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1 Baouw neptypagn

'Eva cbotnua egunneétnone A ovpd avauovic (queueing system, queue) elvor 6ty ovelo éva chotnua
elobdou - e£630u 610 omoto unelsépyeTar TuyadTNTA. AuTHg 0 0pLoUdS elval TOAY YEVIXOS XaL TepLho-
Bdvel TOAAES TRaYHATIXES XATACTAGELS TTOU TopaTnpoVUE 6Ty xablnuepwvn Lwh, xabdbe xat oe tepinhoxa
ey VoloYd cuoaTAuaTa. IoTopud, 1 ouyxexpwévn emoTnUovLX TERLOY Y| dEYLOE VoL AVATTUGGETAL OTLG
apyéc tou 200u awdva, 6tav o davog AK. Erlang dnuocieuce xdroieg epyasiec Tou yio 0 wabnuoatiny
LOVTEAOTOINGT) TOU GUVWOTLOUOU 68 TNAEQwVXA dixtua. H ueydhn emtuylo autdy twv uebddwy ot
UEAETN TRAYUATIXGY CUGTHUATWY édwae TepdoTia GONoT 6T TepatTépw avanTuln Tng fewplag TwV oupdY
avoovig xafdg xa Twv eQapUoYOY TNg xaL oe dAla media.

To Baowd yapaxtnplotixd evoc ouothuatos eSunnpetnong elvor 1 dtadixaoio apifewy (arrival process),
oL ypbvol eCunnpétnong (service times), o aplBudc 1wV napoyéwy eunneétnorne - utnpetdy (number of
Servers), 1 ywenTx6TnTa Tou cuoTHUATOS (system capacity) xau n nebapyia oupds (queue discipline).
I to Aoyo autd o Peetavog mbavolewentinds Kendall evorjyoye éva olotnua ovouatoroyiag yua Tig
TLO ATAEC OURES TIOL TEELYRAQEL oUVOTTLXA auTd Ta yapaxtnetoTtxd. H ovouatoroyia tou Kendall €yel
™ wopwh A/B/c/k( ), 6mou o A, B elvan ypduuata, ta ¢, k aptbuol xau yéoo oty napévleon
yedpetal uta axpootolyida yeoauudtwy. Kabeuid and tig 5 napauétpouc tng ovopatoroyiag tou Kendall
AVUQERETUL OTAU D YAPAXTNELO TN TToU TEPLY pdaue TapaARdvVE.

H Swdwaoclo agpliewv mepiypdger 10 THC €pyovial ol mehdteg oto ovotnua. Elvalr cuvifog uia
avaven Ty Swaduxacto, dnhadt Dewpolue dtL oL yedvol uetall Sradoyxdy apiéeny nehatdy elval ave-
EdpTNTES XUl LOOVOUES TuYaleS METAPANTES Ue xdmola YYwaoty| Yevur xatavour. H dwducacia agilewy
avtiotolyel 6o ypduua A g ovopatohoyiag Kendall. Ou twéc nov nalpvel elvar GI # G (General
independent), M (Memoryless, Markovian), D (Deterministic) o E, (Erlang-r) v tic nepintdoeig
ToU oL eVBLdUETOL Ypbvol ueTadl Ty apiéeny elvar yevixol, exletixol, otalepol xon Erlang-r avtictouya.
Yrdpyouv BéBata xal dhkeg TLég Yo To Yeduuo A mou aviioTtolyolv ot xatavoués mou eugavilovra

onaviotepa 6Tn PiBAoypapla.



Ou ypdvor e€unnpétnong Bewpolvtal ota xhaotxd poviéia entong ave&detnToL XL LGOVOUOL XAl AVTL-
oToLyoVy 670 Yeduua B tng ovouatoroylog Kendall mou nalpvet tig (dteg tuwuég ue to ypduua A. O tuég
GI o G yw 10 A xaw t0 B onuoatodotody axpBeg to (8o, dnhad) avedptntoug toévououg ypbvoug
ue yevr) xatavout|. Hapdha autd cuvnbiletar ebuxd n ©wh GI yw to A xou n tuh G v 10 B ota
neploodtepa PAia xat onuetdoelg mou xuxhogopoty Slebvihs. BOa Swtnerioouue autyh T oUuBoaocTn xal
O7TLC TOPOUCES ONUELDOELS.

O apBude Twv utneetdy avagépeTar 6To TdooL elval oL Tapdhiniol uTnEéTeg Tou eCunEETOYY TN pOY
TV TEAATOV TToU eloépyeTal 6T0 oUoTnua. Me tny évvola ” rapdAinhol” unneéteg eVVooluE 6TL UTdpyEL
ULt xoLvr) oupd Yo 6houg xat oL TehdTeg Tyalvouv 6Tov Tp@To umneéty mou fa adeldoet, av dhol oL
umnpEéteg elvar anaoyoAnuevoL, 1 SLhéyouy oty TOY T *4TmoLoY amd TOUG AdELOUG UTNEETES, AV UTHEYOUY
ehevlepolL unneetes. O aplude Twy uTnEETGY avtiotolyel oTov aptbud ¢ g ovouatoloylog Kendall.

H yoentxdtnra tou cvotiuatog exgpdler 1o Uéyioto mhifog mehatdv mou umopel va yweéoel To
oVoTnua, oLUTERLAAUBAVOUEVLY T6GO aUTGY TTou TepLUévouy va eEutneetnfody 660 xau autey tou Bel-
oxovtal o dladuacio efumneétnonc. Av éva olotnua €xel QTACEL GTO UEYLOTO TNG Y WENTXOTNTAS TOY
xan aguyfel évoag meddtng T6TE 610 xAAOWS LOVTEAD TWV 0UPGOY avaovic o TehdTng anopplnteTol Xat
Bewpeital yauévoe yia tdvta. Puowd urdpyouv xal LovTéla oTa omola oL TEAGTES TOU ATOYWEOVY AOYw
NG TEPLOPLOUEVNG YWENTLXOTNTAS ENAVERYOVTAL apYoTepa Ue TNV ehnida v undpyer dwabéowun Béon oTo
olotnua. Xtny nepintwon auth wAdue v povtéla ue enavanpoondbeles 1 emavadoxiuég (retrials). e
Tétow Yovtéha elvon amapaitnto vo anocagnvichel 1 Swaducacto ue Ty omola ol tehdteg emavépyovTal
070 6UoTNUA XaL ETOL ToL LovTENA auTd dev meplypdgovTat 6to thaiolo g ovouatoroyiog Kendall. Tlpog
TO TAEOY, ENOUEVKS, UEVOUUE 0TO TAALGLO TWV LOVTEAWY Ywelc emavanpoondeies, 6mou 1 ywENTLXOTHTA
Tou cuoTHUaTog avTiaTolyel otov apliud k tng ovouatoroylog tou Kendall.

H rebapylo ovpds elvor o tpénog e tov onolo 1o clotnua dtahéyel Toldy mehdty Oa efunrnpeethioet,
u6hic Peebel xdnolog dwbéowwoc umeétne. H nhéov xhaowei neapyla ovpde elvar n FCFS (First-
Come-First-Served) xatéd v onola ou nehdteg eCunnpetolvial clugwva ye ™ oelpd e doi€hc Toug.
'Etot, uéiic adetdoet €vag unneétng emtheéyeTal yio eZunneétnon o nekdtne mou éyer aguyfel mpdtog
ané éhoug mou mepwévouy. H nelbopyla auty woudlel n mo dixown ue mpdtn Yatid xoL yernoudonoteital
Teploc6Tepo and onoladmote GAAY 6Ty neplnTwon Tou oL mehdteg elval dvipwrol xoL udhioTo €youv
ot enagn ue o Tt cupBaivel 6To loTnua (xon eToUEVwS Utopovy xal BAétouv téte PHAvouv oL dhhol
nehdtec). Ye Sudpopeg epapuoyés, TavTwe, yenouronotolvtal xau dhkeg nelbapylec oupde, 6nwe n LCFS
(Last-Come-First-Served) xotd tnv onolo oL teldteg eCunnpetobvtat aviiotpogo and 1 oelpd apinc
toug, 1 SIRO (Service-In-Random-Order) énou ov nehdteg e€unnpetodvian Tuyala, yoelc vo haupdveto
uéduy 1 oepd apiric toug, 1 SSTF (Shortest-Service-Time-First) 6nov emhéyetar npog efurnpétnom
0 TeMdTNG Tou €yEL To UxpdTERD Ypovo eumneétnong x.a. Ymdpyouv enlong telupylec ovpdc yia tTnv

TeplnTWoT Tou LTdEYouY Sdpopa eldn TEAUTHY XAl To oVGTNUA TOUS AVTWETWTI EL StpopeTixd. XNy



neplntworn auth elvor Suvatdy xdmowa eldn meAatdY va €xouv TPOTEPALOTNTA EVAVIL XATOLWY GAAWY,
ondte WAdue v mebapyles ovpdy ue mpotepandtntes. I'evind, av oxepbholue mpaxTixEC EQUQUOYES
TV oup®v avapovic Ba cuvewdntonowicouue 6Tl urdpyel Ueydhn mowhio oTic melbapyieg oupdc Tou
yenotuonoolvtal (oxeptelte ta Tauelo yo tehdtee ue péypt 10 npoidévta ota supermarket, ta Touelo
YL ETULYELENUATIXES ouVahaYES otic Tpdnelec, Tic xpathoels Déocwy ot eoTiatdplar xAT.).

H ywentuxdnra tou cvethuatog k xou/# nelbapylo ovpde unogel va napadelnovial 6ty ovopato-
Moyvia Kendall. Xty neplntwon autr evvoeltar 6t éyoupe anepidpioty ywentixétnta (k= 00) xou

nelbapyla FCFEFS avtiotouya.

Mapddetypa 1: H M/M/1 oupd elvon éva cbotnua eZunneétnone ue Poisson Swaducacia agiewy (ove-
Edptntoug exfetixolc evdiduecoug ypbdvous agiemv), exfetixols ypdvous efunnpétnong xon 1 umneétn

Tou €yElL dnelpn YwenTxdTNnTA XL AetTovpyel und TNy melbapyla ovpdc FCFS.

Mapddetypa 2: H GI/E2/1/5(SIRO) oupd elvar éva clotnue eEunnpétnone Ye avavewtixr diaduaotio
apilewy (aveldptnToug xou Lobvououg evdiduesous yedvous apilewv), Erlang-2 ypbvoug egunneétnoneg

xoL 1 umneétn mou €xel ywenTdTTa Yo 5 neAdtes xau Asttoupyel und v nebapyia ovpds SIRO.

Hokkéc gopéc m Saduacia agllewy xar/n xatavour Twv ypbvov efurnpétnong dev elvan axplBg
Yvwoth. Xty neplntworn autd umopel va dlvetal xdmoia adpr mAnpogopla Yo To TG EpyovIaL Xdl
nd¢ eCumnpetovvton ol meldteg. ILy. umopel va divetar o uéoog evdlduecog yedvos a uetall Suo
dradoyxdv apilewv xat o yéoog yebdvog egunneétnong b. Ieodlvaua, urnopel va divetar o pubude agiZewy
A = 1/a o o pubude eumnpétnone = 1/b. Ta a xav b éyouvv 0 guowxr évvola tng tepL6d0u TwV
StadtxaoLtdy oV apllemy xal TOY EEURNEETACEDY AVTIOTOLY X, EVE TA A XAL (1 AVTLETOLYOVY GT1) QUOLXH
évvola g ouyvotntag. Me téo0 ehdeins} mAnpogopla, Befatwe, Ta aroteAéouata mou Ha tpoxdouy and
™ wobnuatid avdluor uropel va elvan tedelog avaidmiota. L' Ty e€aywy ao@aiody ouurepaoUd Ty
yeetdletal var elval YVOOTH 1 XoTavour ToY avtioToly®my YedvenY 1 TOUAGYLETOV XATOLES POTES AVATERNS
TéEng. Metd wn yéon wun, 1 Slaomopd TV Yebvey UeTaZl Ty aglileny xat/f Ty ypdvwy eZurnpétnong

ennpedlel onuavTLXd TNV anbd06r VO GUGTAUTOC.

2  Meérpa andédoong GUGTHUATOS

Agol meprypagel éva olotnua, To nedBAnua mou tiheton elvon va mpoBiédouvue o Oa cuunepupépeTal.

Tunxd cpwthuata Tou anacyoroly T Bewpla TwV o0LEGY avauovig elval:
1. ITéoou mehdteg Ba Beloxovial 610 clotnua xatd uéoo 6po pia TuyoUca Ypovixyh aTiyur;
2. II660 ypbvo Bua nepdoel 670 ovoTnua xuTd UEGO b0 évag TEALTNG;

3. 1ot mocootd Tou yedvou tou Hu Beloxetal aracyohnuévog évag umnEéTng mou SouAelel 6To GU-

YAEXELWEVO GUOTNUY;



'Onwe PAénovpe UTEEYOLY EPWTHULAUTI TOU ATUGYOAOVY TO SLAYELPLOTH TOU GLGTAUATOS, Tou PBAéneL
10 olotnua ouvolxd, ooy elwtepixds mopatnenthc (epdtnua 1), epOTAUATE TOU ATAGYOAOUY TOUG
nehdteg, mou emdpolyv 610 GUoTHUA U6VO Tapodixd oL Xxatomy @edyouv (epdTnua 2) xou epwThudT
TOU ATOoYONOVUY TOUC LTMEETES, Tou ETWpOoUV Slapxde oto obotnua (epdtnua 3). Eilval onuavtixd
va xatavonfel étu autol ou mapdyovtec tou ouoThuaTog (SayelploThc, TENSTES XAl UTNPETES) €YOuV
BLUPORETLXES OTTIXES XL YLt TO AOYO auTéd uTdpyouv Uétpa anddoarng Tou cusThuatog oy ayetilovtal
UE TNV OTTIXTY) Tou xabevic.

I to Sayetplot) Tou GUGTAUATOS 1) o onuUavTLXT TAnpogopia elvar o aptiuds TwY nehaTdy ToY

Beloxovtal 670 ovotnua wa tuyata yeovxh otiyud. "Etou opllovue

e Q1) Tov aphud Twv nedatdy oto clotnua T oTyun .

o Qq(t) Tov aplbud TV tedatdy oTo Ydeo avauovic T ottyuh ¢ (o delxtng ¢ unaivel yia vo Buulilet

6L avagepbuaote 010 ThRog TwY TEAATOY 0TNY 0Upd - queue),

e (1) Tov aplbud Ty nehatdy oto ydpo eEumnpétnone Tt oty ¢ (o delxtng s umatvel Yo va

Huuiler btu avagepbuaote oto TAffog TV tehatdy v eZunneétnor - service).

Evduagepbuacte yua to T cuuPaivel 610 olotnua oe xatdotaoy wwopponiag, dniadnh xalode ¢ — 0o

XOL YLl TO0 AOYO0 auTo pog eVBLaQépouy oL oplaxés mbavetnTeg

pj = lim Pr[Q(¢) =j], 7=0,1,.... (1)

t—o00

H p; elvan 1 opraxd) mbavétnta o ouveyt| ypovo va Bploxovior j mehdteg 610 olotnua. M mpdty
e epunvela emouévwg elvar 6tL exppdlel Ty mbavétnta va Beloxovtal j ntehdteg 610 gloTnua, av TO
%x0LTdEouUE 08 xdmoLa Yeovixy oTiyur) mou €yel napéhber Tohlg ypbvog and tnv Evapln hettoupylag Tou
oLGTALATOS XaL ETOUEVKS 1) Enidpaon TNg apyxic xatdoTtaong Tou cuothiuatos (aplbubs telatdy oe autd
xatd v évapln e Aettoupylac tou) éyel yabel. Elvon dunc onuaviixdtepo va tny avuhaufavéuaote
©¢ T0 Yaxponpdhecuo n060oTd 1oL Ypbdvou Tou Peloxovtal j neldteg 6To cUoTHUA, dNnhady cav To 6pLo

(ue mbavétnra 1)

Xpbvog oo [0,t] mou Beloxovtar j teldtes 6to ovaTrua ! fot HQ(u) = j}du
= lim

T
p; = Jim ; 3 :

(2

6mov ye 1{Q(u) = j} ouvuPoiilovue 0 delxtpra tuyala petafintd tou evdeyouévou {Q(u) = j} mou
nadpver TRy Ty 1 6tav Q(u) = j xaw Ty i 0 SrapopeTtixd.

Eivow 6umc ou exgpdoeic - optopol (1) xo (2) woddvaues; H andvinon elvar v "val, elvar woo-
dUvapec” xdtew and TohG yevixée ouvlnixes, ouyxexpuéva 6tav i otoyaotd dwdixasio {Q(f)} elval
avayevvntue dtadixacio (regenerative process). Llpaxtixd autd onualver étu npénel va undpyouv ypo-

vixd onuela oty eZéhEn e {Q(1)} ota onola 1 Swadixaocia ouuneplpépetal oav va Zextvdel and v



apy. LTI OUPES AVAUOVAS %aTd xavéva autd toylder xal Udhioto ta onuelon autd elvar oL ypovixeg
OTLYUEC Tou 6T0 aVoTnua Odvel €vag mehdtng mou To PBeloxel xevd. T uwa avotner| oulhtnon ndve
070 Héua TV avayevwnTixdy dwadixaotdy urnopel xavels va avateéder ota PBhia twv Paxivou (2003) xon
Wolff (1989). 'Oha ta cuothuata nou Ho UEAETHOOUUE ELVOL AVOYEVYNTIXG XL XUTE GUVERELXL OL OPLIXES
uhavétntes Loovvtal pe 1000074, 6nwg eldaue otny nepintwon twv (1) xu (2) napandve. T to Aéyo
autd oe 6,TL axoroufel Bo napabétouue eviala Tig duo exgpdoeis, ywplc Tepattépm uvela.
Yuuporilovtog pe Q v opLaxy Tuyato uetafinth mou €xel v xatavour| (pj 1 j =0,1,...) opllouue
Q va elvar 10 oplaxd uéoo TARflog mehaTdyY 6To olvoTnua (leodlvaua To waxporpdfesuo péco mhkboc

TENATOV 6TO GUGTNUA) TToU dlveTal wg

t
Q=FiQ] = Jim ; /0 Qu)du. (3)

Av éyovue npoadlopicel Ty (pj : n = 0,1,...) (tpdyua nov dev elvon tévta edxolo) Té1e Unopolue va
unohoyioouvue to Q arné TN oyéon E[Q] = Z?io jpj. T xdmoleg mepuntdoels o Q unopel vo utohoyloTel
xo anevlelag pe mbavolewpentind emyeleuata, yenoyLonotdvTag xdnola Pfaocixd aroteréouata nou Ha
TAEOVGLIGTOUY Tapuxdte. Ouotwg ue To Q opilovial Ta aq xon Q.

[ toug meAdteg To Mo onuavTd PETpo anddooTg elvat 0 Yedvog Tou TAPAUEVOLY 6TO GUGTNUA.

"Etou opllovue
e S5 TO YEOVO TAPAUOVAC 6TO GUCTNHUA TOU N-06TOY TEALTY,
o W, t0 ypbvo avauovic otny oupd (uéypt va apyloel 1 eEunneétnom) Tou n-0oto0 TEAdTY,
e X, 10 ¥p6VO €EUNNEETNONG TOL N-06TOU TEALTY.

Evduagepbuaote xal mdit yia 1o T ouuPalvel o8 xatdoTaoT L60peoTiag XaL YL AUTO EVOLAPEPOUAGTE

YL TNV 0pLaXY) XATAVOUT) TOU YPOVOU ToEAUOVHS

Fs(z) = nh_)ngo Pr[S,, < z]
. ITAh0o¢ mehatédy mou TapaUEVOLY Lo Ypdvo < 2 UeTadl TV TEGOTWY N
= lim
n—00 n

n

1
= lim — Y 1{S, <z}, >0,

e
6mou e 1{Sy < z} ovuPorilouue 1 delxtpla ouvdptnon tou evdeyouévou {S; < z} (0 k-ootéc nehdtng
va napauelvel 6to olotnua To TohU Y ypévo x) mou nalpvel TRy T 1 étav Sp < z xon Ty wr 0
SapopeTind.
Yuuporilovtog ue S v opraxd tuyala uetafintd mou éyel Ty xatavoud (Fg(z) : z > 0) opllouue
S va elvan 0 oplaxée uéooc ypdvog Tapauovic evéc nedtn 670 alotnua (leodlvaua o paxporpbheapoc

uéooc ypbvoc Tapauovic 0To cloTnua) Tou SlveTar wg

n—oo N

_ 1 &
S=E[S] = lim —) S
k=1



O vmohoyiouée tou S elvar evxohog av éyovue uroloyicel Ty xatavouh (Fs(z) : x > 0) # v
avtiotouym ouvdptnor ruxvétntac mbavétnrag (fs(z) 1 ¢ > 0). Hpdyuoatt yeetdletat va ypnoLLOToL-
covye ) oyéon B[S] = [[° zfs(z)dz = [7°(1— Fs(z))dz xou enopéveg mpdxetton yio £vay UTOAOYIoUS
ooutivac (o omolog umopel TdvTwe va éyel apxetéc mpdEelc). L& xdmoleg RepITTOOELS 6UWS, To S Unopet
va. unohoytotel xan aneubelog Tautéypova ue to Q ue mhavobewpntind entyelpfuata. Ouolwe pe 10 S
optlovtar tao W xou X.

Q¢ xdxhog anacydAnong tou cuoTRLATOC opileTol To BLdoTNUa amd TNV VI OENCT EVOS TEAATY TOU
aprivel To 6UoTNUA XEVE, UEYpL TNV ETOUEYY avay®enon nehdtn mou Ou agrioel to avotnua xevd. Kdbe
Tétolog xUxhog apyllel ue €va ypovixd SLAoTHUA TOU TO GUGTNUO TOPAUEVEL XEVO UEYPL VA ELQPAVLOTEL
o mpdtog mehdtng. To didotnua autd avagépetar wg wa teplodog apylag Tou cuoTAuatog. And T
otuyun) mou Ha aguylel o tedhTog teddtng to oloTnua Do elval GUVEY KOS ATAGYOANUEVO UEYEL VA TERELWDGEL
o xixhog anacydéinons. To dudotnua autd avagépetal wg Ui teplodog ouveyols Aettoupylag Tou
ouothuatog. Ouddpxeieg Twv teptddwy apylag I, Twv nepddny cuveyolg Aettoupylag Y xa 1oV xOxAnv
anAoYOANONG Z U EVOLAPEROLY XUPLWEC ATO TNV ONTLXT] GXOTLA TOY UTNEETMY XAl TOU SLAYELELOTH TOU
oLGTAUATOS ooy Ta PéTpa aUTd elval onuavTixd yio va Angbody anogdoelg oyeTixd Ye tn cuvtipnon
ToU oLOTAUATOS 1 UE Blaxoméc-dlakelyata Ty utneetdy. [ To Adyo autd evdiagepbuacte yio TV
HERETN TV aviioToly ey oplaxdy xatavoudy Fr(x), Fy (z) xoau Fz(z), % Toukdylotov tev aviiotolywy

uéowv Tudy toug I, Y xav Z.

3  Euguteuupéveg dradixaoieg oe oTLYUES APIEE®Y XAl AVAY WENOEWY

'Onwe elnoye mopamdve o Swayelptotic Tou cusThuatog oy unopel va Bewpnbel wg évag e&wtepnds
TAEATNENTAS TOU GUOTAUATOS EYel Ulal SlapopeTix) avtihndn and Toug neddtec Tou cuathuatog. T o
Aoyo autd oploaue xal ta Sidgopa uétpa anddoons. T va yivel neploodtepo xatavonth 1 Stapopd Twy
duo omTWGY, SayelploTh-eZwTepxol TopatnenTh Xar TehaTdY ag gaviactolue 6t éyovue éva D/D/1
oVotnua xau og egetdoovue Tt avtihauBdvetar o diayeplothg xar Tl oL teldTeg.

Ye éva npdto oevdplo, ag urnoficouue 6Tl €youue agieg oe otalepd ypovind dwuothuata, xdbe 10
Aemtd %o 6T ou ypedvol eCunntétnong elvan eniong otabepol xat (ool pe 9 Aentd. Tote o Sayelplotic
BAéner o clotnua ToAd anacyohnuévo, v Ty axpiBeia Bréner 6t to 90% Tou ypbdvou 610 cveTrua
vrdpyet 1 nehdtng evéy uévo éva 10% tou ypbdvou 1o ovotnua elvor &deto. And tnv dhAn ueptd x&be
nehdTne BAénel To olotnua &dewo T otiyuh mou ©Bdvel o autd (agol o mponyoluevog mENdTNG €YEL
@UyeL mpwv 1 Aentd).

Ye éva deltepo oevdpLo, ag unolécovue 6Tl oL ypdvol uetall Twv apllewy elval xat tdil atabepol xat
{oov pe 10 hentd, adrd tdpa Oewpolue 6Tl oL ypdvol e€unneétnong Swapxoly 1 Aentd yia xdbe mehdy).

Tdpa o dwyepothc PAénel to ovotnua mokd Alyo amacyolnuévo, agol to 10% udhic tou yebévou



vrtdpyeL 1 tehdtng evé 1o 90% tou ypbvou to alotnua elvat ddeto. And v dAhn Ueptd 1 EVIVTLOT TOU
anoxouilel xdfe nehdtng @bdvovtag 6To olotnua dev Slagépel and TNY EVIUTWOT TOU £YOUV Ol TEAYTES
070 Tp®To cevdplo: Kau mdht xdbe nerdtng PAénel To odotnua d8eto TN GTLYUY TOU ELGERYETAL OE QUTO.

To cuunépacya elval 6TL oL omTxéS ToU eEWTEPLXOV TAEATNENTY XL Tou TeAdTy unopel va divouy
TOAY SLapopeTixég exdveg Yo to (Slo olotnua. Exlong duo cuothuata unopel va uoldlouvy nopduoia
und T wlo ot (6Twe Ta SUo BEVEELE LTS TNY OTTLXY TV TEAXTOVY) Xat Vo elvat TOAY SLapopeTixd ud
™V dAAn ontx) (6nwg T Buo cevdpla LTS TNV omTixY Tou dlayeptoth). Av oxepTolue 6TL oL tehdteg
dev elvon nabntinéc ovidtnteg adhd unopel va anogacilouy w Oa xdvouy ot oyéon ue To olotnua (T.y.
VoL UTouV 6e autd # va Uyouy) €yel UeydAn onuoocia Vo TOGOTIXOTOAGOLUE UE X4ToL0 TEOTO T0 THS
avTihaufdvovTtal To GUVKGTIOUS TOU GUGTAUATOS OL TEAATES XAUTd THY APLER Toug 1 TV avaydenor Toug.

ITpog t0 oxond autéd €otw &1 < o < t3 < ... oL Swadoyxeg oTiyUES agileny xou 71 < 79 < 73 < ...
oL Sadoynéc OTLYUES VA OEHOEWY TOV TEAATOY. Zextvodvioag and T otoyactixh dwduacta {Q(t)}
TOU TEELYRdPEL ToV aplbud TV TEAATGVY 6T0 cUoTnua 6 cuveyl xpdvo, opllovue TiC eUPUTEUUEVES

Swadicastec {Q;, } xon {Q;F} o oTiyuée agtiewy xow avaywefioewy nehatdv aviiotorya. 'Etol opilouue

° Q, = Q(t;,) tov aptBud Ty TElaTdY apéons mply TNy n-0oth GPiEn tehdty (Snhadh Ty aptfud

TV TOPOVTOY TEAATGY Tou BAénEL 0 n-ootde nehdne xalde ewoépyetar 610 ovoTHUA),

e Q) = Q(7,}) Tov apfiud eV meEaTOV auéowg YeTd TNV n-00TH avaydenon tehdtn (dnhadh Tov
apliud Ty teElatdY Tou aghvel Tiow Tou xatd TNy €£080 TOU 0 N-00TOS TEAATNG OV PEVYEL ATO

10 6UoTNUA).

Evduagepbuacte yia Tig avtiotolyeg oplaxés xatavoués mou Selyvouy Tl evilinworn Stauopp@veL £vag
TEALTNG T1) OTLYWY) TOU ELGEPYETOL GTO GUGTNU XUl TN GTLY T TOU avaywpeel and autd, epdoov T0 6UGTHUA

loxetol oe xatdotaon Looppornioc. Luvxexpuuéva optlovue:
[\

rj = lim PrlQ, = j]
_ IThibog agilewv mou Beloxouv j mehdte 610 GUotTNUA UETAE) TOV TEOTLY N
T ot n
1 n
= lim — ) {Q, =34}, 7=0,1,...
nl—{gon]; {Qk ]}a J 07 i

HoL

dj = lim Pr[Q; =]

ITihfog avaywenioewy mou agrvouy j nehdteg 670 oUoTNUA UeTAE) TWV TPATOY N

= lim
n—00 n
n

.1 ao
= lim Y Y@y =4}, j=0,1,....

n—oo N
k=1

Ou rj xau dj elvan ov oplaxés mbavétnteg va Beloxovtol j teldteg 6to oVotnua o oTyués apiiewny

XL AVaY WeHoEnY aviloTolya, eve 1 p; elvan 1 oplaxt mhavétnta oe cuveyy yedvo. 'Onwg xau 7 pj, €Tol



xaL oL 7 xal d; €youy epunVeleg wg T0GOOTA. BuyXeXpLUEva 1) 15 eX@pdlel To Uaxpompdlesuo T0606TH
v apifewy mou Bploxouv j meldteg 610 clotnua, eved 1 d;j expedlel To yaxponpdleouo 10600TH TKV
AVUY WEHCEWY TOU APHVOUV J TEAATEC 6TO GUOTNUA.

Aev undpyet xdnolog Aoyoc oL oplaxéc xatavoués (p;), (rj) xou (dj) vo ovunintouy xat yevixd avtd
dev woyer. Mpdypatt, napatnpeeiote tL ota duo oevépra yia tny D/ D /1 ovpd nou replypdoue mapandvw
elyapue ro = 1 xaw r; = 0, 7 > 1, evd 6710 np®10 oevdpro elyaue po = 0.1, p1 = 0.9, p; =0, 7 > 2 xou

070 deltepo elyaue po = 0.9, p1 = 0.1, p; =0, 57 > 2.

4 PuBudc cuveotiopol - Evetdbeia

To uéco o6 epyaciog mou eLoépyeTal Tpog JEXTEPUlWGN 6TO GUGTNUA AVA YPOVIXT LOVASA aVapERETAL
¢ 0 puluds cUVKGTIEUOY p xal LwobTal Ue To YLvéuevo Tou pubuol agilewv A enl to yéoo ypdvo
eCunnpétnone b:

p = Ab.

To nocéd tng epyaciog mou unopel va diexmepat®doel T0 oUoTNUA avd ypovixt uovada elvat (oo ue To
TABog Ty uTNEETOY ¢ apol xdbe uTNEETNE UTopel Vo SLEXTERULOGEL ULo LoVada epyaciag avd ypovixy
uovéda. "Etol yia va elvat to adotnua evotaléc xon va va uny anelplletal 1 oupd avauévouue Stoanadntixd
6t Bo mpénel To Yéoo mood epyaciag mou ewoépyeTal avd ypeovixh Uovada vo elval UxpdTteEpo amd TN

HEYLOTH BUVATOTNTA BLEXTERAULWOTNE TOU GUOTAUATOS avd yeovuh pnovada. Llpdyuatt, anodewvietal 6T

Ocdpnua 1 - Evotdfeia: Yo GI/G/c obotnua ue ovveysi xatavoun yia toug evidueooug ypdvous

uetald twyv apiewy xai/1 touc yedvous eEunnoétnonc toylet éva axpifdc and ta napaxdtw:

1. p < ¢ ondte 1o olornua elvar cvotabés, SnAady vndpyouy ot xatavoués (p;), (r;) xar (dj) xa

elvarpj >0, 7>0 o Z;'iopj =1 (xat duota yia e (rj) xaw (dj)).

2. p > c ondte 1o ovornua elvar aotabéc, Snhadl to mAjboc twy nedatdy anepiletar xalbdc t — oo

xarpj=r;=d; =0, 5>0.

H anédeilrn tou anotehéouatog autol elvar Wraitepa meplmhoxn. O evdiagepduevog avayveoTng
ropanéunetat oto P3Alo twv Baccelli and Bremaud (1994) 6nou anodewxviovtal Bewphuoata euotdbelag

xa G Bewpntind anotehéopata x4t and yevixés ouvhixes.

5 Idotnta pepovouévey petafdoeny xal widtnta PASTA

'Onwg elnaye oL oplaxés xatavoués (pj), (rj) xou (d;) yevixd dev ouunintouv. Yrdpyouv 6uwe duo tept-

TTOOELC OTLS OTOleC XATOLES And AUTES GUUTITTOUY. LUYXEXQUIEVA EYOUUE Ta AXOAOUDN ATOTEAEGUATA.



Ocdpnua 2 - IdLoTyTa HeERoVOREVLY netafBdoewy: Ye ovotiuata eCunneétnons ota onola oL neAd-
TeC EpyovTal xat avayweoly ueuovouéva, Sniadi dev undpyovy ouadixéc apifeic olte ouadixés avayw-

plioeic o1 opraxéc xatavouéc oe oriyuéc apilewy xar oe oTiyuéc avaywerioewy ovurnintovy: (r;) = (d;).

Ocedpnua 3 - Idt6tyta Poisson Arrivals See Time Averages (PASTA): Ye ovotiuata elunnoé-
tnons ota onola ot neddtec Eoyovial olupwva ue uia Stadixaocia Poisson (dnAadiy ot evdidueoor ypdvor
uetaét twv apilewy elvar aveldptytor xar tobvouor e exPeTIX xaTavoul]) oL optaxéc xatavouéc oe

ottyués apléewy xar oe ouveyl ypdvo ovunintovy: (rj) = (pj).

H SronoOntueh avtiohdynon g wiétnta PASTA elvon 61u 7 Staduxacior Poisson povtehonolel tny 1déa
TV eVIEADS TUY WY aPlEenY 6TO YPOVo XaL ETOUEVKS 1) TapaTAENOY) TOU aptBuol TV TEAUTGY XaTd TN
oTLyuwh TS d@iEn evoc TEAdTN 6To 6UoTHUA Looduvauel Ue TNV Tapathenon Tou apliuol eV Tehat®dy oe
uo Tuyalo ypovixd otiyur| (oe ouveyt yp6vo).

H avotne? anddelln autdv TV anotehecUdtoy x41e and 1660 yevués ouvivxes elval apxetd amot-
mued. O evdagepbuevog avayvdotng napanéunetat oto Bi3hlo Tov Baccelli and Bremaud (1994), 6nou
UTTAEYOUY oL GAha ouvagt anoteléopata. Lo Biiio Tou Paxivou (2003) undpyel uLa TepLypaPh AUTGOVY
TV ATOSETLXOV LOEDV.

Puoixd unopolue va cuVSLAGOUUE Ta Buo aUTd anoTEAEGUATA XAl TOTE EYOUUE HTL GE GUGTHUATA TOY
oL tehdteg €pyovion oluguva ue wa dwadixaola Poisson xat éyouue uepoveuéves uetafdoels (apiels,

avayweRoels) Gheg oL oplaxés xatavoués ouunintouv: (p;) = (rj) = (d;).

6 O vépog tou Little

O véuoc tou Little elvar éva mohld yevixd anotéreoua nov auvdéel 1o u€co TARBog TEAUTHY 6TO GUGTNUA
E[Q], o pulud apilewv A xoL to uéoo ypbvo napauovhc evés nehdtn E[S] oe autd. Buyxexpuyuéva

€youye

Oedpnua 4 - Népog tou Little: Forw éva olotnua elurnnpétnone ue uéoo nhboc neratdv E[Q)],
pvlud apilewy X xar uéoo ypdvo mapauoviic nerdty E[S]. Tére

E[Q] = AE[S].

Awolntixd, to anotékeoua tou Little unopel va yiver xatavontéd Bewpdviog 6t xdfe mehdtng
mhnedvel 1 ypnuotued wovada avd ypovixt Lovdda tapauovic Tou 6to obotnua. Téte o Slayelplotric Tou
ouothuatog hauBdver E[Q] yenuatxéc povadec otn povdda tou ypdvou, av unobésovue 4tL 1 TAnpwut
yivetal xatd tpémo "ouveyr’. And v dAAn pepid n uéor elompaln Tou SayelploTh 6T LoVAdA Tou

xeovou Oa mpénel va elvar 7 (8t av oL tehdteg TAnpdvouy " tpoxatafolxd”, Snhad av ue tny elood6 Toug



070 abotnua divouy 6ho To ToG6 Yo TNV Tapauovy) Toug. AANG téte Hu Eyouue xatd uéoo bpo A mehdteg
avd ypovixh wovdda xoar o xabévag Ha nhnpdver E[S] yenuatixés uovddeg, ondte 1 ouvohuxd elompaln
Tou Suayelptoth Bo elvon AE[S] ypnuotinée novddes otn wovéda tou ypévou. Agol ta duo tocd mpénet
va elvan (oo (ouveytic elomapaly - npoxatafolut elonpaln) éyouue ) oyéon E[Q] = AE[S]. Avotnpéc
anodeilelg tou Oewpruatog Little éyouv ylvel xdtw and mohd yevués ouvlixes. O evdiagepduevog
avay VoG Tapanéunetal oTig epyacieg v Little (1961) xouw Stidham (1974). Yto BuSiio tou Paxivou
(2003) undpyer éva oxaplenua AUTOY TOV ATOSEXTIXAY WBEDY.

To arotéheoua tou Little unopel vo eopuootel xal o€ UTOGUOTAUATA EVOE CUGTAUATOS, SlvovTag
evdlapépovtar anotehéopata. Lty neplntwon avth 1o E[Q] fa avagépetal oto uéoo nhffoc nehatdy
070 GUYXEXEWEVO UTOGVGTNUA, TO A 6T0 pubud doing oto ouyxexpévo utoobotnua xo o E[S] oto
XOVO TapoUOVNC EVOE TEAITY OTO GUYXEXQLUEVO UTOGUGTIUA.

OewpdVTAC WS UTOGUOTAUA TO YOPO avaUovhc evéc ouaThuatog (Snhadh Ty oupd) malpvouue

oyéon

dnhadn o péoog aplbuds mehaTdY TNV oupd LoolTal Ue To puiud agileny enl To uéoo Ypbdvo avauovrg
evog meldtn uéypl va apyloel 1) eunnpétnon Tou.

OewpdvTag wg LTOGUETNU TO XG0 eEUTNEETNONS EVOS CLOTAUATOS TalpVOUUE TN OYEoT
E[Qs] = AE[X] = Xb = p,

dnhadn o uéoog apliuds nehatdv 6To YHpo eEunnEéTNong Tou TpoPav®S TautileTal Ye Tov péco apliud
OTAG Y OANUEVRDY UTNEETOY Lo0VTAL UE TO pUOUS GUVKOGTLOUOU Tou cuoThUaToS. "'Etol £youue wia devtepn
epunvela Tou puBUOY cuvwoTiouoy. 'Oyt ubvo elvar To p€oo Tocd epyaciag Tou elaépyetal 610 GUATHUA
avd yeovixt novada ahhd eminiéov expedlel xaL 10 UEGO aptbud anaoyOANUEVLY UTNEETAV Ui TUY0Uoa
yeovixr atiyur). Enewdr] o uécog aptiudc anaoyoAnuEven Y UnneeTdy LooUTal UE T0 TARDO0C ¢ TWV UTNEETGOY

enl Ty mbavéTnTo €vag UTNEETNG VoL ELVAL TG OANUEVOS GUUTEQULYOUUE OTL
[MBavétnta anacyoinuevou urneétn=Ilococt6 tou ypdvou anacydinong unneétn = g
Edwd vy v GI/G/1 oupd €youue
p = E[Q) = 0Pr[Q, = 0] + 1Pr[Q, = 1] = Pr[Q, = 1] = Pr[Q > 1] = 1 — po,
EMOUEVOS OTNV TERINTWOT AUTY| €YOUUE
po = HBavétnta xevod custhuatog = 1 — p.

H Wbyt PASTA o¢ ouvduaouéd pe to Bedenua Little umopodv va yenowwonowmnfolv yio va utohoyl-

oouye e mhoavofewpntixodc culhoyiopolc xoL eENdytoToug utohoytopols To wétpa anédoons E[Q)] xou
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E[S] vy apxetd ovothuata, yoplc va ypetaotel va unohoyloovue tic avtiotoryes xatavopés. H avdiuon
auth avagépetar ouyvd wc avdhuor uéons turc (Mean Value Analysis - MVA) xau elvan évar altepa

Loy uEo epyaheio.

11



