 €éotw Katd mbavotnto og KAToLo
Toyalo uetafinty; H amdvinon eivor oyt Tati, av ouvékhve Katd mbavotnTo o (o Tuyoio
uetofinty W, tote Ba vmipye vrokohovdio (R, k> OV va ovykiiver oty W ue mbavomrto 1.
Egapuotovrog ta emyeipiuata g Aoknong 16.7 (topa yio v axorovdia (R, )i=1) delyovue 0Tl
lim, R, = —00, limy_e Ry, = o0 pe mbavomra 1. Apa 1 (R, i1 Oev uopel va ovykhiver pe
mbavotnTa 1.

Aoknoelg

Zug aoknoelg o Katw, av (X;)i»1 eivar akolovBia aveEdptntmv tuxaiov petafintdv, cupupforifovpe pe S, to
abpotopa TV TPOTOVY 1 atd avtéc. Anadn S, ;= X1 + Xo + -+ X, o xaBe n > 1.
16.1 'Eotw (X,),s1 aveEdpmnrec Kou todvoueg tuyaieg petapintéc pe E(X)) = u € R xar dwaomopd o2 € (0, 00). No
deyOet ot

1
lim P(S, > ny) = =

n—oo 2°

16.2 'Eotw (X))i»1 axolovBio aveEGpmtmv Kai odvouwv tuyaimv petafintdv pe EX; = 2,Var(X;) = 1. Na
VITOAOYLOTOVV TOL OPLAL

(@) lim, o P(S, > 2.1n),

(B) limy 0o (S, > 2n + /),
() lim, 00 P(S, > 10 V),
(8) limyseo P(S, < 31),

(€) limyse0 P(S,, > 1010).

16.3 'Eoto (X,),>1 aveSdptnteg Ko Lodvopeg Tuyaieg netapfintég £tol dote X ~ Poisson(1). Na dei&ete 6t

S,—n
= Z, omov Z ~ N(0, 1).
NG 0, 1)
16.4 'Eotw p € (0, 1) xou A € R. Na vrohoyiotel 1o 6pLo
np+A~n .
lim ( )pk(l -pyt.
n—oo k

k=0
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16.5 Noa dei&ete oL

A |
lim ™" — = —.
n—co kZ:(; k! 2
16.6* 'Eotw (X,),>1 aKolovBia aveEGptntwv odvopmv tuyaimv petafintov ue E(X;) € R xou Var(X;) = 1. Na
VITOLOYLOTEL TO OPLO
Xi+Xo 4+ + X, — Xps1 +- -+ X0y
limP( 1+ X2 (Xn+1 2n) Sl).
n—oo \/ﬁ

16.7 'Eotw (X,,),>1 akohovBio aveEdpmntov loovouwv Tuyaimv puetapintov ue E(X;) = 0, Var(X;) = 1. Na deiy0el 6t

— S,
lim

n—oo \/ﬁ
[YrodelEn: H otpatnykn tng Aoknong 11.16 ertovpyei. Amhidg to () uépog xpelCeToL we pkpt| Tposomtoino.]

= OQ.
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Meydhes amokhioers*

17.1 H évvoura g neyding atdxkiong

'‘Eotw (X,)n>1 0veEGpTNTEG KO Lodvoueg Tuyaieg petafintég wote P(X; = —1) = P(X; = 1) = 1/2
Ko S, = i Xk 10 dBpolona TV TPOTOV 1 atd ovtéc. O vOuog TV ueydimv apltdumy Aéel ot
ue mavomta 1 o uéoog 6pog S, /n ouykiiver oto 0. Meydhn amokhion yia Tov uEco 0po Aéue €va
EVOEYOUEVO TNG LOPPNG
(% <)
n

omov A C R elvan évo 00voro «uakprd» amd 1o 0, dnhadn ue 0 ¢ A. Twa mapdderyno, To A pwopset vo
elvan éva oo 1o (1, ), (=4, —1) U (0.5, 10) arrd Oyt to {1/n : n € N*}. Emetdn n S ,,/n ovyxhiver oto 0
ue mbavomta 1, wa peydin arndkiion Intder oo mv S, /n va kdvel KAt ov 1 akolovBio dev Bélel
va kavel. Kau n mbavomra wag pueyahng omokiong teiver oto 0 eEartiog tov aobevoig vopou twv
ueyahov aplbumv (Toptoua 12.1). Mag evolapépeL va EXOVUE WO KOAY) EKTIUN 0N TOV TOCO OVVTOUA
ovppaivel avtd. Oa dovue OTL Yo ToME ovvola A (Ta ortola Ha TPpoadlopioovue) Loy vEL

P@ieA)zeﬂmﬁ (17.1)
n
6mov c(A) eivor o Betikn otabepd ov eEaptatar amd 1o oUvoro A. Oa SLEVKPLVICOVUE T1 CTUOLOLAL
Tov ~ ko Oa vrrohoyioovue avt ™) otabepd c(A).

Emiong, dev Oa teploprotoipe pdvo oty mmo tdve akorovdio (X,),>1 odld Oa Oemproovue omoia-
dMrote akohovBio aveEAPTNTMV KoL LOOVOUMY TUXOLOV UETARANTOV pe TiéG oto R.

[Mponyovuévmg dumg Ba eEnynoovue Yot eivor onuovtko va Eépouvue tov akpip) pvbud ue tov
omoto @Oivel 1 TOaAvOTNTA oG peyalng amokiong. [att aoyolovuoote pe Ty mbavoTnTa £vog
EVOEYOUEVOU TTOU €K TWV TPOTEPWV EEpouue OTL givar ehdylotn (KoL ETOUEVIG OEV TTEPLUEVOVUE TO
evoeyouevo va ouufel);

Yvuporopos: ' (a,)us1, (bn)n=1 aKOhOVOiEC OETIKMV TPAYUATIKOV apLOU®V YPAPOVUE a, =~ b,
av

loga,

nl_)n; log b, B

17.2 Twoti o peydhes amoKAIoELS ELVOL GNUAVTIKES

Oewpolpe To €N awyvidL. Eekivape pe apyki mepovoia Py = 1 Evpd kau mpaypatomolovue puo
akohovBia piypewv evog apepoinmtov voulopuatog. ‘Omote 1o vououa gpépvel «Kepahi», 1) meplovoio
nog dumhaoidletal, omote pépvel «Ipapuoata», 1 TEPLOVSLO PAG VITOILTAACLATETOL.

Epomuo: Moo eivar 1 péon tyun g epovoiog uetd amd n fruata;
H meprovoia petd n prjuato eivar P, = 257, dmov S, elvau 1) axorovdio Tng mponyovpevng evotnrag.

Mo dtoOntikn poséyyion: Eotw g, := S, /n, mov Eépovue 6t telver 6to undév pe mbovornra 1.
Tote .
E(P,) = E(e") = E(e"") = "

108
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ue a, axolovOio mov teiver oto 0. H televtaio tootta eivan wa etkaoia. Tlatpvovue uéon tun wog
moodTTag pe pubud ekbetikng avEnong rll log €"*"(= g&,) mov eivow mepimov 0. Avauévoupe 1 oUVOLLKY
uéon T va €xer pubud ekbetikng abEnong emiong mepimov 0.

T paynotikd cvppaiver: H uéon npr E(P,) vohoyileton dueoco wg

_1\n
E(P,) = E(2X1)n _ (2 +22 ) — "1og(5/4)

AnhodY) €xel OeTikd ekBeTIKO pLOUd avamtuEng oo e log(5/4).

E&nynon: Ilowo eivor to mpofinuo pe tn dtonodntiky) tpooeyyion mo ndvw; To khdoua &, := S, /n
maipvel Twég oto U, := {k/n : k € Z, k| < n}. TIpooeyylotikd 1oy Vel

P(g, = x) ~ e MW,

ue I wo ovveyn ovvépmon oto [—1, 1] mepimov g uoperic x2. Anhad| Tée Tov x poakpd amd to 0
etval SVoKoho va AngpHovv amtd v S, /n.
O vrohoyouog g E(P,) yivetow wg eEng:

E(zS,,) — Z enxlOgZe—nI(x)‘ (172)

xeU,

H d1auoOntikn tpooéyyLon mpdTeLve va aryvoroouvpe OAovg Toug Opovug e x # 0 yortt €xouv ohl pkp
mOavomTa. BéBala kdOe tétolog dpog dev éyel ndvo kdotog (cuykekpiuéva e ™) alld kaw dpehog
(ovykexpLuéva. e"1°22) 1o omolo tomg va LoookeAilel To kéoTog. Kuptapyog 6pog oto dpolopa elva
avTog OV peyLotormotel T dtapopd xlog 2 — I(x) (dgpelog petov kdotog). TTo Kdtw mov HBa éxovue Tnv
akpipr) wopen g ovvaptnong I (lapaderypo 17.9), Ba dovue 6tL To Kahitepo x eivan to x = 3/5. H
UEYLOTI) CUVELGQOPA 0T UEOT] TUUY TTPOEPYETAL OLTTO ULat LEYAA artokALor. H tumiky) ovusmepipopd Tov
UEooL S ,,/n elvor adLiopn oToV VTOAOYLOUO.

270 7010 TTAVE TPOBANUA 1) ETUKANOT TV HEYOA®Y ATTOKAMOEDV OEV 1TAV QITTAPALTNTY 0OV VITAPYEL
ATTAOVOTEPOG TPOTTOG AVTLUETMOITLONG. YTTAPYOUV OUME AANOL TTPOPAUALTO OTO OTTOL0L ULOL LEYAAT) CLTTO-
KAon mailer keveplko polo Ko 1) Oempia Tov peydhwv amokhicewv eival 1o pudvo diabéoio epyaeio.

17.3 H apyn ueydhov awokiicenv

'‘Eoto X petpikodg ympog. Xvvaptnon pvBuot otov X ovopdlovue omoradnmote cuvaptnon I : X —
[0, co] mov eivon KaTm Nuovveyng [dnhadr) to ovvoro [I > a] eivar avorytd yia kabe a € R].

"Eoto topa (U, ),>1 akorovdio uétpwv mbavomtag otov (X, B(X)) kKo (a,),>1 acbEovoa akohovBia
Oetikadv aptbumv pe lim, o a, = .

Opwopnog 17.1. Aéue 1L akohovdia (i, ),>1 LKAVOTTOLEL TNV 0pYI] MEYOA®V ATOKALGEMV UE TaOTNTA
a, KoL guvaptnon pvluov I av yia kdbe A € A(X) woyiet

— inf /(x) < lim llog,u,,(A) < lim llog,un(A) < —inf I(x). (17.3)
X€A° nooo N n—oo 1 xeA

Zmv Ttpa&n, ovvnbwg £xovue wo. akorovdia (Y,),s1 Tuyoinv uetapAntmv otov X ov ouykhivel
Katd mbavomto o £vo onueio xo Tov X ko eEetalovpe av 1 akohovbio (4, )y>1 TOV KATAVOUDY TV
Y, ikavomotel TV apyn Tov peydhwv amokhicemv. Av v tkovosotel, Aéue ot 1) akohovdio (Y,),1
LKOLVOTTOLEL TNV 0PN UEYOAWDV OTOKALCEWV.

HMapdderyna 17.2. 'Eoto Y, akohovBia tuyaimv HetaffANTov (0Tov (810 Y mpo mbavotntog) ue v
Y, va axohouvBel v ekbeTikn Katavoun we mapduetpo n (Kou dpa péon wun 1/n). H Y, ovykhiver



110 Meydhes amokAicels™

Kotd mbovotta oto 0. H akolovbio (tTwv xatavoumv) Tov Y, tKavomolel Tv apyn ToV Ueyoiwv
ATTOKAMOEMV [1E TOYVTNTO 1 KoL OUVAPTNOT puOuov

oo avx<0,
1(X)={
X av x> 0.

H amddel&n agnvetal wg Goknon.
Hapatypnon 17.3. (o) [Na k4Be oUvoro A C X, eLOGYOVLLE T CUVTOUOYPAPLOL
I(A) = inf I(x).
(B) Otav yia éva ovvolo Borel A € X woybel I(A°) = I(A), To1e £xovue T %log Un(A) ovykhiver otV

) I1(A°) = I(A) = I(A). Anhad)
fa(A) = e,

(y) H (17.3) wooduvapei pe v amaitnon to dvm @payuo vo toyVeL yio A KAeLoTo Kat To KATm (pparyua
va Loy Ve Yo A avolyto. Anlodn

— 1
lim —log u,(F) < —inf I(x) (17.4)
n—oo n xeF
v kabe F C X KAELOTO KO
.1 .
lim —log u,(G) > — 1n(f; I(x) (17.5)
n—oco xe

vio k40e G € X avouyto. Emmiéov, to Kbtm @pdyna toodvvauel ue 1o eEfg: TNa kabe x € X kau
avoytd oUvoho G C X TTov TTEPLEYEL TO X LOYVEL

1
lim - log 4,(G) > ~I(). (17.6)
oty armddelEn e apy1|c LeYOAmY aokAioemv, 00 PN OLUOTOLOVUE QUTEG TLG LOOOVVAUES LWOPPES
TOV 0PLOUOV.

17.4 To Ozmpnuo Cramer

INa f: R — [—o0, co] opilovue Tov petaoynuationd Legendre g f wg t ovvaptnon f* : R — [—oo, 00]
ue
[ (x) = supixr = f(1))

teR

v ka0e x € R, dmov vevOuuiCovue 6t sup @ = —co ko supA = oo av 1o A C R givon un gpayuévo.

'Eotm 10pa (X,)p>1 AVEEAPTNTEG KOl LOOVOUEG TUYOLES UETAPANTEG He TLuEG 0To R Ko 1 1 Kortavoun)
Kabgudg. ZvupohriCovpe ue M tn pomoyevvitpla g X, ue A tov hoydpibuo g M kor ue A* to
uetaoynuatioud Legendre tg A. Anhodn

M) := E(eY) = f e du(x), (17.7)

A(Q) := log M(Q), (17.8)

AN*(x) := sup{dx — A(Q)} (17.9)
AeR

v kG0e 4, x € R.
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Hapdderyna 17.4. Ag dolue v mepimtwon ov 1 X; etvae 1 opowdpopen oto {—1, 1}. Tote
“1 4 A
AQ) = log(e : ¢ )

v KGOe A € R xou eivor Goknon amelpootikol Aoyopot (ueytotomoinong) va dei&el kKaveig Ot

A*(x) = {%{(1 +x)log(1 +x) + (1 —x)log(1 —x)} avxel[-1,1],

(17.10)
00 av x € R\[-1,1],

ue ™ ovpPaon 0log0 = 0.

To Oempnua Cramer Aéet 6Tt 1) akorovOial (S ,/n),>1 LKOVOTOLEL TNV 0PI UEYOAWV OTTOKAIoEMV UE
TaOTNTO 11 Ko ouvapTNoT pulpon A*. Eekivaue pe €vo MjUIa TT0U OVOLAOTIKA 0TTOdELKVVEL TO AV
Ppaypo. ™S apyNg.

ANupa 17.5. Trobérovue ot m := E(X;) € R. Tore

(i) x >m = A"(x) = sup,of{dx — A(D)},
x <m = A*(x) = sup,of{dx — A(D)},
A*(m) = 0.

S .
(ii) x>m= P(—" > x) < eNW,
n

S .
xﬁm:P(—n SX)Se_”A(x).
n

AmbdeEn. (i) T kdbe A € R epapuotovrog v avicotnto Jensen éxovue
A(Q) = log E(e™) > E(1X)) = Am,

emouévag Am — A1) < 0.

Tohpa yia vo arodeiEovpe Tov TpdTo LoyvpLond, BEhovue va deiEovue 6TL 6T0 supremum srov OPiLeL
T0 A*(X) Wrtopovue va ayvorcovue Toug aptbuovg Ax — A(A) mov €xovv A < 0. Tlpdrypoatt, yio x > m Ko
A < 0 éyovue Ax < Am (£ A(Q) dmwg dei§aue o tavm), ortote Ax — A(1) < 0. Opwg 0 givor 1) Ty Tov
Ax = A(Q) 6tov A = 0. Apa oL 6pot pe A < 0 dev wropoHv vo. 0vENCOVY TO supremum.

Avdloyn eivar 1 amddelEn tov deUTEPOL LOYVPLOUOU.

‘Otav x = m, oL V0 TaPATAV® LWOYVPLopol divouv 0tL to A*(m) wooltal pe v T tov Ax — A(4)
v A = 0, 1 oot eiva 0.
(@) Two x = mkow A > 0 égovue

Sn _
P(— > x) = P(S, > nx) = P(IS, = Anx) = P(e¥" = &™) < e E(e™h)
n

— e—/lan(/l)n — en/\(/l)—/lnx — e—n{/lx—/\(/l)}.

H aviodtnto omv mpdtn ypauwr] Tpoékupe oo v avicdtnto Markov. Emeidr] 1o ppdyuno toyveL yio
KaBe A > 0, 1 1déa eivan va dtahéEouvpe To A OV divel To KOAITEPO/UKPATEPO PPAYUO. ZUYKEKPLUEVAL
moipvouue ot M mbavotTa P(S,/n > x) ppdooetal Tavm oo TV To00TN T

A=A} — e sup oo {Ax—A)} — e—nA*(x)'

inf e~
>0

2NV TEAELTOLA LOOTNTO Y PNOLUOTOLOVUE TO UEPOG (1) TOv AMjupuatog. O LoyupLouds Yo x > m oodei-
¥Onke.
INa x <mxo A <0 éyovpe

Sn _ e
P(— < x) = P(S, < nx) = P(IS, > nx) = P(e¥" > e™) < ¢ B = ¢ AW
n

Ko 1 artddel&n ovveyileton dmmmg Ko oty mepitwon x > m. ]
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To ertduevo Mjuua eivor KpLowo yia TV astodelEN Tou KATM pPAYUOTOC TNG Apy1|g UEYOADV OLITO-
KMogwV.

ANupa 17.6. (a) H M givar dtagpogiowun oto eowteotkd tov Dy := {1 € R 1 M(Q) < oo} ue maodywyo
M) = E(X; &),

(B) Av u((—o0, a)), u((a, )) > 0 kot o u exet cvumayn pogéa tote Dy = R kaw vrdoyet Ay € R dote
AN(a) = dga — A(Ay). Tt avtd To Ay toyver N'(dy) = a

AmdSeén. (o) O TOmog Yoo TV Tapdymyo pokumrtel Stagopilovrag v E(e*®!) uéoo amd v puéon
. Ipémel duwg va deiSovue dtL avto eival emttpentd. 'Eotw A e0wteptkod onueio tov Dy, kow é > 0
ue [A — 6,1+ 8] € Dy Tote yia € € [—6,6], & # 0 €govue

M +¢e)— M) _ E(e(/1+a)X1 _ e/le) _ E(eﬂxl X 1)‘
£ £ £

To 6pro yia & — 0 g moodTTag 0T Péon Ty elvan To embuunTd X e kar 1 amdivti g T

ppaooeTAL ATTO

el
e -1
X, < 6 {MOX1 4 JrOX1y

0
[l vor SoVE TO TPMTO PPAYIQL, AVOTTUOGOULE 08 Suvauooelpd T e?X1. To de&l péhog g Tehevtaiog
aviodtnTag dev eEaPTATAL OITO TO £ KL £XEL TETEPAOUEVT UECT TN EEauTiag TOV dTL A — 8, A+ 6 € Dy;.
To ovurépaoua €metol amd to Oempnuo KupLapynuévng ovykiLong.
(B) ‘Exovpe A*(a) = sup .z A(D) ue A(d) := da— A1) = —log E(e'™179). H A givaw memepaouévn kou
drapopiotun oto R pe 6pra A(—o0) = A(c0) = —co gEantiog g u((—o0, a)), u((a, «)) > 0. Apa Taipvel
uéyLoto oe éva onueio o € R kaw 0 = A’(y) = a — A’(1p). O woyvpLopdg atodeiyOnie. ]

Oempnua 17.7 (Oewpnua Cramer). Yrobérovue 6Tt m = E(X;) € R. H akoiovBic (S ,/n)y>1 tkavomoiei
NV aQx1] UEYAAWV ATOKAIGEWV e TayvTNTO N Kot 6vvaetnon oubuot I1(x) := A*(x).

Amodelsn. 'Eotw u, M kotavour) tg tuyoiog uetafinmge S, /n. Axohovbovue ) uébodo g Mapati-
pnong 17.3(y).

ANQ oPATMA: 'Eotw F C R khewotd un kevd. Av I(F) = 0, dev éyovue va arrodeiEovue timota yiati
T0 0pLoTEPS UELog TG (17.4) etvon un OeTkd TAVTOTE.

YmoOétovue howmdy 6t I(F) > 0. Emewdn I(m) = 0 (Aqupoa 17.5), émeton 6t T m eival oTtoryeio
Tov avolytoy ovvohov R\F. 'Eotw (a, b) to uéyloto vrodidotuo tov R\F mov mepiéyel 1o m. Avto
TO VITOALAOTNUA ELVOL AvoLYTO (Kow dpa a, b € F) ywott to R\F elvor avouytod Kol eVOEXETOL a = —o0 1)
b = oo (0L Opwg Ka T dVo yrotl F # 0). Exetdn) F € R\(a, b), 6tav a, b € R, éyovue

[n(F) < pin((—00,a]) + pn([b, 00)) < M@ 4 M) < o), (17.11)

H ntpdt avicomta émeton amd 1o Aquua 17.5, evad 1 detvtepn amd 10 0tL a,b € F. Ava = —oo, oL
AVLOOTNTEC LOYVOVV QY TTOPOAEIPOVUE TOVE OPOVE iy ((—00, a]), e ™M @ Avéhoya kaw dtov b = co. Tohpa
T0 v Epayuna émetol amd v (17.11).

KaTtQ oparma: Me Baon v (17.6), emewdn n S, /n maipver tpég oto R, apket va deiEovpe ot o
KGOe a € R xow 6§ > 0 1oylet

1
lim — log t,((a — 6,a + 8)) > —A*(a). (17.12)
n

Iepintoon 1. u((—o0, a)), u((a, o)) > 0 KoL 1o u €xeL ovuToyn Popéa.
Tote pe paon to Aupo 17.6 vapyel g € R mwote A*(a) = dga — A(dy). Opilovue €va véo uETPo fi amod
™ oyéon
dii 2x—A(o)
L (x) = Ay e R, (17.13)
du
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To f1 eivow pétpo mbavotrog yroti

1
~ — Aox—A(4o) — Aox —
AR) = jl;e du(x) = M) Le du(x) =1

Ko €xeL uéon Tun a yortl

xe du(x)  M'(A
fxdﬂ(x = fR = (%) =N () =a
R M(Ao) M(2o)
Emiong, ovpuporiZovpe e fi, TV katavouy Tov pécov dpov X + - - - + X,,/n étov ou X1, X5, ..., X, elvon

aveEQpTNTEG LoOVouEG Kabeuia pe katavoun . Ko tpa elpaote og B¢on va dei&ovue to {nroduevo
Kato @pdyua. T'a omolodnmote € € (-6, §) vohoyiCovpe

S,
pnl(a = £.a+ &) = P(; cla-ea+ e)) - f du(xy) -+ dp(x,)

|x14+x2+-+Xx,—nal<ne

= f e”A(/lo)—/lo(xl+"'+x”)d/:l(x1) - dpa(x)
|x1 + X2+ +X,—nal<ne
> enA(/zo)_/zona—Molnsﬂn((a —&,a+¢)) = e—nA*(a)—nlﬂolsﬂn((a —&,a+¢)).
Apa
1 1
lim ~ log pt((a = 6,0+ 6)) 2 ~A"(a) ~ lole — lim = log/i,((a — 6. + 8)). (17.14)

Topa lim, e fi,((a — 6, a + 6)) = 1 076 ToV 00OV VOUO TV UEYOADV apLOUdV YLOTL

X\ +---+X,
fn((@a—0d,a+0)=P|2L—""" c(a-6,a+0)
n

karou Xy, ..., X, elvoaw aveEaptnreg 1odvopeg ue pwéon Ty a. Apa. to lim oto deEl uéhog g avicdmrog
(17.14) eivon 0 kou waipvovtog € — 0 €xovue v (17.6).

IMepintoon 2. pu((—co, a)), u((a, o0)) > 0 Kaw To p dev €xeL CUUTOYY| POPEQ.

Yrapyer Ry > 0 peydho dote u((—Roy, a)), u((a, Ry)) > 0. Oswpovue tmpa omroodnmote R > Ry Ko
axorovBio (X;)is1 aveEAPTNTOV Ko LOOVOU®Y TUXaiwY HeTaPANTOV te Kotavour ocvtiv g X pe )

déopevon |Xi| < R. Anhadn
PX; € A,IXi|<R)

P(X, € A) =
P(Xi| <R)
vio k00e A € AB(R).
O¢touvue S, =X +X%+--+X, Tote
s S, o
P(— c (a—s,a+8)) > P(— € (a—&a+8), X < Ry k60 i = 1,2,...,n) (17.15)
n n

P(% €(a—ea+¢€),)X] <Ry kbe i = 1,2,...,n)

17.16

P(X;| < Ryaxabei=1,2,...,n) ( )

XP(X;| <Rvaxabei=1,2,...,n) (17.17)
Sn

:P(— €(@a-sa+s)|P(X| <R)" (17.18)
n

Thpa yia Ty axorovdio S ,/n epapuodletol n mepimtmon 1 Tov kKdtm @pdyprotos. SvuporiZovue pe I
TN OUVAPTNON PLOUOL TNG aPYNG LEYOA®Y QTOKAIOEWY TTOV LKavoTtoLel 1) akohovBio. Apa

1
lim — log ft,((a - 8,a + 6)) > ~Ix(@) + log P(X] < R).

n—0oo
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Apykd, Oo BelTidoovpe TNV EKpPoon Tov KATo @pdyuatoc. Ottovue Cr(d) = log E(eX11x,<z). H
pomoyevviTpLa ™G X eivol E(e™1x,<r)/ P(Xi| < R), ue hoydpbpo Cr(d) — logP(IX;| < R), dpa
Ig(a) = sup p{da — Cr(D)} + log P(X;| < R). Emouévwg to mtponyoluevo Katw @payua elvol omhog

—sup{da — Cr(D)},
AR
10 omoto elvar To avtiBeto Tov uetaoynuotiopov Legendre Cy(a) g Cr oto a. 'Etot, to {nroduevo
KATO @pirypa EETOL 0T TOV €ENG LOYVPLOUO.

Izxrpizmos: lim, | Cr(a) < A*(a).

H Cj(a) eivar @Bivovoa wg mpog R yroti n Cr(4) elvon avEovoa g pog R. Apalim, | Cr(a) < Cf(a)
yia k60e r > 0. 'BEotw u < lim, | Cr(a). Oftovue

K, :={1eR: da—CyA) > u}.

o r > Ry, 10 K, elvar pun kevo agol u < Ci(a) Kar ovpmayés yati 1 A () := da — C(2) elvon
TETEPUOUEVT] TTAVTOV Kl GUVEYNG WG TTPOG A Ue A,(—00) = A,(00) = —co (amddelEn dmwg oto Afjuua
17.6(B)). Emiong m (K,)rsr, elvon pbivovoa wg mtpog r, dpa 1 toun N,sg, K, elvor un kevi Kot €otw Ay
éva onueio og avtyv. Tote

Adoa —C.(Ap) > u

via ka0e r > Ry. T r — oo 1) tedevtaio aviootnta Kol 1o Oedpnua povdtovng olykiong divovy
Apa —log A(Ag) = u, xau apo A*(a) > u. O woyvpronds amodeiydnke.

Iepintwon 3. Kavévag mepropropnde oto u (mépav tov E(X;) € R).

Mével va eEgtaoouvpe TNV TEPITTTWOT TTOV £Va TOVAAYLOTOV OTT0 Ta w((—00, a)), u((a, 0)) eivar 0. Tote

A*(a) = sup{la — log E(e™")} = sup{—log E(e'®™¥)} = —1log P(X, = a).
AeR AeR

H tehevtaio 10dmTo 1oyveL yiatt katw omd Tig vmobéoelg pac, 1 E(e'®1~9) glvou povétovn wg mpog A
Ko dpa To infimum ™™g LooUTan pe To dpLd g oto —oo Otav u((—co, a)) = 0 KoL ue To OPLO THG OTO ©0
otav u((a, —0)) = 0. Topa To cvuTépaoua ETETAL VLT

u((a=06,a+0))>PX =X, =---=X,=a) =PX; =a)".
[ ]

Mopatiypnon 17.8. (o) (H 1déa g arrayng uétpov) To ovotaotikd Koppdtt tg arddeEng Tov KATm
ppayuatog etvar M Mepimtwon 1. Ag mhpovue v mepimtwon a # m xow & wkpd. To yeyovidg
A, = {S,/n € (a — g,a + &)} elvar un TwmKd 6Tov oL X; €XOVV KATAVOUY 4 KoL SUOKOAEVOUOLOTE VL,
gkTIUoovpe TV TTOavOTHTA Tov. AUTO TTOU KAVOUUE €ival va alhdEovue To vOuo Twv X; ue TéTolo
TPOTO MOTE T0 A, va yivel Tumko yia ovtd to véo vopo. Ko mpdypatt, o vopog i €xer péon tun a,
ortdte, OTOV oL X; elvol oveEQpPTNTES, Kabeuio ne Kotavour) i, to A, €yl mbavdtnrta mov teivel oto 1.
To K60T0¢ Yo TV ahharyn vouovu (nétpov) eivar n mopdywyog Radon-Nikodym, yio tnv omolo eutuymg
éxovpe KoAS Eleyyo. 210 06hVolo A, ot éxel Ty mepimon e A0 ~doal,

(B) MpooéEte 6tLyio TV [epimtmon 2 Tov KATw pPAYUOTOS EQPOPUOCOUE TV TEXVLKT| TNG TEPLKOTNG
wote vo avayBotue oty Mepimtwon 1. Me tov (610 Tpdto amodeiEape TV ETEKTOON TOU VOUOU TV
ueydhwv aplbumv oty Aoknon 12.2.

(y) To @edpnua Cramer oyber okopa kou xopic v vrobeon ot 1 E(X;) opiletan kou elvon
TPAYUATIKOG aptBuds.  Autd amodetkvieTtar ne Alyeg mopeufdoeg oty amddelEn mo mave (deg

( ), Oempnua 2.2.3).
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I(z)
00 00
. -
+ log2
T
-1 1

Zyfua 17.1: H ouvdptnon pubuot g apyng ueydhov amokioemy yio Tov uéco 6po opotdpoppuv oto {—1, 1}.

HMapdderypa 17.9. To Gempnua Cramer epapuoletar omv akohovdia (S,/n),>1 ¢ Hapaypdgov
17.1 xou diver dtL 0vT LKAVOTTOLEL TNV apy1| UEYAAMV atokAioemY pe cuvaptnon pviuov I(x) T A*(x)
™ (17.10). To ypaenud g divetar oto Zynuo 17.1. Na sapatnprioovue ta eErig

e H I éyer v un 0 ot pnéon nun E(X;) = 0.
e H I éyeLtv iun oo yia x ¢ [—1, 1], wov elvan ovouevouevo agov 1 S, /n moipvel tpég oto [—1, 1].

e '‘Oco amopakpvvouaote amd to 0 (tn péon wun tov X;), 1 I(x) avEavel. To yeyovdg {S,/n eivon
KOVTA 07O X} yivetow akpLpdtepo/mio amibavo.

Twpa uwopoue va emotpépouvue oty Iapdypago 17.2 Kor vo SOUVUE OTL TPAYUOLTL TO X TTOV UEYLOTO-
motet T drapopd xlog 2 — I(x) etvan to x = 3/5.

Aoknoelg

17.1 Noa vroloylotel 0 HeTooyNuUaTopnog A* othy mepimtmon mov 1 X akolovOel v Kotavoun

(o) Poisson(a),

(B) exp(a),

(v) N(0, ™),

omov a,o > 0. Emiong, pe yprion Mathematica 1) dAhov mpoypduuatog va yiver oe kd0e meplmtwon 1 ypopLKy)
mopdotaon touv A*.

17.2 Na vrmohoylotel o petaoynuotiopds A* omy mepimrmon wov 1 X éxel mukvomro f(x) = (3/2)|x 1 ys1. Tu
TANPOPOpPiES divEL TO AV KoL TO KATM PPAYUa TG apyiG UEYOAWY ATTOKAOEWV Yo TV akohlovbia S, /n;

17.3 'Eotw f : R — [—oo,00] kou Dy := {x e R : f(x) < oo}.
(a) Av 0 € D3, t0te

/()

|x]

lim > 0,

|x]—00

Ko apa limyy—e f*(x) = co.

(B) Av Dy =R, t01¢
£ _

|x]—00 |x|
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AI

AvolvTikd atoteAEopnoTa

K¥prog 0t6)0¢ avutol Tov TapapTuatog eivatl 1 Statdmwon tov Afuuatog A'.2 Topakat Tov ogopd
VITOAOYLOUO OPImV OITELPOYLYOUEVWV KL YPNOLUOTTOLETOL 08 amodeiEelg aoBevolg ovyKkMong Héow
YOPAKTNPLOTIKMV GUVOPTIOEWMV.

INa z € C\(—00, 0], e log z ouuPoriovue Tov KUpLo KAASO Tov hoyapiOuov tov z. Anhadn
log z = log |z] + iArg(2),

omov Arg(z) € (—m, ) elvar To dpLopa To Z.
INa z € C xovtd oto 0, Exovue

e ~1+z
log(1+2) =z

Avtég oL V0 mpooeyyioelg nag KaBodnyolv 0Tav KAVOUUE ACUUTTTMTLIKY) OVAAUOT OITELPOYLVOUEVMYV.
Ko émertal, yia va SLKoLoloy1|00UUE 0UoTNPA TO TOTELEGILOL TTOV LOG VITOOELKVVIOUYV, Y P1OLUOTTOLOVUE
KaTmoLa artd TG avioOTNTEG 0TO TOPAKAT® MUUCL.

Aquua A1, (i) € > 1+ x 7o kéBe x € R.
(ii) logx < x — 1 ya kaOe x € (0, ).
(iii) ¢ — (1 + z)| < |z* y1a kGOe 7 € C ue |z] < 1.
(iv) |log(1 + z) — z| < 2|z)? y1a kGO 7z € C ue |z < 1/2.

Amodelsn. Ta (i), (i) elvor yvootd amd To AVKELO.
(iii) Me p1jom TG SOUVOUOOELPAG YLO. TNV €° €YoVue

>k

k=2

1 1
<| — <12y ==z

le* = (1 +2) = < . =

Ty TpdT avicdTTa, Pydhape Kowd moapdyovra to [z]> Kol ypnoiomonjoaue to 6t |z] < 1.
(iv) Tw z € C e |z < 1/2 woyder

(9]

Z l)k IZ

k=2

(o)

k 2 2
<Z|z| P - || < 20

H mpwtn oot ta woyver yio Kabe z pe |z] < 1, evo 1 televtaio aviodtta yo |z < 1/2. ]

|log(l +2) -z =

Ao A’.2. Eotw (ky)s1 axorovOio puokdv agiQudv kou{a, ;- n > 1,1 < j < k,} wwyadikol agibuol.
YroBérovue ot

i) lim, k."_ a,; =AusA e Cka
j=14n.j U
s 1 ky
(ii) lim,_,c ijl |an’j|2 =

119
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Torte
ky
lim n(l +a, ;) =e
n,j :
n—oo L |
J:

To ovumépaoua elvar avopevouevo agov Aoyw tov (ii) Oha ta a, j elvon kovtd oto 0 Ko dpo

kn ky .
[ [a+an =] ]em =emie,
=1 j=1

O ekbétng oty tehevtaia Ekppaon teivelr oto A. Tlpémer va dei€ovue BéPara oavotnpd dtL 10 =~ 010
oplo yiveton =.

AmodelEn. Amd v vtobeon (i), viapyel np € N* dote |a, | < 1/2 ywakdbe n > ng 1 < j < k,. 'Eneita,
EYOVUE
M2, +ay))

k)
2z jil an,j

= oZiullog(+ay =an ;) (A’.1)
e

O ekBég e xpnomn tov Afuuatog A" 1(iv) gppdooetar wg eEng

kn kn
< 3 gl +ay)) ~an <2 lay
=

J=1

K
D Hlog(1 + ay ) - a )

J=1

H tehevtaio moodtnta teiver 0to 0 0mtd vrdOeon. Apa 1o Iniiko oty (A".1) telver oto 1 ko To Mjuua
amodeiyOnke. ]

Iépropa A'.3. Av (c,)nen akorovOia oto C térowa tote ¢, — ¢, ue ¢ € C, 1é1e

lim (1 + ﬁ) = ¢
n—oo n
Anédelén. Egapudtovue to Auua A'2 pe k, = n,a,; = c,/nywa ké0e n > 1 ko 1 < j < n. 'Exovue
n n 2 2
ﬁ:cn—>c KoL Z(ﬁ):c—"—>0
—n —\n n

Téhog, dratvmmvouue TV tpoogyyon Stirling yia ™) ovvaptnon I'. O oproudg g I eivon

[(x) = f e dt
0

vio KG0e x > 0. Amodetkviovtor e0Kola oL €ENG PAOLKEG LOLOTNTEG TNG.
(i) T(1) = 1.
(i) T(1/2) = +/n.
(iii) T'(x + 1) = x['(x) yio k4O x > 0.
(iv) T'(n) = (n = 1)! yua. xa6e n € N*.
H mtpooéyyion Stirling eivow m €Enc.
Oeopnua A’ 4. Ia kéOe x > 0, vadoyet 0, € (0, 1) ot dote

x) N2n /(129 (A'2)

T(x) = (— "

e
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Tty amddelEn Tov Bewpnuatog, deg v Mapaypago 12.33 oto ( ).
I n € N*, éyovue v €Ejg eld1Kr| mepimtwon:

nl=IT'(n+1)=nl(n)~ (g)n 27,

Kabwg n — oo,
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Teyvikés amodeiters

To mapapTUo. AUTd TEPLEYEL ATOOEIEELC KATOLWV ALTTOTELECUATWY OL OTTOLEG ELVAL TEPA AT TOV OTOYO
TV onuelwoewv. Kataypdgovtol edm Yo Tov evOLagpepOUEVO avayvmoT.

Kegdioro 10

AnddeiEn tov Osworjuarog 10.11: Emeidn n olkovEvela (G)) jes elvar aveEapTnT ov Kaw dvo ov Kabe
TETEPAOUEVT] VITOOLOYEVELD TNG ELVOL AVEEQPTNTY, apKel va detEove To Bedpnua 0TV TEPLTTWON TTOV
to J eivon memepaopévo. Tmobétovue ooy ot J = {1,2,...,n} yia kdmowo n > 2. T k40e k € J,
ovoudovpe Cy T0 6UVOLO TV OUVOLMV TNG LOPPNG A;, N A4, - - NA;, Omov r > 1 ko A;,, As,, ..., A, €
Ujer, 77 Mapatnpovue 6t o(Cy) = Gi. Oétovpe

Dy ={A€G :PANA N NA,) = PA)PA) - P(A,) yia k6O Ay € Ca, ..., Ay € Ca)

Amd vrdbeon, C; € Dy. Elvkola deiyvovue 6t  D; eivow khdon Dynkin, dpa 6(Cy) € D). Opwg
1 C1 elvol KAELOTY) OTIG TIETEPAOUEVES TOUES, 0TTOTE TO Depnua povdtovng kKhaong divelr 0t 6(Cy) =
7(C) = G1. Apar

ta G1,C2,Cs, . .., C, elvar aveEdpmra.

Me avdaloyo emuyeipnuo deiyvovue OtL
ta G1, G2, Cs, ..., C, elvon aveEapTnta,
KoL TEMKG TO Oempnual. ]
AmodelEn Tov Oeworjuatog 10.12: 'Eotw G; = 0(Uig;0(X;)). Amd v vmo0eon aveEapmolag twv
(X)ier Ko TO TTPONYOUUEVO BEdpPNUQ, OL O-OAYERPES (G))ics Elvan aveEdpTnTeg. ApKel emopévag va
delEovpe OtLyia kGO j € J,n Y; eivon G -petprionun. ‘Botw W; = (Xj)ier, : @ — RY, ondte Y; = fjo W),
Koy A € R oivoro Borel, éxovue Yj‘l(A) = Wj‘l(fj‘l(A)). Aedouévov ot 1 fj elvan petpriowun, uévet
va deiEovpe tov Enfg oyupLond.
Izxrpizmoz: H W; elvou G uetprjowun.

Hpdyuatt, 1 owkoyévela B; := (B c RV : WJ.‘I(B) € G} elvan o-ahyeBpa [Aoknon 1.7(a)] xou mepiéyel
TOUG HETPoLOUg KULivopoug Yol av whpovpe Evav tétowo B = [, Bi, 0o €xovue

W' (B) = Nier, X; ' (BY).

e au) ™V Top), LOVo TETEPACUEVO CVVORQL elval dLapopeTikd amd to Q agov 1o {i € I; : B; # R}
elval memepaouévo. Apa, wg apltunotun (TemEPACUEVY] LAALOTO) TOUT| OTOLYELWY TNG O-GAyepfpac G
elvan otougelo e G;. Kou emeldn n o-alyeppo yivouevo mopdyetal amd Tovg LETPOLUOVS KUALVOpOUG,
émetal 0T ®ic;, B(R) C B,. O 1oyvpLopog amodelyOnxe. ]

Kegdroo 11

AmbdeEn tov Oswonjuatog 11.10: Oa deiEovue 6t to C givor aveEaptnTo 0mtd tov eautd tov. Tati
avtd diver P(C N C) = P(C)P(C), dnhadn P(C) = P*(C), mov ypagetar P(C){1 — P(C)} = 0, and to
07T0l0 TTPOKVITTEL TO LNTOVUEVO.

122
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I=xrpismMos I T kG0e n > 1, ou 0-dhyefpeg Z, = o({X) : k < n}), 6, eivan aveEdpTnTeg.
Avtd émeton amod 1o 6t ou (X,),>1 elvan aveEaqptnteg, tovg Optopotg 10.3, 5.17, ko to Oempnuo
10.11 yuoe T dropépron {{1,2,...,n},{n+ 1,n+2,...}} tov N*,
O¢tovue Topa Z = Upen D,
[=xrPi=MOs 2: To C eivor aveEdptnto amd kdbe otouyeio g o ().

Ente1dn) to C eivor ototyeio g 6, yia ka0e n > 1, émeton 6t to C eivan aveEqptto amd Kae 7,
Kaw dpa amd KdOe oToLyElo TNG EVOG TOoVg, Tov eivar to Z. To ohvoro & Tmv atotyeimv g o (Z) mov
glvar aveEapmto artd 1o C eivor wa Khaon Dynkin (Aoknon 3.1) mov sepiéyer tv Z ko n Z eivan
KAELOTY| OTIG TTETEPAOUEVEG TOUEG. Apa, artd to Bewpnua 7t-A, 0(Z) = §(Z). Ouwg 8(Z) c & C 0(D),
onote & = (D).

Tohpa G C o(Z) yoti evkolo rémovpe 6t 0(Z) = o({X,, : n > 1}). Apa amd tov loyvpionod 2
gyouvpe Ot to C givar aveEAPTNTO 0ITO TOV EQUTO TOV. ]

Kegdroro 14
Amodelsn tov Ocwonuarog 14.8: 'Eotw F kal F, ) ouvapTnon KATavoung TmV UWETPWV U, i, AVTIOTOLY .

«=» Av ta a, b elvar onuela ovvéyelag g F, tote yio v f 1= 1, toyver n (14.3). Mpdypot

f Liap)(x) dpn(x) = pa((a, b]) = Fy(b) = Fy(a) = F(b) - F(a) = f Lap)(x) dp(x) (B'.1)

YL n — oo,

'‘Eoto tpa f ovveyng Kot gpayuévn. ©¢tovue ||flle 1= sup, [f(x)]. Haipvouue € > 0. Bpiokouvue
K > 0 wote 1o —K, K va eivon onueta ovvéyeog g F ko F(-K) < g,1 — F(K) < &. Zrabgpomoloue
&1 > 0. Emteldn 1 f etvar opordopopgpo ovveyng oto [—K, K1, vrtdpyer 6 > 0 wote

x,y € [-K K] |x =yl <d=[f(x) - fO) < &1 (B'2)

Bpilokovue oto [-K, K] onueta —K = ap < a1 < ay < --- < ay-1 <ay = K ®vote 0 < a; —a;_1 < § o
K&be i = 1,2,...,N koun F va elvar ovveyng oe kabéva amod ta ay, az, . . .,ay-1. Eotw I; := (a;-1, a;]
yvoi=1,2,...,Nxa

N
S = )" @) g ()
i=1
Tote

° limn_mfs(x) du,(x) = fs(x) du(x) Moyw g (B'.1) xau tov 6tL T ag,ay,...,ay evon onueio
ouvéyelog g F.

o |f(x) = s(x)| < &1 Yo k4Oe x € (-K, K]. Apa.

‘ f Sx) dpy(x) — f s(xX)du,(x)| < f |f(x) = s(x)| dpt(x) (B'.3)

< f |f(x) = s(X) i<k dun(x) + f |f(x) = s(0)[ 1>k dpn(x) + f |f(x) = ()1 ek, k7 dtn(x)

(B".4)
< [ flleolptn((=00, =KT1) + pn((K, 00))} + £104((=K, KT) (B'.5)
S oot Fa(=K) + 1 = Fy(K)} + & (B'.6)

Apalim, oo | [ £00) dpn(0) = [ sC0dpa(2)] < 26 fllo + &1

o Opota, | [ f(x)du(x) — [ s(x)du()| < 2elflleo + 21
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Apa, atd TNV TPLYWVLKY OVIOOTNTA,

< 4] fllo + £1.

@‘ f F () dpn(x) - f f(x) du(x)

To aprotepd wéhog dev eEaptdton amd ta &, £1. Oempovue howtov &, e, — 07 kaw to Tnrovuevo Emetad.
«=» "BEoto xg € R onueio ovvéyelag g F. Ta & > 0, Bewpotiue ) ovveyr) Kot @paryuévn ouvaptnon

1 av x < Xg,
f(xX)=3=(x—=xp—¢&)/e ovx € (xg, X0 + &], (B'.7)
0 av x> xp + €.

1N omota LKOVOTTOLEL 1(— e x(X) < f(X) < 1 (Lo xyre](X). TTaipvovtag ohokApoUa WG TPOG 1, OTNY TPADTY
OVLOOTNTA, G TTPOG U OTY OEVTEPT] OVLOOTNTA, KOL YPNOLUOTOLMVTOG TV VITOOEOT Taipvovue

lim F,(xo) < lim f S0 dpn(x) = f f(0) du(x) < F(xo + &).
‘Ouwg 1o & eivar avbaipeto. Kot emedn n F eivan 8eE1d ouveyig oto xg, Yo € — 0 aipvovpe
lim F,(x0) < F(xp). (B'.8)

[N 10 KaTw Ppayua, Toipvovue € > 0 Kal Oempovue T oVVAPTION

1 avx < xg— &,
g(x) ={-(x—x0)/e avxe (xo- & xl, (B.9)
0 av x > Xxg,

1 omolal LkavoTtoLel 1(—eo xy—£1(X) < 8(X) < (oo x,1(X). Omig mpLv maipvouue
lim F,(xp) > lim | g(x)du,(x) = f g(x)du(x) = F(xo — €).

Emewdn n F elvon aplotepd ovveyns oto xp (€0 OVO ypnoLiomotote OTL To X Elval oNueio ouvEyELOg
™m¢ F), yio € — 0 maipvouue

lim F,(xo) > F(xo). (B'.10)
H televtaia oyéon pali ue v (B'.8) divouv to Tntoduevo. ]

Amddelsn tov Ocwonuarog 14.11 (i) = (ii): IsxrPisM0Os: Av to A gival KAeLoTd, TOTE
lim P(X, € A) < P(X € A).

Zrabepomolovue ¢ > 0 ko Oewpovue T ovvaptnon fo(x) := 1/(1 +d(x, A)), dmov d(x, A) := inf{|x—y] :
y € A} elvaw 1 atdotoon Tov x amd 10 A. H f, elvan ovveyng, gparyuévn, Ko tkovomotetl 14 < f,.. Apa

lim P(X, € A) < lim E f.(X,) = E £.(X). (B'.11)

Topa, lim.,e f.(x) = 14(x) yio K&Oe x emeldn kabe x € R\A éyer d(x,A) > 0 (to A elvor KAewoTo).
Ontote, maipvovtag ¢ — oo otnv (B'.11) katd ujkog pag akohovdiag (wt.y. ¢ = k guoikog) To Bempnua.
ppayuévng ovykiong divet 0t limy_e E fi(X) = E14(X) = P(X € A). Ko 0 woyvpiondg amodeiyOnke.

Av 10 A elvar avorytd, TOTE eapUOTOVTIG TOV LOYVPLOUO YLa. TO KAELoTO R\A maipvouue

lim P(X, € A) > P(X € A).

n—oo
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Topa yia éva A dwg oty ekpadvnon éxovpe P(X € A) = P(X € A°) + P(X € 6A) = P(X € A°). Kau
amd To. O TAVE

P(X € A°) < lim P(X, € A°) < lim P(X,, € A) < lim P(X, € A) < lim P(X, € A) < P(X € A).

n—oo n—oo

To Tntovuevo émetou. ]

Kegdroro 15

AmodelEn tov Afjuuatog 15.1: Amd Tov oplopd tou petaoynuatiopoV Fourier tov uétpov u €xovue

f u(l— () dt = f ' f (1 — ™) du(x)dt = f f u(l—cos(tx)+isin(tx))dtd,u(x).

H deitepn o6t T0r TpoKkUTTeL amtd 10 Oswpnua 9.4 (Tonelli-Fubini). E@ocov n ouvaptnon 1 — cos(tx)
elval apTia Ko 1 ouvaptnom sin(zx) etvan TepLtt), To TeELeVTAlo OLOKAMPOUA LOOVTOL UE

2 f f "(1 = cos(tx)) dr du(x) = 2 f (u— Smi”x)) du(x) = 2u f (1 - Smbf;’x)) du(x).

[Mopatnpotue Twpo OTL 1 CUVAPTNOT 0TO TEAEVTALO0 OMOKANpwua gtvar un apvntikn (1 — % > 0y
KA0e x € R. Apa, ov OLOKANPMOOVUE OF ULKPOTEPO Y WPLO, TO OAOKANPOUO WKPAIVEL) KO Yot [ux] > 2
gyouvue

‘sin(ux) i < l
ux 17 ux T 2
ZVVETWG,
U 1 2 ,
f {1—,[1(t)}dt22uf —d,u(x):uy({x: x| > —}) (B'.12)
—u {x:|x>2/u} 2 u

7OV €lvol To {nrovuevo. ]



YTOOEIEELS VIO EMAEYUEVES LOKTOELS

Kegdioro 1

1.5 Av mtapaydtav, Tote N drapépiorn Ba ftav avaykootka 1 C = {{x} : x € R}. 'Emetta, xpnouomoovue
™v Aoknon 1.3.
1.6 By = A|, B, = A)\Ay, Bs = A3\(A; UAy), ...
1.7 (@) 0 € Bywoti f71(0) = 0 xard € F. 'Enerta, av A € B1ote f-1(V\A) = X\f1(A) xar epdoov f1(A) € A
Ko M A elvor o-dhyePpa, ¢xovue ot X\f1(A) € F. Apa Y\A € B. Téhog, av (A,)uen Elvaw akorovdio ot
B, 101¢

S UneriAn) = Upenn /1 (An) € AL

1.8 Oa amodeiEouvpue 6t n A eivow o-GhyePpa oty mepimtwon mov wyber to 1. Me mapduolo Tpdmo
orodetkviovtal KoL o dAheg dvo meputtdoelg. Aol 1 A eivor alyeppa, apkel va deiEouvue OtL eivar
Khelom otig optbuioeg evwoelg. 'Eotw {B,},en akokovBia oty A. Oétovue A, = UL Bin =1,2,....
Tote, n A, elvon av€ovoa Kot UpenA, = Upen By, Apa, Moyw tov 1 éxovue UyenB, € A.

Kegdroro 2
2.2 'Exovue ot 3,2 P(A,) = P(U? | A,) < 1. Ago¥ 1 oelpd ovykhivel, lim, . P(A,) = 0.
2.3 (a) Ioyver 6T P(UY? (A,) < 307 P(A,) = 0.
(B) TIoyver o P(N2 | A,) = 1 = P(UY” | As) = 1 agol P(UY Ay) = 0 hdyw Tov (a).
2.4 Adyw g mponyoluevng Goknong, mpémel to I, I’ va eivon vepapbujoua. ‘Eotw Q = (0,1),F =
B((0, 1)), P = Ay to uétpo Lebesgue, I = I’ = (0, 1), A, := {x}, B, := (0, D\{x} yia. x60¢ x € (0, 1). Tote

() P(A,) = P({x}) = 0 yia k&Be x € (0, 1), opwg P(Uye0.)Ax) = P((0, 1)) = 1.
(B) P(By) = 1 y1a k&0¢ x € (0, 1), dpwg P(Nyeo.1yBy) = P(@) = 0.

25Twn > 1, 6étovue B, = {8 € B : P(Ap) > 1y Téte |B,| < n, yiati P(Ugep,Ap) < 1 xou P(Ugep, Ag) =

n

Ypen, P(Ag) > %IBnl. Aqgov B = U | B,, ue |B,| memepacuévo yio kabe n > 1, £xouvpe to {nroduevo.

2.6 T TV TPOT AVIGOTNTA EXOVE

P(liminf A,) = P(U, N2 Ap) = lim (N, Ag) < lim P(A,,).

n—oo

H devtepn woomta 1oydel yioti n axohovdia B, := N2 Ay eivar adEovoa, evd 1) avioomTa LoyDel yLotl
B, C A,. H aviootntal

lim P(A,) < P(limsup A,)

n—00

ATOELKVVETOL OUOLAL.
Kegdroro 3

3.1 Xpnowun eivan 1 Mpdtaon 2.12
3.2 H A dev mepiéyel 1o {2} mov eivon toun) tov {1,2}, {2, 3}.
3.3 Amd 1o Oempnua 3.6 éxovpe o6t o(Cy) = 6(Cy).

Kegahoro 4
4.1 'Eotw A(F) := {x € R : HF &ivan aovveyrc oto x}. Emewdn m F eivow adEovoa, oe kdbe onueio

aovvéyelag, 1 F éyel ahuo mpog ta thve, dhadn, F(x—) < F(x+) (Bépana, F(x+) = F(x), ola dev to

126
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ypewolopaote). T x € A(F) emhéyovue évav pntd g, € (F(x—), F(x+)). Emedn n F eivaw avEovoa, 1
QITELKOVLOT X > g, elval 1-1 amto to A(F) oto Q.

Evohhoaktued, Oempotpe 1o ovvolo B = {x € R : 1 F elvaw aovveyng oto x} kar Oétovpe Ag = {8}, B € B.
Tote P(Ag) = F(B) — F(8-) > 0, agov 1 F éxer dhpa oto X, Ko eqapioCovpie To OVUTEPOOUa TG ATKNONG
2.5.

4.2 (0) 'Exovue 6T

P((0,4)) = AP1((0,4)) + (1 = D) P»((0,4)) = /lf e tdx+(1- /1)%
0

=l -ehH+(- /l)%.

() TvwpiZovue 6tL F(x) = P((—0, x]) = AP((—c0, x])+(1—2) P2((—o0, x]). Evkolo wtopet koveig vo ehéyEet
oTL

0 av x < =2,

(1-231 av —2<x<0,
F(x) = 2 1

Al =)+ (1 -5 av0<x<3,

1-Ae* av x> 3.

4.3 T'wa 10 (a0), éxovue

P{x}) = P(ﬂ (x— lx” = lim P((x— lx]) = lim (F(y) - F(x— l)) @ F(@y) - F(x-).
n n—o0 n n—o0 n

neN+
I'a to (B),

(0),(4.1)
) =

P([x,y]) = P({x}) + P((x, ] F(x) = F(x=) + F(y) = F(x) = F(y) = F(x-).

Ta (y) Ko (8) TPoKVITTOUY PE ToV (810 TPOTTO.
Kegdhloro 5

5.1 To ovvoho A := {A C R : f71(A) € F} eivar o-dhyePpa [Aoknon 1.7(1)]. 'Eotw 7~ 1 okoyéveia Tov
avoLy TV vroovvolwv tov R. Tlpogavag to (o) ovvemdyetar ta (B), (v). Av vrobéoovue 1o (B), dnhadn
T c A, 101€ 0(T) C A, mov eivaw 10 (0). 'Emerta Oétovue Ay = {[a,b] : a < b,a,b € R}. Av ioyveL 1o (),
dMhadn Ay C A, tote o (Ay) C A. Méver va deiovue 0tL o(Ay) = BR).

5.2 Ta. ovrvoha {—oo}, {oo} elvan Khelotd.

5.3 'Eoto f petpriown Kau ip € 1. Ag vmoBgoovue ot M f molpver 600 drapopetikés Tuég a < b oto A;,.
Oa. émpeme Lowtov to ovuvoho A, N {f < b} va avikel oty F. ‘Ouwg, avtd 1o oVVOLO elval un Kevo Kot
YVNOLo vTooUvoro Tov A;,. Tétoto ovvoho dev vrtdpyel oty F (deg oto IMapdderypa 1.1 yia v meprypagn
™m¢ F). Emiong, eivar elkohro va dei&el kavelg OtL pa ovvaptnon mov eivan otabdepr oe kaOe 6Uvolo TG
dLapepLong eivor petpriout. Apa, avtég eivor akpLBmg OAeg oL LETPTOLUEG CVVAPTHOELG OTOV (Q, F).

5.4 (o) {w € Q: lim, X,(w) = 00} = N2, US| N2 (X, > k).

(B) To lim, X,,(w) vrapyeL 6to R av kor povo av 1 axorovbia (X,(w)),s1 eivor paoctkn. Ankadn yio kébe
k> 1 vmapyer j > 1 wote [X(w) — Xg(w)| < 1/k yuo k40e r, s > j. Apa., T0 SOOUEVO GVVOLO YPOAPETUL (G ...
Evallaxtikd, to doouévo ovvoko ypagetol og {lim | X, (w) = 1m0 Xu(w)} N {lim _  X,(w) € R}. Ou
lim X, (w), 1m0 X,,(w) elvon UETPTOLUEG.

5.5 Xpnowomorovue 1o [opiopa 5.4. H avtiotpopn eikdvo kKabe diaotuatog eivor diotuo (Ko dpo
Borel-puetpnowyo) apot 1 f eivor povotovn.

5.6 ©ewpolue ™ ovvdpmon h = f — g. Téte ) h eivon perprjorun Kow woyvel ot {f = g} = h71({0}) € A,
eqooov {0} € BR).
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Evolhaktikd,

Of=gl={f+g={f>gVig> s}
= (Ugea (1f > @} N {g < D) U (Ugeq (g > @) N {f < )

07t0 TO 0TTOl0 £TETAL TO CNTOVUEVO.

5.11 Ene1dn) to {X > 1} éxer Oetikn) mbavdtnro Kol .oovtol ue v aptbunoiun évmon

{X>1}:U{X>1+%},

n=1
KAToLo amd ta oUvola TG EVMonG TTPETEL VoL el BETIKT mbavoTnta.
Kegdaloro 6
6.1 Zmv woomra 1 — 1y 4, = (1 = 141 = 14,) -+ (1 = 14,), avartiooovue 1o de&l uéhog Kar aipvoupe
ueom T,
6.2 Ozwpovue TV TVYaio petainm X = 37 1y,.
63X =35, 1=, 1y kou Oedpnua Beppo Levi.
64 [X] <X <[X]+1.
6.6 () Aovhevovue Omtmg otV amodelEn g avicdmtag Chebyshev.

PX<aEX)=PX-EX<-(1-aEX)

Var(X)
<PIX-EX|>2(1-aEX) < ————.
<P |>2(1-a) )_(1—a)2(EX)2

Xpnowwomomoae to ot (1 — a)EX > 0.

(B) 'Botw A := {w : X(w) > aE X}.

EX = E(X14) + E(X1,) <aEX + EX)'?PQ)'* =
(1-aEX <EXH'?PA)"? = P(A) > (1 - a)(EX)*/ EX?)

2V TPOT Ypouun xpnowomowjoope v avicotnto Cauchy-Schwarz kal 1o 011 X < a E X 010 A°.
6.7 P(X > 1) = P(aX > at) = P(e"X > ¢) < E(e™)/e®. Tlaipvovue C = E(e™) € (0, ).

6.8 Xpnowomowovue v avicdtnta Cauchy-Schwarz.

1 < E(VXY) < (EX)"*(E(Y))"2.

6.10 XpnoLUomoLoULE TNV TTPONYOUVUEVY ALOKTOM).

6.13 H axohovOia A, := {|X| > n},n > 1 elvouw @Oivovoo pe tourn to @ apov 1 X maipver Tuég oto R. Apa
lim,,. P(A,) = P(0) = 0.

6.14 'Eotw a; = f fi(x)du(x). T omowodnmote £ € R woyber lim,_ea; = € ov xaL puévo av yia kéOe
aKorovOLa (t,)n=1 UE 1, — o0 LoyVeL lim, o a;, = €. 'EtOL, avoayouaote 01o yvooto Oempnua KupLapynuévng
ovyKMOoNG.

6.15 Ztnv amodelEn g avicottag Markov pwropoliue vo elpoote Ayotepo YEVOLOdmPOL KoL VO TTAPOTHPY-
oouvue 0tL 1 moootnta n P(1X| > n) elvon kpotepn amd ) néon tu E(X|1x>,).

6.17 T'wo. to (0), apkel va to deiovue yia kaOe akolovdia (&,),>1 OeTikdOV apdudv ue &, — 0. Xpnowo-
TTOLOVUE TO BedPNUO KVPLOPYNUEVTIG OVYKAONG LE KUPLapyovoa ouvdptnorn v 1 agpov

X
’_ 1X<5 S 1
&
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Kegaloro 7

7.3 Evxoha ehéyyovue v wodmta yia Y = 37, aila, Aj € F, amh) ago flA dQ = Q(A) = Ep(X1,) yia
Kabe A € F kou MOy Ypoukotag. Av Topa 1 Y elvol iy apvnTikn, yvopiiovue 6Tt vdpyel akorovdio
(Y)uen OTAOV U apvnNTik®v ovvaptioemv étol wote Y, /' Y. Amd to Bempnua povotovng ovykilong,
éxovpe 0T limyse [V,dQ = [ Y dQ kan lim,—e Ep(Y,X) = Ep(YX). Opws, [Y,dQ = Ep(Y,X) i kéi0e
n € N, dpa kor wéh to Tnrovuevo woyvel. Téhog, av Ep([Y[X) < oo, amd ta mponyolueva €xovue OtL
fY’ dQ = Ep(Y™X), fY+ dQ = Ep(Y*X) 6mov ko ov téooeplg avtol aptuol eivol Temepaouévol epocov
Ep(Y™X) + Ep(Y*X) = Ep([Y|X) < o0, [Y=dQ + [Y*dQ = [|Y|dQ = Ep(|Y]X) (1 Tehevtaio todmTa loydet
agov M |Y] eivon BeTiky)). Zuvemmg,

deQ = fY+ dQ - fY_ dQ = Ep(Y"X) — Ep(Y™X) = Ep(YX).

7.4 T TV Tpdh T oviedTTo, Ttapatnpovue ot 1 owvdptnon x - P(X > x) éyel mapbymyo —e 2/ V2
KO LEAETOVUE TN OUVAPTNON TNG dLAPOPAG TMV dVO PeADV.

Kegdhloro 8
8.1 "o ta w oto ovvoro lim sup, AL €xovue |X,| > & yia dmewpa n kou dpa limsup, A2 € Q\{lim, . X, = 0}.
[ o 6L 10 (B) diver To (o), wapatnpovpe ot Q\{lim,, o X, = 0} = U}, limsup, AVF xeon ypnowomorotpe
™mv Aoknon 2.3 ().
8.2 (o) T'wo v tpLywviky) avicdmto. Emed) | X —Z| < X = Y| +|Y = Zl koun f(x) = x/(1+x) = 1 — (1 + x)~!
etvar avEovoa [o1o [0, )], apkel va dei&el kKaveig ot yia x,y > 0 woyver f(x +y) < f(x) + f(y). Avtd
TPOKVTTTEL PE TPAEELG 1 TapatnpwvTag OtLn x = f(x +y) — f(x) — f(y) elvow pBivovoa oto [0, o).

Kegdaloro 9

! 1 (! 1 1
f(x)dx = —f — dx<?2 —f —dx< oo
fo Z;”z 0 Vix—rl ;”2 0 Vx

Am6 yvoot) mpotaon [[Ipodtaon 6.12(iii)] €émetor 6T 10 0vvoro twv x € (0,1) pue f(x) = oo €xeL uétpo
Lebesgue 0.

9.1

9.2 "Evag tpdmog. I'pdagouvue

X 00
8(X) =g(0)+f0 g'(t)dt=g(0)+fo g Olxdt.

Maipvoupe péon tum kow epapuolovue to Oesmpnuo Fubini.
Kegdaloro 10
10.1 ©¢hovue P(AN B) = P(A) P(B) yia. kG0 A € F1, B € F,. @ewpoiue ta d0o oevapia P(A) = 01 P(A) = 1.
10.2. 'Eotw 611 dev vmdpyel tétowo ¢. Tote vmdpyer a € R wote P(X < a) = p € (0,1) xou emouévag
P(X >a)=1-pe(0,1). HaveEaptnoia diver
PX<aY>a)=PX<a)PY =a) >0,

eV TO apLoTtePd HELOG eival wkpdtepo amo P(X # Y) = 0 amwd vtdbeon. Atomo.
10.7 (y) ‘Exovpe 6t E(S,,) = n E(X;) = 0 xou Adyw tov (o) 61t E(S2) = n. 'Eotw € > 0. Tore,

n

p(S
n

> e) = P(IS | > ne) = P(S? > n*e)

E©S2) n 1
< =—=—>0
nZe? n2er  ne?
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Yyl n — oo.

10.8. Twa € > 0, ypnowwortordvrog v aveEaptoia Twv X1, Xa, . . ., Bpiokovue
P(m,| >&)=P(m, >c)=PX;>¢,...,.X,>e)=(1-8)" >0,

KO OUOLaL

P(M,-1>e)=PM,<1-g)=PX;<1l-6g,....X;,<1-g=(10-¢&)">0.

Kegdloo 11

11.3. Amodeikvioupe to Tnrovuevo yio ™ M,. To dpro eivor to mold 1 agov kdbe wa X; eivar to wohl 1.
I 1o Katw ppdyuna, epapuofovue to tpwto Mjuuo Borel-Cantelli. T € > 0, Oétovue AS := {M, < 1 — &}
Emewdn P(A%) < (1 — &)" xou X1 P(4,) < oo, ue mbovomta 1 yia 6ha to peydha n woyver M, > 1 — e.
Apa 1o 00voko By := {lim M, > 1 - &} éxeL mbavéomTa 1 Kau emouévag to (dLo LoyveL Kol Yo To
ﬂ]‘:O:lBl/k = {li_mn_m M, > 1}.

Evolhaktikd, wropet vo mapamphiost kaveic st P(AY Y1) = (1-n7112)" < &= Vi (ue yprion me 1-x < ™)
Ko Y1 € V' < 00, To ovpmépaopa émetor omd to mphto Ao Borel-Cantelli.
11.6 Apkel Y10 k40 n > 1 va fpovue otabepd M, wote P(X,| > M,) < n~2. Téte n a, = nM,, ixovomolel o
ntovuevo (pwto Mjuuo Borel-Cantelli).

11.7 H xatevBuvon < eivol mo g0koln. Av vrdpyet tétoo M tote (atd to mtpmto Auua Borel-Cantelli) pe
mbavomta 1, woyter X, < M yio Oho To ueyaAa n Kot £TETOL TO CUIITTEPOLOUAL.

[No to ypdapovue ko tumikd. To ovvoho A := limsup,.,{X, > M} éxer mbavomra 0 kou Yo kéOe
w € Q\A vtdpyeL PUOLKOG no(w) wote X, < M yia kaOe n > no(w). Apa

X (w) < max{Xy, Xo,. .., Xuw-1,. M} < o0,

WG UEYLOTO TIETEPATUEVOV APLOUOT TTPAYUOTLKDV opLtOumv. ]

o v G Koatevbuvon, €otm Ot dev vmapyel tétowo M, tote yio k40e K € N, to devrepo AMuua
Borel-Cantelli d{velr 6t P(lim sup,{X, > K}) = 1 (edd ypnowomoovue v aveEapmoia twv X,). Emouévog
10 Ck := {X* > K} éyer mbavomta 1 xan dpa kow 1o NY_, Ck (aotburjowun tour) cuvorov pe mbavomro 1).
Ouwg NE_Ck = {X* = oo}, 10 omoto arrd vrdOeon €yel mbavomTa 0, kar éxovue dromo.

11.8 Xprjowun eivor  Aoknon 7.4.
11.9. To 6pto eivar To ol 1 oyw g Aoknong 2.6. I'a to kGt ppdyua, epapudlovue To TPMOTO AU
Borel-Cantelli. I'ia e > 0

M’l — — —nc —n€
P(— < 1—8):P(X1 <(1-¢g)logn)y" =1 -n 179y < (e™ Y= e
logn

Ko ovveyIiLovue Ommwg 0TV TPONYOUUEVT] AOKNOT).

— L
11.10. (o) 'Eotw € > 0. O¢tovue B, = {lim 1 <1+ e}. Oa deiEovue 6Tt P(B,) = 1.
n—e log, n

'Eotw A, = { Lo 51+ e}. Tote

log, n
P(An) =P(Ln > (1 + E) 10g2 I’l) = P(Xn = Xn+1 = oo = Ant[(1+e)logy nl-1 = K Tl] F)
=2P(X, = Xu11 = ... = Xuy(1+e logy n1-1 = K)
1 [(1+€)log, n] 1 (1+€)log, n—1 4 4
e
2 2 2(1+e)log, n nlte

ZVVETMOG,

i P(4,) < o

n=1
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Ko arwod to Tpwto Afupo Borel-Cantelli, P(lim sup,5; A,) = 0, dnhadn P({limsup,.; A,}°) = 1.

‘Eotw twpa w € (limsup A,)°. Tote vtdpyet no(w) € N 1é€t010 hote Yo Kabe n > np(w) vo. LoyveL:
n>1

L
log, n

apa

lim

<l+e
n—oo ]0g2 n

[Mpoximtet, Aowtdv, 6t w € Be. Apo (limsup A,)¢ C B, otote P(B,) = 1.
n>1

Emeldn

— L,
{lim < 1} =N B1
n—e log, n k
Kow P(By k) = 1 yuo xd0¢ k > 1, amwd v Aoknon 2.3 (B) éxovue
P(Ne,By) = 1.
'Etot, to (o) aurodeiyOnke.

(B) Emeldn kabe L, moipvel Tyun mov eivan £vog OeTikdg aképaog 1) 00, To CNTOUUEVO LOOdVVANEL 1
P(L, = 1 drewpeg gopéc) = 1 (dnhad) o udvog tpodmog va mAnotdoer 1 L, to 1 givon va méoel tdvo tov).
‘Eotw

B, = {X, = K, X241 =T}

vio k4Oe n > 1. Ebkoha frémovue dtL TaL (B,),>1 eival aveEdptnta ko 1oyveL 6tL P(B,) = %% = }‘. Apa,

i P(B,) = co.

n=1
Amd to devtepo Afupo Borel-Cantelli, éxovue 6w P(limsup,5; B,) = 1. Ouwg
limsup B, C {L, = 1 dmeipeg popég}.
n>1
Apo Kai To TeElevTaio evdeyouevo €xel mbavotnta 1.
11.11 Xpnowomormvtog tv Aoknon 8.1 ko 0tL ot X, eivon aveEqptnteg, delyvovue TpdTa dTL 0 oY UPLoUdS
Yo 1o 6pLo eivar Lwodvvapog ue ™ Y, P(X,| > en) < oo yua k40e € > 0. "Emerta ypnopomorotue 0tL oL X,
elval Loovoueg KoL v Aoknon 6.4.

11.12 Xpnowomowovpe tv Aoknon 6.4 ko to. d0o AMuuata Borel-Cantelli.

11.14. Av to 8eEi uéhog eivan oo, dev €yovue Timota vo ammodeiSovpue. Av elval TETEPAOUEVO, GG TO
ovouaoovue a. 'Emeton 6t vapyer évag Oetikdg axéparog ng mote E(X,) < oo yio Kabe n > ng. Q¢ mpwto
BNua deiyouvue Ot yio KGbe € > 0, pe mbavomta 1, n avicdtta

1
—logX, >a+e¢
n

LOYVEL LOVO YLOL TTETEPAOUEVQL 7.
11.17. (B) Amd to mponyovuevo epmdTUA, OL (X))ics Elvar aveEdptnteg. Apa o vouog 0-1 tov Kolmogorov
EQOPUOTETAL YLOL TV TEMKT] O-OAYEPPO TOUG
Coo 1= N0 (X Xt - ).
BéPfowa to av éva w € Q avijkel og £va amtd ta liminf A;, lim sup A; dev eEaptdtol oo omoLodNToTE TETE-

paouévo minog Xi(w), ..., Xp(w), omdte Kat to d00 ovvoha avikovv 011 Co. TUMKA TO arTodetKviovue
g e&Ng. N xk4be n > 1,

liminf A; = UR2, O Ag = U, M2 Ax = UL, N2 X1 € o(Xp, X1, - - -)-
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H deltepn wootta oy el yioti égovpe Evoon wag avgovoag akolovdiog ouvorwy. ‘Ouoa

limsup A; = ﬂ;‘;l UZ":J. Ag =

i

N2, Uil A = N2, Ul X (1) € (X, Xavrs - ).

11.18. (o) A7d Tov amelpootikd Aoyioud Eépovpe Ot R™! = limy, e | X,|'/".
(B) Aetyvovue 6mwg oty Acknon 11.8 ot lim, e |X,"" = 1 pe mbavédmra 1. Mahoto edm apkel 1
xP10M Tov TPmTOL AMjupatog Borel-Cantelli yio va dei€ovpe 6t lim,,_,o [X,|'/" = 1.
11.20. Aovkevovue OTTWG OTNY TPONYOUUEVT] AOKNOT).
Keg@dhlowo 12
12.1 'Botw ¥ = 3. Tée E(Y) = LEX) + X, + .. + X,) = 1nEX)) = p xau Var(¥) = Var(ls,) =
& Var(X; + Xp + ... + X,) = 1 Var(X)). ‘Eotw € > 0. Tére,

1 Var(X 1)
n

-0

‘——u‘>e) P(Y - E(Y)|>e><lVa () =

yLoL 1 — 00, ATO TO OTTOL0 TPOKVITTEL TO LNTOVUEVO.

12.2 'Botw M > 0. Two kG0e i > 1 6étovpe Y = X; A M. OvYM elvan aveEGpTnTeg kon Lodvopeg, Ka LoyveL
ou (YM)y” = X7, (YM)* < M. Svvendg E(|YM|) <EX )+ M < . Ottovpe S¥ = YM+YM + .+ Y)Y yia
KGOen > 1. Tors, ue mbovotnta 1,

S, M
lim =% > lim = = E(Y}"),

n—oo n n—o0
OOV 1) LOOTNTA TPOKVITTEL AITO TO VOUO TV pueyahmv aptdumv. 'Eotw topa
Quy = {w € Q: lim "
n

n—oo

> E(X; A M)}

AeiEape 6T P(Qy) = 1 yia k60e M > 0. Oewpnvtag 1o ovvoro A = N2, éxovpe 6T P(A) = 1 ko yio

w € A, woyleL 6T
. Sy(w)
lim

A7 10 Beddpnuo povoTtovng oVYKALONG, E(Y{‘) = EX{ Ak)-E(X]) = E(X]) -E(X]) = coyia k — 0. Apa,
Yot w € A, maipvovtag k — oo oty (B'.13) éxovpe 6t lim S, (w)/n = oo, omdTe lim, e S ,(w)/n = oo,

>EX; Ak)  yokdBe k> 1. (B".13)

70V €lvaL To TnTovuevo.

12.3 IMopatnpotue 6T
Xo _Sa_ Swrt _Sw_nzlSwr g (B'.14)
n n n-1 n n n—1
yion — oo pe mbavomta 1. Avtd divel 6T E |X;| < oo Mdyw g Aoknong 11.11, alhé o to amodeiEovpe Kan
edt (Movovrtag ) won doknon). H (B".14) cuvertdyeton 6t Y- | P('X”| > 1) < ooyt ov ), P('X”| > 1)
oo, tdte 0 20 Muuo Borel-Cantelli, epapuofouevo omv akohovbio aveEdpmtmv evdeyouévov A, =
{‘X”l > 1} n > 100 édwve o lim |X,|/n > 1 ue mbavotta 1, to omoto ovykpovetan pe v (B'.14). Téhog,

oy veL 6t (Aokmon 6.4)

DTIPXI 2 m) SE(XI) < Y PUX, 20+ 1.

n=1 n=1
Apa E(X;) € R ko awd to vouo twv peydiwv aptopumy 57 — E(X)). Opwg, amd vdOeon 57 — U, ETOUEVIG
EX) =pn
12.4 'Exovue 6n E(X)) = 1 xou E(X?) = Var(X;)) + E(X1)? = 4, xaBdg enlong kaw o ou (X7, i > 1} elvow
aveEdptnteg Kau wodvoueg. Iphgpovue

X1+ Xo+..+X,
X1 +X+...+X, e

X2+ (X)X +...+(X,)? G0+ G o '
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Amd 10 Voo TV pueydhmv apludv o aptduntig ovykiiver oto 1 pe mbovotnto 1 xou avtiotoryo o
opovouaotc oto 2. Tvmkd, yia to Ay = {w € Q limn_,ww =1} xow Ay = {w € Q :
lim,, oo SO 28— 1) groupe du P(A)) = P(4y) = 1. Apa P(A; N Ay) = 1 kow yia @ € A; N A,
€youue

Xi(w)+ X (w) + ...+ X, (w) 1

lim = -,
oo (X2 (w) + (X2 (@) + ... + (X)) (w) 4
atd 1o 0TT0l0 TPOKVITTEL TO {NTOVUEVO.
12.5. S, = n(S ,/n) = oo x E(X;) = o0 agot E(X;) > 0.

12.6. () (U U, - Uy)'/" = enllogUrt-+logUn) Emewdn E(logU)) = fol logxdx = ... = =1, 0 LOYVPOG VOUOG
TOV peYdhwv optbumv yio v axkorovdio (log U;);»1 divel 6t

logU; +---+logU,
lim ogU; + + 10g

n—o0 n

= —1 pe mBavoTa 1.

To ovuITéPaouo. ETETAL.

(B) 'Emetar amd o (o). Emhéyovue 6 dote e

vawoyver (U Uy -+ U)Y" < 6. Apaywan > ng

< 6 < 1. Me mbavomra 1, vapyel nyg € N wote yian > ng

0<U1U2"'Un<9n—>0

Kabhg n — oo emeldn 0 < 6 < 1.
n]og Uy +-+log Un

Evoiaktikd, U Uy ---U, = e " — 0 aov 1o 0pLo Tov ekOETN elvar oo X (—1) = —oo.

(v) H axolovbio (Uf);»1 autoteheiton amd aveEAPTNTEG Ko LOOVOLEG TUYOiEG UeTaPANTEG, Kabeuio ue uéon

Ty
1 1
E(U“)fo"dx: ra el
! 0 00 ava < —1.

To ovumépaoua £meTon amd Tov LoXVPd VOUO Twv neydiwv aplbumv kot v Aoknon 12.2.

12.7. Ou 6por ¢ axorovBiog ((X; — u)?)is1 etvan aveEapmreg 106voueg Tuyaieg netafintéc, kadeuio pe
uéon ) E((X; — p)?) = V(X)) = 02. O 1oyvpdg VOROC TV HeYEAmVY apldudv divel To ovpépacyia.
Kegdioro 13

13.4 H pomoyevvnitpla tg X eivou

H ouvvaptnon f : C\[4,00) — C ue
1) = (1 _ /51)_ — omalog(1-3)

elva avaluTIKY) 070 TTEdi0 0pLOUOD TG, TO 07toto mepLéyel To {z € C : [Re(z)| < A}, kow Mx (1) = () yia k40e
t € (=4, ). To ovurépaoua émeton otd v [pdtaon 13.17.

13.7 '‘Botw u € R. Téte ¢p_x(u) = E@@0) = ¢x(—u) = ¢x(u). Svvemang, av X 4 _x, éyouvpe OTL
dx(u) = ¢_x(w) = ¢x(u) yio x60e u € R, dhadn ¢x(u) € R. Aviiotpoga, av ¢x(u) € R, éxovue Ot
dx(1) = dx(u), UG amd Ta TOPOUTAVED Px (1) = d_x(u), dpo X 4 _x.

13.8 1m AOom (otoryetddng): To Cevyapt (X, Y) €xer v idia Katavoun we 1o (¥, X) (1 omoia eivol To u€tpo
ywduevo PX @ PX). @ewpotipe ™ ouvdpmon f(x,y) = x—y. Téte X - Y = f(X,Y) 4 frx)=Y-X.
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2n Mon: ‘Eotw u € R. Tote,

¢x-y(u) = E(e" e ™) = E(e") E(e—iuY)
= ¢x(Wdy(—u) = ¢x()dx(—u)
= px(w)gx(u) = [px(w)* € R,
6mov M devTeP LOGTNTA TPOKVITTEL AOYW aveEaptnoiog. Amd tnv Aoknon 13.7 mpokimrer 6t X — Y €yel

OUUUETPLKT] KATOVOuUY.

13.9 (o) H xopaktnpLotiky] ouvaptnomn g Tuyoiag LETABANTS % elval

iXt)2 i i i ! ! 2 - _
pr (1) = Ele X/2471/2) _ (oK) B(eV112) = gy (§)¢Y (5) = M2 N2 = ol

dmov 1 devtepn LodTTAL TPOoKVITEL AMdYw aveEapmotag. TvwpiZovpe 6t m e elvon yopaxmplotiky)

ouvapPTNON Wog Tuxoiog uetafintig ue katavoun Cauchy. Amd to Oemwpnuo povadikotnrog 13.9 émeton

r X+Y
ot =5~ ~ Cauchy.

() Epyatouaote dpowa pe 1o (o) paotfouevor oty aveSaptnoia tov X, Xa, . . ., X,,.
13.11 o
ox()—1= 2f —(cos(tx) — 1) dx
1

|x?
To | cos(x) — 1] elvou epimov x?/2 dtav 10 x eivan Kovtd 670 0 Ko (ppEooeTal oo To 2 YLoL 0TOLOdNTOTE X.
13.12 'Eyovue 6t fx(x) = fr(y) = Lo.(x) yio kaOe x € R. And to @empnuo 13.23 1 X + Y €yel mukvomto
fxiv(@) = ffx(x)fy(z — x)dx. O ohokApwTEOG elvar un undevikog yua (x,z) tétowa wote 0 < x < 1 Ko

R
0<z—x<1,dMhady,

O<x<l, KoL ,
(B.15)
z—-1<x<z

e Avz <01z 22, 10te dev vLdpyouv x OV Lkavostotovy TV (B'.15).

o Avze (0,1), tote amd (B'15), 0 < x < z kau fyyy(2) = [; 1dx =1z

e Avze (1,2)tote omd (B'.15),z— 1 < x < 1 xou fyy(z) = le_l ldx=2-1z2
ZuvOudlovtog To TaPATAVe, TPOKVITTEL TO {NTOVUEVO.
Kegdroo 14

14.1. H ovvdaptnon xatavoung g Z elvor

0 avx<O,

Fz(x)=4x oavxe[0,1],

1 avx>1,

Ko To. onueto ouvEyelag g eivan 6ho to R. T x € [0, 1],

Fy (x)=P(X, <nx) = % — x = Fz(x)

yian — oo (.. nx — 1 < [nx] < nx, k.Aw). H ovykhion yio ta vitolowta x € R givor mo eKol.

14.3. Me Bd&on 1o Ocswpnua 14.11, 1 ovykhon X, = X ovvemdyeton (WAAOTO LOOdVVOUEL UE) TV

P(X, € A) - P(X € A) yia 6ho. Tt A C R Borel pe P(X € 9A) = 0.
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Eivaw duvatov Bépaa n oxéon P(X, € A) —» P(X € A) va woylel yia €va ovvolo Borel A cvumtopotikd,
towg eEantiag ¢ @vong g akolovdiog (X,),>1. ITaviwg dev pog v eyyvatoun X, = X.

(1) Oyt. Twati A = {2,32.1, 100}, oto omoio 1 katavour) tg X diver Oetikt) mboavdtnta agol mepLEyeL Tovg
OeTikoVg aképaovg 2, 100.

(i) Oy. Tt 0A = A\A° =RW =R, kan P(X € R) =1 > 0.
(iii) Now. Twoti 0A = {—1.5,2.8} ko P(X € {—1.5,2.8}) = 0 0ol pio. YemUETPLKY| TUY A0 UETABANTY TalpVEL
uovo axépateg OETIKEG TUEG.
(iv) Now. Tt 0A = {=2, 7} xou P(X € dA) = 0 oot 1 X eivan ovveyng tuyaio Heta ANt Ko to 0A eival
TIETEPAOUEVO.
(v) Oy. Twatt A = A\A® = [0,1/3]\0 = [0, 1/3] ko P(X € [0,1/3]) = 1/3 > 0.
(vi) Oyt Tt 0A = {0,1/2,2,4}, xkaw P(X € {0,1/2,2,4}) =P(X =0) =3/5 > 0.
14.4 (o) 'Eotw M > 0. Yrapyel xy > M onueto ouvvéyerag g Fy. Tote
lim P(X, < n) > lim P(X, < x)) = P(X < x3) > P(X < M).

n—00 n—o00

INo M — oo 1o deEi uéhog teiver oo 1.
(B) Twa k&Be M > 1 viapyovv xy € (x — 1/M, x), vy € (x, x + 1/M) onueia ovvéyerag g Fy. Tote

lim P(X, € [x —n~", x + n7']) < lim P(X, € [xp, yu]) = P(X € [xp, yu]) = Fxar) = Fx(xar)

TNo M — oo 1o 8e&l uéhog teivel oto F(x) — F(x—) = P(X = x). T aviuwtapaderyua, waipvovue X, =
2/n,X = 0 (otabepég ovvaptnoeg) kou x = 0.

14.5 'Eoww € > 0. I'ia omotodnmote M > 0 €youvue
P(X,Y,| > &) <P(|Y,| > /M) + P(IX,| > M)

T n — oo 1 Tpd ™ TOAVOTNTO 0TO dEVTEPO UENOG TELVEL 0TO 0, EVMD 0 dEVTEPOG OPOG ELVOL PPUYUEVOG OLTTO
10 sup,,.; P(1X,| > M). Apa

lim P(X,,Y,| > &) < supP(X,| > M)

n—-oo

n>1
To apotepd péhog dev eEaptdtal amd to M, evd to deEl, yiao M — oo, teivel oto 0.
14.6 (0) 'Eotw x onueio ovvéyxetog ™ Fx. Oa deiSovue ot lim, o Fy, (x) = Fx(x).
IMpwta delyvovue OtL 1imy, e Fy (x) £ Fx(x).
'‘Eotw € > 0. Tote
Fy(x) =P, <x)=PY,<x,X, <x+&)+PX,<xX,>x+¢)

<PX,<x+e)+PX,-Y,>¢)

=Fxx+e)+PX,-Y,>¢).
Av to x + € elvan onueio ovvéyelog g Fy, 10te

lim Fy (x+¢&) = Fx(x+¢)

KoL

IimPX,-Y,>¢)=0
n—o0o

epooov X, — Y, %o, Apa
lim Fy (x) < Fx(x + ¢).
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Ta onueto aovvéyeiag g Fx etvar apbunoua, dpo vaapyer @oivovoo undevikr) akohovdia (gx)ren £TOL
MOTE TO X + & VO elvaw onueio ovvéyelag g Fy. Amd ta mapamdvo, yio kabe k € N woylel

lim Fy, (x) < Fx(x + &).
n—-oo
Egdoov n Fx elvar ouveyng oto x, éxovue limgo Fx(x + &) = F(x), Kaw apa
lim Fy, (x) < Fx(x).

Asglyvovue Topa ot lim, | Fy, (x) > Fx(x).
T e >0,
Fy (x) =P(Y, < x) > P(X, < x—&) - P(Y, - X,, > &).

Zvvenng lim | Fy (x) > Fx(x — ). AxohovBmvtag ™V (dta dtadikaoia 6mTmg mponyouuévms PAETOVLLE

—_—N—00

owlim | Fy,(x) > Fx(x).

14.7 'Eoww A, = R\[-n, n]. Tote n A, eivon pbivovoo akolovbia, dpa,
lim p(4,) = p(O52,An) = p(0) = 0.

Emopévmg, yia ka0e € > 0 vdpyeL ng £tor wote u(R\[—ng, nol) < €.

14.8 Am6 v Aoknon 14.7, yia ké0e i € I vdpyer M; > 0 étor wote p;([-M;, M;]) > 1 — €. Oftovtog
M = max{M; : i € I} éovue 6t p;([-M, M]) > p:([-M;, M;]) > 1 — €, amd to omoio mpokvTTeL OTL N (p;)ier
€lvoL oLy .

14.9 Xpnowwomorhvtoag ot 1 A givor adSovoo Kat Ty avicdtnte tov Markov éxouvue,

P(1X,| > M) = P(h(|X,]) > h(M)) < D

1
E(h(X,])) < WC,

6mov C = sup,,.; E(A(1X,])) < co. Apa sup,s; P(X,| > M) < - 0y M — oo.

_C_
(M)
Kegpdaroro 15
15.1. Mipotpaote v orddelEn tov Auuortog 15.1.
15.2. (o) Mapdaderypa 13.5(vi).
(B) Twa £ € R éyouvue
1 = E(e™X) = k(] _ =1y = pelt (] — )y = pe _

$x(0) = E(e™) ;e (1-p)'p=pe ;(e =PV = 1

ABpoloape o YemueTpky) mpdodo g omotag o Adyog éxet uétpo |(1 — p)e| = 1 — p < 1 agod p > 0.

(y) (i) Ta onueia ovvéyelag g ovvapTnong koatavoung Fx e X eivan 6ho 1o R. 'Eotw x > 0. Tote
X
Fx m(x) = P(— < x) =PX, < [nx]) =1 -P(X,, > [nx])
n
ny [nx]/n
—1-a-p =1 ((1-2))
n

Eneldn [nx]/n — x kau (1 —an™')" — 7, émeton ot lim, e Fx, /n(x) = 1 — e7% = Fx(x). Ilpogovag to (dto
toyve ko yua x < 0.

(i) Two £ € R €yovue

_ _ pneit/n _ eit/n 1 B
¢Xn/n(t) - ¢X,,(t/n) - 1 _ (1 _ pn)eit/n - 1—eit/n 4 eit/n - _ ﬂ - ¢X(t)

aln a
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KaBhg n — oo agov
1 —ettn it1—en it
lim = lim —— =——.
n—oo a/n n—oo ll‘/n a

Apa m ovykhon X, /n = X émeton amd to Oempnuo ovvéyelog tov Lévy.

15.3. (o) T t € R €yovue

[s6]

k 00 it 1k
¢x(1) = E(e™) = Z O T o Gl " _ A1
k=0 ke = K

(B) Twa £ € R €yovue

dy(t) = E(e™) = )’ e"’k(”)pka REDY (Z)(pe”)ka =P = (pe 4 1= p).

A =0
(y) Tw t € R égovue

$x,(1) = (pue™ + 1= p)" = (1 + pa(e” = 1))" — eV = gy (1)
aqoV lim,,_,q pa(e’ — Dn = A(e” — 1). Apam otyxion X, = X émeton amd to Oedpnua ouvéyelag Tou Lévy.

15.4. log tpdmog. Amd Wddtreg g Katavoung Faupa, n X, €xer mv da kotavour| e v (W + W, +
.o+ Wy)/n omov ov Wy, ..., W, eivan aveEdptnteg, toovoueg ue Wy ~ I'(c, 1). To ovumépaopa €metat amd
TO KeVTPLKO opLakd Bempnua yiott E(Wp) = Var(W)) = c.

20¢ 1pdmog. Xpnotuomototue 1o Oempnuo ouvEYELOG Tov LéVy Kat ToV THITO Yol TN XAPOKTPLOTIKT] GUVAP-
mon ¢ katavoung Faupo (Aoknon 13.4). T t € R,

1

¢\/E(Xn—c) = e—C\/ﬁtiQSX”( \/ﬁl‘) — e—cx/ﬁtiﬁ
(1 - @)

_ e—c \/ﬁti—ncLog(l—%)
Log eivar 0 kAGdog tov hoyapiBuov mov eivor ohopoppog 0to C eKTOg TV OPVITIKMV TPUYUATIKOV KoL
Log(1) = 0. Xpnowwomorhvtag to avasruyua oe duvapooelpd g Log(l — z) pe kévipo 1o 0 (oto dioko
{z : |z < 1}) Bplokovue 611 0 ekOETNG OV TEAevTaion TOOOTNTO OLYKALVEL 0TO —ct?/2 Ko £TOL £YOUUE TO
ntovpevo.

15.9. Xprjowun eivow  Aoknon 13.10.
Kegdloo 16

16.2. Two v axohouvdia (S,),>1 €xovue ot S, /n — 2 Katd mbavoTnTa (Aobevi)g VOUOG TV UEYAMOV

apLBumv) Ko
S,—2n

n

= Z ~ N, 1)

(KevTpLko oplakd Bempnua).
(o) H o0ykhon S ,/n — 2 katd mbavotnto divel

P(Sn > 217’1) = P(& > 21) < P(
n n

ﬁ—2'>0.1)—>0

K0Owg n — oo,

(B) "Exovue
S,—2n

\n

P(Sn>2n+\/ﬁ)=P( >1)—>P(Z>1):1—<D(1)
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KA n — 0o MOYw TOv KEVTPLKOU 0pLokoll Oemprjuatog.

() Zépovue 6T S, ~ 2n, Gpa To evdeduevo S, > 10 y/n elvar wohd mbavd. Tumikd mpoywpodue mg &G,

S 10 S, 10
PS,>10Vvn)=P|— > —|=1-P|— < —].
(§n > 103 ( vz) ( wz)
T'an > 100,
P(&SE)SP(&—2>1)—>O
n Vn n
Apa lim, . P(S, > 10+/n) = 1.
(0) |
P(Snz3n)=P(&23)sP(&—2>—)—>O
n n 2

KoBwg n — co. Apa lim, ., P(S, <3n) = 1.

(&) Two > 10'0 éyovue

" 1 10
P(S, <10'% = P(S— < 0—) < P(
n n

Sn _ 2’ > l) -0

n

KaOodg n — oo, Apa lim, e P(S, > 1010) = 1.

16.3 TTapatnpovue 6T E(X;) = Var X; = 1 xou eqpapuolovpie To KEVIPLKO 0pLako Oempnuat.
16.5 Topatpotue o0t P(X = k) = e‘”;’—f, 6mov X ~ Poisson(n). 'Eotw (Xi)kenw aveEAPTNTEG KOL LOOVOUES
toyoleg petapintég ue X; ~ Poisson(1). I'vopiCovue 6 S, = X;_; Xi ~ Poisson(n). Apa,

e”i;l—]: :iP(S,, <n)
k=0 "7 k=0

S,—n
=P[——— <0
Sl
= Fs,0(0).
\n
Amo v Aoknon 16.3, agpov S:g’ = Z,ue Z ~ N(0, 1), é&xovue 011 anT-n(O) — Fz(0) = % Yo n — oo,

16.6. 'Eotw axohovBieg (Y,)us1, (Zn)ns1 TUYXOUEG LETOUPANTEG OTOV (010 YWPO TOAvOTNTOG WOoTE oL {Y,,, Z, :
n > 1} vo elvar aveEaptnteg Kau lo6voueg Kau Kabeuia va €xel v idua Katavour pe t X;.

Téte emeldn 1o ddvvopa (X, -+, X2,) €xer v idua katavoun pe to (Y1, Y2, ..., Y, 21,2, ..., 7Z,) (10
uétpo yvopevo @ PX g katavowic P*' 2n gopég pe tov eavtd mg), éxovpe 6t

.

(X1+Xz+---+Xn—(Xn+1+---+in)
P
\n
:P(Y1+Y2+---+Yn—(Zl+---+Zn) sl):P( Wi+ W+ + W, sl),
Vn Vn

omov Béoape W; = Y; — Z; yia kéBe i > 1. Amtd v vdOgom, ou {W; : i > 1} elvan aveEqptnteg kKo todvopeg,

KoBeuia ue péon tun E(Wp) = 0 xou duaomopd V(Wy) = V(X1) + V(Y1) —2Cov(X1, Y1) = 1+1 -0 =2. Apa,

€QPOPUOTOVTAG TO KEVIPLKO 0pLakd Bempnua, fplokovue

(W1+W2+~~~+Wn
Vn

lim P

n—oo

Sl)zlimP

n—oo

(‘W1+W2+---+Wn <L)
V2 V2
=P(Z| < 1/V2) = ©(1/V2) - D(~1/V2)

=20(1/V2) - 1.
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